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G W N e

Abstract: In this paper we study convolution properties of spirallike multivalent functions defined
by using a differential operator and higher order derivatives. Using convolution product relations
we determine necessary and sufficient conditions for multivalent functions to belong to these classes,
and our results generalized many previous results obtained by different authors. We obtain con-
volution and inclusion properties for new subclasses of multivalent functions defined by using the
Dziok-Srivatava operator. Moreover, using a result connected with the Briot-Bouquet differential
subordination, we obtain an inclusion relation between some of these classes of functions.
Keywords: analytic function; convolution product; generalized hypergeometric function;
Dziok-Srivastava linear operator; spirallike function; differential subordination; Briot-Bouquet
differential subordination

MSC: 30C45; 30C80

1. Introduction

With the aid of the convolution (Hadamard) product Dziok and Srivastava [1] defined
a well-known operator that will help us to define a few general subclasses of multivalent
functions that generalize and unify many of some previous ones introduced and stud-
ied by different authors. We determine necessary and sufficient conditions in term of
convolution relations such that a multivalent function belong to these classes, that gener-
alize some of the previous results of Sarkar et al. [2] (Theorems 2.1 and 2.2), of Ahuja [3]
(Theorems 2.1 and 2.2) and of Padmanabhan and Ganesan [4] (Theorems 1-4). Moreover,
using the Briot-Bouguet differential subordination we found an inclusion property for these
classes. The importance of the results besides in the wide generalities of the convolution
and the inclusion theorems that could be useful for those that will follow a special study of
some special cases of the subclasses we defined. We would like to emphasize that some
other fundamental results regarding introductory and new results of the Geometric Function
Theory could be found in the recent monographs [5,6].

Let A(p) denote the class of functions of the for

f(z) =2z + g akzk,zeﬂ)) (peN:={1,2,...}) (1)
k=p+1

which are analytic in the open unit disc D := {z € C: |z] < 1}.

If f and g are analytic functions in D we say that f is subordinate to g, written
f(z) < g(z), if there exist a function w which is analytic in D, with w(0) = 0, and
|w(z)| <1,z € D, such that f(z) = g(w(z)) forall z € D.
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Furthermore, if the function g is univalent in D, then we have the equivalence

f(z) < g(z) if and only if f(0) = g(0) and f(D) C g(D).

For the function f € A(p) given by (1), and g given by

+00
gz)=2z"+ Y kit zeD (peN),
k=p+1

the Hadamard (or convolution) product of f and g is defined by

+oo
(f*g)(z) =zP + Z akbkzk, z € .
k=p+1

For complex parameters ay, . ..,a; and by, . .., bs, with bj ¢ Zy :=1{0,—1,-2,...} for
allj € {1,2,...,s}, we now define the generalized hypergeometric function

2 (a)k. o (ap), 2
Fs(ay,...,a;bq1,...,bs2) := ——F . — zeD,
(o S 5i2) ,E)(bl)k...(bs)k k!
(1<s+1,1,seNy:=NU{0}),

where (0), is the Pochhammer symbol, defined in terms of the Gamma function by

0) _TO+v) 1, if v=0,0€eC*:=C\{0}
TTUOTO) | 6(0+1)...(0+v—1), if veN, 6eC.

Corresponding to a function hy(ay,...,a;by,..., bs; z) given by
hy(ay,...,a;b1,...,bs;z) = 2P - |Fs(aq,...,a;b1,...,bs;2), z €D,
Dziok and Srivastava [1] considered the linear operator
Hy(ay,...,a;by,...,bs;2) : A(p) — A(p)
defined by the following Hadamard product
Hy(ay, .. apby, .. bs2)f(2) = hyp(ay, ..., a5b,...,bs;2) * f(z), z € D.

Thus, for the function f defined by (1) we have

+oo
Hy(ay, ... a;by, ... bs2)f(z) =2P + ) Fk,p[al;bl]ukzk, zeD, (2)
k=p+1
where (@) (@)
ay k—p--- ar )j— 1
Fk,p[al;bl} = L.

(bl)k—p s (bs)k—p (k - P)',

and for convenience we write
Hp,l,s(al) = Hp(ﬂl,. . .,[l],'bl,. . .,bs,'Z).

It can be easily verified from the definition (2) that

Z(Hp,l,s(ﬂl)f(z))/ =mHps(a1+1)f(z) — (a1 — p)Hp,s(a1)f (z), z € D. ®)
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It should be remarked that the linear operator H,; ;(a1) is a generalization of other
linear operators (see [7-13]).

In the following two definitions we will recall some previously defined subclasses of
A(p) that we will use in our article.

Definition 1 (see [14]). Let p e N, g € No, withp > q,and0 < a < p —gq.
(i) We say the function f € A(p) is in the class Sp(q, a) if it satisfies the inequality

2049 (2)
f0()

(ii) We say the function f € A(p) is in the class K, (q, «) if it satisfies the inequality

2 F(2+q) (5
Re(l—k}{r(lﬁi)((z))) >a, z € D.

>, z € D.

From the above definition it follows that

feKy(qa)FeSy(qa),

zf(1+0) (z)
pP—1q

and we note that S,(0,a) =: Sy(a) and Kp(0,a) =: Kp(a) (see [15]).

where F € A(p), such that F0)(z) = ,z€D,

Definition 2 (see [14]). Let A € R, with |A| < g,p eN,geNywithp > gand0 < a < p—g.
(i) We say that the function f € A(p) is in the class Si,‘(q, w) if it satisfies the inequality

. o £(1+4)
Re <emzf(z)> >wacosA, z € D.

F(z)
(ii) We say the function f € A(p) is in the class C;}(q, w) if it satisfies the inequality
, (2+4)
Re | 1+u > wacosA, z€D.
f(lJrq) (2)

It is easy to check that

fe C;‘(q,(x) ifand only if F € S;‘(q,zx),
zf(1+0) (z)

where F € A(p), such that F(7)(z) P

, z€D.
and we remark that Sg(q,a) =: Sp(q,u), Cg(q,a) =: Ky(q,a), S;,\(O,a) =: S%(zx) and
C;,\(O,oc) =: C;‘(oc) (see [16]).

The next three definitions will introduce some classes connected to the studies of
this article.
Definition 3. Let A € R, with |A| < g, peNgeNywithp >qand0 < a < p—g.
Suppose that ¢ is a univalent function in the unit disk D with ¢(0) = 1, such that

1
Re¢(z) >1— PRy zeD. 4)
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We define the classes S;,\,q,a((P) and C;‘,q,“((P) by

.z f(1+q)
Shul0) = {1 € A : LD <o) p—g ) cos

+acosA+i(p—q) sin/\},

and

20 (z)

f(1+‘7)(z)> < ¢(z)(p—q9—wa)cosA

Chaal$) == {f e A(p) : e (1 +
+¢xcos)\+i(p—q)sin)\}.

From the above definition we have

fe C;‘,q,,x(gb) ifand only if F € Si,‘,q,,x(@, (5)
(1+q)
where F € A(p), such that F0)(z) = pr — q(z), z € D.

Remark 1. The subclasses defined in the above definition generalize some previous ones like we
could see for the next special cases of ¢.

(i) For ¢(z) = g, we obtain the subclasses

1+z 1+z
SQ,W‘(H) =:SXp,q) and CQ/M <1—z> =:C}(p,q) (see Aouf[14]),

which, for g = 0 reduces to

1+z 1+z
S;L,O’“ (1 — Z) =: S;\(DC) and C;L,O,a (]_—2> =: C;,\(DC)

(see Libera [17], Srivastava et al. [16]).

1+A
(ii) For ¢(z) = ﬁ, with =1 < B < A < 1, we get the next extensions of the above
subclasses, i.e.,
14 Az
Q,O,ac ( 1+ Bz ) =: SA(A, B,p,a) (see Aouf[18]),

14+ Az 14 Az
A ST as) oA 0 i R
Cp,O,D((l BZ) . C (AI Br P;(X)/ SP/O/’J‘(l +BZ> —- SP(A' B,Oé),

and LA
+ Az
Cg,ora (1+Bz) =:K,(A,B,x) (see Aouf[15]).
To define the next generalizations of the above subclasses, we shall prove the
following lemma:

Lemma 1. Suppose the function f € S;,‘/q,,x(cp).
)

(i) Then, F(z) := W

is a A-spirallike (univalent) function in D.
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i
@ (2) ,
3(p,q)2P 7 has an analytic

(ii) Consequently, for all oy € C the multivalued functions [
(9) !
branch in D with [f(z)ql

3(p,q)2F =

z=0

Proof. If we let f € S;,\,q,a (¢) € A(p), then F € A(1) and differentiating the definition
formula of F we get
zF'(z) _ zfH9(z)

F) 0 2) —p+qg+1, zeD.
Since f € Sé,q,a(‘l’) we have
ei)‘zﬁég) <(p—q—a)p(z) +a—p+qg+1]cosA +isinA =: H(z), (6)

and using the assumption (4) it follows that
ReH(z) =cosA[(p—qg—a)Rep(z) +a—p+4q+1] >0, z€ D.

Therefore, the subordination (6) yields that

inzF'(2)
Re(e Fz) >0,z€eD,

and this last inequality shows that F is A-spirallike and univalent function in I (for details,
see [19]).

F(z) . @ (z) e
It follows — #0forallz € D,i.e, W # 0,z € D, and this implies the

second part of our lemma. O

Definition 4. Let A € R, with |A| < %’ peN geNywithp>gqand0 < a < p—q.
Suppose that ¢ is a univalent function in the unit disk D with $(0) = 1, and satisfies the
condition (4), and let -y € C be an arbitrary complex number.

(i) The function g € A(p) is said to be in the class S;‘,’J, « (@) if there exists a function
f €S}, () such that

P
@) 17
g(q) (z) = 6(p,q)zP 1 [(s({?‘;)(zgq] , where
_ 7 2@ 1" _
5(p.q) = »—q) and [(S(;g,q)zp—q] o =1

(ii) The function g € A(p) is said to be in the class Cy1o(¢), if G € Syl (¢) where

(1+4) (z)

G € A(p), such that G\ (z) = 28 ,z€D.

Remark that, according to the second part of Lemma 1, since f € S ;‘,W (¢) then the multi-

:1/

(@) 7 @ v
valued functions [f(z)] has an analytic branch in I with lf(z)_q]
z=0

3(p,q)zP1 o(p,q)zP

hence the power function of the above definition is correctly defined.

Remark 2. We note that for appropriate choices of the parameters in the above defined classes of
functions we obtain a few earlier studied classes as follows:
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(i) For the special case -y = 1 the classes Sp T (@) and C;,\,’,Z «(¢) coincide with the classes
S;,\q «(¢) and C;}q « (@), respectively;
1+ Az

(ii) Forq = « = 0, p = 1and ¢(z) = m,with—l < B < A < 1, we have

S1 0 7 |A, B] =: S™[A, B) which was studied by Ahuja [20];
(iii) For ¢ = a = 0 we have S;‘:&O@)) = 527(47) and C;‘go((p) =: C;,"'y(4)) which was
studied by Sarkar et al. [2].

Definition 5. Let A € R, with |A| < ,pEN g€ Nowithp>g,and0 < a < p—q.

Suppose that ¢ is a univalent functlon in the unit disk D with ¢(0) = 1, and satisfies the
condition (4).
Forl,s € Ny, with | < s+ 1, we define the following two subclasses of A(p), that are:

A, A,
Syt polani @l = SyT fan by, b gl = {f € Ap) Hyps(an)f € Spa(9) ],
and
A,
Cp,;,uc;l,s[al"(ﬂ Cp;ocls[al""’al;bl""'bS' ] {fE.A( ) pls(al)fecpqa((]))}
In particular, for v = 1, we denote

S;},q,tx;l,s [011,' (P] S;\;als[al; (P] and Cpqals[all (P] C;\;als[al;(ﬂ'

Moreover, by choosing appropriately the parameters in the above defined two classes of
functions we obtain the following special cases introduced and studied by different authors:

(@) Forp=1,A=g=a=0and ¢(z) = 1?_25 with —1 < B < A <1, we obtain

14+ Az 1+ Az
0 . . . 0 . . .
Sl,O,O;l,s (al, 1 T BZ) =: S?,S [al,A, B] and Cl,O,O;l,s (ﬂl, 1 T BZ) =: Kl,s [al,A, B]

(see Aouf and Seoudy [21]);
1+ Az

({)Forp=1,g=a=0and ¢(z) = m,with -1 < B < A<1,wehave

1+ Az 1+ Az
A . _.cA . A . _. A .
Sl,O,O;l,s (”1/ 1+ Bz> =: Sl,s [a1; A, B] and Cl,O,O;l,s (“1/ 1+ Bz> =: Cl,s [a1; A, B]

(see Seoudy [22]);
(iii) For | = 2,5 =1,a41 =a,ap = 1 and by = ¢, witha > 0,¢ > 0, we get

Spialacipl = {f € A(p) : Lp(a,)f € S;1a(9) }

and

Chrtalacig) = {f € Alp) : Ly(a,)f € Cla(@) ],

where the operator L,(a, c) was introduced by Saitoh [12];
(iv)Forl =2,s=1,a1 =v+pwithv > —p,a; = 1and by = v+ p+ 1 we obtain

Spalv+p v+ p+ Ll = {f € Ap): Jup f € Spfa(9)}

and

Cotalv+p v +p+ 19 = {f € A(p) : Jup f € Cifa(9) ],

where |, , is the generalized Bernardi-Libera-Livingston operator (see [7]);
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(V)Forl=2,s=1,a1 = pu+p,withy > —p, ap = b = 1 we have

Spaaln+p,L1:9] = {f € Alp) : D"V f € STa(9) }

and

Cotaln+p LL¢) = {f € Alp) : D771 f € Cla(@) },

where DF+P~1is the (u + p — 1)-th order Ruscheweyh derivative (see Goel and Sohi [9]);
(vi)Forl=2,s=1,a1=p+1l,ap=1and by =n+p, withn € Z,n > —p, we get

T+ LLn+pig) = {f € A(p): Inp f € STa(9) }

and

Cotalp+1.un+pig) = {f € Ap) i Inp f € Cyla(9)

where the operator I, , was defined by Liu and Noor [10];
(vil)Forl =2,s =1,y = A+ pwithA > —p,ap = cand b; = a, witha,c € R\ Z,,
we obtain

Syt +pcael:={f € Ap): [(a,0f € SpTa(9) }

and

Crtald+pcaig] == {f € A(p): (a,0)f € Cla(@) },

where the operator I;}(a, c) was considered by Cho et al. [8];
(vili) For! =2,s =1,a1 =p+1,ap =1and by =1+ p — A we have

Spdalp+ 111 +p—Ai9) = {f € Ap) : O f € 537, (9) }

and

/\
alp+ 111 +p—Aig) = {f € Ap) : 0 f € Chl(9) ),
where the operator Q?’p ) was introduced by Srivastava and Aouf [13] for 0 < A < 1,
and was investigated by Patel and Mishra [11] for A < p+1,p € N.

2. Convolution and Inclusion Properties

Our first result represent a necessary and sufficient condition, in term of convolution
product, for a function ¢ € A(p) to belongs to class Sp g(®)-

()
Theorem 1. Let f € A(p), such that fzp_(qz) # 0 forall z € D and v € C. We will define the

(9) T
function g € A(p), such that §\7 (z) := 6(p,q)zP 1 [(f(z)l , where the power function

5(p,q)zF—1
£ (z) r
q

is considered to the main branch, i.e., — =1.
o(p,q)z¥

z=0

Then, g € SPM( ¢) if and only if

1 pP—4 — CzP—+1
— £ (z) x Z(l—j)] #0, forallx € C:|x| =1, forallz € D, (7)
where i
C = Cypul) i= (p—q—a)(1—¢(x))cosA —ye ' (®)

(p—qg—a)(1—¢(x))cosA

Proof. For any function f € A(p) we can easily verify that
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F() = fD () 2 and 240 (z) = f0(z) s |2 PO ©

ye

inzfUH9 ()
f9(2)

1-2z (1—2)2 1—z

and from the definition formula of the function g we get

i Zf(Hq) (z) . L NJA A Zg(Hq) (z)
e R +(p—q)Q =9yt =e ) z € D.
First, according to the above identity we have that g € S;,‘/q,,x (¢) is equivalent to
inzf110(2) iA ; :
ye W +(p—q) (1 —7)e" < ¢(z)(p—g—a)cosA+acosA+i(p—gq)sinA, (10)

and using the definition of the subordination, from (10) it follows that

+(p—q)(1—'y)ei)‘ #¢(x)(p—g—a)cosA+acosA+i(p—q)sinA,
forallx € C: |x| =1, forall z € D. (11)

From the convolution relations (9) a simple computation shows that (11) could be
rewritten in the following form

1 ; p—q+1 (p—q)zP—1
e [ ({2 50

+((p_q_“)COSA“P<x)(P—4—“)CosA—7<P—q)em) ZM]} #0,

1-2z
forallx € C: |x| =1, forallz € D,

which is equivalent to (7), where C given by (8).
Reversely, like it was shown in the first part of the proof, the assumption (7) is
equivalent to (11). Denoting

inzf1H9(z)

fag) Temat- )t

D(z) := ye
and
¥(z) :=¢(z)(p—g—a)cosA+acosA+i(p—q)sinA,

these functions are analytic in D and ¥ is univalent since ¢ is univalent in . The
relation (11) shows that ®(D) N'¥ (D) = @ and therefore the simply-connected domain
®(D) is included in a connected component of C \ ¥ (dD). From here, and using the fact that
®(0) = ¥(0) together with the univalence of the function ¥, it follows that ®(z) < ¥(z)

which represents in fact the subordination (10), i.e., g € S;g\,qla (¢). O

The next result that is also a necessary and sufficient condition for a function g € A(p)
FO belonfgs to class Si,"q,“ (¢) generalizes some other previously results like we mention after
its proof.
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(@)
Theorem 2. Let ¢ € A(p), such that gzp_(? # 0forallz € D. Then, § € S;,\,’,;Y,a@) with
v € C* ifand only if

pP—q — p—q+1
ZPL_‘? g\ (2) Z(l_DZZ)Z #0, forallx € C: x| =1, forallze D, (12)

e ( )(1— ¢(x))ycos A — et
- (p—q—a)(1—¢(x))ycosA —¢'
D= Pran) = 0 - pa)yeosh )

Proof. First, from Definition 4 we have that ¢ € S;,\,’;, 2(¢) if there exists a function

(9) v (1) ¥
J € Shaalp) suhitatg ) = 3(pa)2 [W} ohere lWl

Differentiating the above definition formula we get

=1
z=0

Zg(q+1)(z) _ Zf(lJrq) (Z)
@iz ()

and using the fact that g € S;}/’J/ «(¢)ifand only if f € S;,‘,q,a(rp) it follows that g € S;,\,’g/ «(¢)
is equivalent to

+(p—9)(1-7),z€D,

oit zg+0(z) git nzf1H(2)
() fl(z)
<¢p(z)(p—g—a)ycosA+aycosA+iy(p —q)sinA.

(P—q)(1—7)=1e

Since the right-hand side of the above subordination is a univalent function in I it
follows that

- zol(149) .
ME Ty ) (1 - ) # 9(x)(p — 1~ )y cos A
8 (z)

+aycosA +iy(p—q)sinA, forallx € C: |x| =1, forall z € D. (14)

vy

Finally, from the convolution relations (9), a simple computation shows that (14) is
equivalent to (12) where D is given by (13).

g(q) (Z)
zP—q

Reversely, since # 0 for all z € D, it follows that the function f € A(p)

given by

@) (4 1/
f(’i)(z) = (5(p,q)zp*q [5(‘;:)(22_‘7] ,zeD,

where | —=——"— = 1 is correctly defined. The above definition relation is
5(p, )z

equivalent to

(q) 7
g9 (z) = d(p,q)z" " [M] ,2€D,

@) !
where fi(z)_ = 1 and by similar computations like in the first part of the
S| |,

proof we deduce that g € Sz,’,;, «(¢) is equivalent to (14). Now, denoting

2281 (2)

D(z) := g(q) @

—erp—q)(1—7)
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and
Y(z):=¢(z)(p—g—a)ycosA+aycosA+iy(p—gq)sinA,

and using the same arguments as in the second part of the proof of Theorem 1 we deduce
that ®(z) < ¥(z), thatis g € Spla(¢). O

Remark 3. (i) For the special case ¢ = « = 0 Theorems 1 and 2 reduces to the convolution results

obtained by Sarkar et al. [2] (Theorems 2.1 and 2.2);

(it) Putting p =1, =« = 0, ¢(x) = %f with =1 < B < A < 1, and writing —% as

x in Theorems 1 and 2 we obtain the convolution results of Ahuja [3] (Theorems 2.1 and 2.2);
(iii) For v = 1 we have f = g, where g is defined like in Theorem 1 and Cy4, = D144
. . .. _ f@(z) gD (2)
Moreover, for this special case the additional assumptions T # 0 and e # 0 for all
z € D of these theorems are not necessary, hence both of the results of Theorems 1 and 2 coincide
with the following corollary:

Corollary 1. If f € A(p), then f € S;/},q,a((i)) if and only if (7) holds for

p—q—a)(1—¢(x))cosA —e?
(p—q- 00— p(x)cosA 1)

Example 1. Let consider in Theorems 1 and 2 the function

C=Cyual(x):= CLW(x) = (

1+ Az
9(z) = 1+ Bz’

-1<B<AL],

and q := p — 1. Then, the assumption (4) is equivalent to

1—A>1_ 1
1-B 1—a’

which holds for all 0 < & < p — q = 1, and from the above mentioned theorems we obtain the next
particular cases, respectively:

(r=1)
1. Let f € A(p) such that J%(Z) # 0forallz € D, and v € C. We will define

RIOIN

the function g € A(p) such that g7~V (z) := p!z [ e , where the power function is

considered to the main branch.

Then, g € Sy, , 1 ,(¢) if and only if
1 z — Cz?
2| flp-1) 2T Ayl =

- f (Z)*(l—z)z} #0, forallx € C: |x| =1, forallz € D,

where )
(1—a)(1—¢(x))cos A — yei
(1—a)(1—¢(x))cosA

C= C%p_l,a(x) =

g(pfl) (Z) A s
2. Let g € A(p), such that s # O0forallz € D. Then, g € Sp:Z—l,a((I)) with
v € C*, ifand only if
1 z—Dz?

Zop-1) el | —
218 (z) % A=22 #0, forallx € C: |x| =1, forallz € D,

where )
(1—a)(1—¢(x))ycosA — e

(1—a)(1—¢(x))ycosAr

D =D,ga(x) =
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The next theorem is a necessary and sufficient condition for a function g € A(p) to be-
longs to class CQ,M (¢) and it extends a few previously results obtained by different authors.

Theorem 3. If f € A(p), then f € Cp), ,(¢) if and only if

Z;}Tq {f(q)(z) *M} #0, forallx € C: |x| =1, forallz € D,
where
Mmoe W@ [(p—q) + Coalp —g +1) ~2J2P 7 + Cpa(p — g — 1)z 7+

(1-2)°
and Cqq := Cq,4, 18 given by (15).

Proof. If we let
ZP—q — Cq,az”‘q“

Gpyq(z) = -2y ,z€D,
then
oG (z)= PP (=) + Coalp—q+1) — 2§21 + Cpalp —q — )P 7072
p.Aq - (1—2z)3 )
From (5) and according to the Corollary 1 we deduce that F € S;,‘,ql,x (¢) if and only if
1
o [F(q) (z) * GM(Z)} #0, forallx e C: |x| =1, forallz € D. (16)
Using (5) in (16) we obtain that f € C;,‘/q,,x(cp) if and only if
1 Zf(lJrq) (Z)
o l e *Gpy(z)| #0, forallx € C: |x| =1, forall z € D. (17)

Since the identity

(1+4) -
pr_;z) ¥ Gpolz) = FO(2) » pr,_q(;)

,zeD,

holds, then (17) is equivalent to

1

S lf(q)(z) * M

P ] #0, forallx e C: |x| =1, forallz € D,

which completes our proof. O

Remark 4. (i) Puttingp =1, g =a = A = 0and ¢(x) = 1111];‘;{, with—-1 < B <A<1,
in Corollary 1 and Theorem 3 we obtain the convolution results due to Padmanabhan and Ganesan [4]

(Theorems 1 and 2); A
(ii) Puttingp = 1,9 = a = 0 and ¢(x) = %, with —1 < B < A < 1, in Corol-

lary 1 and Theorem 3 we obtain the convolution results due to Padmanabhan and Ganesan [4]
(Theorems 3 and 4).

The following result is a necessary and sufficient condition for a function ¢ € A(p) to

belongs to class C;J\,q,oc (¢) and for the special case v = 1 it coincide with the previous theorem.
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(1+
Theorem 4. Let f € A(p) such that f ( ) # 0 forall z € D. Then, f € Cpq,x(qb)
with v € C*, if and only if

Zpi—q {f(q)(z) *N} #0, forallx € C: |x| =1, forallz € D,
where
N = (P - q)zl’*q _ [(p — q) + D(p —q+ 1) _ Z]ZP*qul + D(P g 1)Zp7’1+2

(1-2)°
and D = Do 4 4 is given by (13).

Proof. Letting
ZP=4 _ DzP—q+1

prq(z) = (1 _ 2)2 7 V4 6 ]D)/
we have
2H, (2) = (p—q)z2P 1= [(p—q)+D(p—q+1) — 2]z~ 4 D(p — g — 1)zP—9+2
I — 53 .
(1-2)
According to the Definition 4 we have
fECpqzx(Gb) lfandonlylfFeSpw(gb) (18)

1+q)
where F e A(p), suchthat F@(z)= pr_q(), zeD,

and from Theorem 2 we deduce that F € Sp 7.2 (¢) if and only if

1
g [F(q) (z) * Hp,q(z)} #0, forallx e C: |x| =1, forallz € D. (19)

Thus, using (18) in (19) we obtain that f € Cp g.0(¢) if and only if

1| zfH0(z) x| —
qul - *Hpq(z)| #0, forallx € C: |x| =1, forall z € D. (20)
From the identity
Zf(lJrq) (z) zH! (Z)
« Hy (2) = f@(z) « P4 ,z€D,
g pa(z) = f17(2) P

it follows that (20) is equivalent to

L {03y« ZFpa®)
] f9(z) * ﬁ #0, forallx e C: |x| =1, forall z € D,

and the proof of our theorem is complete. O

Example 2. Let the function

(2) = 14+ Az
1+ Bz’

1<B<AKL],

and q := p — 1. From the Theorems 3 and 4 we obtain the next two special cases, respectively:
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1.If f € A(p), then f € Cz,p—l,a(‘i’) if and only if

l{f(lﬂ—l)(z) * M} #0, forallx € C: |x| =1, forallz € D,

z
where
z+1-— 2Cp71,0¢

M= (1—-2)3

and Cp_1, := Cyp—1,4 18 given by (15).
2. Let f € A(p), such that f(P)(z) # 0 for all z € D. Then, f € Cyy7 | (¢) with y € C,
if and only if

%[f(p—l)(z) *N} #0, forallx € C: |x| =1, forallz € D,

where
z— (2D —1)z2

Ne=—p

and D = Dy 1,4 is given by (13).

Remark 5. Note that for the special case v = 1 we have Cy 4, = D144, and using the same
reasons like in Remark 3 (iii) we deduce that the results of Theorems 3 and 4 coincide.

The following result represents a necessary and sufficient condition for a function
g € A(p) to belongs to class S;‘,’;”a;hs

convolution operator [1].

[a1;¢] connected with the Dziok and Srivastava

(q)
Hps(a1)f(2)
Theorem 5. Let f € A(p) of the form (1) such that ( e Zpl—q )

fe S;a\,’;,vc;l,s [a1; ¢] with v € C*, if and only if

# 0forall z € D. Then,

VW o(p-q-a)(1—¢()ycosA+ (k—p)e* S(kp)p 0o ke
1+k:§+1 (p—q—a)(1—¢(x))ycosA 5(P/q)rk7p[ vbilaz 0,

forallx e C: |x| =1, forallz € D. (21)

Ay

Proof. According to Theorem 2 we have that f € § Pl

[a1; ¢] if and only if

(9) zP~9 — DzP—atl

1
[(Hp’l/s(al)f(Z)) * (1_2)2:| # O, forallx € C: \x\ = 1, forallz € D,

ZzP—q
where D is given by (13), which is equivalent to

1 ™ zP=9 — DzP—9+1
- p—q . k—q| =2 — ==
ZP—1 { l‘s(qu)Z + k:%lé(krmrkﬂﬂ[alfbl]akz ] * (1—z2)2 } #0,

forallx e C: |x| =1, forallzeD. (22)

Since
zP—1 p—q 'i" (k 3 k—p D
=i 4 —p+1)z2"P, zeD,
(1 _'Z)z k=
=p+1
ZP—q+1 +oo +o0
(O 27 Y (k—p+ 1) = Y (k—p)I, z €D,

k=p+1 k=p+1
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after a simple computation we have obtain that (22) is equivalent to

+o0
1+ r:;_l[l +(1-D)(k—p)]- :55((5’2)) rk—p[al;bﬂakzk—f’ L0,

forall x € C : |x| = 1 and for all z € D, which simplifies to (21), and the proof of the
theorem is completed. O

A similar result with the previous theorem deals with a sufficient condition for a func-

tion ¢ € A(p) to belongs to class c [a1; ¢] define by using the Dziok and Srivastava

P, q w;l,s
convolution operator.

(1+4)
H
Theorem 6. Let f € A(p), such that ( pﬂﬁ(ﬂ;}ﬁf” # 0 forall z € D. Then,
z
fe Cpqals[alxp] with y € C*, if and only if
VS k=g (pmg-a)(1—¢(x))ycosA+ (k—p)e
1+ Z ] 5
k1 P 61 (p—q—a)(1—¢(x))7cos
. 5(k1q) . k—p . —
5(p q)l”k,p[al,bl]akz #0, forallx € C:|x| =1, forallz € D. (23)
Proof. From Theorem 4 we have that f € c b, q w1s101; @] if and only if
| (Hpetan )
zp—q |V PAs
(p—9)7" " —[(p—q)+D(p—q+1) 2]z 71 + D(p — q —1)zP71*2
* #£0,
(1-2)°
forallx € C: |x| =1, forallz € D, (24)

where D is given by (13). It can be easily shown that

p—1 T —
z . Z k P+1)(k p+2)zk7q,ZE]D,

(1—2)3 kg 2
p—q+1 +o00 _ _
i k=p)k=p+1) kq ,cp
(1-2) kgt 2
and
272 R k=p=Vk=p) kg ..
(1-2)3 k=p+2 2

Using these identities and after some simple computations we deduce that (24) is
equivalent to

1 -
L lstpperi+ ¥ L p o (1= D) (k= p)Io(k )Ty lons b7 | #0,
k=p+1

forallx e C: |x| =1, forallz € D,

which reduces to (23). O
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Example 3. If we consider the function

1+ Az
14+ Bz

o(2) L I<B< AL,

and q := p — 1, then from the Theorems 5 and 6 we obtain the next result, respectively:
-1
1. Let f € A(p) of the form (1), such that (Hp,l,s(al)f(z)) vy # 0 forall z € D. Then,

fe S;L,’Z—l,zx;l,s [a1; ¢] with v € C*, if and only if

& (1—a)(1—¢(x))ycosA + (k—p)e* 5(k,p)
1+k:§:+1 (1—a)(1—¢(x))ycosA p!

forallx € C: |x| =1, forall z € D.

Ty plag; bylaz" 7 #0,

2. Let f € A(p), such that (Hp,p,l,s(al)f(z))(p) # 0 for all z € D. Then,

fe Cz,,;—l,a,-l,s [a1; ] with «y € C*, if and only if

r- (1—a)(1—¢(x))ycosA+ (k — p)eit
1+k:§+1(k p+1) 0= a1 5])7 cos

O(k,p—1)

) Fk,p[al;bl]akzk*p #0, forallx € C: |x| =1, forall z € D.

A

Now we will give an inclusion relation for the classes S Dals

[a1; ¢] and to prove this
result we shall require the following lemma:

Lemma 2 (see [23]). Let ¢ be convex (univalent) in D, with Re[fp(z) + ] > 0,z € D. If 0 is
analytic in D with 6(0) = ¢(0), then

0(z) + _20(z) =< ¢(z) implies 0(z) < ¢(z)

po(z) + '
The above subordination is the well-known Briot—Bouquet type differential subor-
dination and it allows us to find a simple sufficient condition such that the inclusion

S a1 +1,¢] C S, 1 la1,¢] holds.

paals|
p.q.a;l,s
Theorem 7. Suppose that the function ¢ is convex (univalent) in I and satisfies the inequality

Rea1
(p—g—a)cosA’

Re (e*i/\gb(z)) > cosA — z € D. (25)

(Hppsla)f(2)) "

zP—q

Iff € S/p},q,uc;l,s[al +1; ¢|, such that # Oforallz € D, then f € S} (a1, P].

p.am;ls

Proof. Suppose that f € S;\ gl,s [a1 + 1; ¢] and let us define the function 6 by

i (1+q)
1 ez (Hys(m)f (2)) ,
0(z) = —acosA—i(p—q)sinA|, zeD. (26)

(p—q—a)cosA (Hp,lfs(“l)f (Z)> !

Then, 6 is analytic in D and from (3) we obtain

)(Hq)

2(Hpsa)f@)" 7 = a1 (Hyslar + 1£@) " = @1 = p+-9) (Hpsslan)f2) 7, z € D.
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Therefore, (26) can be written as

al—p+qei)\+ acos A +i(p—q)sin)L
p—q-—«a p—q—« p—q—«
; (@)
ety (Hp,l,s(ﬂl + 1)f(z))
= ,z€eD,

(p— - ) (Hypela)f(2) "

6(z) cos A +

and differentiating logarithmically the above identity, from f € SQ{ gl (11 + 1; ¢] and by

using (26) we obtain

20’ (z)
[(p—g—a)f(z)cosA +acosA+i(p—gq)sinAle=* + (a; —p+q

0(z) + )<¢@) (27)

Since
Re{[(p —g—a)p(z)cos A +acosA+i(p—q)sinAle™™* + (a; — p +q)} >0,z€eD,

is equivalent to (25), according to Lemma 2 the subordination (27) implies 6(z) < ¢(z)
which proves that f € S;J‘q)\-ls[al;@' O

Example 4. 1. For A = 0 the above theorem reduces to the next result:
Suppose that the function ¢ is convex (univalent) in I and satisfies the inequality

Rea1
Regp(z) >1— ————, z € D.
o) > 1- L
(@)
. (Hpus(a)f(2))
If f € Sp,q,a;l,s[al+1;¢] such that o # 0 for all z € D, then

fe Sg,q,tx;l,s [ﬂ1,¢].

2. For
1+ Az

(P(Z) - 1 + BZ
and q := p — 1, the above special case becomes:
Suppose that —1 < B < A < 1 and satisfies the inequality

,1<B<AKL],

1-A Reaq
T e B

z € D.

(Hp,l,s (111 )f(z>) vy

zZ

If f e Sg,pfl,a;l,s [a1 + 1; ¢| such that

f c Sg,pfl,uc;l,s [{11,4)}.

# 0 for all z € D, then

Remark 6. For special choices for a; i = 1,...,1 and bj j=1,...,s, wherel,s € Ny, we can
obtain the corresponding results for different linear operators which are defined in the introduction.

3. Concluding Remarks

Using higher order derivatives we defined the classes Sé,q,a (¢) and S?,,’,'}, «(¢) that for
special choices of ¢ generalize some classes previously studied by Aouf [14], Libera [17],
Srivastava et al. [16], and Aouf [15,18]. In the first two theorems we determine, in term of
convolution product, necessary and sufficient conditions for a function to belong to these
classes, respectively. For special choices of the parameters these results extend those of

Sarkar et al. [2] and of Ahuja [3].
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paa($) and C;}/’; «(¢), the Theorems 3 and 4 give us nec-
essary and sufficient condition for a function to be in these classes, respectively, extending
for particular cases of the parameters and of the function ¢ some results of Padmanabhan
and Ganesan [4].

The next two theorems deal with necessary and sufficient conditions for a multivalent

For the other new subclasses C

function to be in the new defined classes 52; w1 sl01; @] and C;\; w15101; ] introduced by
using higher order derivatives and the well-known Dziok-Srivastava linear operator, that
generalize the previous ones, while the last result gives us a sufficient condition such the
inclusion Sy [a1 +1;¢] C Sy [a1,¢] holds.

The results we obtain are new and could help the researchers in the field of Geometric
Function Theory to obtain other new results in this field, or for used them in some appropriate

particular cases for different studies.
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