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The quartz-crystal microbalance (QCM) has become an important technique for the detection of
biomolecules and their interactions. Acoustic sensing of DNA requires hybridizing the oligonucleotide
chain with a nanoparticle that acts as an acoustic amplifier. In this device, the amplifier remains suspended
in the liquid, nanometers away from the surface. The hydrodynamics of nonadsorbed nanoparticles in
QCM sensing devices has, however, been overlooked in the literature. Here, we show that the acoustic
response (shifts in frequency, �f , and dissipation, �D) of the amplifier-target complex is determined
by the hydrodynamic wall stress. Our study focuses on an alternative type of DNA sensor based on
liposome-DNA complexes and provides a theoretical analysis backed up by experiments with 1-palmitoyl-
2-oleoyl-sn-glycero-3-phosphocholine liposomes. The target DNA strands are attached on one side to
surface-adsorbed neutravidin through a biotin linker, while the other side is anchored to a liposome acting
as an amplifier. A range of liposome radii and double-stranded-DNA contour lengths are studied, cover-
ing sizes up to the wave penetration depth (δ ∼ 100 nm). Simulations, based on the immersed boundary
method and an elastic-network model, are in excellent agreement with the experiments. We derive an ana-
lytical expression for the acoustic impedance, which reflects strong signal amplification as the liposome
gets closer to the wall. This enhancement is due to hydrodynamic reflection: the ambient flow induces
a stress on the liposome surface, which propagates back to the resonator. For this reason, acoustic sig-
nals are extremely sensitive to the distribution of the liposome-wall distance (which we determine from
the mechanical properties of double-stranded-DNA chains). Our approach helps in deciphering the role
of hydrodynamics in acoustic sensing and reveals the role of parameters hitherto largely unexplored. A
practical consequence may be improvements in the design of biosensors and detection schemes.

DOI: 10.1103/PhysRevApplied.13.064059

I. INTRODUCTION

The quartz-crystal microbalance (QCM) is an extremely
versatile tool for studying soft matter at interfaces. QCMs
cover a huge range of length scales (from nanome-
ters to tens of micrometers), which makes them suitable
for a myriad of applications ranging from nanotribol-
ogy and health care to environmental monitoring [1–
4]. In biophysics-related research, QCMs with dissipa-
tion monitoring (QCM-Ds) operate in liquids and follow
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real-time changes in assemblies of lipid membranes, DNA,
proteins, nanoparticles, viruses, and cells [4–9]. In addi-
tion, the QCM has become one of the important tech-
niques for DNA sensing [10–12] and molecular sensing
in general [13,14], due to its low operating cost, the com-
pactness of its sensor, the fact that it provides real-time
data, and its subnanogram sensitivity. Generally, biosens-
ing techniques rely on the principle of hybridization of
the target (DNA), which binds to some probe fixed to
a substrate. In a second hybridization step, the molec-
ular target is decorated with a nanoparticle, whose role
is to amplify the acoustic signal [15,16]. Notably, these
“amplifiers” are often not adsorbed onto the resonator,
but rather suspended in the liquid. Although most QCM-
based biosensors deploy discrete suspended nanoparticles,
their hydrodynamics has not so far been investigated
theoretically.
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In a liquid, the transverse oscillation of the quartz-
crystal resonator (typically between 5 and 65 MHz) cre-
ates a Stokes flow, which propagates momentum upwards
to about 3 times the penetration depth δ = (2η/ρω)1/2

(between 250 and 70 nm in water). Here, ω = 2π f , η

is the viscosity of the fluid, and ρ is its density. The
hydrodynamic stress created at the wall leads to a shift �f
in the oscillator frequency and a shift �� in the decay rate
(usually measured as the dissipation factor D = 2�/f ).
For the case of a (purely viscous) Newtonian fluid, �f
and �D were derived by Kanazawa and Gordon [17] and
in subsequent publications [18]. Johannsmann et al. [19]
and Voinova et al. [20] later used effective-medium theory
and phenomenological constitutive relations to estimate
the viscoelastic properties of the assumed film formations
of the material covering the sensor surface. However, vis-
coelastic film theories based on one-dimensional equations
substantially fail to provide useful information in discrete-
particle settings [2,5]. Experiments with adsorbed discrete
particles such as liposomes and viruses made use of a dif-
ferent approach, providing estimations of the size of the
nanoentities involved [9]. A model developed by Tsortos
et al. [7,21,22] allowed quantitative evaluation of the size
and shape of tethered biomolecules (DNA and proteins)
[23,24]; here, the hydrodynamic quantities of the intrinsic
viscosity [η] and the radius Rh were explicitly taken into
account and were linked to the acoustic ratio �D/�f [21].

However, the problem of reducing the limit of detection
in biosensors (which is still largely based on trial and error)
requires finding the optimal acoustic amplification using
nonadsorbed discrete particles. QCM sensors use acoustic
enhancers such as magnetic beads [25,26], gold nanopar-
ticles [10–13], and, recently, liposomes [27] with sizes
ranging from 10 to 100 nm, which are often suspended in
the liquid up to tens of nanometers away from the sen-
sor surface. Theoretical understanding of such systems
requires a detailed hydrodynamic analysis of the three-
dimensional unstationary flow patterns resulting from the
propagation of fluid-induced forces acting on the ana-
lytes. In the case of adsorbed particles, numerical studies
of QCM hydrodynamics qualitatively reproduce experi-
mental observations, such as the coverage dependence of
�D/�f , providing preliminary answers to a large list of
still unexplained questions [2]. These studies [5,9], car-
ried out in two dimensions using the commercial package
COMSOL and, more recently, in three dimensions using
lattice Boltzmann solvers [28,29], considered rigid parti-
cles adsorbed onto the wall at fixed positions (obstacles).
However, fixing the particle position introduces ad hoc
forces into the fluid (those required to keep the obstacle
fixed), which surely alter the measurement of the system
impedance. But, in the case of suspended particles, solv-
ing for the nanoparticle motion is essential. This requires
taking into account the fluid traction and other forces act-
ing on the analytes (elastic and interparticle forces, surface

forces, contact forces, and advection due to a mean flow if
required).

Using QCM biosensing to detect surface-adsorbed DNA
with liposome amplifiers will probably have an impact on
fast cancer diagnosis. Recent experiments have focused on
the determination of the limit of detection of DNA [27]
using this setup. Here we present a theoretical approach
that is supported and guided by experimental data. Simula-
tions are carried out with a finite-volume fluctuating hydro-
dynamic solver using the immersed boundary method,
which describes the particle dynamics and uses an elastic-
network model to reproduce the mechanical properties of
molecules (e.g., bending rigidity). The good agreement
between simulations and experiments [carried out with 1-
palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC)
liposomes] allows us to analyze the strong amplification of
the acoustic signal, dominated by the perturbative flow of
liposomes. The main parameters determining such amplifi-
cation are the liposome radius R and the distribution of the
distances of the liposomes from the resonator, determined
by the contour length of the DNA, LDNA.

II. EXPERIMENTS

Experiments are performed using a QCM-D setup (Q-
Sense E4, Sweden) based on the ring-down approach [30],
which is capable of measuring changes in the resonance
frequency (�f ) and energy dissipation (�D) over time.
In a QCM-D device, excitation pulses separated by mil-
liseconds are sent to the piezoelectric material (a quartz
crystal), inducing underdamped oscillations in the crystal,
which are described by x(t) = x0 exp[−�t] cos[2π ft + φ]
(with x0 ≈ 2 nm). The decay rate and frequency, � and f ,
depend on the acoustic response related to the loading of
the sensor. � is often expressed in terms of the “dissipation
factor” D = 2�/fn. The fundamental frequency of the par-
ticular cut of the quartz crystal used is f0 = 5 MHz (here
we report experimental results for the seventh harmonic,
f7 = 35 MHz).

The liposome-DNA (L+DNA) complexes that we use in
this study (see the sketch at the top of Fig. 1) are formed by
sequential injections of neutravidin, double-stranded DNA
(dsDNA), and finally liposomes. Samples of dsDNA with
21, 50, and 157 base pairs (bp) (i.e., with lengths LDNA of 7,
17, and 53 nm, respectively) are combined with liposomes
of radii R = 15, 25, 50, and 100 nm. In order to be captured
by the NAv layer previously formed on the surface (the
probe), the target DNA fragments bear a biotin molecule at
one end. In addition, a cholesterol molecule is incorporated
on the opposite end of the DNA for subsequent liposome
binding due to its strong affinity for the lipid membrane.
Measurements are performed using a continuous flow
rate of 60 μl/min and a fixed temperature of 25 ◦C. A
more detailed description of the acoustic measurements
is reported elsewhere [27]. Figure 1(a) shows a typical

064059-2



HYDRODYNAMICS OF QUARTZ-CRYSTAL-MICROBALANCE... PHYS. REV. APPLIED 13, 064059 (2020)

(a)

(b)

FIG. 1. (a) Representative sensogram depicting binding events
recorded at 35 MHz (i.e., seventh harmonic) in real time: (i)
neutravidin (NAv) (0.2 mg/ml) is adsorbed onto a gold sur-
face until saturation, followed by (ii) binding of biotinylated
double-stranded DNA (here 50 nM of 50 bp DNA, i.e., 17 nm
long) bearing a cholesterol molecule at the opposite end; (iii) the
latter can subsequently bind POPC liposomes (here 0.1 mg/ml
of liposomes 25 nm in radius). The frequency and dissipation
changes registered upon addition of liposomes are used to calcu-
late the acoustic ratio of the liposome-DNA (L+DNA) complex
as �DL+DNA/�fL+DNA. (b) Plot of the ratio (�D/�f )L+DNA
against the corresponding frequency shift (proportional to the
liposome surface coverage) during the formation of the L+DNA
complex, between times of 32 and 38 min in (a). The dissipa-
tion capacity of the L+DNA complex is marked with an asterisk
(see text).

sensogram depicting the formation of an L+DNA complex
in real time. The figure illustrates the changes in the �f
(black) and �D (green) signals recorded upon sequential
injections of (i) NAv, (ii) DNA, and (iii) POPC liposomes.

The plateau values corresponding to the frequency and dis-
sipation changes registered after addition of liposomes are
used to calculate the acoustic ratio of the L+DNA com-
plex as �DL+DNA/�fL+DNA. Figure 1(b) plots the acoustic
ratio racoustic ≡ −(�D/�f )L+DNA against �fL+DNA for all
points of the sensogram, starting from the onset of regime
(iii) in Fig. 1(a) [from 32 to 38 min in Fig. 1(a)]. The
dissipation capacity Cd of the L+DNA complexes [indi-
cated by an asterisk in Fig. 1(b)] is obtained by a standard
procedure, where Cd is taken as the intercept at �fL+DNA =
0 of a linear fit to the acoustic ratio against �f (red line).
All reported measurements of �f are used in the form of
raw data, i.e., without dividing them by the number of the
harmonic.

III. THEORETICAL AND NUMERICAL ANALYSIS

A. Impedance

Our theoretical and numerical analysis is based on
the well-established small-load approximation (SLA) [2],
which relates the impedance Z = σ̂ /v0 (the ratio of
the wall stress to the surface velocity) to the com-
plex frequency shift �f̃ = �f + i �� measured in ring-
down experiments. The SLA is valid if the resonator’s
mass per unit area is much larger than the load, which
is a safe approximation in our case (where �f /f0 <

10−5). The impedance of the complex load is expressed
as the sum Z = ZQ + Z0 + ZDNA + ZL+DNA, where the
impedances correspond to the clean quartz resonator (ZQ),
the (unloaded) Newtonian solvent (Z0) [17], the DNA
strand without a liposome (ZDNA), and the L+DNA com-
plex (ZL+DNA), respectively. For any contribution (differ-
ent from Q), the SLA yields [2]

�fa + i ��a = if0
Za

πZQ
, (1)

where ZQ = 8.8 × 106 kg/(m2 s), and we recall that the
dissipation shift is given by �D = 2 ��/fn. The real part
of Za is related to the dissipation and the imaginary part to
the frequency shift (Re[Za] ∝ −�� and Im[Za] ∝ −�f ),
while racoustic a = −2 Re[Za]/(Im[Za]fn[MHz]), and fn is
the working frequency (n = 7 in Fig. 1).

B. Simulations by the immersed boundary method

Our mesoscopic model is based on a fluctuating hydro-
dynamic solver for compressible unsteady flow that uses
the immersed boundary method to couple the dynamics
of the fluid and the structure [31–33]. It is implemented
in the graphics-processor-unit (GPU) code FLUAM (“FLuid
And Matter interaction”), a second-order-accurate finite-
volume scheme on a staggered grid [34] of side h. The
liposome and dsDNA are represented using beads of radius
h (Fig. 2) connected by harmonic springs and/or bend-
ing potentials (see Sec. A 3). An elastic network is used
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to model the membrane of the (hollow) liposome by
connecting nearest neighbors of the network with har-
monic springs: the expression for the bonding force Fij =
−kL(rij − r0) includes the equilibrium distance r0 ≈ h and
the spring constant kL determining the rigidity of the lipo-
some. Here we consider the rigid limit (high kL) to focus
on the leading contribution to the impedance. The dsDNA
is modeled by a bead model for semiflexible polymers,
with the bending energy extracted from the DNA persis-
tence length at room temperature (50 nm). We use the term
“link” to denote the DNA-wall force Flink.

The geometry is illustrated in Fig. 2. The simulation
box is periodic in the resonator x-z plane, with dimensions
L × Ly × L. Rigid no-slip walls at y = 0 and y = Ly are
imposed via explicit boundary conditions [31,35]. The top
wall is kept at rest, while the bottom wall, at y = 0, moves
in the x direction with velocity vwall = v0 cos(2π ft) with v0
set to fix a small wall displacement x0 < h. To achieve the
required numerical convergence, we use a spatial resolu-
tion of h = 3.958 nm (see Fig. 9 in Appendix B). The code
units map the density and kinematic viscosity of water at
T = 25 ◦C. For more details, see Table I and Appendix
A. The sound velocity c is set to match the experimen-
tal value of the nondimensional group f7δ/c ∼ 3 × 10−3,
whose smallness indicates a minor effect of fluid com-
pressibility [36]. Moreover, the large time-scale separation

R

y

h = 3.958 nm

FIG. 2. Snapshot of the numerical model of a liposome of
radius R = 100 nm tethered to a DNA strand attached to the res-
onator wall (see text). The coupling between the dynamics of the
analyte and the fluid is solved for using the immersed bound-
ary method [31,33]. The spatial resolution is set by the fluid cell
size h (here 3.958 nm). The bottom wall oscillates transversely
at 35 MHz, with a small amplitude (less than one cell).

TABLE I. Relation between code units and SI units, code and
SI values of the parameters used in the simulations, and equiv-
alences between real and imaginary impedances Z (code units)
and frequency shifts �f (Hz) and dissipation factor �D for the
seventh harmonic of a quartz crystal with fundamental frequency
f0 = 5 MHz.

Magnitude Code units SI units

Length 1 7.917 nm
Mass 1 4.96 × 10−22 kg
Time 1 1.416 × 10−11 s
Kinematic viscosity 0.226 10−6 m2/s
Fluid density 1 103 kg/m3

Sound velocity 2.68 1.5 × 103 m/s
QCM frequency 0.0005 35 MHz
kBT 6.6 × 10−5 4 × 10−21 J
ZQ 7.925 8.8 × 106 kg/(m2 s)
Im[Z] 10−3 �f = 200.8 Hz
Re[Z] 10−3 �D = 1.826 × 10−6

between the liposome diffusion time and the QCM oscil-
lation period (6πηR3f /kBT > 104) makes it possible to
neglect thermal fluctuations over the short simulation runs
we use to evaluate the impedance (between 10 and 20
periods). We stress, however, that in our simulations the
liposome is free to move according to the fluid traction; this
is essential to obtain unbiased results, particularly because
the liposomes are not adsorbed but suspended.

C. Computational protocol

“Instantaneous” values of f and D in a QCM exper-
iment correspond to an ensemble average over many
L+DNA assemblies and a large number of sequences of
pulse-waiting times (each one in the millisecond range).
As a direct route to the average impedance, we pre-
pare a set of 40 initial equilibrium configurations using
Monte Carlo (MC) sampling of the L+DNA complex (see
Appendix A for details of the MC sampling) to obtain
the average impedance. To that end, the impedance of
each configuration is measured by running FLUAM over
ten periods, after a transient regime (typically two peri-
ods). We record the time-dependent wall stress averaged
over the resonator plane, σ(t), which is decomposed as
σ(t) = σhydro + σlink, where σlink = Flink/L2 is the contri-
bution of the DNA-wall link, while the contribution of
the hydrodynamic stress is σhydro(t) = η〈[∂vx(r, t)/∂y]wall〉
(angle brackets denote an average over the whole surface).
Setting σ(t) = Re[σ̂ exp(−iωt)] leads to the stress pha-
sor σ̂ after fitting σ(t) = Re[σ̂ ] cos(ωt) + Im[σ̂ ] sin(ωt).
This provides the total impedance Z = σ̂ /v0 of each initial
configuration. The impedance of the L+DNA complex is
ZL+DNA = Z − Z0 − ZDNA, where Z0 = (i − 1)η/δ cor-
responds to the unperturbed (Stokes) flow and ZDNA to
the DNA anchor (without liposome), which is found to be
negligible (see below).
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Our calculations of ZL+DNA are carried out for increas-
ing box side L (i.e., a surface density φ = 1/L2) using
periodic boundary conditions in the resonator plane. This
corresponds to a periodic array of analytes, which differs
from the experimental randomness. However, the rela-
tion between �D and �f is similar to what is observed
in experiments. Such a relation is illustrated in Fig. 3,
which compares simulated and experimental values of �D
against �f (we also include the liposome surface frac-
tion φ obtained from the simulations). The simulations
closely follow the experimental trend: at low coverage,
a linear relation �D ≈ Cd �f determines the dissipation
capacity. A transition to a sublinear regime �D ∼ (�f )0.8

takes place above a certain coverage (approximately 0.12
in Fig. 3). Such a transition has also been reported in other
experiments [2]. Although a clear theoretical explanation
is still lacking, this subtle coverage effect (which induces
a decrease in the acoustic ratio with φ) arises from hydro-
dynamic interactions between large particles (liposomes or
viruses). The effect is absent in unloaded DNA strands, a
fact that is confirmed by our simulations (see Appendix C
and Fig. 10), and it has also been experimentally observed
[21]. The effect is also absent in the case of DNA-protein
assemblies [37].

To strictly follow the experimental procedure, we would
need to extract the contribution of the bare DNA anchor
ZDNA from the total impedance to obtain the liposome-
DNA impedance, i.e., ZL+DNA = Z − Z0 − ZDNA. How-
ever, similarly to what happens in the experiments, the
impedance of bare DNA at such low concentrations is

10 100 1000
f (Hz)

1

10

100

D
 (

10
–6

)

Experiments
Simulations

10 100 1000
f (Hz)

1

10

100

50 nm on 50 bp 50 nm on 157 bp

f
0.8

0.085 f0.071 f

f
0.8

0.43

0.12

0.03

0.49

0.03

0.12

FIG. 3. Dissipation versus frequency shift obtained in experi-
ments and simulations for liposomes of radius R = 50 nm teth-
ered to DNA strands of length 50 bp (LDNA = 17 nm) (left panel)
and 157 bp (LDNA = 53 nm) (right panel). The numbers above
the simulation data indicate the liposome occupation fraction
μ ≡ πR2φ, where φ is the coverage (number of liposomes per
unit area). Dashed lines indicate the linear relation �D = Cd �f
used to obtain Cd. Dot-dashed lines indicate the sublinear regime
�D ∼ (�f )0.8, which arises due to hydrodynamic interaction
among liposomes.

often too small to be numerically detected in simulations.
This is precisely the role of the amplifier. For a similar sur-
face coverage, we estimate that the liposome amplifies the
acoustic signal of the bare DNA by between 2 and 4 orders
of magnitude (depending on R and LDNA). For a further
consistency check, we increase the concentration of bare
DNA in the simulations and, as stated, we confirm that the
scaled DNA impedance ZDNA/φ is constant (see Appendix
C for an analysis of unloaded DNA). This indicates that
hydrodynamic interactions between bare DNA strands are
negligible even at relatively high concentrations.

IV. RESULTS AND DISCUSSION

Numerical and experimental estimations of the dissipa-
tion capacity Cd = Cd L+DNA are compared in Fig. 4. An
increase in Cd with the liposome radius R and the DNA
contour length LDNA is observed both in the simulations
and in the experiments. The agreement is quite close to
being quantitative and gives us confidence to deploy our
model to analyze some of the large number of factors
affecting the value of Cd. Such a task demands a theoretical
analysis of the impedance.

A. Analysis

The impedance of the L+DNA assembly can be decom-
posed into contributions from the liposome (L) and the
DNA, namely, ZL+DNA = Z (L)

L+DNA + Z (DNA)

L+DNA. The term
Z (DNA)

L+DNA collects together the contributions of the linker
and the hydrodynamic impedance of the DNA. Note that
with the exception of the small molecular linker (biotin),

0

0.05

0.1

0.15

0.2
Experiments
Simulations
Eq. (4)

0

0.05

0.1

C
d (

M
H

z–1
)

0

0.05

0.1

0 20 40 60 80 100
R (nm)

L
DNA

= 53 nm

L
DNA

= 17 nm

L
DNA

= 7.1 nm

FIG. 4. Dissipation capacity of liposome-DNA complexes at a
frequency fn = 35 MHz, plotted against the liposome radius R for
different dsDNA contour lengths. Filled symbols correspond to
simulation results, and open symbols to experiments using POPC
liposomes at T = 25 ◦C [27]. The simulations are performed with
a mesh with h = 3.958 nm in boxes of side L = 506.6 nm. The
dashed lines correspond to Eq. (4) [using Eq. (2) for ZL].
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the DNA chain is suspended in the fluid, and the domi-
nant part of its impedance is of hydrodynamic origin. In
general, the hydrodynamic impedance arises from fluid-
induced forces (or force distributions) on the solutes,
which are transferred back to the fluid by momentum
conservation and propagate by viscous diffusion to the
resonator, creating stress on the wall. The lack of sym-
metry makes an analytical approach to this fluid-induced
dynamics elusive, even for a point particle in a Stokes
flow [38]. The fluid-induced forces could be of inertial
origin (relative fluid-particle accelerations leading to a net
force on the solute). However, due to the extremely small
density contrast of the quasi-neutrally buoyant liposomes
and DNA, inertia is negligible. Even so, the liposomes
will have a stress distribution at their surface due to their
reaction against flow-induced deformation. The liposome
surface stress (in addition to the line tension along the
DNA) is propagated back to the wall by viscous trans-
port. There, at the resonator, the only way to disentangle
Z (L)

L+DNA from Z (DNA)

L+DNA is to compare the impedance of the
L+DNA assembly with that of a hypothetical free-floating
(not tethered) liposome ZL placed at a similar height y.
This comparison, shown in Fig. 5, shows that, at least for
R > 15 nm, the dominant contribution to ZL+DNA comes
from the liposome surface stress, determined by ZL(y).
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FIG. 5. Acoustic impedance ZL+DNA of the liposome-
DNA assembly scaled by the stresslet impedance ZS =
(20π/3)R3η/(δ2L2) for (top) liposome radius R = 100 and
50 nm and (bottom) 25 and 15 nm. Lines and open circles cor-
respond to numerical results and the theoretical trend [Eq. (2)],
respectively, for ZL for a freely suspended liposome, and filled
symbols correspond to ZL+DNA for individual configurations of
the liposome-DNA complex and several DNA contour lengths.
The vertical line indicates the wall. Results are obtained for
f7 = 35 MHz (for which δ = 95 nm) in square boxes of side
506.67 nm (and Lx = Lz = 203.33 nm in the cases of R = 15
and 25 nm).

Before analyzing the role of the DNA strand, we focus
on ZL(y) in Fig. 5. Remarkably, ZL(y) decays almost
exponentially with y: this general trend can be explained
by hydrodynamic reflection. Resonator vibrations (with
velocity v0) are propagated upwards to the fluid by vis-
cous forces and create an unsteady and distance-dependent
Stokes flow. The velocity field (phasor)v0 exp[−αy]
contains the viscous propagator exp[−αy], with α =
(1 − i)/δ. The behavior of ZL(y) can be understood using
a corollary of Faxén’s theorem (valid for steady [39]
and unsteady [40] flow), which guarantees that the solute
surface stress is a linear function of the ambient flow.
Far away from the resonator, the ambient flow is simi-
lar to the Stokes flow, and so the liposome surface stress
should vary with the vertical coordinate as exp[−yα]. Vis-
cous propagation propagates this flow-induced liposome
surface stress back to the surface. This reflection brings
another factor exp[−yα] to the wall stress, leading to ZL ∼
ZS exp[−2αy]. The prefactor ZS = (20π/3)ηR3/(L2δ2) is
chosen to be consistent with the stresslet of a sphere under
steady shear. In particular, the local stresslet in a steady lin-
ear flow is S = (20/3)πηR3

[
1 + (R2/10)∇2

] E (0), where
the tangential strain is E (0)

xy = (1/2) dv(0)
x /dy. If the sphere

is not close to the resonator, we thus expect the impedance
to be of the form ZS

[
a(αR)2 + b(αR)

]
exp[−2αy], where

(αR)2 = −2i(R/δ)2, a is some constant, and b(αR) is some
function. Close to the resonator, the ambient flow includes
a significant contribution from the wall reaction field [41].
As the particle approaches the surface, multiple hydrody-
namic reflections between the wall and the particle create
a strong perturbative field. This hydrodynamic feedback,
which has been studied asymptotically for point particles
[38] (in relation to Brownian motion), induces a large
increase in the impedance. From the asymptotic behavior
of the wall reaction flow of a point particle [41], we expect
that the near-field contribution to the impedance scales
roughly as the inverse of the surface-to-sphere distance
y − R. This leads us to the following ansatz:

ZL(y) = ZS

[
(A + iB) exp[−2αy] + 2iC

α(y − R)

]
. (2)

This ansatz nicely recovers the simulation results for
all particle sizes, as shown in Fig. 5. Numerical-
simulation data suggest the following trends for the param-
eters [42]: A ≈ 1.40(R/δ)2, B ≈ 1.6 − 0.1 exp[(R/δ)2],
and 2C ≈ 0.01(1 + i) + (1 − i)f (R/δ), with f (R/δ) =
0.035 exp(−R/δ) (see Sec. C 2 and Fig. 11 for details of
the fitting parameters). We show later that using this set of
parameters in Eq. (2) satisfactorily reproduces the value of
Cd for different forcing frequencies.

The contribution of the DNA can now be estimated as
Z (DNA)

L+DNA = ZL+DNA − ZL. As shown in Fig. 12, we find
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that

Z (DNA)

L+DNA ≈ (−7.2R−2 + i83R−2.5) L0.5
DNAZS, (3)

where R and LDNA are in nanometers. For R > 15 nm,
this represents a minor contribution to the total impedance
ZL+DNA, but for R < 15 nm it becomes noticeable (see
Fig. 5 and Fig. 12 in Sec. C 3 for an analysis of the DNA
contribution). As an aside, we note that the impedance
related to the loaded DNA is much larger than that of the
bare chain, i.e., Z (DNA)

L+DNA 
 ZDNA. This is due to the extra
line tension arising from the forces induced by the DNA
being constrained to the suspended liposome.

Figure 5 shows that the dispersion of ZL+DNA around
its average decaying trend is relatively small and does not
greatly vary with y. Thus Z (DNA)

L+DNA does not vary strongly
with the orientation of the DNA strand. In terms of the
acoustic response, the most important effect of the DNA
is to constrain the liposome position and determine the
liposome height distribution P(y). In general, the average
impedance can be obtained from the weighted average

〈ZL+DNA〉 =
∫

P(y)ZL+DNA(y) dy, (4)

where ZL+DNA(y) = ZL(y) + Z (DNA)

L+DNA. The relation in
Eq. (4) is extremely useful because it decomposes the
analyte and anchor contributions, allowing fast evaluation
of nontrivial effects. P(y) encodes important microscopic
information about the anchor: the bending rigidity, the
linker-DNA tilt energy [43], or large values of the DNA
coverage [44], which could lead to multiple anchors con-
nected to the liposome [27]). In general, P(y) can also
introduce information into Eq. (4) about physicochemical
forces between the analyte and the wall (solvation, disper-
sion, electrostatic forces), as well as the effect of advection
under a strong Poiseuille flow. All these effects are known
to alter the acoustic ratio, and their relevance can be tested
using Eq. (4), by pre-evaluating P(y), either theoretically
or from Monte Carlo simulations. We use MC sampling
to obtain P(y) for an electrically neutral POPC liposome
anchored by a single DNA chain. Figure 6 compares the
numerically estimated P(y) with a theoretical trend derived
by assuming that the short dsDNA strands are almost rigid
and by setting a maximum allowed angle θmax between the
normal to the liposome surface and the DNA strand. Ele-
mentary trigonometric relations (see the caption of Fig. 6)
lead to

P(y) =

⎧
⎪⎨

⎪⎩

C−1
(
R2

2 − R2
1

)
y < R1,

C−1
(
R2

2 − y2
)

R1 ≤ y ≤ R2,
0 y > R2,

(5)

with
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FIG. 6. (a) Monte Carlo results for the probability density
of finding a liposome of radius R tethered to a dsDNA strand
of length LDNA at height y. The scaled length (y − R)/LDNA
provides a master curve for all values of LDNA (the results cor-
respond to R = 100 nm). The dashed line corresponds to the
theoretical estimation in Eq. (5) with cos(θmax) = 0.4. (b) Sketch
indicating the theoretical derivation: P(y) is proportional to the
dashed area (see “View from above”), where the DNA strand
(green lines) is able to contact the wall, starting from any position
at the liposome surface, and provided that the liposome center is
at a height y above the wall. The region accessible to the end of
the DNA is enclosed between spheres of radii R1 and R2. The
outer radius is R2 = R + LDNA (corresponding to θ = 0), while
R1 [in Eq. (6)] corresponds to θ = θmax (the maximum allowed
tilt of the DNA).

R1 ≡ [
R2 + L2

DNA + 2LDNAR cos(θmax)
]1/2

,

R2 ≡ R + LDNA,

C ≡ (R2
2 − R2

1)(R1 − R) + (R2 − R1)(R + LDNA)2

− 1
3
(R3

2 − R3
1). (6)

The numerical results for P(y) are in excellent agreement
with Eq. (5) using θmax ≈ 66 ◦ (see Fig. 6). In the liposome-
DNA bead model (see Fig. 2), the steric repulsion between
the DNA and the liposome bead prevents the DNA from
tilting by more than θmax. Although we do not have an esti-
mation of the experimental value of θmax, a similar steric
limitation on the tilt angle might also arise. In practice,
varying the limiting angle has a small effect on the acoustic
ratio.

By substituting P(y) into Eq. (4) and using ZL in Eq. (2)
and Z (DNA)

DNA in Eq. (3), we obtain values of Cd (dashed lines
in Fig. 4) that are consistent with the direct numerical sam-
pling and quite close to the experimental results. Finally,
it is important to validate the simulations and the analyt-
ical approximations to the impedance against the forcing
frequency of the QCM. To this end, we gather experi-
mental data for different harmonics of the quartz-crystal
resonator and, in Fig. 7, compare experimental values
for Cd with simulation results at different frequencies fn.
Results obtained using Eqs. (4) and (2) are also included.
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values of Cd for different harmonics fn, and circles correspond to
simulations. The dashed lines are obtained from Eqs. (4) and (2).

The overall agreement is quite good, both in the values
and in the trends. We find that the value of Cd obtained
from the simulations is somewhat smaller than the exper-
imental values (see also Fig. 4). We discuss the possible
physical origins of this discrepancy in the next section. In
any case, it is important to stress the large sensitivity of the
acoustic ratio to very small variations in the impedance.
This sensitivity is particularly high for the largest parti-
cles on the largest DNA strands because the frequency
shift (the imaginary part of the impedance) approaches
zero (and thus Cd approaches a divergence; see Fig. 7).
To further illustrate this point, we plot the value of Cd
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FIG. 8. Dissipation capacity Cd (i.e., −2 Re[ZL]/Im[ZL]/fn at
low φ) of free particles of radius R whose center is at a height y
above the resonator. The coverage fraction φ = π(R/L)2 is also
indicated. The results are plotted against the gap size y − R, so
that squares correspond to particles on the wall. The dashed lines
come from Eq. (2). The results correspond to fn = 35 MHz.

for free-floating particles located at some given height y
against the surface-to-surface gap y − R in Fig. 8. Notably,
although the impedance Z decreases exponentially with y
(see Fig 5), the acoustic ratio increases with y and even-
tually diverges at some height where Im[Z](y) vanishes.
The existence of a “zero-frequency crossing” due to a
mass being located at some “critical” height above the res-
onator is in fact a quite general hydrodynamic feature [45].
This effect leads to a radically different behavior of Cd for
suspended particles compared with adsorbed ones (Fig. 8).

V. CONCLUSIONS

By combining experiments, theory, and simulations,
we analyze the QCM response of liposome-DNA com-
plexes used for acoustic amplification in DNA sensing.
The liposomes are anchored to dsDNA strands and sus-
pended in a fluid solvent. In general terms, our setup can
be seen as an archetype of QCM molecular sensors, where
other types of suspended nanoparticles are used as ampli-
fiers. The procedure and many of the conclusions of the
work presented here can be extrapolated to other devices
(e.g., based on gold nanoparticles [10–12]). We show that
the acoustic response of a suspended particle depends
strongly on its height distribution P(y). The phenomenon
of hydrodynamic reflection [39] creates feedback between
the perturbative flow induced by the particle and the hydro-
dynamic response of the wall. When the nanoparticle is
close to the wall, such feedback leads to a large amplifi-
cation of the impedance, which becomes about 3 orders
of magnitude larger than that of the bare DNA chain. The
problem of a suspended nanoparticle moving under fluid-
induced forces close to a high-frequency oscillatory wall is
at the boundary of current knowledge in the field of zero-
Reynolds-number theoretical hydrodynamics and has not
been analytically solved [38,40,41]. Analytical approaches
have so far been focused on point particles (hydrodynamic
monopoles). But acoustic amplifiers are typically of the
same size as the fluid penetration depth (about 100 nm),
and their description requires higher moments of the fluid
traction [39]. Notably, liposomes are neutrally buoyant,
and so the leading term is the stresslet (the second-order
moment).

In this paper, we deploy the immersed boundary method
to solve for the fluid-structure coupling, combined with an
elastic-network model to model the macromolecular com-
plexes. Combining both techniques is particularly useful
for QCM research on soft matter. Deciphering the compli-
cated hydrodynamics behind discrete-particle QCM exper-
iments is key not only to a theoretical understanding but
also to controlling its applications. The QCM senses the
extra stress at the resonator arising from the perturbative
flow created by the analyte. And, in turn, this perturbative
flow is activated by fluid-induced forces on the analyte.

064059-8



HYDRODYNAMICS OF QUARTZ-CRYSTAL-MICROBALANCE... PHYS. REV. APPLIED 13, 064059 (2020)

Here we consider liposomes [27]. Although they are neu-
trally buoyant (force-free), we prove that liposomes are
highly dissipative due to the viscous propagation of their
surface stress to the wall. A possible extension of this
work would be to consider heavy particles with inertia,
and also to include other subtle mechanisms that alter
the response of liposomes, such as their bending rigid-
ity κ and the fluidity of the lipid membrane. In a set of
preliminary calculations, we decrease the bending rigid-
ity of the liposome model, by reducing the spring constant
kL used to connect the elastic network forming the lipo-
some model. Reducing kL from 100 (rigid limit) to kL = 10
(flexible) (which corresponds to a reduction of the elas-
tic modulus by a factor of 10) leads to a slight increase
in Cd (less than 10% for R ≤ 50 nm, but up to 15% for
R = 100 nm). A very similar trend was revealed in an ana-
lytical solution for an elastic plate [45]. This fact could
explain the slight underestimation of Cd by the simulations
(see Fig. 7), particularly for 100 nm (see Fig. 4). How-
ever, other effects could also alter the quite sensitive value
of Cd. Experimentally, one can modify the lipids form-
ing the liposome and also the temperature, making the
liposomes less or more “rigid.” However, modifying the
liposome rigidity naturally implies a change in the two-
dimensional fluidity of the membrane, which, physically,
is an independent mechanism of dissipation [46]. Previous
work where liposomes were directly tethered to a neutra-
vidin layer by means of biotinylated lipids showed that
stiffening of the bilayer by addition of cholesterol results
in a higher acoustic ratio [47]. Thus, although the question
remains open, experiments also indicate that the acoustic
effects of the rigidity and fluidity of the membrane are of
second order. An important message from this work (see
Figs. 5 and 8) is that increasing the acoustic ratio (or Cd)
does not imply further amplification of the acoustic sig-
nal (i.e., of the complex impedance). As a matter of fact,
close to the wall, the impedance is high but Cd is small,
while far from the wall, the frequency shift tends to zero
and Cd increases (and diverges at some zero-frequency-
crossing “height” [45]). This explains the increase in Cd
for R = 100 nm in Fig. 7 as the frequency is increased,
and the same effect affects the results for large LDNA and
R (Fig. 4). To disentangle all this subtle information hid-
den beneath the complex QCM hydrodynamics requires a
combined effort in terms of experiments, simulations, and
hydrodynamic theory. This paper represents a step in this
direction.
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APPENDIX A: NUMERICAL MODEL

1. Fluid solver

Our numerical model is based on a fluctuating hydro-
dynamic solver for compressible flow, equipped with
the immersed boundary method to couple the dynam-
ics of the fluid and the structure. A detailed exp-
lanation of the method can be found in Refs. [31,32,35].
The code is called FLUAM, is written in CUDA, and runs
on GPU architectures; it is available at a GitHub reposi-
tory [33]. The integration scheme is second-order accurate
in space and time, and the spatial discretization is based
on a staggered grid [34] of size h. Boundary conditions
for the top and bottom walls are imposed using a ghost
cell [35]. This enables us to easily impose a tangential
flow velocity at the bottom wall. The tangential velocity
gradient in the wall cells (∂vx/∂y)y=0 is calculated using
second-order interpolation from the values of the fluid-cell
velocity above the wall position y = 0. At each sampling
time, we average η(∂vx/∂y)y=0 over all the fluid cells at
the surface to obtain the fluid traction (shear stress) at
the “resonator” surface. This leads to the impedance, as
explained in the main text.

2. Correspondence of units

To map the code units (denoted by a subscript c) to Inter-
national System (SI) units, we start by selecting a reference
length �. We choose � = δ/12, which equals 7.917 nm
for a penetration length of δ = 95 nm, corresponding to
35 MHz. We note that the calculations presented in the
main text are carried out with a grid size of h = 0.5�, cor-
responding to 24 fluid cells per δ. The code units of mass
M and time τ match the density and kinematic viscosity of
water at T = 25 ◦C. In particular, M = ρc�

3 follows from
ρcM/�3 = ρSI kg/m3 with ρSI ≈ 103 (water), and we take
ρc = 1. Choosing a value for the kinematic viscosity νc in
the code and matching the kinematic viscosity of water so
that νc�

2/τ = νSI m2/s yields the time scale τ . From these
fundamental units (mass, length, and time), the code values
for the QCM frequency fc and the thermal energy (kBT)c
can be easily obtained. Table I shows the magnitudes and
the mapping of units used.

3. Molecular structures

a. Liposomes

Liposomes are modeled using an elastic-network model
(see Fig. 2). The membrane is created by beginning with
a close-packed arrangement of spheres connected to their
nearest neighbors with harmonic springs. By changing the
value of the spring constant kL, we can tune the bend-
ing rigidity of the liposome membrane. In this paper, we
consider kL = 100M/τ , which corresponds to a quite rigid
particle (kL�

2 > 105kBT for T = 300 K). The size of the
beads in the arrangement is fixed by the spatial resolution
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h of the Eulerian fluid mesh. The calculations presented
thereby correspond to h = 0.5� = 3.958 nm. We use these
connected spheres as building blocks for the membrane
simply by selecting only the spheres contained between
two concentric spheres with radii equal to the inner and
outer radii of the liposome membrane. The number of
beads required to build a liposome increases as (R/h)2 and
is about 6000 beads for a liposome of radius R = 50 nm.

b. DNA strand

The DNA is modeled using the same type of beads as
for the liposome. The model reproduces a semiflexible
polymer with a bending rigidity

kbend = kBT(�P/σ)

and a persistence length �P = 50 nm, evaluated at kBT =
4 × 10−21 J (the thermal energy at room temperature).
It consists of a series of harmonic springs between con-
secutive beads (at a distance r = |Ri+1 − Ri|) with an
equilibrium distance r0 = σ , i.e.,

Usp(r) = k1

2
(r − r0)

2, (A1)

and a three-body potential based on the angle θ between
two consecutive bonds,

Uangle(r) = −kbend

2
θ2, (A2)

where we use k1 = 100 to represent an almost unstretch-
able chain. We impose an excluded-volume interac-
tion between the DNA and the liposome beads via
the Weeks-Chandler-Anderson (WCA) potential (with
excluded diameter σ = 2h). The DNA chain is connected
to the liposome via a harmonic spring, and so it is free
to rotate. In practice, the range of angles formed between
the DNA and the liposome tangent plane is slightly
reduced due to the steric repulsion between beads (to about
[−70◦, 70◦]). The other end of the DNA chain is linked
to the QCM surface via a harmonic potential so that the
chain is free to rotate at the linker point (corresponding
to zero tilt energy). We check that the tilt energy [43]
at the linker-DNA connection slightly alters the liposome
height distribution P(y) but does not significantly affect the
acoustic ratio.

4. Monte Carlo sampling of initial configurations and
height probability density P(y)

A pool of equilibrated initial configurations of indi-
vidual liposome-DNA complexes is extracted from MC
sampling at T = 300 K. In these MC simulations, the lipo-
some model is simplified to a single bead of radius R.
The excluded-volume interaction between the DNA beads

and the single-bead liposome is modeled using a WCA
potential (i.e., a purely repulsive truncated Lennard-Jones
potential) modified to be a function of the distance between
the DNA bead and the liposome surface, r − σeff with
σeff = σ/2 + R, where r is the center-to-center distance,
i.e.,

UEV(r) = 4ε

[(
r

ri0 − σeff

)12

−
(

r
ri0 − σeff

)6
]

,

with ε = 1.
To accelerate the MC sampling, we proceed as follows.

(i) The DNA bead model is first generated by consecu-
tively placing beads of radius h at similar relative distances
along a random walk with persistence 50 nm. The beads
are placed such that their separation is given by the equi-
librium distance (r0) of the model [see Eq. (A1)]. Details
of this procedure are explained in Ref. [48]. This step
is rejected if a bead crosses the wall (if yi < 0) or if
different beads in the chain overlap. (ii) The liposome, con-
structed from a single bead of radius R, is then placed at
a distance R + h from the last DNA bead. This step is
rejected if the liposome crosses the wall (y < R) or if a
DNA bead crosses the outer liposome boundary (the dis-
tance between any DNA bead and the liposome center
should be larger than R + h). The liposome-wall interac-
tion is modeled as a purely steric repulsion [P(y) = 0 for
y < R]. This choice is motivated by several observations:
First, electrostatic interactions with the wall are expected
to be small because of the small charge of the neutravidin
layer and the zero charge of POPC lipids (their zwitteri-
onic head group is, moreover, strongly screened by the
PBS saline buffer). Second, dispersion forces leading to
physisorption are ruled out, upon comparison with exper-
iments done with nontethered liposomes. Finally, theory
and simulations also confirm that the acoustic ratio of
adsorbed particles shows radically different trends when
compared with that of suspended particles (see Fig. 8).

APPENDIX B: CONVERGENCE

1. Stokes flow

The impedance of the base fluid is needed to extract
the analyte impedance (ZL+DNA = Z − Z0 − ZDNA). A
first check of the accuracy of the code is to compare the
numerical and analytical values of the impedance of a
Newtonian fluid, the latter given by the Gordon-Kanazawa
result [17] Z0 = αη with α = (i − 1)/δ. We use tall boxes
(with a length in the vertical direction Ly ≈ 5.3δ), for
which the finite-size correction to the fluid impedance
is very small. As shown in Fig. 9, the relative devia-
tion (Z (num)

f − Z0)/Z0 between the analytic and numerical
fluid impedances is less than or about 10−3 for h = 0.5�

(corresponding to h/δ = 1/24 in the figure).

064059-10



HYDRODYNAMICS OF QUARTZ-CRYSTAL-MICROBALANCE... PHYS. REV. APPLIED 13, 064059 (2020)

0.001 0.01
h/

10
–3

10
–2

|
 Z

| /
 Z

an
al

yt
ic Real

Imaginary

h
2

0 10 20 30 40 50 60
(y-R) (nm)

–0.03

–0.02

–0.01

0

0.01

0.02

0.03

Im
p
ed

an
ce

 (
1
06

 k
g
/m

2
s)

h = 7.917  nm
h = 3.958 nm

Im[Z]

Re[Z]

FIG. 9. (Top) Relative difference between the analytical value
Zfluid = (i − 1)η/δ and the numerical value of the impedance
of a Newtonian fluid versus the scaled mesh size h/δ. (Bot-
tom) Impedance of a freely suspended liposome of radius R =
50 nm obtained for two mesh resolutions h as a function of the
liposome-wall (surface-to-surface) distance y − R.

2. Liposome impedance

Concerning the convergence of the liposome impedance,
Fig. 9 (bottom panel) illustrates a study of this quantity
versus the liposome-wall distance y − R, which compares
results for h = 7.917 nm and h = 3.958 nm. The greater
precision of h = 0.5� increases the resolution of the flow
close to the wall, up to distances of about 4 nm.

APPENDIX C: RESULTS FOR DNA

1. Unloaded DNA tethers

To follow the experimental procedure, we extract the
contribution of the unloaded DNA strand ZDNA from
the total impedance to obtain the sought liposome-DNA
impedance, i.e., ZL+DNA = Z − Z0 − ZDNA. As in the
experiments, the impedance of the dsDNA strands is much
smaller than that of the liposomes considered, and sin-
gle (unloaded) DNA strands (at the same coverage as
the liposomes) will not be detected at the resolution of
the code. Therefore we place a number NDNA of DNA
strands, equilibrated according to the procedure described
in Sec. A 4, on a smaller surface area L2 (keeping Ly =
5.3δ). In agreement with experiments [21], the scaled
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FIG. 10. Frequency shift created by DNA tethers divided
by the DNA coverage φ = NDNA/L2, scaled by L3

DNA, plotted
against the coverage φ. The dissipation is also almost indepen-
dent of the coverage. The values of the acoustic ratio −�D/�f
(in units of 106/Hz) are 0.0185 ± 0.005 and 0.009 ± 0.001 for
LDNA = 53 and 17 nm, respectively, and are about half the
experimental values (0.03 and 0.018).

impedance ZDNA/φ is observed to be independent of the
surface coverage, as shown in Fig. 10. Also in agree-
ment with experiments, the DNA acoustic ratio is observed
to increase with the DNA length as CdDNA ∼ Lα

DNA, with
α ≈ 3, which is expected for LDNA < 150 nm [21]. How-
ever, the simulated values of Cd DNA are about half the
experimental values. To extract the DNA impedance from
the liposome-DNA impedance, we note that the present
analysis for DNA requires using the same resolution as
for the L-DNA complex. Quite probably, these differences
arise from the limited spatial resolution that we use here to
model the DNA (with a bead diameter of about h ≈ 4 nm).
A numerical study focusing on the QCM response of the
DNA alone would certainly require smaller values of h
(finer resolution), and this is left for future work.

2. Impedance of anchored and free liposomes

The ansatz in Eq. (2) for the impedance of a free lipo-
some as a function of the liposome height can be written
as

ZL(y) = ZS

[
(A + iB) exp[−2αy] + (i − 1)Cδ

(y − R)

]
, (C1)

where the stresslet impedance is defined as ZS =
(20π/3)R3η/(δ2L2). Figure 11 shows the best fits for A
and B (real numbers) and for (i − 1)C (where C is com-
plex; see the main text), obtained from fits to the real and
imaginary parts of the impedance for different sphere radii
and forcing frequencies in the range 17.5–140 MHz. The
values of A and B obtained from Re[Z] and Im[Z] are quite
consistent with each other and can be fitted using functions
of (R/δ)2. The parameter C determines the strength of the
near flow field, which has different forms for the real and
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imaginary parts of the impedance. Note that we use a fixed
value of h, so that the number of beads (of size h) used to
resolve the liposome surface increases as R2. In this sense,
R = 100 nm corresponds to the best liposome resolution.

3. Contribution of the DNA to the liposome-DNA
impedance

The contribution of the DNA to the liposome-DNA
impedance is estimated as Z (DNA)

L+DNA = ZL+DNA − ZL,
where ZL is the impedance of a free liposome (without
an anchor). The average of Z (DNA)

L+DNA for different val-
ues of y (the liposome height) is plotted in Fig. 12 (the
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L+DNA ≡
(ZL+DNA − ZL), scaled by ZS = (20π/3)ηR3/(L2δ2) (see text).
The error bars indicate one third of the standard deviation of
Z (DNA)

L+DNA for 20 configurations.

error bars correspond to one third of the standard devi-
ation for 20 configurations). The results scale roughly
as Z (DNA)

L+DNA ≈ (−7.2R−2 + i83R−2.5
)

L0.5
DNAZS (with R and

LDNA in nanometers). As ZS ∝ R3, this indicates that
Re

[
Z (DNA)

L+DNA

]
∼ R, while Im

[
Z (DNA)

L+DNA

]
increases as R0.5.

4. Effect of the liposome coverage (lateral box side)

Figure 13 shows �f and the dissipation factor �D plot-
ted against the liposome surface coverage φ = π(R/L)2.
Results for two spatial resolutions h are included for lipo-
somes of radius R = 50 nm to illustrate the numerical
convergence. Interestingly, �f and �D increase almost
linearly with φ. This fact could be a consequence of the
hydrodynamics of neutrally buoyant particles; however,
this observation should be analyzed in detail using theo-
retical hydrodynamics. Yet, the simulations reveal a small
but noticeable deviation from linearity, which leads to a
decrease in the acoustic ratio �D/�f with �f , similarly
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FIG. 13. �f and �D (dissipation factor) plotted against the
surface coverage φ = π(R/L)2 corresponding to simulations for
LDNA = 17 nm and different liposome radii and spatial resolu-
tions h.
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to that observed in experiments [2] (see Fig. 3). Unfor-
tunately, we do not have an independent experimental
measurement to complement the calculations other than
this indication of the frequency change �f .
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