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C’est avec gratitude et admiration que nous dédions ce volume a
Jacques Azéma,

a loccasion de son 65° anniversaire. Ses travaux, parmi lesquels ceux sur
le retournement du temps, le balayage, les fermés aléatoires et bien sir la
martingale d’Azéma, ont prolongé, toujours avec originalité et élégance, la
théorie générale des processus.

Son apparente décontraction, sa réelle rigueur et ses incessantes questions
(“his healthy skepticism”, comme ’écrivait J. Walsh dans Temps Locaux), ont
été indissociables du Séminaire de Probabilités pendant de nombreuses années.

We are also indebted and grateful to Anthony Phan, whose patient and
time-consuming work behind the scene, up to minute details, on typography,
formatting and TgXnicalities, was a key ingredient in the production of the
present volume.

Volume XXXIX, which consists of contributions dedicated to the memory
of P. A. Meyer, is being prepared at the same time as this one and should
appear soon, also in the Springer LNM series. It may be considered as a
companion to the special issue, also in memory of Meyer, of the Annales de
P'Institut Henri Poincaré.

Finally, the Rédaction of the Séminaire is thoroughly modified: J. Azéma
retired from our team after Séminaire XXX VII was completed; now, following
his steps, two of us—M. Ledoux and M. Yor—are also leaving the board.

From volume XL onwards, the new Rédaction will consist of Catherine
Donati-Martin (Paris), Michel Emery (Strasbourg), Alain Rouault (Versailles)
and Christophe Stricker (Besangon). The combined expertise of the new mem-
bers of the board will be an important asset to blend the themes which are
traditionally studied in the Séminaire together with the newer developments
in Probability Theory in general and Stochastic Processes in particular.

M. Emery, M. Ledoux, M. Yor
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Tanaka’s Construction for Random Walks and
Lévy Processes

Ronald A. Doney

Department of Mathematics, University of Manchester
Oxford Road, Manchester, UK M13 9PL
e-mail: rad@maths.man.ac.uk

Summary. Tanaka’s construction gives a pathwise construction of “random walk
conditioned to stay positive”, and has recently been used in [3] and [8] to establish
other results about this process. In this note we give a simpler proof of Tanaka’s
construction using a method which also extends to the case of Lévy processes.

1 The random walk case

If S is any rw starting at zero which does not drift to —oo, we write S* for
S killed at time o := min(n > 1: S,, < 0), and ST for the for the harmonic
transform of S* which corresponds to “conditioning S to stay positive”. Thus
forx >0,y >0, and x =0 when n =20

Vv Vv
P(S,TLJrl € dy| S,TL =)= ﬂ P(Sp+1 €dy| S, =x) = M P(S5, € dy—x),

V() V()
(1)

where V' is the renewal function in the weak increasing ladder process of —S.
In [10], Tanaka showed that a process R got by time-reversing one by one
the excursions below the maximum of S has the same distribution as ST;
specifically if {(Tk, Hy), k > 0} denotes the strict increasing ladder process of
S (with Tp = Ho = 0) then R is defined by

Try1
Ry=0, Ry =Hy+ Y. Yy Ti<n<Tu, k20 (2
i=Tp1+Tr+1-—n
If S drifts to +o00, then it is well known (see [9]) that the post-minimum
process

S = (Sy4n— Sy, n>0), where J:max{n:Sn:minST} (3)

r<n

also has the distribution of ST. In this case a very simple argument was given
—
in [7] to show that the distributions of R and S agree, thus yielding a proof of

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 1-4, 2005.
(© Springer-Verlag Berlin Heidelberg 2005



2 Ronald A. Doney

Tanaka’s result in this case. The first point of this note is to show that a slight
modification of this argument also yields Tanaka’s result in the oscillatory
case, without the somewhat tedious calculations in [10].

To see this, let S be any random walk with So = 0, S,, = Z?YT for
n > 1, introduce an independent Geometrically distributed random time G
with parameter p and put J, = max{n < G : S, = min,<, S;}. In [7] a
time-reversal argument was used to show that

(S n—S5,0<n <G —Jy) 2 [6x(p),...,01(p)] (4)
2 [51(p),- .- 0k (p)],

where 6, (p)y... ) Kk (p) are the time reversals of the completed excursions be-
low below the maximum of S(p) := (S¢—Sg_n, 0 <7 < G), and [...] denotes
concatenation. Note that the post-minimum process on the left in (4) has the
same distribution as (S,, 0 < n < G|o > G). Now in Theorem 1 of [4] it was
shown that ST is the limit, in the sense of convergence of finite-dimensional
distributions, of (S, 0 <n < k|o > k) as k — oco. (Actually [4] treated the
case of conditioning to stay non-negative, and minor changes are required
for our case). However it is easy to amend the argument there to see that
as p | 0 this post-minimum process also converges in the same sense to S'.
Specifically a minor modification of Lemma 2 therein shows that

> >
b s S0 n<Gt ~ Viz), =20,

and the rest of the proof is the same. Noting that 1 (p), ..., dx (p) are indepen-
dent and identically distributed and independent of K, and that & (p) 25

and K & oo as p | 0, we conclude that ST 2 [51752, o] 2 R, which is the
required result.

2 The Lévy process case

The main point of this note is that, although the situation is technically
more complicated, exactly similar arguments can be used to get a version of
Tanaka’s construction for Lévy processes.

We will use the canonical notation, and throughout this section P will be a
measure under which the coordinate process X = (X3, t > 0) is a Lévy process
which does not drift to —oco and is regular for (—o0,0]. For z > 0 we can use
a definition similar to (1), with V replaced by the potential function for the
decreasing ladder height subordinator to define a measure P] corresponding
to conditioning X starting from z to stay positive. But for x = 0 we need to
employ a limiting argument. The following result is an immediate consequence
of results in Bertoin [2]; see also Chaumont [5].
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Theorem 1 (Bertoin). Let 7 be an Exp(p) random variable independent of
X, and put

Jy=sup{s<7:X;=X,} where X,=inf{X,:u<s}
Write R(p) for the law of the post-minimum process { Xy, +s5 —X;,,0< s <
T — J,} under Py; then for each fized t and A € F;

lim P (" {A} = PT{A},
pl0 —

where P! is a Markovian probability measure under which X starts at 0 and
is such that the conditional law of X;y., given X; = x > 0, agrees with P].

Remark 1. Tt has recently been shown that, under very weak assumptions, P}
converges to Pl as x | 0 in the sense of convergence of finite-dimensional
distributions. See [6].

Next, we recall another result due to Bertoin which is the continuous time
analogue of the result from [7] which we have stated as (4). Noting that (2)
can be written in the alternative form

RnZSTkJrl—l-(S—S) T, <n < Ty,

Tr+Trr1—n’
we introduce Xy = sup, ., X, and
gty =sup(s<t: X, =X,), dt)=inf(s>t: X, = X,),

the left and right endpoints of the excursion of X — X away from 0 which
contains ¢, and define Ry = X4 + R¢, where

R, = (X = X) iy rgy—n- ) >g(),
0 if d(t) = g(t).
We also introduce the future infimum process for X killed at time 7 by
Xy =inf{X,:t<s<7h
and note that Xo = X . The following result is established in the proof of

Lemme 4 in [1]; note that, despite the title of the paper, this Lemme 4 is valid
for any Lévy process which drifts to +o00, and the result for the killed process,
which is what we need is clearly valid for any Lévy process.

Theorem 2 (Bertoin). Under Py the law of {(Ri, Xa),0 < t < g(7)}
coincides with that of

(X =X), 1 Xsre=Xo), 0t < 7= J,}.
Of course, an immediate consequence of this is the equality in law of
{R:,0<t<g(r)} and {Xj 41— Xo, 0<t<7—J,}.

Letting p | 0 and appealing to Theorem 1 above we deduce
Theorem 3. Under Py the law of {R;, t > 0} is PT.
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Some Excursion Calculations
for Spectrally One-sided Lévy Processes

Ronald A. Doney

Department of Mathematics, University of Manchester
Oxford Road, Manchester, UK M13 9PL
e-mail: rad@maths.man.ac.uk

1 Introduction.

Let X = (X, t > 0) be a spectrally negative Lévy process and write ¥ and
Y for the reflected processes defined by

Yo=X,—I, Y, =8-X;, t>0,

where
St :Osgli];g)t(O\/Xs), I; zoir;fgt(O/\Xs).

In recent works by Avram, Kyprianou and Pistorius [1] and Pistorius [§]
some new results about the times at which Y and Y exit from finite intervals
have been established. The proofs of these results in the cited papers involve
a combination of excursion theory, It6 calculus, and martingale techniques,
and the point of this note is to show that these results can be established
by direct excursion theory calculations. These calculations are based on the
known results for the two-sided exit problem for X in Bertoin [3], together
with representations for the characteristic measures n and n of the excursions
of Y and Y away from zero. The representation for n has been established
by Bertoin in [2] and that for 7 follows from results in Chaumont [4], (for a
similar result for general Lévy processes see [5]), and are described in the next
section.

2 Preliminaries

Throughout we assume that X = (X, ¢t > 0) is a Lévy process without
positive jumps which is neither a pure drift nor the negative of a subordinator,
and we adopt without further comment the notation of Chapter VII of [2].
In particular ¥ and ¢ denote the Laplace exponent of X and its inverse,

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 5-15, 2005.
(© Springer-Verlag Berlin Heidelberg 2005



6 Ronald A. Doney

and W denotes the scale function, the unique absolutely continuous increasing
function with Laplace transform

/OO e MW (z)de = A > &(0).
0

1

v(A)

The scale function determines the probability of X exiting at the top or
bottom of a 2-sided interval, and the ¢-scale function W@ which informally
is the scale function of the process got by killing X at an independent Exp(q)
time, determines also the distribution of the exit time. Specifically W2 de-
notes the unique absolutely continuous increasing function with Laplace trans-
form

/ MW (2) do = A>d(q), ¢ >0, (1)
0

(A —q’
and for convenience we set W9 (z) = 0 for z € (—00,0). We also need the
“adjoint scale function” defined by Z(@(z) = 1 for z < 0 and

Z@D(z) =1+ q/ W@ (y)dy for x > 0. (2)
0

Extending previous results due to Emery [6], Takacs [11], Rogers [9], and
Suprun [10], in [3] Bertoin gave the full solution to the 2-sided exit problem
in the following form:

Proposition 1. Define for a > 0 the passage times
T,=inf(t>0:X,>a), To=inf(t>0:-X,>a).

Then for 0 < x < a we have

~ W@ (z)
—qTa. _
]Ez (e 7Ta < TO) - W(q) (a) ) (3)
and ()( ) (9) )
I N WD (z) 29 (a
qTo. _ 7@ U= A
E, (e ; To < Ta) =7 (.’L‘) W@ ((l) (4)

Furthermore let U9 denote the resolvent measure of X killed at the exit time
04 :=T, NTp; then UD has a density which is given by

W@ (z)

WT)(@W(Q)(a—y)—W(Q)(x_y)7 z,y € [O,Cl). (5)

u(z,y) =

Remark 1. Suppose that P* is a measure under which X is a Lévy process
having the same characteristics as under P except that II is replaced by

H(dz) = II(dz) 1{z>_qy + I ((—00, —a)) 64 (dz),
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where 6_,(dz) denotes a unit mass at —a. Then it is clear that up to time o,
X behaves the same under P* as it does under P. Thus the righthand sides of
(3) and (4) are unchanged if W9 is replaced by W@, the scale function for
X under P?. It then follows that we must have the identity

W@ (z) = w@Da(y) for 0 < z < a.

Note that the behaviour of Y and ¥ up to the time that they exit the interval
[0, a] is also the same under P as it is under P.

Remark 2. The probability measures P and P# are said to be associates if X
is also a spectrally negative Lévy process under P# and there is a constant
& # 0 such that

P#(X; € dz) = " P(X; € dz), —00 < x < 00.

It is known that if X drifts to —oo under P then P# exists, is unique, and
0 = &(0) > 0 is a zero of Y. (See [2], p. 193.) On the other hand, if X drifts
to oo under P then P# may or may not exist; if it does it is unique, and ¢ is a
negative zero of ¥. In both cases the corresponding scale functions are related
by W#(z) = W (x). Note that if the Lévy measure is confined to a finite
interval, as IT* is in Remark 1, then ¢ (\) exists for all real A, and if E X; # 0
then it has 2 real zeros, so the associate measure exists.

We also need some information about the excursion measures n and 7 of
Y and Y away from zero. (n.b. this notation is the opposite of that in [2]).
In what follows it should be noted that whereas 0 is always regular for (0, c0)
for Y, it is possible for 0 to be irregular for (0, 00) for Y. (This situation was
excluded in [8].) In this case we adopt the convention outlined on p. 122 of [2],
which allows us to assume that Y has a continuous local time at 0.

In the following result ¢ denotes the lifetime of an excursion and Q, and
Q? denote the laws of X and —X Xkilled on entering (—oo, 0) respectively.

Proposition 2. Let A € Fi,t > 0, be such that n(A°) = 0 (respectively
n(A%) = 0), where A° is the boundary of A with respect to the J-topology
on D. Then there are constants k and k (which depend only on the normal-
izations of the local time at zero of Y and Y) such that

n(4, t < <) = klim %EI)) (6)

and, assuming further that if X drifts to 400 under P then the associate

measure P# exists,
(A, t<q)—kth =(4 )
z|0 X

(7)
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Proof. According to Propositions 14 and 15, p. 201-202 of [2] for any A € F;
we have

n(A, t<q)=kE'(W(X,)™ " A), (8)

where P is the weak limit in the Skorohod topology as x | 0 of the measures
P] which correspond to “conditioning X to stay positive”, and are defined by

w
PL(X, Edy)_%(@r(){t € dy), x>0,y >0.

Combining these results and using the assumption on A gives (6). The proof
of (7) is similar. If X does not drift to +o00 under P the potential function of
the increasing ladder height process is given by

gz lf]EXl :0,
Viz) = { 1—e 2?0 fEX; <0,

so that V(z) «~ cx as « | 0 in both cases. The analogue of (8) is
A(A, t <¢)=kET(V(X,)™!; A)
where, by Theorem 6 of [4], P*T is the weak limit of the measures

v
Pl (X, € dy) = MQSZ(Xt €dy), x>0,y>0.

V()

If X does drift to +0o0 under P then it is easy to check that, with e = ((¢),
t >A0) denoting a generic excursion and 7# denoting the excursion measure
of Y under the associate measure P#,

n(Ae(t) edy, t <s) =e Wa# (A e(t) edy, t <s). (9)

Since X drifts to —oo under P# we can apply the previous result and the fact
that
Qi(X; € dy) = e W2 QF*(X, € dy)

to complete the proof. O

Remark 3. One way to check (9) is to use our knowledge of the Wiener—Hopf
factors and equation (7), p. 120 of [2] to compute the double Laplace trans-
forms of f(e(t) € dy, t < <) and e~%¥n#(e(t) € dy, t < <).

We also need some facts about W(9:

W(‘Z)(a;) e
Way — b

(ii) If X has unbounded variation then W9’ (z), the derivative with respect
to x of W@ (z) exists and is continuous for all x > 0.

Lemma 1. (i) limg o
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(iii) If X has bounded variation let D denote {x : II has positive mass
at —x}. Then WJ(rq) (z) and A (z), the right and lefthand derivatives of
WD (x) exist at all x> 0, agree off D, and

lilm WiQ)/(y) = WiQ)/(z) for all x € D.
ylx

Proof. (i) This follows from the expansion
W@ (z) = quflw(k*)(xx (10)
k=1

where W %) denotes the k-fold convolution of W, together with the bound

:L‘k71W(:L‘)k

(k) < T\
W < ==

k>1,2>0.
(ii) Provided X does not drift to —oo under P, we have the representation

W(x) = cexp (— /OO a(h(e) > t) dt),
(see [2], p. 195). As pointed out in [8], this implies that
W (z) =W(z)na(h(e) > ), W' (z) =W (z)n(h(e) > ),

and the result follows when ¢ = 0 since 7 has no atoms in the case of un-
bounded variation, (see [7]). If X does drift to —oo under P we use the device
of the associate measure P# introduced in Remark 2. Since X drifts to oo
and has unbounded variation under P#, it is easy to check that the result also
holds in this situation. The case when ¢ > 0 again follows easily, using (10).
(iii) In this case excursions of Y away from 0 start with a jump, and then
evolve according to the law of —X. Since 0 is irregular for (—oo, 0), this shows
that n(h(e) = x) > 0 for all x € D, but the fact that X has an absolutely
continuous resolvent means that n(h(e) = z) = 0 for all x ¢ D, and this
implies the stated results for ¢ = 0. Again the results for ¢ > 0 follow easily,
using (10). O

To demonstrate the use of the above result, we calculate below the n and 7
measures of a relevant subset of excursion space. Put h(e) := sup, £(t) and
To,(e) = inf{t : £(t) > a} for the height and the first passage time of a
generic excursion ¢ whose lifetime is denoted by ¢(¢), and with A, denoting
an independent Exp(q) random variable set A = B U C, where

B={e:h(e) >a, Ty(e) <s(e)ANAy} and C={e:h(e)<a, 4, <s(e)}.

Since we will only be concerned with ratios of n and 7 measures in the fol-
lowing we will assume that £k =k = 1.
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Lemma 2. In all cases

(@D (q
a:=n(A) = I?/T)((a)) ) (11)

and, provided that if X drifts to +00 under P then the associate measure P#
exists,

(@) a
a:=n(A) = % . (12)

Proof. Since ([2], p. 202)
n(h(e) > z) = ¢/W(x)

is continuous, we see from (6) that

QT edty . PT.<Tp T, €dt}
n(h(e) > a, Tu(e) € dt) = 1@}&1 W) = 1;%1 W) )

and

Qu{Xi edy, Ty >t} lim P.{X: € dy, o, >t}

n(e, € dy, To(e) > t) = 1@}&1 W) lim W)

Thus

1 ~
— — —qTa.
a=n(B)+n(C) = 1;?3 i) (Ew{e s To <To} +Pof{Ay < aa})

i ~aTo, 7
—E%W@—Ex{e i Ty < T.}).

Combining this with (4) gives

1_Z(Q)(I) Z(q)(a) ) W(Q)(I) Z(Q)(a)

CCTWE W We) W

Note next that the results of Lemma 2.3 show that the right-hand side of (12)
is a cadlag function of a; since it is easy to see that the same is true of the
left-hand side, it suffices to establish these results for a ¢ D . In this case
we have n(h = a) = 0, so the required J-continuity holds and by a similar
argument we can use (7) and (3) to get

/N

Q>

Il
i:
B

Eama{e™; To < T} + Pa—a{Ag < 00})

1= By p{e™; T, < To})

Il
8 =
SE
Bl—= K= 8|F
/N

W) - WWa-2)\ W)
W@ (a) ) B W@ (a)

Y

Il
BE
S8
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3 Exit results for the reflected processes

We use the following notation for passage times of ¥ and Y:fora>0
T, =inf{t > 0:Y; > a}, 7, =inf{t>0:Y; > a}.

Note that when 2 < 0 the initial value of Y under P, is —x. R
Our main result gives the g-resolvent measures R@(z, A) and R (z, A)
of Y and Y killed on exiting the interval [0, a].

Theorem 1 (Pistorius [8]). (i) The measure R (x, A) is absolutely con-
tinuous with respect to Lebesgue measure and a version of its density is

r@ (I, y) = W(q) (a - y) - W(q)(x - y)7 T,y € [O’ a)' (13)

(ii) For 0 < z < a we have R (z,dy) = #9 (,0) 6o (dy)+7D (z, y) dy where

W@ (q — 2)W@(0)

O (2,0) = (14)
T xZ, n s
Wi (a)
W@ (g — 2@
M (z,y) = (a (5,) s W WOy —2), 0<y<a, (15)
Wi (a)

and 9o denotes a unit mass at 0.

Proof. (i) We start with the obvious decomposition
r(@,y) = u® (@) + B, e Ty < T} (0,),

where u(9)(z,v), the resolvent density of X killed at time oy, is given by (5).
Together with (4) this means that we need only show that

W (a - y)

009 = =Za

To do this we first establish that

T(‘Z) (07y) dy — ”{Aq < Ca g(Aq)ae dya g(‘/1(1) < a} , (16)

where £(t) = sup,<, £(s). For this, note first that the lefthand side of (16) is

B{Y(4,) € dy, V(4,) < a}.

Next, with L denoting the local time at zero of Y and &4 the excursion of Y
at local time s, we can write
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{Y(4,) € dy, Y(4,) < a}

uy (m{gs € D(L-(s=))} N {e; € E(Ll(t—))}>,

t>0 “s<t

where
D(z) ={e:h(e) < a, x +<(e) < Ag},
and

E(x)={e: 44 € (z,2+<(e)), e(Aq — 2) € dy, E(Aq — x) < a}.

Using the lack of memory property of A, we see that L{inf(s : &5 ¢
D(L~Y(s—))} is exponentially distributed with parameter n(D(0)¢) = n(A) =
«, and noting that E(x) C D(z)¢ we get

P{Y(A,) € dy, Y(4,) < a}—/ aE*'n(E(0) | D(0)) dt = ———=,

and this is (16). The result now follows, since a = Z@(a)/W (@ (a) by (11)
and

P {Ay < 04, X(4,) € dy}

n{dy < ¢, e(Ay) € dy, E(44) < a} =1lim

z10 W(x)
o D(zy)dy . WD (a—y)WD(x)dy WD(a—y)dy
=lim ————= =lim =
z]0 W(I) z]0 W(x)W(q) (a) Ww(a) (CL)

(ii) First note that if X drifts to oo under P then by Remark 1 we can
assume that I7((—oo,—a)) = 0, and then by Remark 2 we know that the
associate measure P# exists, and we are free to use the results of Proposition
2.2 and Lemma 2.4.

For y > 0 a calculation similar to that in (i) gives

79(0, ) dy = n{dq < ¢, 5(Aq)A€ dy, g(44) < a} 7

«

where & = W(q (a)/W@(a) by (12). But

asz a7XA —d
w4, < G o(4,) € dy,E(4,) < a) = tig P2 Ae < 0 KU €0 m Qo)

uD(a —x,a —y)dy

= lim

z|0 x
L WO WO 2) - WO@W (g — )} dy
T W@ (a)

WO (y) - WO W (a)} dy
o Ww(a) (a) ’
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Thus ,
W@ @W? (y)

W_E_q) (a)
We conclude by substituting this into the decomposition

P (2, y) = ul?(a — 2,0 — y) + Eqp {1 T, < To}#9(0,y),

79(0,y) - WOy).

to get (15).
For the case y = 0 the fact that

R@ (z,{0}) = Ea_w{e_qT“;Ta < To}ﬁ(q) (0,{0})

means we need only consider the case z = 0. Recall that B = {¢ : h(e) >
a,T,(e) < s(e) A Ag}; then by arguments similar to those we have already
used we see that

n(B) = lim 1 Ea_w{e_qfo; T, > fo}

z|0 T
W@ (q —2)Z9 (a)
o)

= liml {Z(Q)(a —x)—

@D(a) = WD(q — (q)
— lim & {(WHa) = W(a = 2)} 279 (a) +Z9D(a—z)— Z9(a)
z|0 X W) (a)
W@ (a) 2@ (a) W' (a) 2 (a)
-\ \ (a) — x e\ (a)
= Twae = T @
so that
WJ(rQ)/(a)Z(Q)(a) (@ )
n o — W' (a) w@
P < 4} = M) - W g - L)
Wi (a)/ W9 (a) W (a)

Using these facts and a straight forward integration gives

aBO (0, {0}) = B4y < 1)~ | 10(0,)y
0

q(W(a))”
W_E_q)/ (a)
(e - wioio)
WE)/ (a)
qW D (a)W(D(0)
WJ(rq)/ (a)

=1-29(a)+

- {29 - 1))

and this is (14) with z = 0. (Note that W (9 (0) = W (0) = 0 whenever X has
unbounded variation.) O
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An immediate consequence of the Theorem is the following, which is a
result in [1]:

Corollary 1. For 0 < x < a and q > 0 we have

@ (g
Bo{e ™) = Zos) (18)
and @ @
E_,{c %) = 2@ (¢ —z) - aW(a —2)W(a) (19)

WJ(rq) (a)

Proof. For (18) just use (13) to compute P, {7, > A,}. For (19) use (17), the
fact that

E  {e "} =E e T T , < Tyl +E {7 Ty < T_,} Efe 0}
— By {e 0 Ty < T} + By {0 T, < T} P{7, < 4,},
and (3) and (4). O
Remark 4. Using (15) and the standard formula
E_, {7 V(7,—) € dy, Y(5,) € dz} = II{~dz +y} 79 (z,y) dy
yields a refinement of (19).

Acknowledgement. The author is grateful to Andreas Kyprianou for sev-
eral interesting discussions, and to the referee for some valuable comments.
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of some Fluctuation Theory
for Spectrally Negative Lévy Processes
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Summary. We give a review of some fluctuation theory for spectrally negative Lévy
processes using for the most part martingale theory. The methodology is based on
the techniques found in Kyprianou and Palmowski (2003) which deal with similar
issues for a general class of Markov additive processes.

1 Introduction

Two and one sided exit problems for spectrally negative Lévy processes have
been the object of several studies over the last 40 years. Significant contribu-
tions have come from Zolotarev (1964), Takdcs (1967), Emery (1973), Bing-
ham (1975) Rogers (1990) and Bertoin (1996a, 1996b, 1997). The principal
tools of analysis of these authors are the Wiener—Hopf factorization and It6’s
excursion theory.

In recent years, the study of Lévy processes has enjoyed rejuvenation.
This has resulted in many applied fields such as the theory of mathematical
finance, risk and queues adopting more complicated models which involve an
underlying Lévy process. The aim of this text is to give a reasonably self
contained approach to some elementary fluctuation theory which avoids the
use of the Wiener—Hopf factorization and Itd’s excursion theory and relies
mainly on martingale arguments together with the Strong Markov property.
None of the results we present are new but for the most part, the proofs
approach the results from a new angle following Kyprianou and Palmowski
(2003) who also used them to handle a class of Markov additive processes.

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 16-29, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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2 Spectrally negative Lévy processes

We start by briefly reviewing what is meant by a spectrally negative Lévy pro-
cess. The reader is referred to Bertoin (1996a) and Sato (1999) for a complete
discussion.

Suppose that (2, F,F, P) is a filtered probability space with filtration F =
{F: : t > 0} satisfying the usual conditions of right continuity and completion.
In this text, we take as our definition of a Lévy process for (£2, F,F, P), the
strong Markov, F-adapted process X = {X; : ¢ > 0} with right continuous
paths having the properties that P(Xo = 0) = 1 and for each 0 < s < ¢,
the increment X; — X is independent of Fs and has the same distribution as
Xi_s. In this sense, it is said that a Lévy process has stationary independent
increments.

On account of the fact that the process has stationary independent incre-
ments, it is not too difficult to show that

E(eiext) — O
where ¥(0) = log E(exp{if#X;}). The Lévy—Khinchine formula gives the gen-
eral form of the function ¥(6). That is,

2
W(0) = ipb — % 0% + / (% — 1 —i02 1), <1) I (d) (1)

(700700)

for every 6 € R where u € R, 0 > 0 and IT is a measure on R\{0} such that
J(A A2?) II(dz) < oo.

Finally, we say that X is spectrally negative if the measure IT is sup-
ported only on (—o00,0). We exclude from the discussion however the case
of a descending subordinator, that is a spectrally negative Lévy process with
monotone decreasing paths. Included in the discussion however are descending
subordinators plus an upward drift (such as one might use when modelling
an insurance risk process, dam and storage models or a virtual waiting time
process in an M/G/1 queue) and a Brownian motion with drift. Also included
are processes such as asymmetric a-stable processes for a € (1,2) which have
unbounded variation and zero quadratic variation. By adding independent
copies of any of the above (spectrally negative) processes together one still
has a spectrally negative Lévy process.

For spectrally negative Lévy processes it is possible to talk of the Laplace
exponent ¢ (A) defined by

E(e)‘Xt) = ¥t (2)

in other words, ¥)(A) = ¥(—iA). Since IT has negative support, we can safely
say that ¥ ()) exists at least for all A > 0. Further, it is easy to check that ¢
is strictly convex and tends to infinity as A tends to infinity. This allows us to
define for ¢ € R,
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P(q) = sup{A > 0: ¥(A) =g},

the largest root of the equation ¥(\) = ¢ when it exits. Note that there exist
at most two roots for a given g and precisely one root when ¢ > 0. Further we
can identify 1'(0") = E(X;) € [—00,00) which, as we shall see in the next
section, determines the long term behaviour of the process.

Suppose now the probabilities { P, : © € R} correspond to the conditional
version of P where Xy = z is given. We simply write Py = P. The equality
(2) allows for a Girsanov-type change of measure to be defined, namely via

dP; - gt(C)
dPx Fi n 50(0)

for any ¢ > 0 where &;(c) = exp{cX; — ¥(c)t} is the exponential martingale
under P,. Note that the fact that & (c) is a martingale follows from the fact
that X has stationary independent increments together with (2). It is easy
to check that under this change of measure, X remains within the class of
spectrally negative processes and the Laplace exponent of X under PY is
given by

Pe(0) = 9(0 +¢) = ¢(c)

for 8 > —c.

3 Exit problems

Let us now turn to the one and two sided exit problems for spectrally negative
Lévy processes. The exit problems essentially consist of characterizing the
Laplace transforms of 77, 7,” and 7,7 A 7, where

7, =inf{t >0: X, <0} and i =inf{t >0:X; > a}

for any a > 0. Note that X will hit the point @ when crossing upwards as it
can only move continuously upwards. On the other hand, it may either hit 0
or jump over zero when crossing 0 from above depending on the components
of the process.

It has turned out (cf. Zolotarev (1964), Takdcs (1967), Emery (1973),
Bingham (1975), Rogers (1990) and Bertoin (1996a, 1996b, 1997)) that
one and two sided exit problems of spectrally negative Lévy processes can
be characterized by the exponential function together with two families,
{(W@(z):q>0,2€R}and {Z@(z) : ¢ > 0,2 € R} known as the scale
functions which we defined in the following main theorem of this text.

Theorem 1. There exist a family of functions W@ : R — [0, 00) and
ZWD(z) =1+ q/ W@ (y) dy, for z € R
0

defined for each q > 0 such that the following hold (for short we shall write
wo =w).
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One sided exit above. For any ¢ < a and q > 0,
E, (e_q7j1(7j<oo)) — o~ ®(@)(a—2) (3)

One sided exit below. For any x € R and ¢ > 0,

E, (e_qT(; 1

(mg <oo

) = 29() - G W), ()

where we understand q/®P(q) in the limiting sense for ¢ =0, so that

_ 1=y 0)W(x) if ¥'(0)>0

Two sided exit. For any x < a and q¢ > 0,

gt W@ (x)
Ez (e 97a 1(7_07>7_;~)) == WT)((],)’ (5)

and
w@ (z)
W@ (a)"

E, (efqn; 1(7(;<T;r)) - 7@ (z) — 7(a) (a) (6)
Further, for any q > 0, we have W@ (z) = 0 for < 0 and W9 is character-
ized on (0,00) by the unique left continuous function whose Laplace transform
satisfies
Rty __

/0 e PPW\ (z) dx B =1 for B> &(q). (7)
Remark 2. Let us make a historical note on the appearance of these formulae.
Identity (3) can be found in Emery (1973) and Bertoin (1996a). Identity (4)
appears in the form of a Fourier transform again in Emery (1973). Identity
(5) first appeared for the case ¢ = 0 in Zolotarev (1964) followed by Takéacs
(1967) and then with a short proof in Rogers (1990). The case ¢ > 0 was first
given in Bertoin (1996b) for the case of a purely asymmetric stable process
and then again for a general spectrally negative Lévy process in Bertoin (1997)
(who refered to a method used for the case ¢ = 0 in Bertoin (1996a)). Finally
(6) belongs originally to Suprun (1976) with a more modern proof given in
Bertoin (1997).

Remark 3. By changing measure using the exponential martingale, one may
extract identities from the above expressions giving the joint Laplace trans-
form of the time to overshoot and overshoot itself. For example we have for
any v with ¢(v) < oo, u = 9 (v) V0 and = € R,

BT ) = (20 - 5 W)
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where ngp ) and Zf,p ) are scale functions with respect to the measure PY,
p = u—¢(v) and p/P(p) is understood in the limiting sense if p = 0, as
in (3). In fact, it was shown in Bertoin (1997) that for each z € R, W@ () is
analytically extendable, as a function in ¢, to the whole complex plane; and
hence the same is true of Z(@ (). In which case arguing again by analytic
extention one may weaken the requirement that u > ¥ (v) V0 to simply u > 0.

The proof we give of (3) is not new and follows as an easy consequence
of Doob’s optional stopping theorem applied to the exponential martingale;
a technique traditionally attributed to Wald. The proof of the remaining re-
sults in Theorem 1 are a direct consequence of a special martingale which
we shall discuss in Section 5. The proofs of (5), (4) and (6) are given in Sec-
tions 6, 7 and 8 respectively. The structure of this text is based on new results
and methodology for a general class of Markov additive processes given in
Kyprianou and Palmowski (2003).

4 Proof: one sided exit above

Assume that < a and ¢ > 0. Since t A 7,7 < t is a bounded stopping time
and X, + <a, it follows from Doob’s Optional Stopping Theorem that

E, <5m¢j (515(61))) _E (eeib(q)(xma+ —x)—q(mfj)) L
&o(2(q))

By dominated convergence and the fact that XT; =a on 7.} < oo we have,

—qrt — a—x
Er(e oo 1(7f<oo)) = e P ). (8)

The case for ¢ = 0 is dealt with by taking the limit as ¢ | 0 in the above
identity.

5 The Kella—Whitt martingale

As already mentioned in the introduction, we shall base our proofs for the
most part on martingale arguments. A martingale which plays a fundamental
role in our calculations is the Kella-Whitt martingale, introduced in Kella and
Whitt (1992). This martingale has close links to so called Kennedy martingales
(cf. Kennedy (1976)). For completeness we shall introduce the Kella-Whitt
martingale in the following theorem.

Theorem 4. Let X; = SUPo< <t Xu, and Z, = Xy — Xy, then for a >0

t
Mo= @) [ ds b1 - ot oK, 130
0

is a martingale.
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Proof. Let &:(a) = exp{aX; — ()t} and note that

d&,(0) = & () (adX; — v(a) dt) + % a2&,_ (o) d[X, X1¢
+ {A&(a) — a&i— () AX:}.

Note also that

dM; = ¢(a)e™ %= dt + ae” %~ dZ; — %O;e*az“ d[X, X]§
—{Ae ™ L aAZ) — adX,
— o0 Xeti(a)t [zb(a) & (@) dt + a&— () (X, — dX;)

- %az&_(a) d[X, X]¢
— 5,57(0[){60‘AX£ —1- O[AXt}
_ aeaft_d)(a)t dyt:|

= eiayfhﬂ(a)t{—d&’t(a) + O[(gt(OL) — eaytiw(a)t) dyt}7

where we have used that X;,_ = X,. Since X; = X, if and only if X, increases,
we may write

aM; = o=@ a8 () + a(€(a) — T Oy X
= —e o Xitv(a)t d&:(a)

showing that M; is a local martingale since &:(«) is a martingale. To prove
that M is a martingale, it suffices to show that for each ¢ > 0,

E(sup MS|) < 00.

s<t

To this end note that since the events {qu > x} and {77 < e,} are almost
surely equivalent where e, is an exponential distribution with intensity ¢ > 0
independent of X, it follows from (8)
S— _ + _
P(Xe, >2) =E(e” 7= 1(7;@0)) = e P2
showing that qu is exponentially distributed with parameter @(q). It follows
that

E(X.,) :/0 ge B(X,) dt = % <o

and hence, since X; is an increasing process, we have E(Yt) < oo for all ¢.

Now note by the positivity of the process Z and again since X increases,
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E(supMS|) <Yt +2+aE(X,) <oo

s<t
for each finite ¢ > 0. a

An application involving this martingale, brings us to an identity which is
effectively the Wiener—Hopf factorization in disguise. Alternatively one may
say that the Wiener—Hopf factorization for spectrally negative Lévy processes
brings one to the same conclusion.

Theorem 5. Let X, = infocugt Xy and suppose that eq is an exponentially
distributed random variable with parameter q > 0 independent of the process

X. Then for a >0,

ax,,\ _ (o= 2(q))
B = 3w -0 (10)

Proof. We begin by noting some facts which will be used in conjunction with
the martingale (9). Recall that e, is an exponentially distributed random
variable with parameter g > 0 independent of the process X.

First note that by an application of Fubini’s theorem,

E/ e % ds = / e E(efaZS) ds = lE(efo“z‘éq).
0 0 q

Next we recall a well known result, known as the Duality Lemma, which
can best be verified with a diagram. That is by defining the process {X; =
Xip—s)y- =X : 0< s < t} as the time reversed Lévy process from the fixed
moment, ¢, the law of X and {—X; :0 < s <t} are the same. In particular,

this means that 4 _ o
— inf X;= sup X;=X;— X;.

0t 0<s<t

From Theorem 4 we have that E(Meq) = F My = 0 and hence using the
last two observations we obtain

WE(QQXW) =aE(X,,) - L

Recall from the proof of Theorem 4 that qu is exponentially distributed with
parameter ¢(q). It now follows that

(@) =g . ax, \ _ o= Pq)
. E(e"%ea) 50) (11)

and the theorem is proved. a
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Remark 6. Recall that X o , is exponentially distributed with parameter &(q).
It thus follows that for oo < &(q)

B(ew¥er) = =L (q;)(q_) - (12)
and hence (11) reads
() ) - g -5

which is a conclusion that also follows from the Wiener—Hopf factorization.

In the previous section it was remarked that 1’(0%) characterizes the
asymptotic behaviour of X. We may now use the results of the previous
Remark and Theorem to elaborate on this point. We do so in the form of
a Lemma.

Lemma 7. We have that

(i) Xoo and —X__ are either infinite almost surely or finite almost surely,
(i) Xoo = 0o if and only if ¥'(0%) >0,
(iii) X, = —oo if and only if '(0%) < 0.

Proof. On account of the strict convexity « it follows that ¢(0) > 0 if and
only if ¥/(0%) < 0 and hence

g fo if /(0%) <0
a0 D(q) | ¥/(0F) if ¢’ (0T) > 0.
By taking ¢ to zero in the identity (10) we now have that

aX_\ _ 0 if 1/1’(0"‘) <0
E@X)—{wwﬂwww if /(0) > 0.

Next, recall from (12) that for o > 0

Bemeer) = (p(f)(q—a a

and hence by taking the limit of both sides as g tends to zero,

~ox) (/@ (0)+1)7t ify/(0T) <0
E(e ) )_{0 if /(0%) > 0.

Parts (i)—(iii) follow immediately from the previous two identities by consid-
ering their limits as « | 0. a
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6 Proof: two sided exit above

Our proof first deals with the case that 1'(0%) > 0 and q = 0, then the case
that ¢ > 0 (no restriction on ¢'(07)) or ¢ = 0 and ¢’(0) < 0. Finally the case
that 9’(07) = 0 and ¢ = 0 is achieved by passing to the limit as ¢ tends to
Zero.

Assume then that ¢’(07) > 0 so that —X __ is almost surely finite. As
earlier seen in the proof of Lemma 7, by taking ¢ to zero in (10) it follows
that

E(e*¥) = ¢'(0) —.
(¢) = 0'(0) 50

Integration by parts shows that
E(e"%=) = / e” W P(-X_ €dx)
[0,00)
= a/ e YP(-X  <z)dx
0
= a/ e P, (X > 0)dz.
0

Now define the function

1

W(z) = 707 P, (X, >0). (13)
Clearly W(z) = 0 for < 0, is left continuous since it is also equal to the
left continuous distribution function P(—X_, < z) and therefore is uniquely
determined by its Laplace transform, 1/1(«) for all & > 0. [Note: this shows
the existence of the scale function when ¢/(0%7) > 0 and ¢ = 0]. A simple
argument using the law of total probability and the Strong Markov Property
now yields for z € (0, a)

Po(X,, > 0)
= E; Pr(X o > 0[F +)
_ Ez(1(Ta+<TJ)Pa(1w > 0)) + Ez(l(T;>TJ)PXTJ (X > 0)) (14)
=P, (X, >0)P(r) <75),
where the second term in the second equality disappears as XT(; < 0 and
P.(X_, >0)=0 for z <0. That is to say

W(z)

Pz(TJ<7'o_):W

(15)
and clearly the same equality holds even when = < 0.

Now assume that ¢ > 0 or ¢’(0) < 0 and ¢ = 0. In this case, by convexity
of 1, we know that &(¢q) > 0 and hence g, (0) = ¢’ (®(q)) > 0 (again
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by convexity). Changing measure using the Girsanov density, we have for
z € (0,a)

E +(€15(q))
g (e—ard N g (T ) o—®(9)(a—x)
I(e Yt <r; >) r( Eo(@(q) < ))e

— ¢ ?(@@=) pPQ) (r+ < )

According to our previous calculations for the case that ¢ = 0 and 9'(0%) > 0,
we can now identify

w (@) ()

—qrf _
Ew (e 1(7j<7'(;)) W(q) (a) (16)

such that W@ (z) = e®@*Wg () (z) where Wg(,)(z) is identically zero on
(—00,0], is left continuous and has Laplace transform 1/1g4)(c) for all & > 0.
Taking Laplace transforms of W (9 (z) it appears now that for a > &(q),

| e wo@an = [T et @) ds

1
- Va(g) (@ — P(q))
1
TR 1

where in the last equality we have used the fact that for ¢ > 0, 1.(0) =
Y(0+c) =1 (c). [Note again that this last calculation again justifies that 1W(9)
exists for the regime that we are considering.]

As mentioned at the beginning of the proof, the final missing case of X not
drifting to infinity (ie ¢’ (0%) = 0) and ¢ = 0 is achieved by passing to the limit
as ¢ | 0. Since Wg(q) has Laplace transform 1/1¢(q) for ¢ > 0, integration by
parts reveals that

_ B
p dz) = ————.
/(o,oo)e Wata)(do) Ya(q)(B) (18)

One may appeal to the Extended Continuity Theorem for Laplace Transforms,
see Feller (1971) Theorem XIII.1.2a, and (18) to deduce that since

lim e PT Wq}.(q) (dx) = i

ql0 (0,00) ¢(5)

then there exists a measure W* such that in the weak sense W* = limg |0 W (q)
and
g

e PTWH(de) = ——.
/(0700) WD) = 55

Integration by parts shows that its left continuous distribution,
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W(z) :=W*(—o0,2) = lifgl W@ (z)
q

satisfies
1

Ooe_ﬂ”” z)dr = ———
[

for § > 0. Considering the limit as ¢ | 0 in (16) and remembering that
W (z) = eqj(q)quﬁ(q) () we recover the required identity (15).

(19)

7 Proof: one sided exit below
Taking (17) and (18) into account, we can interpret (10) as saying that

P(—Xeq €dz) = % W@ (dz) — WD (z) dz

and hence with an easy manipulation, for z > 0

Ez(e_qﬂ;]‘(‘r{<oo)) = Pz(eq > T(;)

= P,(X,, <0)

:1+q/0wW(q)(y)d —%W(q)(l‘)

— 7@ () - L W@ ).

29() ~ s W @) (20)

Note that since Z(@(z) = 1 and W@ (z) = 0 for all x € (—o0, 0], the state-
ment is valid for all x € R. The proof is now complete for the case that
q>0.

Recalling that limg|o ¢/@(q) is either ¢’ (0™) or zero, the proof is completed
by taking the limit in q.

8 Proof: two sided exit below

Fix ¢ > 0. The Strong Markov Property together with the identity (20) give
us that

Px(ieq <0 ’ ft/\r:/\r(f)

— e—Q(t/\T;/\TJ) Px (Xeq < O)

tATG ATy
= e_q(t/\T;rAT(;) (Z(q) (Xt/\-r+/\7'(;> - %W(q) (Xt/\7'+/\7'0))
a q a

showing that the right hand side is a martingale for ¢ > 0. Note also that with a
similar methodology we have (using that W (%) (Xr(j/\rj) =1+ .- W (a))

7o)
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ot
E93 (e o 1(7‘j<7'(;) ‘ ‘7:t/\‘ra+/\7'07>
—qt —qrF —qrf
= Licryary® " Ex, (e e 1(&«5)) s ar® " Yt <)
L WXy g A W(Q)(XT;ATJ)
(t<rg A€ W@ (a) >y A€ W@ (a)
W(q) (Xt/\TJ /\‘r;r)

Ww(a) (a)

=1

efq(t/\ﬂ';r AT

showing again that the right hand side is a martingale for ¢ > 0.
Now it follows by linearity that

_ (2)
~attnriae) ( 7@ _ 20
e 0 (Z (Xt/\q—;r/\n;) W@ (CL) w (Xt/\rj/\ﬂ;)

is also a martingale for ¢ > 0. In fact it is a uniformly integrable martingale
and hence its terminal expectation is equal to its initial expectation. That is
to say

_ 7(a)
E, (eq(ﬁm'o ) (Z(Q) (XTJATO’) — WT)((Z)) w@ (XTJATO))>

= P (ei% l(fa*>m’))

where as usual we have used the fact that
Z0(Xpppps ) =1 and WO(X, ) =0 ifr <7,
and
20X ) = 2P(@) and WO (X5 ) =W(a)  if 7y > 7

For the case that ¢ = 0, we again take limits as ¢ tends to zero.

9 Final Remarks

We conclude with some final remarks concerning some more subtle points of
the calculations we have made which are not necessarily immediately obvious.
The definition of 7, = inf{t > 0 : X; < x} requiring weak first passage
below the level z forces the definition of W proportional to P,(X . > 0) in
the case that ¢ = 0 and ¢/(0") > 0 in (13). This in turn determines the left
continuity of W@ for all ¢ > 0, a fact which is seen to be of importance in the
calculation (14) as well as later, for example in Section 8, where it is stated that
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W@(Xx__ )y=1,_4__ . However, Bertoin (1997) works with a definition
ATS (Ta <75 )

To

of strong first downward passage equivalent to 7, = inf{t > 0 : X; < z}.
Following the analysis here one sees in (13) that W should then be taken as
1 1
W)= ——=FP(X o >20)=——FP(—X_  <2x).
(l') 1/)’(O+) (—oo ) 7,/}'(0+) ( Lo l')

But then, if 0 is irregular for (—o00,0) for X we have P(r; > 7,7) > 0, which
itself is a result of the definition of 7, in the strong sense. The effect of
this definition is that W (% is now right continuous. None the less, with very
subtle adjustments, all the arguments go through as presented. An example
of a calculation which needs a little extra care is (14).

In this case, it is possible that XTJ = 0 with positive probability, that is to
say X may creep downwards over zero, and hence in principle the second term
in (14) may not be zero. However, it is known that spectrally negative Lévy
processes may only creep downwards if and only if a Gaussian component is
present (cf. Bertoin (1996a) p. 175). In this case P(X _ > 0) = 0 anyway and
the calculation goes through.

To some extent, it is more natural to want work with the right continuous
version of W (9 because one captures the probability of starting at the origin
and escaping at a before entering (—o0,0) in the expression W(0)/W(a) as
opposed to W (0)/W (a) for the left continuous case. However we promised in
the introduction a self contained approach to our results which avoids the use
of the Wiener—Hopf factorization. Hence we have opted to present the case
of left continuity in W () thus avoiding the deeper issue of creeping, which is
intimately connected to the Wiener—Hopf factorization.

For other recent perspectives and new proofs of existing results concerning
fluctuation theory of spectrally negative Lévy processes see Doney (2004),
Pistorius (2004) and Nguyen-Ngoc and Yor (2004).
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Summary. In this note we consider first exit problems of completely asymmetric
(reflected) Lévy processes and present an alternative derivation of their Laplace
transforms essentially based on potential theory of Markov processes.

Key words: Potential theory, first passage, Wiener—Hopf factorisation, Lévy pro-
cesses

1 Introduction and main results

Let X be a spectrally negative Lévy process, i.e. a stochastic process with
cadlag paths without positive jumps that has stationary independent incre-
ments defined on some probability space (§2,F, P) that satisfies the usual
conditions. By (P, = € R) we denote the family of measures under which the
Lévy process X is translated over a constant, that is P, denotes the measure
P conditioned on { Xy = x}. We exclude the case that X has monotone paths.
By the absence of positive jumps, the moment generating function of X; exists
for all > 0 and is given by

E[e?X] = exp(tv(0)), 0 >0,

for some function 9 (0) which is well defined at least on the positive half axis,
where it is convex with the property limg_,o ¢(8) = +o00. Let &(0) denote its
largest root. On [@(0), 00) the function v is strictly increasing and we denote
its right-inverse function by & : [0,00) — [#(0),00). Denote by I and S the
past infimum and supremum of X respectively, that is,

I = infogs<it (Xs A 0), St = supgc et (Xs V 0)

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 30-41, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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and write Y = X — I for X reflected at its past infimum I. By T, T, we
denote

T, =inf{t >0: X; < a}, T =inf{t >0: X, > a},

the first passage times of X into the sets (—oo,a) and (a,o0), respectively.
Similarly, we write
rh=inf{t>0:Y; > a}

for the first passage time of Y into the set (a, 00). The following theorem gives
the form of the Laplace transforms of these passage times:

Theorem 1. (i) For q > 0, the g-potential measure of X

(1)

is absolutely continuous with respect to the Lebesque measure and a version of
its density on [0,00) is given by
u?(z) = ' (q) exp(~2(q)z).

(ii) For q > 0, there exists a continuous increasing function w2
[0, 00) with Laplace transform

Uf(dx) :/ e "P(X, € dr)dt
0

(2)
+0,00) —

[ e wiwa - -0 A

0

and, denoting by u? a version of U4(dx)/dz, it holds that for ¢ >0
W@ (z) = &'(q) exp(P(q)x) — u’(~2)

(iii) (Ewxit from a half-line) For q >

for a.e. x > 0.

0, z<a and y > 0 we have

E. {e_qT‘jI(T;@o)} = P,
By Ly <)) = 29(0) — a2(a) WO ),

where

79 (z) = 1+Q/ W@ (y)dy
0
1

and for ¢ =0, q¢P(q)~! is understood in the limiting sense, limg|oq®P(q)~

(iv) (Ezit from a finite interval) For x € [0,a] and q¢ > 0 we have
] - 2
Eolemr] = iiiﬁﬁi - (8)
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Remark. The function W (9 is called the g-scale function of X in the literature.
In particular, one calls W = W(® the scale function of the Lévy process, in
analogy with the theory of diffusions.

Remark (probabilistic derivation of formula (3)). Noting that, for ¢ > 0,
{exp(®(q)X; — qt), t > 0} is a martingale, we define the tilted measure P®(4)
by

PPD(A) = Elexp(D(q)X; — qt)1a], A€ F.

Under the measure P?(@) the process X is still a Lévy process and its char-
acteristic exponent g (4) can be checked to be given by

Vaiq)(N) =0(D(q) + A) — ¢ (2(q)) =¥ (D(q) + A) —q.

We write We(q) for the scale function of X under P?(@) Comparing Laplace
transforms yields the identity

W@ () = D W, (2).

Since qui(z)dr = P(X, ) € dz), where 7(q) denotes an independent expo-
nential time, the strong Markov property yields for x < 0

q 'P(X, (g € da)
:/E [e_qT;; Xp- € dy} ul(z —y) :/E [e_qT;; Xp- €dy P (q) e?(@(y—z)
_ @/(q) e—@(q)xE[e*qT;Jr@(q)XT;} _ @/(q) e—qﬁ(q)wP‘f‘(q) (Tz_ < OO)

_ W@(q) (—:L‘)

= ¢/(q) e~ 2@ (1
@ Wa(q)(o0)

) =& (q)e P _ WD (—y),

where in the first line we used the explicit form (2) and in the second line
a change of measure. The third line follows by letting a — oo and taking
g = 0in (6) and noting next that W4y (00) = limy oo We(q) () is equal to
1/4'(®(q)) = ¥'(¢q) by a Tauberian theorem applied to the Laplace-Stieltjes
transform A/vg(g)(A) of Wa(g).

The explicit form of the potential density given in Theorem 1 allows one
to determine whether X is transient of recurrent. Let U denote the potential
measure of X, given by (1) with ¢ = 0.

Definition. The process X is called transient if U°(K) < oo for every com-
pact set K C R and it is called recurrent if U°(B) = oo for every open interval
of the form B = (—r,7), r > 0.

Corollary 1. The process X is recurrent if
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Otherwise, &' (07) < 0o and X is transient, and the potential measure U°(dx)
of X is given by

U0(da) = (#'(07) exp(—B(0)a) — W (=) (<o) da- (9)

Another consequence from Theorem 1 is the following result on the down-
ward ‘creeping’ of X. The process X is said to creep across the level x < 0
if X first enters (—oo,z) continuously, that is if X;— = x. Recall that we
excluded the case where X is a negative deterministic drift and denote by

= 2limy_o A"29()\) the Gaussian coefficient of X.

Corollary 2. The process X creeps across x < 0 if and only if X has a
nonzero Gaussian coefficient o and then
2
P(X, =)= % W' (—z) — B0)W(-2)], 2 <O0. (10)

In the literature there exist already several proofs for the statements in
Theorem 1 and Corollaries 1 and 2. The one-sided exit identities (4) — (5) were
first studied by Zolotarev [17], although formulated in a different form. The
existence and properties of the scale function were proved by Bingham [4] and
Emery [8]. The well established identities (4) — (5) and (6) — (7) are related
to the two-sided exit problem to which among others Takdcs [16], Rogers [14],
Emery [8] and Bertoin [2] made significant contributions. In its current form
it was first formulated by Bertoin [2, 3]. The given proofs rely on (complex-)
analytic and combinatorial methods or invoke It6-excursion theory applied
to the excursions of X away from its supremum S. The identity (8) was first
proved in [13] using a martingale argument. Recently, these identities received
more attention in the literature and several short proofs were given. Kyprianou
and Palmovski [12] gave proofs for the identities invoking the Kella-Whitt
martingale [11] and Doney [7] used excursion theory to prove the identity (8).

Here we follow yet another approach which exploits the connection between
potential analysis and Markov processes: We show that, essentially, potential
theory allows us to give simple proofs of the above results. For a deeper
analysis of the relationship between Markov processes on the one hand and
potential analysis on the other hand, we refer the reader to the classical works
by Blumenthal and Getoor [5] and Dellacherie and Meyer [6].

The rest of this note is organised as follows. In the next section, we state
and prove a first hitting time identity for a certain class of continuous time
Markov processes in terms of their potential density. In the third section, we
then derive explicit expressions for the potential densities of X killed upon
entering a negative half-line and of X reflected at its infimum and give the
proofs of Theorem 1 and Corollaries 1 and 2.

2 Potential theory and first hitting

Denote by (S, B(S)) a measurable space consisting of some interval S of the
real line and its Borel sigma-algebra B(S) and fix a € S. Let Z be a continuous
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time strong Markov process with state space (S, B(S)) defined on a probability
space (§2, F, P) that satisfies the usual conditions. In the sequel we restrict
ourselves to processes Z which are quasi-left continuous, that is, if (T},, n € N)
is an increasing sequence of stopping times with 7" = lim,,_, o T}, almost surely,
then Zr = lim,_,o, Z7, almost surely on the event {T' < oo}. For x € § we

n

denote by U%(x, ) the potential measure of Z
U (2, A) = / 1P (Z, € Adt,  AcB(S),
0

where P, denotes the measure P conditioned on {Zy = x}. Assume that for
any x € S, U9(z, -) restricted to some open interval containing a is absolutely
continuous with respect to the Lebesgue measure with density ud(z, ), say.
Denote the first passage time of Z into the set A by

T),=inf{t >0: 27, € A}, A e B(S). (11)

Below the Laplace transform of T° fa} is expressed in terms of known quantities.
To formulate the result we define for any € > 0 the open sets B, (e) = (a —
e,a+€)? and Dy(e) ={(z,y) eR* 12 <y,a—e<y<a+e}

Proposition 1. Let x € S and g > 0.

(i) If, for some €y > 0, u? restricted to Bg(eo) is continuous, we have

ul(x,a)

E, [equza}z(T{/a}@) = : (12)

ul(a,a)
provided u?(a,a) > 0.

(ii) If Z has no positive jumps, for some €y > 0, u? restricted to Dg(eo) is
continuous and u?(a~,a) =lim.joul(a—€,a) > 0, the identity (12) holds for
x < a with ul(a,a) replaced by ul(a™,a).

Proof. Write T¢ as shorthand for T(,__ . .
7 yields that, for € > 0, % Uiz, (a —€,a+¢€)) is equal to

1 a-+te , 1 a-+te
—/ ui(z,y)dy = /Em [equf; Zr: € dz} —/ ul(z,y) dy. (13)

€ —€ € Ja—e

The strong Markov property of

If € tends to zero, T increases to a stopping time, T say, with T' < T{a}. By
quasi-left continuity of Z we find that Zr; tends to Zr = a on {T' < oo}
almost surely and thus T' = T{,, on {T" < oo}. If we let € tend to zero the
measures E, [e_qTe;ZTE/ € dz] vaguely converge to E,[e”9Tte}] o, where &g
denotes the unit mass in zero. Combined with the continuity of u¢ in an open
neighbourhood of (a,a) we end up with (12) if we let € | 0 in (13). In the
second case, by the fact that Z has no positive jumps, (13) reduces to

1 a—+e€ , 1 a—+e€
- / ul(z,y)dy = E, [equé} - / ul(a —€,y) dy.

€ p € —€
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Letting again € tend to zero, the assumed continuity of u¢ leads to the required
identity. a

Consider now the set {a,b} for some a,b € S. A related question that
arises then is: what is the probability that Z hits {a} before {b}? To be more
precise, can we find an expression for

q _ —qT¢q
tep(@) = By [e Ty *b}I(T{a}<T{b},T{a,b}<0<>)}7 x € la, b],

in terms of known quantities? The answer in terms of the potential density
u? is given in the following result.

Corollary 3. Let, for some €y > 0, u? restricted to B,(eg) U By(eg) be con-
tinuous. Then we have for ¢ > 0
() = u?(x,a)ul(b,b) — ul(x,b)ul(b, a)
@Y wa(a, a)ud (b, b) — ui(a, b)ui(b,a)’

x € [a,b], (14)

provided u9(a,a)u?(b,b) > 0. If ¢ =0, the identity (14) remains valid, where
the right-hand side of (14) is to be understood in the limiting sense of q | 0
if u®(a,a)u’(b,b) = u’(a,b)u’(b,a).

Proof. If u%(a,a) > 0, the strong Markov property combined with Proposi-
tion 1 yields that for ¢ > 0

u!(z,a)/u(a,a) =t ,(z) + 1§ ,(2)u! (b, a)/u’(a, a), x € [a,b].

By interchanging the role of a and b, we can derive a similar second identity.
For g > 0, this system of two equations is non-singular. Indeed, since T4, > 0
Py-a.s., Ey[e”®tar] < 1 and it follows from (12) that u?(b,a) < ui(a,a).
Interchanging a and b, we find that u?(a, b)ul(b,a) < ui(a,a)u?(b,b). Solving
this system finishes the proof for ¢ > 0. Note that #] , (z) increases to tgb(x) if
q | 0. Hence t0 , () is equal to the limit of ¢ | 0 of the right-hand side of (14).
If u%(a, a)u®(b,b) # u°(a,b)u’(b,a) then this limit is given by (14) for ¢ = 0
as the previously derived system is non-singular. a

Example. For a Brownian motion Z the potential density u? is given by
u?(z,a) = (2¢)~Y/2e~v22lr=al By Corollary 3 and de 'Hépital’s rule we find
back the well known identity

P, (T{a} < T{b}) = (b—x)/(b - a), x e [a,b}.

3 Proofs of Theorem 1 and Corollaries 1 and 2

Let n(q) denote an independent exponential random variable with parameter
q > 0. We start recalling the following results which we will frequently use in
the proof of Theorem 1:
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Lemma 1. Let X be a Lévy process.

(i) For each fized t >0, (Sy — X, S;) has the same law as (—I, X; — I1).
(ii) The processes X —I and S — X are strong Markov process.

(iii) For ¢ >0, Syq) — Xy(q) is independent of Sy(q)-

Proof. (i) This result follows as consequence of the duality lemma (see e.g.
Lemma I1.2 and Proposition V1.3 in [2]).

(ii) This follows straightforwardly from the independence and stationarity of
the increments of X. See e.g. [2, Prop. VI.1] for a proof.

(iii) The independence can for example be proved using Ito-excursion theory
applied to the excursions of the Markov process S — X away from zero, see
Greenwood and Pitman [10]. O

Proof of Theorem 1(i)—(iii). We divide the proof in several steps.

Step 1: Absolute continuity of the potential measure U?. By the strong
Markov property of X and the spatial homogeneity we note that

P(Sn(q) >t4 s) = P(Sn(q) > S)P(Sn(q) > t) forall t, s >0, g > 0.

Hence we deduce that S, is exponentially distributed with parameter A(q),
say. Using then Lemma 1(iii), we get that

P(X,(q €dz) = /o P(Syq € d(z —2))P((S — X)) € dz) < Aq) dz.
Vo
Step 2: Eristence of the scale function W@ for q > 0. Next we show,
following Bingham [4], that, for § > &(g), the function 6/(¢(0) — ¢) can be
represented as a Laplace—Stieltjes transform. To be more precise, we prove
that there exists a measure dIW (@ on [0, c0) such that

/weefezvv(q) (z)dz = /mefezvv(q) (dz) =0/ (v(0) —q), 0> d(q). (15)
0 0

By the Lévy—Khintchine formula and by partial integration we have the fol-
lowing representation for ¢ and 8 € [0, o)

2 0o
P(0) = ab + % 0% + /0 (e_ew -1+ 9x1($<1)) A(dx)

_ e(a' + 2o /Ooo(eez L) A((00)) dx),

where a, o are constants and a’ = a — A((1,00)) with A a measure satisfying
JoS (LA x?) A(dz) < oo. The measure A is related to the Lévy measure v of
X by v(dz) = A(—dx). From the previous display, we see that

(16)

d¢(9)_4_02 /00 —0x q
W 4 =3 + ; xe A((:moo))dx—i—eQ.
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Hence (¢9(0) — q)/0 has derivatives that oscillate in sign and has thus a com-
pletely monotone derivative. Since also 1/6 is completely monotone it follows
(e.g. Feller [9, XIIL.4, Criterion 2]) that 6/(¢(6) — q) itself is completely mono-
tone. By Feller [9, XII.4, Thm. la] a function on [0, 00) is completely monotone
if and only if it can be represented as Laplace—Stieltjes transform of a measure.
Partial integration yields then also the first identity of (15) and the claim is
proved.

Step 3: Form of the potential density u?. Denote by u? a version of the
density of U? with respect to the Lebesgue measure. For ¢ > 0 the Fourier
transform of w9, Ful, is given by

Fut(e) = [ e*ut(e)d = ¢ E[E0] = (- v(i6)

Note that € — ¢(if) is an analytic function in I(¢) < 0. By the independence
from Lemma 1(iii) and the fact from part 1 above that S, ;) has an exponential
distribution with mean A\(¢q) ™!, we see that for £ € R

Q(q - d)(ig))*l _ E[eiEXn(q)] — E[eiESn(q)]E[efig(st)n(q)]
= Ag)(A(g) — i€) T Ele € Xw],

Since £ +— E[e*’f(s’x)ﬂ(@] can be analytically extended to $(§) < 0, this
identity remains valid for € in §(¢) < 0. In particular, we see that (g—(i€)) ™!
is meromorphic in F(§) < 0 with one pole in £ = —i\(q). Since ¥(\) = ¢ has
only one positive real root in A = @(q), we deduce that A\(q) = &(q). The
inversion formula for characteristic functions yields now that for a > 0

U%(]0,a]) = lim — - —dé = , 17

O = |, e a0 wovaa

where the second equality can be seen as follows. Let Cr be the (clockwise)
contour in the complex plane that consists of the interval [-T,T] on the real
axis joined to the semi-circle Ry of radius 7" in the lower half of the complex

plane and set f(§) = 1*2;;:(1 (g —(i€))~1. Then by Cauchy’s theorem,

1 /T 1 — e i¢a 1 1 — e—®(@)a

1 — e P@a

f(t) dt = 271 - ReSt:_iqs(q)f(t) = —271'( @(q)

)(—w'@(q))l).

Cr

On the other hand, since we also have that

T
swa= [ gwas [ saa
Cr -T Rt

where, by Jordan’s lemma, | Ry /(1) dt converges to zero as T tends to infinity,
the result (17) follows.

Noting that 1'(®(q)) = &' (¢)~! and differentiating (17) with respect to a
we find that u?(a) = &' (q) exp(—P(q)a) for a > 0.
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Step 4: An identity between Laplace transforms. Note that for g, A > 0
with ¢ > ¢(A) (or equivalently #(¢) > \) one has that

_ —l_ -1 A = Ooe)‘wuq x)dz Ooe_/\a;’u,q —x)dr
(¢- o) ! = g B[] / (2)d +/0 (—2)d
=¥/ @0 =N+ [ o) o (18)

By analytic continuation in A, the identity (18) remains valid for ##(\) > 0
except for A = @(g) and then by continuity for all A with £(A) > 0. Inverting
the Laplace transforms in A leads then to equation (3).

Step 5: Wiener—Hopf factorisation. Since a Lévy process is quasi left con-
tinuous (e.g. [2, Proposition 1.7]) and satisfies the strong Markov property
(e.g. [2, Proposition 1.6]), we deduce from Proposition 1(ii) that

Tt .

P(Syq > 7) = BT [ | =ut(@)/u(07) =720, (19)

Lemma 1(i), (iii) imply then that
- P(q) — A
E exp by} =F eAXn(q) E eASn(q) 1 — q %
[ ( TI(Q))] [ ] [ ] a— v\ ®(q)
Using (15) to invert this transform we find that
P(=I, € dz) = % W@ (dz) — qW @ (z)dz, z>0. (20
q

Step 6: The function q — W9 (z) is analytic for x > 0. Following Bertoin
[3], we invert the Laplace transform (term wise)

—1 g
(BN =) =D dp) !
k>0
to find the series expansion

WD (z) =3 ¢ W (z)  z,q>0, (21)
k>0
where W** denotes the kth convolution power of W, W** = W - - .xW. This
series converges since

Wk (z) < W (x)*ak/k!, k>1,2>0

as W is increasing (recalling that dIWW = dW(©) is a nonnegative measure).

Step 7: Continuity of the function x — W9 (z). The next step is to prove
that P(—1I,,4) € dz) has no atoms. Applying the strong Markov property we
get that for x, ¢ > 0

P(_In(q) = 37) = E{e_qT:”I(X _ :—x7TjI<oo)}P(In(Q) = 0)- (22)

T

—x
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If 0 is regular for (—o0,0), the second factor of the right-hand side of (22) is
zero, whereas if 0 is irregular for (—oo, 0), the paths of the infimum form step
functions almost surely and the first factor of the right-hand side of (22) is
zero. Combining with (20) we see that the measure dIW(? has no atoms and
thus = — W (9 (z) is continuous for ¢ > 0. Since W = W) is increasing, a
discontinuity of W at a > 0 would imply lim, , W(x) > limg1, W(z). In view
of the continuity of  — W@ (z) for ¢ > 0 on the one hand and the expansion
(21) on the other hand, this would yield a contradiction. O

To prove the identities in Theorem 1(iv), we express the resolvents of
the strong Markov processes X' (X killed upon entering the negative half
line (—00,0)) and Y = X — I (Lemma 1(ii)) in terms of the scale functions
W@, 7@ and then invoke Proposition 1(ii).

Lemma 2. For x, y > 0, we have

Pr (Xn(q) € dyﬂ?(Q) < T07) .
dy B
Px(Yn(q) € dy)
dy
Proof. A proof of the first identity can be found e.g. in Bertoin [3] or Suprun

[15] and of the second identity in [13]. In order to be self-contained we provide
the proofs here.

(i) Invoking the identities (19) and (20) and the independence and duality
(Lemma 1(iii,i)) and noting that n(q) < T—, iff I, > —=x we find that
q ' Pe(Xyyg) € dy, n(q) < Tyy) is equal to

qe 2@y (@) (z) — 1{w>y}qW(Q)(x —y). (23)

= ®(q) e "DV ZD(2) = 1(4nyyaW D (x — y). (24)

ql/o P(—Iyq) € dz) P((X = I)y(q) € d(y —z + 2))
_ / T a0 @) (g / T p(g) e RO @ () d,
(z—y)VO (z—y)VO

The identity (23) follows now by performing a partial integration on the first
integral in the second line of above display.

(ii) The strong Markov property of Y at the stopping time 79 = inf{t >
0:Y; =0} implies that

Py (Y € dy) = Po(Yy(g) € dy, n(q) < 10) + Ex[e”7°] Py(Yy(q) € dy) (25)
= P (Xyq) € dy, n(q) <Ty ) + Ex[e” 0 | Py (Yyy(q) € dy),

where in the second line we used that (Y3, ¢ < 79) has the same law as (X, ¢
T, ). By integrating (20) we find the Laplace transform of T;” to be equal to

P(Iyy < —2) = By [le 0 | = ZD(z) — qd(q) " WD (x), x>0. (26)

Substituting (26) and (23) into (25) and recalling that Y;,(,) has an exponential
distribution with mean ®(q)~!, we end up with the required identity (24). O
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Now we can finish the proof of Theorem 1.

Proof of Theorem 1(iv). Since a Lévy process is a quasi left continuous strong
Markov process and W9 is continuous (proved above in part 6), it follows
by combining with Lemma 2 that the conditions of Proposition 1 are met
for the Markov processes X' and Y (Lemma 1(ii)). Taking for u9 in (12)
the resolvents (23), (24) we find (6) and (8) respectively. Finally, the strong
Markov property yields that

By [en ] = Bo|e™ I | + Ba e Iig ) | Buale™ ). (21)
Inserting (26) and (6) in (27) completes the proof. O

Proof of Corollary 1. Since v is differentiable, convex and increasing on (0, 00),
it follows that the right-derivative of ¢ in @(0) is finite and non-negative and
equal to (@'(07))~1. Thus limgo(®(q) — P(0))/q is positive and finite or equal
to +o0o. Suppose first that the latter is the case. By the identity (2) it then
follows, taking ¢ | 0, that U°((—r,r)) is infinite for r > 0.

In the case ¢'(0") < oo, we show that the identity (9) holds true. The
fact that ¢(-) is C* on (0,00) in conjunction with the implicit function the-
orem applied to (\) = ¢ implies that & and @' are continuous. Combin-
ing with the continuity of ¢ — W we find that, for any compact set K,
UY(K) = limgyo S ui(z)dz by dominated convergence. On the other hand,
monotone convergence implies that U%(K) = limg o U?(K). Using then the
explicit formulas (2) and (3), equation (9) follows and the proof is finished. O

Proof of Corollary 2. Let ¢ > 0 and let T[{x} be as in (11). If X creeps across
x < 0, this implies that sz is smaller than 7, for all b < z by right-
continuity of its sample paths. On the other hand, if X;- < z, X enters
(—o00,z) by a jump and it follows that there exists an ¢y > 0 such that
T[{x} > T, for all b€ (x — €, ). Thus {fo} < T, } increases to {X,- = z}
as b Tz and we have

—qT! i —aTy
Elet {’”}I(XT,:JU)} :lblTrBE[e q {I}I(sz}<Tz:)] (28)

x

Invoking Proposition 1 applied to the Markov process Xt (X killed upon
entering (—o0,b)) in conjunction with Lemma 2 we see that the right-hand
side of (28) is equal to

W@ (=p) — e 2@EDW@D(—z) 52
2

lim =

i I (W4 (~2) - @)W (~)), (29)

where WE)' is the right-derivative of W@ (see e.g. Lemma 1 in [13] for a
proof of the right-differentiability of W (@ (.)) and we used that z/W (% (z)
converges to 02/2 for z | 0 (e.g. Lemma 4 in [13]). Letting now ¢ | 0 in (29)
and using the differentiability of W@ if ¢ > 0 (e.g. Lemma 1 in [13]) and
continuity of the maps g — W (@ (), WJ(rq)/(x), we end up with (10) and the
proof is complete. O



Exit problems of Lévy processes 41

Acknowledgement. The author would like to thank an anonymous referee
for his careful reading and useful remarks.

References

10.

11.

12.

13.

14.

15.

16.

17.

Avram, F., Kyprianou, A.E. and Pistorius, M.R. (2004). Exit problems for spec-
trally negative Lévy processes and applications to (Canadized) Russian options.
Ann. Appl. Probab. 14, 215-238.

Bertoin, J. (1996). Lévy processes, Cambridge University Press.

Bertoin, J. (1997). Exponential decay and ergodicity of completely asymmetric
Lévy processes in a finite interval. Ann. Appl. Probab. 7, 156-169.

Bingham, N.H. (1975). Fluctuation theory in continuous time. Adv. in Appl.
Probab. 7, 705-766.

Blumenthal, R. M., Getoor, R. K. (1968). Markov processes and potential theory.
Pure and Applied Mathematics, Vol. 29, Academic Press.

Dellacherie, C.; Meyer, P. (1988). Probabilities and potential. C. Potential theory
for discrete and continuous semigroups. North-Holland Mathematics Studies,
151, North-Holland Publishing Co.

Doney, R.A. (2004). Some excursion calculations for spectrally one-sided Lévy
processes. In this volume.

Emery, D.J. (1973). Exit problem for a spectrally positive process. Adv. in Appl.
Probab. 5, 498-520.

Feller, W. (1971). Introduction to probability theory and its applications. Vol 2,
2nd. ed.

Greenwood, P. and Pitman, J. (1980). Fluctuation identities for Lévy processes
and splitting at the maximum. Adv. in Appl. Probab. 12, 893-902.

Kella, O.; Whitt, W. (1992). Useful martingales for stochastic storage processes
with Lévy input. J. Appl. Probab. 29, 396-403.

Kyprianou, A.E. and Palmovski, Z. (2003). A martingale review of some fluctu-
ation theory for spectrally negative Lévy processes. In this volume.

Pistorius, M.R. (2004). On exit and ergodicity of the spectrally negative Lévy
process reflected at its infimum. J. Theor. Probab. 17, 183-220.

Rogers, L. C. G. (1990). The two-sided exit problem for spectrally positive Lévy
processes. Adv. in Appl. Probab. 22, 486-487.

Suprun, V.N. (1976). The ruin problem and the resolvent of a killed independent
increment process. Ukrainian Math. J. 28, 39-45.

Takdcs, L. (1966). Combinatorial Methods in the Theory of Stochastic Processes,
Wiley, New York.

Zolotarev, V.M. (1964). The first passage time of a level and the behaviour at
infinity for a class of processes with independent increments. Theory Prob. Appl.
9, 653-661.



Some Martingales Associated to
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Summary. We introduce and describe several classes of martingales based on re-
flected Lévy processes. We show how these martingales apply to various problems,
in particular in fluctuation theory, as an alternative to the use of excursion methods.
Emphasis is given to the case of spectrally negative processes.

Key words: Lévy processes, Kella—Whitt and Kennedy martingales, fluctuation
theory, Wiener—Hopf factorization

1 Introduction and notations

Let us fix a probability space (£2, A,P). Let X denote a real Lévy process,
started at 0 under P. We call P, the law of x + X under P. Also, we let
F: denote the usual right-continuous, universal augmentation of the filtration
generated by X. We shall be concerned with the process X reflected at its
supremum: if S; = sup,, X, the reflected process is defined by R; = S; — X:.
We recall that R is a Feller process with respect to (F;,P), and we denote by
Pr,=r the probability under which R starts at .

Our goal in this paper is to present various martingales related to the
process R; these martingales generalize the corresponding ones in the case of
Brownian motion, where they have proved quite useful in the study of a num-
ber of questions. Also for Lévy processes, some of the martingale properties
we present are already known in special cases, and have been used in various
contexts; some other seem to be new, though quite simple. For example, we
recover the following special case of Kella-Whitt [13]: for every u € R, the
process (Mt(u)7 t > 0) is a local martingale, where

t
MM = Xe=S) 1 4 (u) / el (X =50 qp

0
+ iuS§ — Z elu(Xr—57) (1- eiuAST)’

r<t

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 42-69, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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¥ being the Lévy exponent of X as defined below; in fact, we shall prove
under mild assumptions, that M) is a class (D) martingale on every interval
[0,t]. We also show that if X is spectrally negative, and a martingale, then
for any locally bounded Borel function g, the process

(G(St) — (8 — X4)g(Se), t = 0)

with G(z) = fox 9(y) dy, is a local martingale, which extends a previous result
of Azéma and Yor [5] in the Brownian case.

We shall give various applications of these and other martingales; in par-
ticular, they can be used as an alternative to excursion methods to derive
some results in fluctuation theory.

In our presentation, we have tried to keep the results as general as possible,
but the case of spectrally negative processes is still particularly interesting,
due mostly to the existence of their scale function, which naturally arise in
fluctuation theory.

Let us introduce some further notations that will be needed throughout.
We write the Lévy-It6 decomposition of X in the form

Xy :at+§t+ZAXsl|AXs|>1; (1)
s<t
here, a € R and ¢ is the square integrable martingale cB; + f(f flzKl x(pu—
n)(ds, dz) with o > 0 and p the random measure associated to the jumps of X.
Lastly n is the compensator of u, and is given by n(ds,dz) = dsv(dz) where
v is the Lévy measure of X.
We denote by ¥ the Lévy exponent of X, defined by ]E[ei)‘Xt] = e M)
(A € R), and recall that ¥ is given by the Lévy—Khintchine formula

2
() = —ia\ + %v - /(ei/\x — 1 —idal <) v(da). (2)

Given r € R, we denote by T, and T, the first time X goes above or below z:

TF =inf{t: X; = z}.

We now turn to the introduction of some objects which are specific to the
situation when X is spectrally negative. Hence, until the end of this introduc-
tion, we assume that the Lévy measure v is carried by (—o0,0).

In this case, we denote by ¥ the Laplace exponent of X, which is defined
by E[erM] = e (R(A) > 0), and is related to the Lévy exponent by
P(A) = —W(—i\). Moreover, the function ¢ is strictly convex and strictly
increasing on the interval ($(0), c0) where &(0) is the largest root of ¢, and
we denote by @ the inverse function of v, defined on (0, c0).

Our martingale methods allow us, in this case, to recover the existence of
the g-scale function W(9, which is characterized by: W@ (z) = 0 if = < 0,
and
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° 1

—Azyy7(a) -

e W\ (x)dx = , A > P(q),
/ W= = (@
and which satisfies the following property: for all a < x < b, the process
e 1AW (X, — a) is a P,-martingale, where T' = inf{t : X; ¢ (a,b)}
(see Example 3). Lastly, the following primitive of W (%) will play an important
role:

1, xr <0
Z(Q)(I) - -
1 +q/ W@ (y)dy, z>0.
0

Note that there exists no scale function unless X is spectrally negative—or
spectrally positive—see e.g. [17].

The rest of the paper is organized as follows. In Section 2, we show how a
martingale property related to X translates into a martingale property related
to the reflected process R. In Section 3, we give some martingale properties
involving both X and R, which generalize those of Kennedy [14] for Brow-
nian motion. Examples are given at the end of the section in the spectrally
negative case.

Some applications are presented in Section 4. Precisely, under mild as-
sumptions on X, we give a proof of the Wiener—Hopf factorization, each step
of which is elementary in that it uses only the property that martingales have
constant expectation. Moreover, only simple processes are involved, in par-
ticular we never refer to any path-valued process as in excursion theory. At
this stage, a warning is in order: that the proof is elementary does by no
means imply that the result is easy; actually avoiding the use of excursion
theory leads us to quite long computations. While this is done in a general
setting, the next application concerns only spectrally negative processes. For
such processes, we specify the behavior of X at the first passage times of R
and we also study some related first passage problems involving R and S.

These problems have already been studied via excursion theory (see e.g.
[6] for the Wiener-Hopf factorization, [4] for the first exit of R), which is
the natural tool to use, since it is the continuous time counterpart of the
renewal property at ladder times for random walks. However, it is interesting
to examine these problems via martingale theory. First, this leads to more
elementary proofs of the results, if perhaps less intuitive. Second, it may shed
light on the relationship between martingale theory and excursion theory in
this context.

2 From X-martingales to R-martingales
In this section, we show how a martingale property for X “translates” into a

martingale property for R. Before turning to this topic, we recall the following
well-known martingale property related to the jumps of a Lévy process:
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Lemma 1 (Basic compensation). Let Z be a d-dimensional Lévy process
with Lévy measure vz. Let f: Ry x R — R be a Borel measurable function
such that, for every t > 0, fg ds fRd\{O} |f(s,2)|vz(dz) < co. Then the process

(Zf JAZ 1AZS¢0—/ ds/ (s,2)vz(dz), t20>
d\{O}

s<t
is a martingale.

The above lemma will be used a lot in this paper, and we shall refer to it
as “basic compensation”.
We now turn to the main result of this section, which is the following

Proposition 1. Let f: Ry x R — R be a C*1, function and for 0 < a < b,
set T = inf{t : Xy ¢ (a,b)}. Assume that (f(t AT, Xear), t = 0) is a Py-
martingale for all x € (a,b). Set

M) = f(t, X, — Si) + /fg; (5,0)dSE + > (f( — f(s,0))1as.50 (3)

s<t

Then for all x € (a,b), (M}, ., t > 0) is a martingale under P[.| Ry = z],
where T = inf{t : Ry ¢ (a,b)}.

Remarks 1.

1. Derivatives with respect to t, z, etc., will be denoted whenever convenient
either by f; or by 0;f and so on...

2.If f € CY2(R;. x R,R), Prop. 1 is an immediate consequence of Ito’s
formula. The proof only consists in showing that one can actually weaken
the regularity requirement on f to: f € C11(Ry x R,R). This is needed
later in applications (see 4.2).

3. Of course, there is a similar result with X — I instead of S— X . Specifically,
assume that f(¢, X;) is a martingale; then

f, Xy — 1)+ / fz(s,0) dlc+z s, Al) f(s,O))lAIS<0 (4)
s<t
is a martingale. The fact that f, is evaluated at 0 in the integrals with
respect to dS¢ and dI€ is intuitively clear from the fact that S¢ and I°¢
are local times at 0 for the processes S — X and X — I respectively (see
Section 4 for an explanation of this fact). The measures dS¢ and dI€¢ are
then respectively carried by {S = X} and {I = X}.

4. Here we have treated the special case with S or [ as the bounded variation
process which perturbs X, but it is clear from the proof that one could
work as well with a general bounded variation process Y (in the spirit
of [13]). In this case, the only difference would be that one cannot say
anything about the value of X + Y on the support of dY.
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Proof. Let (¢n,n > 1) be an approximation of unity (e.g. ¢, (z) = no(nz),
where ¢ € C°° has compact support containing 0 and satisfies [ ¢ = 1), and
set

fult.z) = / Gn(®)f(ty + ) dy.

Then f, is smooth in z, and the functions f,, d;f, and 0, f, converge uni-
formly on compacts to f, 0:f and 0, f respectively.

Denote by [au,, Br] the support of ¢, (a, < 0 < 8,) and introduce T, =
inf{t: X; ¢ (an,b,)} with a,, = a — «,, and b, = b — 3,,. If n is large enough,
we have a < a — ay, < b— B, < b. Since the support of ¢, shrinks to {0} as
n T oo, we have T;, T T a.s.

We note that f,,(t A T, Xear,) is a Py-martingale, for large enough n. In
fact, we have

fult X0) = / bu () f(y + X,) dy

and if n is large enough, the support of ¢,, is so small that y + z € (a,b) for
all y € Supp(¢y,). It follows from our assumption that f(t AT,y + Xiat,) is
a martingale for all y € [ay,, B,], hence so is f,,(t A Ty, XinT, )-

Since f, is smooth with compact support, it is in the domain of the gen-
erator AX of X, and we have

0fu

Er (t,x) + AX fo(t,x) =0, t>0, 2 € (an,by). (5)
Now set
¢
Afn
N = fa(t, X — S1) + 6il,(s,o) dse

0

+ D (fuls.A80) = ful5.0))1as, 0. (6)
s<t

By It6’s formula and (5), we obtain that Ny, is a martingale under Pr,—,
where 7, = inf{t : R; ¢ (an,bn)}. In the sequel, we denote P = Pg,—, and
E= ERO:w-

We now show that (N7} , t > 0),>1 converges in H? (the space of square-
integrable martingales up to any fixed time), as n — oo, to a martingale N.
To see this, let n, p > ¢ and note that by Doob’s L? inequality

E| sup (NI —NP)?2| <4E[IN" = N¥)in,].

SKINATY
To simplify the notation, we set fn,, = fn — fp, and, if f : Ry x R — R is
some regular function, we denote Af(s) = f(s,Xs — Ss) — f(s, Xs— — Ss—).
We have:
[N" = NPJi = [fuple + Ar(t) + A2(t),

where [fn, p]i means [fn (., X. —5.)];, and
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Ai(t) = Z(Afn,p(s)) (fn,p(37 ASs) — fn7p(s>0))1ASs>0

s<t

A2(t) = Z(fmp(& ASS) - fn7p(87 0))21ASS>O-

s<t

Note that X, = S5 if AS; > 0 and apply the basic compensation formula to
get

t fe%e]
M)~ [ s [T ) fup(s,0) = fupls X = 5
X [frp(s, Xs —Ss +2) — fnp(s,0)],
and

t e}
Ay(t) N/o ds/s . v(dz) (fap(s, Xs — Ss +2) — fn,p(s,O))z7

where we write A ~ B to mean that A — B is a local martingale. Now, using
It6’s formula, we see that

2 (fn ’
d[fnplt =0 (3—5 (t, (X — S)t_)> dt 4+ dAs(t) +dAs(t) + dAs(t) + 2 dAg(t)

where

A3(t) = Z(%(S, (X - S)S_)) (AXs)zl\AXs\gl

or
s<t

2
Al = Y liaxie (Afn,p(S) - (S - s>s>)Axs>

s<t
A5(t) = Y (Afup(9) Ljax. 51
s<t
Ofnp
Ag(t) = gles@{ (J;x (s, (X — S)s)]

<[ anso - (L2 x - 510 Jax]

Applying Lemma 1 to each term, we replace A; by its compensator and obtain
that E[A;(t A71y)] = 0asnand p gotooo (1 =1,...,6). So (Ntnm,q)@o is a
Cauchy sequence in H? and therefore converges as n — oo to a process (ON
which is a martingale. Let us set

Ny = f(t, Xt —St)+/0 %(3,0) dSS+ > 1asg.>0(f(s, AS,) = £(5,0)). (7)

s<t
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From (6) and since f, — f and 9, f, — 0, f uniformly on compacts, we have
clearly (Q)Nt = Niar,-

We now show that Niar — Nyar, — 0 in L? as ¢ T oo, which finishes
the proof of the proposition as it implies that (Niar)i>o0 is a H? martingale.
Indeed, it follows from inspection of (7) that there are constants Cy, Cy and
C5 such that:

E[(Ninr — Ninr,)2] <34 Cy Plr, < 7] + G E[(Sfm _ gthq)th}

2
tAT<SKEIAT

Each of these three expectations goes to 0 as ¢ — oc: it is clear for the two
first ones; here are some details for the latter. Set

Iy=>) 1as,o-

s<t
. . . . 2 2 2
We have, since I is an increasing process, (Iiar — I’t/\Tq) <TIE, — thqa and

+C3 FE

tAT

I3, —r2, = 2/ Iodli+ > lag,s0

tATq EATg<Ss<EAT

A basic compensation gives Iy = M, —|—f0t D(Rs)ds, where M is a local martin-
gale and 7(z) = v(z, 00). In fact, (Miar)e>0 is a square integrable martingale,
since E[[M, M]in-] = E[I'ia;] and

Elin] =FE UOW v(Ry) ds] < v(a)t.

As a consequence, we obtain:
On the one hand,

Z las.>o0

tATG<SKEAT

E =E U;AT v(Rs) ds} <v(a) B[(EAT) = (tATY)]

NTq

and the foregoing goes to 0 as ¢ T oo.

On the other hand,
E [ / . drs] E { / " Ry ds}
(@) E[Topr—((EAT) = (EATY))]
(@ E[2, ] B[t A7) - A7) 7]

by Cauchy—Schwarz inequality. The last term in the right-hand side goes to 0
as ¢ | oo, and all we need to show is that E[Ffm] < oo. However,

N

v
_ 1/2
7 /

N
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([ o dsﬂ }

< Q{E[FW] + EUOW 7(Rs) ds} }

< 2{v(a)t + v(a)*t*}.

E[FE/\T] < 2{E[M752/\T] + E

Our claim follows readily. O

Remark 2. For fixed a and b, the martingales we have just constructed are
uniformly integrable, since f is uniformly bounded on each [0,t] x [a, b]. If we
let @ — —o0 and/or b — +00, we get local martingales, and we should be
careful if we wish to apply the optional stopping theorem.

Ezample 1. In [13] (see [1] or [3] for a generalization), the authors introduced
a local martingale which has proved quite useful in a number of applications.
Specifically, if Y has bounded variation and is adapted, and if Z; = X; + Y3,
the process (K¢, t > 0) defined by

t t
Kt — ei)\Yo _ei)\Zt —W(A) / eiaZs d5+1)\ / ei/\Zs d)/'sc_‘_z ei/\Zs (1 _e—i)\AYs)
0 0 s<t

is a local martingale. If Y = —S, this follows from Prop. 1. Indeed, consider
the function f(¢,x) = e (N which generates the exponential martingale
f(t, X:). By Prop. 1, the process

i
M, = et&l’(/\)-i-i)\(Xt—St) _ 1)\/ esW()\) dsg - B,
0

is a local martingale, where

B, = Z(esm)\) _ GSW(A)H)\ASS)lASQO-
s<t

K is then recovered as K; = fot e YN A,

If X is spectrally negative, the result of Prop. 1 simplifies since S is con-
tinuous.

Corollary 1. Suppose that X is spectrally negative. Let 0 < a < b and f :
Ry xR — R be in CY1. Set Z, = f(t, X;), and assume that ZMT;/\T; 5 a
P, -martingale for all x € (a,b). Then, if

Zt = f(t,Xt — St) + /t fz(S,O) dSS7
0

Zinr is a Pr,—g-martingale, where 7 = inf{t : X; — S; ¢ (a,b)}.
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3 Kennedy martingales

In this section, we describe an analogue, for Lévy processes, of the two-
parameter family of martingales introduced by Kennedy [14] for Brownian
motion. Here, both the reflected process R and the supremum process S come
into play independently.

3.1 Brownian motion with drift

Let us first recall the particular case of Brownian motion (with drift). The
martingale property of the next proposition, in the Brownian motion case,
was used in [5] to obtain a solution to Skorokhod’s embedding problem. As
we shall see in Section 4, this particular application cannot be extended to
Lévy processes.

Let hence B be a standard Brownian motion and p € R; set X; = B; +
pt and Sy = sup,c; Xs. We then have the following result, which follows
immediately from It6 formula, and the fact that dS; is carried by {t : X; =
St}

Proposition 2 ([5]). Let f: Ry x Ry x Ry — R be a smooth function. If
1
§fzm_.ufz+ft =0
fa(t,0,) + fy(£,0,9) =0

then (f(t, St — X, St), t = 0) is a local martingale.

In relation to the exponential martingales, it is natural to look for functions
f that satisfy (8) in the form f(t,z,y) = h(z)e~ =5 If u = 0, the associated
martingales as stated in Prop. 2 are due to Kennedy [14].

The function h must then satisfy $h” — uh’ — h = 0, together with the
boundary condition 2'(0) = «h(0). Hence, we get

h(z) = Ce"*((a — p) sinh(éz) + & cosh(dz)) 9)

for some constant C, where § = /u2 +23. As an application, these mar-
tingales allow to recover immediately a formula of H. M. Taylor [20]. In-
deed let T = inf{t : S; — X; = a}, then the local martingale h(Sirr —
Xpr)e~@Senr=BUAT) s hounded, so that

h(0) e~ (atmag
h(a)  §cosh(ad) — (o + p) sinh(ad)

(8)

E[eaXT_ﬁT] =e ¢ (10)
(see also [21]).

Later on, we shall see to what extent this situation can be generalized to
Lévy processes, and an example where no interesting such function h can be
found.

Remark 3. If p = 0, by the well-known equivalence theorem of Paul Lévy,
S — B and S in the proposition above can be replaced respectively with | B]
and L, where L is the local time of B at 0.
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3.2 Kennedy martingales for Lévy processes

In this paragraph we assume that our Lévy process X is integrable, and we
denote p = E[X;]. Under this condition, we have the following analogue to
Prop. 2:

Proposition 3. Let f(t,z,y) : Ry x Ry x Ry — R be a smooth function,
such that, for everyt, xz, y > 0:

0.2
ft(t,«r,y) - :u‘fr(t7x7y) + 7 fIf(ta'ray)

+ / (f(t = 2) = f(ta) + 2Loltp) v(d) -

4 [0+ - 0) = flt) + 2 (b)) v(d2) =0
fa(t,0,9) + fy(t,0,9) = 0.
Then (f(t,S¢ — X, St), t 2 0) is a local martingale.

Proof. As in Prop. 2, this follows immediately from Itd’s formula, and the
“support property” that X;_ = X; = S; = S;— on Supp(dS§). O

Remark 4. If f does not depend on y, this can also be directly deduced from
Prop. 1.

Just as in the Brownian case, we can look for f in the form f(¢,z,y) =
h(z)e~*¥~=Pt. The conditions of Prop. 3 then imply that h is a solution to the
integro-differential equation (x > 0):

€T

o2
—Bh(x) — ph/(z) + Eh”(a:) + / (h(z — z) — h(z) + zh/(z)) v(d2)

— 00

+ /OO (h(0)e™ =) — h(z) + 21 (2)) v(dz) = 0

with the boundary condition h’(0) = ah(0).

Ezxample 2. Let us look at a simple example. Assume that X is the compen-
sated Poisson process X; = N; — t. In this case, the function A must satisfy

W ()= Bh(z)+Loges (R(0)e™ %) —h(2)) + 1451 (h(z—1)—h(z)) = 0. (12)

On [0, 1], we obtain

h(z) = Cy eXp((l + ﬂ):l:) + 1—:1,(670)—a exp(—a(l - a:))7 0<z<1.

By putting = = 0 in the formula above, we get
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h(0)

h(0) = Co + m

e . (13)

On the other hand, the boundary condition »’(0) = ah(0) gives

ah(0)  _,

From the last two formulas, we deduce that

R(O)(1+B)e ™  h(0)ae ™
1+8—«a 1+ 08—«

= (1+ B)h(0) — ah(0).

If we rule out the trivial case h(0) = 0, we then obtain (1 + 5 — a)e™* =
(1 + B8 — «)?. Note also that if 1 + 8 — « = 0, then solving (12) on [0, 1]
together with h'(0) = ah(0) yields a = e~®. Hence we also rule out this case.
We thus obtain f = e ® 4+ a — 1 = ¢(—«), where ¢ is the Laplace exponent
of X, E[e?] = etV

Plugging this into (13), we obtain h(z) = h(0)e**, 2 < 1.

Let us now turn to the case > 1. Then h must satisfy b’ — 8h + h(z —
1)—=h(z) = 0. Set h(X) = [~ e **h(x) dz. The difference-differential equation
(12) yields

1
—e (1) + Ah(N) — Bh(N) + e / e MR(0)e* dz + e Mh(\) — h(N) =0
0
which can be rewritten, taking into account the previous results,
Y 7 Y o -1
(A=B+e " =1)h(A\) —e "h(0)( e S =0
o —

or, since 8 = ¥ (—a),

(6(-3) — w(-a))h(y) = e 2O () ()
This gives: N
h(\) = h(0) j_ — = h(O)/1 e~ 702 7.

Hence, h(z) = h(0)e®® for all z > 0, and we have found again the classical
Wald martingale.

We now turn, until the end of this section, to the special case when X is
spectrally negative. From Prop. 3, we obtain:

Proposition 4. Let f(t,z,y) : Ry x Ry x Ry — R be a smooth function,
such that
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0

o2
ft _ﬂfz + 7frr +/ (f(t,x—z,y) —f(t,l‘,y) —l—Zfr(t,l‘,y)) V(dz) =0

— 00

fa(t,0,) + fy(t,0,9) = 0.
(14)
Then (f(t,S: — X¢, St),t = 0) is a local martingale.

As a corollary, we obtain the analogue of Cor. 2.2.2") in [5]:

Corollary 2. Suppose that p© = 0, so that X s a martmgale Let g be a
locally bounded Borel function, and set G(x fo y)dy. Then,

(G(Se) = (St — X1)g(Si), t=0) (15)
is a local martingale.

Proof. If g is C!, one checks that f(t,z,y) := G(y) —xzg(y) satisfies conditions
(14). The result for a general function g then follows from the monotone class
theorem. O

The above corollary has interesting consequences, which will be explored
in Section 4.

Let us look again for functions f in Prop. 4 of the form f(¢,z,y) =
h(z)e~¥=F!. In addition to the boundary condition h’(0) = ah(0), h must
satisfy: for all z > 0,

o? 0
—Bh(x) — ph' (x) + 7h”(z) —|—/ (h(z—2) — h(z)+ 2k (x)) dv(z) = 0. (16)

— 00

Setting h(z) = —h(—x), this can be rewritten

Bh(x) — AXh(x) =0, x < 0.

Hence e~ BUATO (X AT+) must be a P,-martingale for all < 0, where T, =

inf{t : X; > 0}. Equlvalently, ePUNTy )h(X 7) must be a P,-martingale for
all z > 0, where T, = inf{¢: X; < 0}. In other words, the function e#'h(z) is
time-space harmonic for X in R x R, . If we ask moreover that h be positive,
then by a result of Kiichler and Lauritzen [15]:

Ath(z) = / m(da) e*@ ()

where 7 is a finite positive measure (conversely, any function of the form above
is a time-space harmonic function for X).

Ezample 3 (Scale functions). In the case of a spectrally negative process X,
the scale functions W(9 and Z(9) give rise to other natural examples of mar-
tingales. Indeed, as is well-known (see e.g. [4]), for any ¢ > 0 and a < z < b,
the processes
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e 1D W D (X, p —a) and e 1D ZW@D (X, 7 —a) (17)

are P -martingales, where T' = inf{t : X; ¢ [a,b]}. Therefore, any linear
combination is also a martingale; this will be used in Paragraph 4.2.

For the sake of completeness, we provide a simple derivation of the exis-
tence and martingale property of W(®. Set I, = infs<+ X5 and assume first
that X drifts to +oo, so that its overall infimum I, is finite. Define the
function W by

W(z) = cPlly > —x], x>0

where ¢ is an arbitrary positive constant and W(x) = 0 for < 0. An appli-
cation of the strong Markov property at T, (y > 0) yields

(18)

On the other hand, it is proved independently in Section 4 (see (27)) that, if
0 is an independent exponential variable with parameter r > 0, then

d(r)+ A
E[eMe] = T A
[*] P(r) r—1p(A)
Letting r | 0, we get
IN: 1 A
IE[e °°] = —

~(0+) (V)
and choosing ¢ = &'(0+), we obtain finally
1
0
Moreover, it follows immediately from the definition of W and (18) that the
process (W (Xiar),t = 0) is a P-martingale for all z > 0, where 7 = inf{¢ :

X: < 0} (see also [6, Lemma VII.11 p. 198]). The above discussion is easily
extended:

/ e MW (x) de =
0

e to oscillating processes, by adding a small positive drift which we let tend
to 0;

e to processes which drift to —oo, by “conditioning them to drift to +o00” via
an Esscher transform.

For the details, we refer to [6].
Lastly, consider the probability P?@ defined by
p?@ |7, = eP(D) Xt —qt P|z,,
and let Wg(,) denote the scale function relative to PP, Setting

W@ (z) = eqﬁ(q)wW@(q) (z),
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we have

/ e WD () da = A > D(q)

o
0 b(A) —q’
and for x > 0, since W) (Xinr) is a P?(@_martingale, it follows that

e_Q(t/\T)W(Q)(Xt/\T) is a P -martingale. The case of a general interval follows
by translation.
Now if Z(@) is defined by

Z9D(z) =1+ q/ W@(y)dy =1+ q/W(‘” (@ = y)locy<a dy
0

the martingale property for Z(9 is simply a consequence of the martingale
property we have just seen for W@,

To end this discussion, we recall a few examples where the function W (%)
is known explicitly:

Lévy process X W@ 7@
B i ith drift i
rov;n;a% ’ % e " sinh(dz) e H® <cosh(5:c) + % sinh(éw))
k x
Compound Poisson, k(q)eh(q)z 14 qh(—(qq))(eh(q) _ 1)
unit drift, negative h(@)k(q)—1
‘1 _ mLEE—| qk(q)(1 —k(q)) / hok@-1
exponential jumps |+(1 —k(g))e” *© IS VAL G V2N PRy 107 1
h(q)k(q) — 1 ( )
Stable, index a > 1 é dd_x{Ea(qma)} Ea(qz®)

On the second line, X; = t—ZkN;l Uy where N is a Poisson process with inten-
sity A and Uy, are independent, also independent of IV and have an exponential
distribution with parameter ¢; the functions h and k are defined by

h(q) = % A+ q—c+ V(A +q—c)? +4qge),

h(q) + ¢
(h(g) +¢)? = Ac

On the third line, due to [7], E, is the Mittag-Leffler function of index « (see
[22] or [10]).

The functions e @W (@ (z) and e~ Z(@ () provide us with examples of
time-space harmonic functions in R4 x (a,b). Note that in the Brownian case,
the Kennedy martingale can be expressed in terms of W(® and Z(9.

k(q) =

In the next example, we examine a special case when there exists an in-
teresting function h which satisfies (16).

Example 4. We retain the assumptions of the present paragraph, that is X is
spectrally negative and integrable.
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Furthermore, we make the following hypothesis on the Laplace exponent
of X. Let \g = inf{)\ : E[e)‘Xl] < oo} < 0, and assume that Ay < 0. We also
assume that 8* = limy_,+ ¥(A\) > 0. Under these conditions, we can work
out an interesting special case of Prop. 4.

The Laplace exponent of X, ¢)(\) = InE [e)‘Xl], is C*° and strictly convex
on (Ag,00). Then for each 0 < 8 < *, there are two distinct solutions to the
equation ¢ () = ; denote them for instance by v7— < 0 < 4. The function
h(z) = Ae=7=% + Be "*+* (where A and B are constants) verifies

—Bh(x) — ph'(z) + %2h”(x) + /0 (h(x — z) — h(z) + zh/(z)) dv(z) = 0
and the boundary condition of (14): A'(0) = ah(0) implies —(Ay_ + Bvyy) =
a(A+ B), that is B=—A zi—:ﬁ . Hence h is given by

B(x) = C((a+74)e " = (a+7-)e™7+7)
for some constant C. It is not hard to check that h can be rewritten as

h(z) = e~ " ((a + n) sinh(dz) + § cosh(dz)) (19)
for a suitable choice of C, where

1

n=n() =5 t)s 6=0(8) =3 (e — 1)

It is quite remarkable that (19) is identical to (9), up to a change of parameters,
and it would be interesting to develop further this analogy.

4 Some applications

This last section is dedicated to some examples of application of the martin-
gales we have introduced in the previous sections: We examine two results
that have already been obtained by using excursion theory, and derive them
again by martingale arguments. We obtain more elementary, if less intuitive
proofs.

4.1 The Wiener—Hopf factorization

In this paragraph, we show how our martingales can be used to recover the
celebrated Wiener—Hopf factorization:

Theorem 1. Let 0 be an exponential variable of parameter q, independent
of X. Then Sy and Xg — Sy are independent, and hence:

E[eiqu] — E[eiu(ngSG)] ]E[eiusg] . (20)
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The above theorem is equivalent to the existence, for every ¢ > 0, of two
functions ¢ and ¢, such that:

1. gzb('; and ¢, are the characteristic functions of infinitely divisible laws;
2. ¢ is analytic in {S(z) < 0} and ¢, is analytic in {3(z) > 0};
3. For every u € R,
q P
—_ = U u). 21
s = 0w ) (1)
Standard arguments from complex analysis then entail that the functions gb;
and ¢, are unique.

Recall the basic fact that if o is the inverse local time of R at 0 and if we
set H =X oo = S oo, the process (o, H) is a bivariate subordinator, called
the ladder process of X. This follows from the fact that o is the inverse of an
additive functional and satisfies (S — X),() = 0 for all ¢. This subordinator
is killed at some rate c if Soo < 0o. We denote by x its Laplace exponent:
]E[e_qot_)\Ht] —_ e—tn(q,)\).

Also, recall that the continuous part S¢ of the supremum S is not trivial
if and only if it is a version of the local time at O for the reflected process
S — X. Indeed, it is clear first of all that the support of dS¢ is included in
{t: Sy = X;}; we have already used this fact above. Next, let T be an a.s.
finite stopping time such that S = Xr a.s. Then, we have

Stit = X7 +0Vsup{Xris — X1, s <t}
so that
(RT+757 S%+t — S%)tZO = (XT — XT+t +0V SUP{XT+3 — XT7 s < t}7

0Vsup{Xr4s — Xr,s <t} — Z AST+S>

s<t t>0

By the Lévy property of X, we see that (Rry¢, S%,, — S)i>0 is independent
of Fr and has the same law as (Ry, S§)i>0. Proposition IV.5 in [6] then entails
that S¢ is a version of the local time of R at 0.

Hence, when S¢ # 0, we choose it as the local time of S — X at 0 and we
then have o = (S¢)71; if S¢ = 0, we take the same definition as in [9] for this
local time. Note that it is possible that 0 be regular for itself relative to R
even if §¢ =0, so R can have a continuous Markov local time at 0 also in this
case.

The ladder exponent has the following Lévy—Khintchine representation:
for some b, ¢, k > 0,
(g, \) = c+bg + kA + / (1—e 272%) |(dt,dz).
(0,00)?

This corresponds to the Lévy—Ité path decomposition
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ot:bt—l—ZAas, t<(

s<t

Hy=kt+» AH,  t<(

s<t

where ( = S is the lifetime. Note that if S¢ =0, then H = S o ¢ is a pure
jump process and therefore & = 0. Otherwise, we have, for almost all w

Hy(w) = Soy(w) (@) = S5, () (@) + 55, (o) (@) =t + 55, (0 (w)

and so k = 1. It is also known that k£ > 0 is equivalent to X creeping upwards
with positive probability ([6, Th. VI.19]).

The following identity, which will be useful in the sequel, is an immediate
consequence of the Lévy—Khintchine representation of x:

k(g, A) = k(q,0) + kA + / e (1 - efAz) I(dt,dz). (22)
(0,00)2

In the remainder of this paragraph, we shall work under the following
assumptions:

— X does not drift to —oo, that is limsup,_, ., X; = +o0.
— The Lévy measure v of X satisfies: fol zv(dz) < co.
— 6 denotes an exponential variable with parameter ¢ > 0, independent of X.

The first assumption implies in particular that the ladder process has an
infinite lifetime, i.e. ¢ = 0.

In order to prove the Wiener—Hopf factorization, we prepare a series of
lemmas; these results are essentially already known, but we prove them here
in the spirit of the present paper, using only elementary martingale arguments.

Lemma 2. The process (Mt(u)7 t> O), where

t
Mt(U) — olU(Xe—S1) _ g—iuSo 4 Lp(u)/o elu(Xr=5r) g

+ iuS¢ — Zeiu(xr—sﬁ (1—euas)  (23)
r<t
is a martingale.

Proof. We already know (see [13] or Example 1) that M ™) is a local martin-

gale, and we now show that sup,<; |Ms(u)| is integrable for any t. First let us
note that if S¢ is not trivial, then S§ has an exponential law since S¢ is a local
time. Let us now turn to the jump term. By the basic compensation lemma,

the quantity
Z| 1— eiUASr |]

r<t

E
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exists as soon as

t 00
/ dr/ v(dz) ]E[IRT<Z‘1 — iz Fr)
0 0

But since |1 — e/“*| = jux + O(2?) as # — 0, this latter condition is fulfilled
thanks to our hypothesis on v. The remaining terms are bounded. ad

]<oo.

The next lemma is proved in [12] by elementary methods essentially build-
ing on discrete time approximations. For the sake of completeness, we now
present a proof in the spirit of the present paper.

Lemma 3. The following equality holds for each u € R:

K(q,0)

g, ) (24)

E [eiuSG] —

Proof. Using It6’s formula and a basic compensation, it is easy to see that
the process (X", t > 0) defined by

t t oS}
S = vt 4\ / O / {ei“S“ / (1—ei“<va>)u(dx)}dv,
0 0

Ry

is a martingale, hence E [Egu)] = 1 (we use the same argument as in the proof

of the previous lemma as to the integrability of sups<t|2§u)|). Let us now
compute each term of E[Eé,u)]. First, we claim that

6 k
E{ / el dsg] =——.
0 rlg, —iu)

It is obvious if §¢ = 0, and if S¢ # 0, we have

0 o o
IE{ / el dsg] = E[ / e avtiuSy dSﬁ} _]E[ / e aou ity dv}
0 0 0

1
K(q7 —IU) .
Next, notice the a.s. equality between sets

{(v,Sy—, AS,) : v >0, AS, >0} = {(0w, Hy—, AHy) : w > 0, AH,, > 0}.

Using the basic compensation lemma, it follows that
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E U:{eiusv /:(1 — (e h)) V(dx)}dv]

=E / {eq”““S”/ (l—ei“(rfR“)) V(dx)}dv]
0 Ry

—F E efqv%»iusv, (1 _ eiuASv)lASv>O:|
~v>0

—F E e—qoyu-i-iuHU, (1 _ eiuAHv):|
>0

=E / e 7wt gy / e 9 (1 —e™") I(ds, dh)}
L/o (0,00)2
1 / —q iuh
= e (1 —e™) I(ds,dh).
H(Qa _lu) (0,00)2 ( ) ( )

Putting pieces together, we obtain

Efe] = — L (n(q, i) + kiu — /

- e~ (1 — M) I(ds, dh >
H(q>_lu) (0,00)2 ( ) ( )

Now, from the Lévy—Khintchine representation (22) of x, we recognize that
the term in brackets in the above formula is nothing else but (g, 0). O

Remark 5. Formula (24) shows that Sg has the same law as Z@ where Z is
a subordinator with Laplace exponent ¢(\) = (g, A) — £(g,0) and 6 is an

exponential variable with parameter x(g, 0), independent of Z. More precisely,
(24) yields, for every A > 0

E[e*)‘sg] = IE[e*AHé]
where P is the Esscher transform
Plg, = e~ (20p|g,

with G; = F,,. It would be interesting to know more about the relationships
(if any) between fluctuation theory and this Esscher transform.

The following result is a slightly different form of [19, Formula (13)], which
is proved using excursion theory. We provide here a martingale proof.

Lemma 4. For all u € R,

E[e5] = (1 - n(i(;jo) HEUOO dr /}:(1 ) V(dx)])l. (25)
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Proof. Let us set, for ¢ > 0 and v € R:

Ze*q"“ (1 — ei“AH“)] .

v>0

A=E

By the basic compensation lemma, we have

Z e~ 10v— = 1Ay (1 _ (luAH, )1

v>0

= IE[ / e 17 dv / e (1 —e™") l(ds,dh)}
0 (0,00)2

where [ is the Lévy measure of the ladder process (o, H). The foregoing formula
can be written as

(/OOO E[e™"] dv) (/(Om)z e (1 —eM) I(ds, dh))

]. / _ iuh
= — e ¥(1 — ") I(ds,dh).
K(¢,0) J(0,00)2 ( )1 )

Now, observe that we have the a.s. equality between the sets

A=E

A

{(0s,AHs):5>0} ={(v, Xy — Sp—) : v >0,X, > S,_};
this follows from the very definition of (o, H). Hence, we have:

A=EF Ze—%(l _ eiu(X"’_S”))le>Sv]
Lv>0

) Ze*q”(l _ eiu(AXU+XvSv))1AXU>SUXU]
Lv>0

—F / e~V dv/ (1 _ eiu(a?"er—Sv)) V(dx)]
L0 Sy —Xo

as follows once more from Lemma 1. Then, it is not hard to see that

A= éIE M: (1 — elu(==Fe)) u(da:)}
=E er dr /Oj(1 — elulz=HR) y(dx)} .

By what we have just shown above, we obtain:

k(g, A) = k(g,0) —iu + @ /000 P[Ry € dy] /yoo (1- eiu(mfy)) v(dz). (26)

(25) now follows easily from combining (26) and (24). O
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Proof of Theorem 1. By Lemma 2, we have ]E[Méu)] = 0. Let us compute the
expectation of each term on the right-hand side of (23). First, we have

E|:/9 eiu(Xr—Sr) d’l":| _ /OO e_qrE[eiu(Xr—Sr)] dr = E]E[eiu(Xg—Sg)].
0 0 q

Next, we have

E[S§) = ﬁ

This is clear if S¢ = 0, while if S¢ # 0, an immediate change of variables gives

E[S¢] :]E[ /O h dSﬁeq’"} _ /0 T Re1] qt = . (ql’ 5

Let us now turn to the last term of (23). Since the summand vanishes unless
AS,. # 0, which is equivalent to AX, > R,_, we have

E [Z olu(Xr—5,) (1 _ eiuASr) Z 1aX,> R, (1 _ eiu(AXrRr))]

r<6 r<6

—E er dr /:(1 ) y(dx)}

where we recall that v is the Lévy measure of X and the second equality follows
from the basic compensation lemma. Putting pieces together, we obtain:

s o] o [0 ]

and we conclude thanks to (25). O

=E

Remark 6. In the spectrally negative case, the argument above is due to [16];
it is then very simple, since there is no sum of jumps in M and Sy = S
simply has an exponential distribution.

Let us consider the formula:

el )= o (1 B[ o e van))

in the case of a spectrally negative process X. Then, v is supported by R_
and S = 5S¢ is a version of the local time of R at 0; the inverse local time is
thus ¢ = S~'. A simple martingale argument shows that this subordinator
has Laplace exponent @ (see [6]). Recall on the other hand that the Laplace
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exponent of ¢ is given by x(g,0). As a consequence, the above formula takes
the form

oiu(Xo—50)] — q o duw ) g P(q) —iu
Ef I= @ (1 ¢<q>) TORETI0k

Now by the well-known duality lemma, Iy has the same law as Xy — Sy and
the foregoing equality is valid with any A such that %(\) > 0 instead of iu, so
that we finally obtain (see also [6, Chap. VII Formula (3)]):

E[cM] = % %, R(V) > 0. (27)

4.2 The exit problem for the reflected process (spectrally negative
case)

In this paragraph, we assume that X is spectrally negative, and we are inter-
ested in the joint law of (7x, R, ) where 7, = inf{t : Ry > k}. The knowledge
of this joint law, given by (29) below, has applications in finance ([2, 4, 18]),
and was originally obtained in [4] using excursion theory (see also [11] for a
different approach). We also assume for simplicity that the Lévy measure of X
has no atom, so that W9 is a C! function, as shown in [11] (our results still
hold in the general case, provided we interpret W@’ as the right derivative
of W),

Recall the scale functions W (9 and Z(9 give rise naturally to some mar-
tingales related to the two-sided exit problem for X. They can also be used
to construct martingales related to R. Before we proceed, let us introduce
the Esscher transform of P with parameter v, i.e. the probability measure
defined by

Pv‘]__t _ evXt—tll)(v) P‘]—‘t,

and recall that under PY, X is a spectrally negative Lévy process with Laplace
exponent 1, (A) = (v + A) — ¥ (v). The scale functions relative to P” are
denoted W? and z'?.

We can now state:

Proposition 5. Fiz 0 < x < k, and set

M, = evat*(qJﬂ/’(”)t) X
vZ (k) + qWi (k)
oW (k) + WO (k)

x (Zé‘”(k: - Ry) — W (k — Rt)>~ (28)

Then (Mipr,, t = 0) is a Pr,—,-martingale.
Proof. Set T' = inf{t: X; ¢ (—k,0)} and

Ny =e (ZD(X; + k) +aW D (X, + k), a€eR.
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Then by Example 3, (Niar, t > 0) is a PY -martingale for all y € (0,%), s
that if

N, = et Xe =@t vt (Z() (X, + k) + aW D (X, + k),
(Nt/\T> t > 0) is a P_,-martingale, for all y € (0, k) . By Corollary 1, if we set
]\Z = e*URt*(qu?l}(v))t(Zi(}Q)(k —R)+ aWﬁq)(k _ Rt))
t
+ / e~ @IS [y (Z8D (k) + aW (D (k) + qW D (k) + aW P (k)] dS;
0
then (]\A/[/t/\fkys, t> O) is a Pr,—,-martingale, where € € (0, z) and 75, = inf{¢ :

R: ¢ (e,k)}. By choosing

028 (k) + gWiP (k)
WP (k) + W (k)

we obtain that (Miar, ., t > 0) is a Pg,—,-martingale. Now 7 T 7 as
e — 0 so that R, . — R, by quasi left continuity. It is then clear that
Minr,.. — Mipr, in Lt as € — 0. O

From the preceding martingale property, we deduce the joint Laplace trans-
form of (7x, R, ):

Corollary 3. For all v > 0 and q > 0, we have:
Ery—z [e—vRTk —(q+¢(v))7k]

(9) (9)
. vZy (k) + qWy™ (k
= 2 (k — ) - W(cn( : W(q)/( :

WD (k — z)). (29)

Formula (29) was derived in [4] by means of excursion theory.
To complete the description of the process at time 7, we give the following
trivariate law, which follows immediately from (29) after an Esscher transform:

Corollary 4. For u, v, ¢ > 0, we have:
E[equ-k —qu-k—(q-Hl)(u-ﬁ—v))Tk]
0Z{, (k) + aWiD, (k)

= Zfﬁgv(k) - 7
WD, (k) + WD, (k)

W9 (k). (30)

Remark 7. It may also be of interest to study the first hitting time 7/, = inf{t :
S;— X = a}. Note that 7, > 7, and that S;, = S, a.s.. Applying the Markov
property at time 7, and using (30), one can then show that

W (a) - B(g)W @ (a)
W (a) + alW (@ (a)

oo -] = grioe
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4.3 A partial extension

We now generalize the previous discussion to more exit problems related to
the reflected process. In this paragraph, we still assume that X is spectrally
negative, and furthermore that it is a martingale. Let © be a left-continuous,
decreasing function defined on R, such that ©@(0+) = a < +oo and O(+00) =
0. As shown in [5], one can associate to © a centered probability measure m
by the formula:

m(ie.o0) = [ ST e

oo =
o0 s<x

where the function = is defined by ©(x) = x — Z~!(x). The function = is
an increasing, left-continuous function such that =(—oc0) = 0 and Z(y) =
y = EZ(z) = z for all z > y. Moreover, sup{z : Z(z) = 0} = —a and
inf{z : E(x) = 2} = inf{z : O(x) = 0}.

It is shown in [5] that = is the Hardy-Littlewood transform of m. Con-
versely, to a probability measure m, one can associate its Hardy—Littlewood
transform

m/_ tm(dt) if m([z, 00)) >0

T otherwise,

=1

and a function ©,,(z) = x — =, ' (x) that has the properties of the function 6.
Our goal here is to study the stopping time T = inf{t : S; — X; > O(S)}.
We first prepare an intermediate result.

Lemma 5. Assume that X has bounded jumps. Then, we have

W(e(s))

E[XT|ST:3]:S_W-

(31)

Proof. Set gr = sup{t < T : S; = X;}. The law of (Xy, 9r < t < T)
conditional on Fg,. is the same as the law of (X;, t < T~ (s — O(s))), started
at s, conditioned to stay below s. That is, we have:

E[X7|Fyr, S7 =] = imE,_ [(X7-(s—o@s) | T~ (s = O(s)) <T*(s)]

= IEIE)I]E[S —€ec+ XT*(e—@(s)) | T (6 - @(S)) < T+(6))]

On the one hand, we have from Example 3:

W(O(s) - o)

P[T(e—0(s)) <TH(e)] =1— HCIO)
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On the other hand, for a, b > 0, let 7 = T~ (—a) A T (b); since the jumps of
X are bounded, (Xiar, t > 0) is a uniformly integrable martingale, so that
by the optional stopping theorem:

E[X.] =0.
The foregoing can be rewritten
E[X:1,—r-(—a)] + bP[r =T (b)] = 0.

‘We deduce that

O(s) —¢€
E[X7-(—o() 17~ (c—6(2)<T+(0)] = —¢€ %
and then
o W(O(s)—e) (. W(O(s)—e)\ "
E[X7 | Fyr, St = 8] —E}g(s—e—e W(O(s)) (1_ W(O(s)) ) )
ILUCIO)) 0
W'(6(s))

Next, we obtain the law of Sp.

Proposition 6. The law of St is given by

P[ST > x] = exp (— /Oz % dy). (32)

Proof. Let us first assume that the jumps of X are bounded. Plainly, for every
continuous function g with compact support, the local martingale (M7, ¢t < T')
(see (15)) given by

Mtg = G(St) — (S¢ — X1)g(St)

where G(z) = fow 9(y) dy, is uniformly integrable. Hence, for all such ¢
E[G(ST)] = E[(ST — X1)g(ST)]-
Inserting the expression of E[Xr | St] given in the preceding lemma, we get:

W(e(Sr))

BIG(Sr)] =B \9(5r) 575050y |

We can solve this integral equation for the law of St and this gives the an-
nounced result.
The general case follows by approximation. a

Remark 8. Applying standard excursion techniques, it is possible to obtain
(a characterization of) the law of X7. However the expression thus obtained
seems to be quite complex, so that it would be difficult to exploit such a result.
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The previous result enables us to show that the construction given in
[5] of a solution to Skorokhod’s embedding problem is specific to Brownian
motion. Indeed let us consider a centered probability measure m. We associate
to m its Hardy-Littlewood transform =),, as recalled at the beginning of this
paragraph. Going along the line of [5], it is natural to consider the following
stopping time as a candidate for the solution to Skorokhod’s problem:

T’r/n = 1nf{t . St — Xt - @m(St)}7

where ©,,(z) = z — Z,}(z) (x > 0). The following result shows that the

method of [5] generally fails except for Brownian motion.

Proposition 7. Assume that ©,,(R;) = Ry and that for all continuous func-
tions g with compact support, the local martingale (M7, t < TV is uniformly
integrable. Then X is Brownian motion.

Proof. Under the assumption of the proposition, we have for all continuous
functions g with compact support:

E[G(St,)] = E[g(S1;,)Om(S17,)].

and as in the proof of Prop. 6, we deduce that the law of St/ is given by

P[Sr, > a] :exp<— /0 %)

However if T, = inf{t : Sy — X: > 6,,(S¢)}, we have (32):

W (Om(y))
P|St, >z —exp(—/ —>dy ).
| ] 0o W(On(y))
Now, we have plainly St,, = St/ , and comparing the two formulas above we

obtain that
W(zx) =aW'(x)

for all z € ©,,(R;) = R,. This implies W (x) = z and hence, ¥(\) = A\?, i.e.
X is Brownian motion (more precisely, X; = V2 B;, where B is a standard
Brownian motion). O

Remarks 9.

1. The condition 6,,(R;) = Ry is fulfilled if and only if the support of m is
connected and is not bounded below.

2. A solution to Skorokhod’s problem, in a general framework which embeds
the case of Lévy processes, is developed in [8] using excursion theory; the
stopping time obtained has an explicit, but not so simple expression.

The following example shows that even if the support of m is bounded
below, the method of [5] is likely to work only for Brownian motion.
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Example 5. For a > 0, set
—z(@ta)

so that O, (z) := O, (x) = a for all z, and we have Ty,, = 74, T}, = T7,.

Remark 7 shows that the law of S;, = S/ is given by

B[S, > 2] = exp <—x VVY/((S)) )

If the martingales (M/, ¢t < 7)) are uniformly integrable (where a > 0 and g

a
runs through continuous functions with compact support) we also have

P[Sﬂ; > x] =e %/a,

We conclude again that W(x) = z for all z > 0, hence X is Brownian motion.
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kinds of problem we consider, see Carmona, Petit and Yor [9] and their refer-
ences; some further examples and applications are given below. The authors of
[9] express great interest in exponential functionals of the form fot e & dn,,
where (£, 7) is a two dimensional Lévy process. These are related to generalised
Ornstein—Uhlenbeck processes which have found application in mathematical
finance (option pricing [39], insurance and perpetuities [13], [33], risk theory
[32]) mathematical physics, and random dynamical systems. In particular, [9]
and [13] give results concerning the properties of the improper stochastic inte-
gral (“stochastic perpetuity”) fooo e~&- dn,, in some special cases, under the
assumption that the integral converges. See, e.g., Theorem 3.1 of [9], where it
is shown that the distribution of this integral (when it exists and is a.s. finite,
and when ¢ and n are independent) is the unique invariant measure of the
generalised Ornstein—Uhlenbeck process having the distribution of

t
Xt:e_£‘<x+/ eSs- dns), t>0,z€lR.
0

In this paper we give a complete solution to the question of convergence for
integrals of the type fooo e~ dn,, in the form of necessary and sufficient con-
ditions for convergence stated in terms of the canonical characteristics of the
Lévy process, rather than in terms of the difficult-to-access one-dimensional
distributions of the process. Combined with Theorem 3.1 of [9], this completes
the existence problem for the invariant measure of the generalised Ornstein—
Uhlenbeck process in a very explicit way, in the situation of [9]. We go on to
consider some related integrals and other applications.

To introduce and illustrate the methods and ideas to be used, we start
with a simpler, one-dimensional, setup. Our first theorem gives necessary and
sufficient conditions for convergence of the integral fooo g(&) dt, for a positive
non-increasing function g(-). (Throughout, ™ = z V0 is the positive part of a
number z.) We assume &, is a Lévy process with canonical triplet (v, O'g, II;)
(see below for the formal definitions and setting). Define, for z > 0,

T (z) = He((w,00)) and TI¢ (z) = Hg((—o00, —)), (1.1)

for the tails of II, and the real function
—+ Tt
Ag(w) = ye + 11 (1)+/1 Il (y) dy, x> 0. (1.2)

A¢(z) is a kind of truncated mean related to the positive Lévy measure of
&, which occurs when estimating the orders of magnitudes of certain renewal
functions, as in Erickson [15], p. 377. When ¢ drifts to +o00 a.s., A¢(z) is
positive for large enough = > 0, as we discuss below.

Theorem 1. Suppose lim; oo § = +00 a.s., so that A¢(xz) > 0 for all
larger than some a > 0, and that g(-) is a finite positive non-constant non-
increasing function on [0,00). Then the integral
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/0 (et (1.3)

is finite, or infinite, a.s., according as the integral

/(W) (5 ) st )

converges or diverges.

The precursor of Theorem 1 is a result of Erickson [16] for renewal pro-
cesses (increasing random walks), which we apply together with an asymp-
totic estimate for the rate of growth of the renewal measure of & in terms of
x/A¢(z) (Bertoin [4], p. 74) to prove Theorem 1. Bertoin’s estimate in turn is
a generalisation of a corresponding estimate for random walks due to Erickson
[15]. These estimates can further be used to give easily stated necessary and
sufficient conditions for lim; . & = 400 a.s; Doney and Maller [12] show
that this is equivalent to

/1 ﬁ;(y)dy:ooandJ_<oo, or 0<E& <E|[§] < oo, (1.5)

where
€T —
J = / S S— T (1.6)
(17oo><1+f1 ¢ (1) dy)
Analogous conditions characterise drift to minus infinity (lim_oo & = —00
a.s.) or {&} oscillates (a.s., limsup,_, . §& = +oo and liminf, o & = —o0).

See also Sato [37]. When lim;_, o & = +00 a.s., the limit lim,_, ., Ag(x) exists
and is positive; in fact, it is 400 or no smaller than E£; > 0 according as
the first or second condition in (1.5) holds. Bertoin [4], p. 100, also has a
version of Erickson’s [16] result, for subordinators. While a direct application
of these arguments (estimating the order of growth of the renewal function
when & — oo a.s.) does not seem to work in the general case, nevertheless,
we can prove Theorem 1 using the above results, and one of Pruitt [35].

The cases lim; o, & = —oo a.s. or {&} oscillates lead trivially to the
divergence of the integral in (1.3), because our requirement that g(0) > 0
implies that the range of the integral will contain arbitrarily large intervals of
t with g(&") = g(0) > 0, in these cases. Thus we have a complete description
of the a.s. convergence of the integral in (1.3) in terms of the characteristics
(e, Ug, II¢) of the Lévy process &. With these ideas in mind we can try to
broaden the class of integrals which can be treated by similar methods. In
particular, especially for the purposes of the applications already mentioned,
we wish to allow integration with respect to a further Lévy process, 7, say,
which is not necessarily independent of £;. We achieve complete generality in
this direction when g(t) = e~ (Theorem 2), and, to some extent, when g(t)
is a nonanticipating function that does not grow too fast (Theorem 3).
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Before stating these results we need to set out our framework in a little
more detail. We shall use a canonical setup ({2, F,P) for a bivariate Lévy
process W = (&, 7). For {2 we take the space of cadlag (right continuous with
left limits, also called ricowill) paths w : [0,00) — IR? such that w(0) =
(0,0). Then W (t,w) = w(t) = (£(t,w),n(t,w)). We let FP be the natural
filtration generated by the random variables {W,;0 < s < t} and FO the
o-field generated by {W;,0 < s < oo}. Also F is the completion of F° and
{F:} is the usual augmentation of {F7} making it a filtration satisfying the
“usual hypotheses”. The process W is an infinite lifetime Lévy process with
respect to the probability measure P. Its characteristic exponent, () :=
—(1/t)log E exp(i{8, W;)), will be written in the form:

0) = —i(7,0 % 0,0 1 — ¢l(w:) i(w, 8)) IT{dw
¥(0) (7,0) + 3( >+//w<1( +i( >) {dw}
+ 1 — e @) T {dw , for e R%. (1.7
//|w|>1( ) { } ( )

In (1.7), the (-,-) denotes inner product in IR?, ¥ = (31,42) is a nonstochastic
vector in R?, and ¥ = (ors), 1,8 = 1,2, is a nonstochastic 2 x 2 non-negative
definite matrix. Finally, IT, the Lévy measure, is a measure on IR\ {0}. Tt is
uniquely determined by the process and satisfies [[ min(|w|®, 1) I[T{dw} < co.
See Bertoin [4], p. 3, Sato [37], Ch. 2.

Corresponding to (1.7) is the representation of W as a sum of four mutually
independent processes:

W, = (&,m0) = (vet, mt) + (B, Co) + (X, v ) + (xP v, (18)

Each of these four processes is itself a bivariate Lévy process, adapted to the
same filtration as {W;}. In detail:

(i)  {(yet,ymt)}, where v¢ and 7, (not usually the same as 71,72, see (1.11)
below) are (non-stochastic) constants, is the drift term.

(ii) {(B:,Cy)} is a Brownian motion on IR? with mean (0,0) and covariance
matrix tX). We denote the individual variances by Ugt and Ugt, respec-
tively.

(iii) {(Xt(l), Yt(l))} is a discontinuous process with jumps of magnitude not
ever exceeding the value 1. It may have infinitely many jumps in every
time interval. It has finite moments of all orders (indeed, each component

has a finite exponential moment; see the end of the proof of Protter [34],
Theorem 34, Ch. I, p. 24), and EXt(l) = EYt(l) = 0.

(iv) {(Xt(Q)7 Yt(2))} is a discontinuous jump process with jumps of magnitude
always exceeding the value 1. The sample functions of this process are
ordinary step functions; it is a bivariate compound Poisson process. The
component processes, too, are compound Poisson processes, not neces-
sarily independent of each other. Their jump measures need not be con-
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centrated on (—oo, —1]U[1, 00) but they do have finite total mass. These
processes may have infinite expectations.

We will denote the sum of the two pure jump Lévy processes as {(X¢,Y:)}.
Thus
AWy = (AX;, AY;) = (X = X4, Y = Y ), t>0,

denotes the jump process of W. If A is a Borel subset of IR? \ {(0,0)}, then
IT{ A} equals the expected number of jumps of W of (vector) magnitude in A
occuring during any unit time interval, i.e.

II{A} = E Z Liaw, eay- (1.9)

t<s<t+1

(The expectation does not depend on ¢.)
The component Lévy processes & and 7, have canonical triplets given by
(ve, 0%, 1) and (v, 07, IT,), where

11e{B} ::/]RH{B,dy} and 17,{B} ::/]RH{dx,B}, (1.10)

for B a Borel subset of IR\ {0}, and

lz|<1 Jy|>v1-22

and similarly for +,. In addition to the ﬁz_, II, introduced in (1.1), we will
write, for z > 0,

J— _+ [

He(x) = H (x) + 1 (z)
for the tailsum of II¢. Similar notations are defined for II,,. Recall the defini-
tion (1.2) of A¢(x). Note that the functions x — A¢(z) and z — z/A¢(x) do
not decrease, for large enough z, when (1.5) holds.

Our next theorem examines the convergence of fooo e~ &~ dn,. For stochas-

tic integrals like this, or, more generally, ff 9(&s—) dns, where g(-) is a measur-

able function, we will take the definition(s) as found in Protter [34]. Through-
out, we will assume that neither & nor 7, degenerate at 0.

Theorem 2. Suppose A¢(x) > 0 for all x larger than some a > 0. If

tll{rolo & = +oo a.s., and I¢ ::/

(e%,00

logy .
)(M) [T, {dy}| < 00, (1.12)

then ,
P(lim / e %= dn, exists and is ﬁm'te> =1. (1.13)
0

t—oo

Conversely, if (1.12) fails, then (1.13) fails.
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In greater detail we have: if lim;_, & = +00 a.s. but I¢, = 0o, then

t
/ e & dns
0

If on the other hand & does not tend to +o00 a.s. as t tends to infinity, then
either (1.14) holds or there exists a constant k € R\ {0} such that

L oo as t — . (1.14)

t
P(/ e S dns =k(1—e %)Vt > 0) =1, (1.15)
0

and, a.s., the integral fg e~%—dn, again fails to converge as t — oo.

Some brief comments are in order.

As observed following (1.5), lim; .o & = 400 a.s. implies lim,_, o Ag(x)
exists and is not smaller than E¢; € (0, oo}, and thus the condition A¢(z) > 0
for large enough z is automatically satisfied in the case of interest. In the
converse, this condition is not in fact needed if the denominator in I¢ ,, in (1.12)

is replaced by, e.g., 1+f;0gy ﬁ;—(y)dy Further, if E [£;| < 00, the denominator
is actually irrelevant to the convergence of the integral, and I¢ ,, then converges
if and only if |, 100 log y |I1,,{dy}| converges. This is thus a sufficient but not in
general necessary condition for convergence of fooo e~ 5= dny.

The converse in Theorem 2 can be clarified somewhat as follows. First,
(1.12) can fail in three ways: (i) & — oo, a.s., but the integral I ,, diverges;
(ii) & — —oo a.s.; (iii) {&} oscillates. In the first two cases the theorem
tells us, via (1.15) in the second case, that (1.14) holds. In the third case it
says only that (1.14) holds or (1.15) holds. These last two possibilities are
not mutually exclusive; in fact (1.15) implies (1.14) when (and only when)
& — —oo in probability. (A non-trivial example for which (1.13) and (1.14)
both fail is in Case 2 below.)

The divergence of the integral can be further analysed as follows.

Proposition 1. Suppose {&:} oscillates and (1.15) holds. Then:

(i) we have
t ¢
/ 6_557 dns / e_fs— dns
0 0

(ii) if, in addition, II,, = 0, we have & = B, and n, = k(B —021&/2) for some
k # 0, where o¢ > 0, and (1.16) holds;
(iii) if, instead, II # 0, the support of II must lie in a curve of the form

0 < liminf

t—oo

< limsup

t—oo

=00 a.§.; (1.16)

{(z,y) : y+ke™® =k}, for some k € R. (1.17)
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The situations in (1.15) and (1.17) are kinds of degenerate cases, but they
can be important, and they do not preclude (1.14) in general. Suppose for
example that {&} oscillates, and the support of IT degenerates with positive
mass only at a point (xo,yo) with |xg| > 1, |yo| > 1. Then (1.17) holds with
k = yo/(1—e~"0). To simplify further, suppose the Brownian components are
absent and 7, = 0. Then (&, n:) = (vet + 20Nt yoNt), where NV, is a Poisson
process of rate A, say, with jumps at times 77 < Ty < - --. For {&} to oscillate
we must have ¢ + 29X = 0, 50 ¢ # 0. Now, with Ty = 0 and AT; =T, —-T;_1,

t t
/ o™ dyg =/ e eI (yo N, )
0 0

Ny i
=yo »_exp (—vs D ATy +yeli — 1)//\>
1=1

j=1
Ny i
= yoe—Ws//\z<H e—Ws(ATj—l//\)>' (1.18)
i=1 \j=1

This can be shown to satisfy (1.14) by virtue of the divergence part of The-
orem 2.1 of Goldie and Maller [19], which applies to discrete time perpetu-
ities. To see this, apply that result to the i.i.d. sequence with typical member
(Q1, M) = (1, 7%€(T1=1/N): the condition P(Q; + Mic = ¢) = 1 in that
theorem does not hold for any ¢ € IR, despite the fact that (1.17) holds.
This example shows that the continuous and discrete time results can have
distinctly different features. (See also the example in Case 3 below.)

In view of (1.18), it is tempting at this point to suggest deriving Theorem
2 in general by a direct application of the discrete time perpetuity results in
[19] to a discretisation of the integral Z; := fot e~%~ dn; (the discrete skeleton
{Z,}n=1,2,.., for example), and then “filling in the gaps” between the discrete
points in some way. There are at least two difficulties with this approach.
In the first place, “filling in the gaps” to infer the a.s. convergence of Z; (or
divergence in probability of |Z;| to infinity) from that of the subsequence Z,
is not trivial. But more importantly, the discrete time perpetuity would be
constructed from components (Q;, M;) distributed as (e_flf,fol e~S=dny),
or similar, so direct application of the results of [19] would give uncheckable
conditions phrased in terms of the marginal distributions of these components,
which are quite inaccessible. We do in fact reduce the problem to that of [19]
eventually, but not by a direct discretisation. The approach adopted herein
seems to be the most efficient way to get conditions phrased in terms of the
characteristics of the Lévy process.

We now analyse some other special cases of interest.

Case 1. Suppose Il is degenerate at 0, i.e. II has support in the y-axis. Then
& = et 4+ B has no jump component — it is Brownian motion with drift. It
can diverge to oo a.s. only if y¢ > 0. By (1.2), A¢(x) = ¢, so Theorem 2 gives:
e > 0 and f(lm) log y [IT,{dy}| < oo implies [, e~ 7€!=B* dp, exists and is
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finite a.s. In particular, B; may be absent here (by taking o = 0), in which
case the a.s. existence of [ e~ 7" dry when y¢ > 0 and f(lm) logy |[IT,{dy}| <
oo follows.

The support of II, contained in {(x,y) : * = 0}, is not of the form in
(1.17) for any k € IR, as long as II, is non-trivial. The converse part of
Theorem 2 together with Proposition 1 thus tells us that if 7z > 0 and

f(lm) logy |[IT,{dy}| = oo, or if ¢ < 0 (thus, & does not tend to oo a.s.)

and II,, # 0, then, as t — oo, |f0t e~ e Badp,| 2 0. In this example the

failure of (1.17) rules out (1.15) and so establishes (1.14).

Case 2. Suppose II,, is degenerate at 0. The forward direction of Theorem 2
then gives that lim; .., & = 400, a.s., implies the convergence of

/ e Stdny, = / e %t (v, dt +dCy).
0 0

Since we may have 7, = 0 or C; absent here, we have the a.s. convergence of
Joo et dt and f;° e~** dCy, when & — oo a.s. In particular, [ e~ 7!~ B dt
and fooo e 7€'=B: dC, converge a.s. when v > 0. This covers subordinated
perpetuities, constructed from Brownian motions, where it is often assumed
in addition (unnecessarily, for purposes of convergence) that B; and C; are
independent. The distribution of the first of these integrals, fooo e et=Be dt,
when ¢ > 0, is known quite explicitly; it is a multiple of the reciprocal of
a Gamma random variable [13]. The second integral, fooo e ¢t=Be 4Cy, has a
Pearson Type IV distribution when B and C' are independent (][9], Prop. 3.2).

The converse part of Theorem 2 tells us in this case (II,, degenerate at 0)
that both [ e !=Brdt and [ e 7¢!~B* dC; diverge in case ¢ < 0, as we
would expect. In this case (y¢ < 0), we have, as t — oo, |f0t e Ves—Bs ds| il
00, but not necessarily |f0t e & dC’S| Eit 0o; we could have the situation in
Proposition 1, with & = B; and 1, = —ogt/2 + B, and then (1.15) holds
with & = 1, but not (1.14). The support of I for this case is the z—axis,
{(z,y) : y = 0}, which satisfies (1.17) for k = 0.

Case 3. A bivariate compound Poisson process is constituted from i.i.d. 2—
vectors (Q;, M;) added together at the jump times of an independent Poisson
process of rate A, say. Suppose P{Q1 = 0} < 1 and P{M; = 0} = 0. Let NV,
be the number of jumps of the Poisson process in the time interval (0, ], with
Ny = 0. The process

Ny

Wy = (&,m) = Y _(~log|Mi],Qi),  t>0,
=1

(with Wy = 0) is a Lévy process with canonical triplet (0,0, T), where IT
is A times a probability measure: IT(A) = AP{(—log|M:|,Q1) € A} for
Borel A C R?. So II¢(dm) and IT,(dg) are proportional to (in fact, also A
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times) the probability measures P{—log|M;| € dm} and P{Q; € dg}. The
corresponding stochastic integral is

t N [i—1
Zy = / e & dp, = Z(H |Mj|> Qi, t>0, (1.19)
0 i=1 \j=1
and is the value of the discrete time perpetuity
B n i—1
Zn:Z<H|M]>Q“ n=1,2,...
i=1 \j=1

at the random time N;. It follows from Theorem 2 that, if

Ny
& = —log<H Mj|> — 00 a.s.ast — 00, (1.20)
j=1
or, equivalently, if lim, s H?:l |M;| = 0 a.s., and the expression Eqg :=

E (log" |Q1|/A¢(log™ |Q1])) is finite, where
A¢(z) = AP{—log|M;| > 1} —l—)\/ P{—log|M| > y} dy,
1

then Z, — Z, a.s. as t — oo for an a.s. finite Z; while if P{Q; + k|M;| =
k} < 1 for all k € IR, so that (1.17) does not hold, and (1.20) fails, or else
(1.20) holds and Eg = oo, then |Z;| L o0 as t — oco. This is an analogue
of the discrete time theorem of [19]. Our proof of Theorem 2 employs at one
stage a reduction to this case.

Comparing this example to the one following Proposition 1 highlights the
differences that the continuous time setting can introduce. The “interesting”
aspect of that example arises from the drift coefficient, v¢. The continuous time
analysis also opens the way to investigation of further expressions obtained
from integration by parts, etc.

The analogy with [19] is not complete in one respect; notice that we have
|M;| rather than M; in (1.19). Theorem 2 as it stands does not allow for a
signed integrand. However, we have the following.

Theorem 3. Let f = {f:} be a locally predictable square integrable func-
tional of the Lévy process W = (£,m) satisfying lim; ..o e ' E f2 = 0 and
limy oo e ' f; = 0 a.s. for each € > 0. Then, under (1.12), the integral

/ fre % dny (1.21)
0

exists and is finite a.s.
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Remarks. In the case of convergence — when the integral Z,, := fooo e &= dn,
exists finitely — we can ask for its properties. [9], [13], [39], [40], [41] and
others investigate this in particular when the integrator and/or integrand
are Brownian, giving detailed distributional information (or even an explicit
expression for the distribution). For more general Lévy integrators and/or
integrands, we would not expect to obtain such specific information, but the
tail behaviour, at least, of Z,, can be investigated by the methods of Kesten
[26] and Goldie [18]. From their results we would conjecture a heavy tailed
(power law) behaviour of Z, under some assumptions. See also Grincevi¢ius
[22, 23, 24]. In the discrete case, other kinds of properties (e.g., continuity of
the distribution of the limit) have been studied by Grincevicius [20], [22] and
Vervaat [38].

In the case of divergence — we can ask how quickly the integral Z; diverges,
in some sense, as ¢ — co. In the discrete case, Grincevicius [21] shows how to
norm Z so as to obtain a finite, nonzero limit. One can use his results and
discretisation to obtain some information on the magnitude of the stochastic
integral in the case of divergence, but further refined results along these lines
would require a deeper analysis. For another approach in discrete time, see
Babillot, Bougerol and Elie [1] and Brofferio [8].

2 Applications

1. Dominance of a Lévy process over its jumps

For any Lévy process &, an extension of Exercise 6(a) on page 100 of
Bertoin [4] shows that, for an increasing function f : [0,00) — [1,00), we
have

P{A& > f(&-) 0. ast — o0} =0 (2.1)

iff
/0 T (f(&)dt < oo as. (2.2)

Suppose in addition that & — oo a.s. as t — oco. Applying Theorem 1 with
g(x) = ﬁ;—( f(z)) shows that these are equivalent to

/1oo (%) |dT7¢ (f(2))] < oo, (2.3)
or to

[O (Ak)i)dﬂg (f(logz)) < oo. (2.4)

¢(log )
This is of the form in Theorem 2 if we define n; by

me= Y el B ae s,
0<s<t
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where
f7(x) =sup{z: f(z) <z}, Tz >1,

is a generalised inverse of f. Then 7, is a Lévy process with IT,(z) =
I¢(f(log" 7)), and (2.4) shows that (2.3) holds iff

[ (g ) taot < (25)

The process Wi = (&, ;) is a bivariate Lévy process with marginal measures
II¢, II,,. Assuming II¢ # 0, Theorem 2 applies to show that (2.5) and hence
(2.1) holds if and only if fooo e~ dn, converges a.s.

When f grows at most algebraically, or, more generally, if f is nondecreas-
ing and limsup,_,. f(Az)/f(x) < oo for each A > 1, then (2.1) is equivalent

to
h?isogp(féfi)) <0 as.,

and this is then equivalent to (2.5). In particular, when f(z) = x V 1, then
(2.3) is equivalent to A¢(o0) < oo, thus to [ ﬁz(x) dz < oo, which is thus
equivalent to limsup,_, (A& /&) < 0 a.s. Other results like this are easily
worked out.

2. Integrating the Doléans-Dade Ezxponential

The Doléans-Dade Exponential ([11]) of a Lévy process L; which has
canonical triplet (yg,,0%, 1), is

E(L)y = el TT (14 AL )emAb (ALY

0<s<t

where
L, L}y =oft+ Y (AL,)?

0<s<t

is the quadratic variation process. Suppose that ITy(-) attributes no mass to
(=00, —1]. Then we can write £(L); = e~%, where

& =—Li+ (07 /2)t— > (log(l+ AL,) — AL,)

0<s<t

is a Lévy process. It follows that A& = —log(1l + ALy), so if L; is coupled
with 7, in a bivariate Lévy process, whose Lévy measure is Il ,, then (£, 7)
is a bivariate Lévy process with measure satisfying (for > 0, y > 0)

Hep{(2,00) % (y,00)} =E Y Ljac.sz,an.5y)

0<s<t

= I p{(—00,e™" —1) x (y,00)}. (2.6)
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Thus ﬁ;(a:) =1II;(1—¢™), and, similarly, II, (z) = ﬁz(ex —1), for z > 0.
The support of Il¢, lies on the curve y + ke™ = k iff A + ke= A& = L,
iff An, + kAL, = 0, or, equivalently, the support of IIy, , lies on the curve

y = —kx, which we assume not to be the case for any k € IR. Corresponding
o (1.2), define

Ag(w) = =y + 03 )2+ T (1 /H,E )dy, x> 0.

Suppose also that £ — oo a.s. as t — oco. Then we have

[t an= ["ew o
0 0

[ (ﬁ) I {da}] < co. (2.7)

The expressions in (1.5) and (1.6), which characterise lim; o, & = oo a.s.,
and in (2.7) are easily written in terms of the Lévy measure of IIy,,, using
(2.6).

3. Other applications and extensions

converges a.s. iff

As mentioned, subordinated perpetuities occur in various applications,
especially in Finance (e.g., [3], [9], [40], [41]) and in time series modelling (e.g.,
Brockwell [6], [7]). Convergence of the integral in the latter case corresponds
to the existence of a stationary version of the series which is of importance
in modelling applications. In the former case, the distribution of the integral,
when it converges, is of interest. As remarked at the end of Section 1, in
the general Lévy process situation little is known in this direction. For an
application of the discrete time results to branching random walks, see Tksanov
[25] and his references.

For another kind of extension, representations of fractional Brownian mo-
tion, v4, say, in terms of integrals of certain kernel functions against ordinary
Brownian motions can be used to examine the convergence of integrals like
fo (&) dvy. (These can be defined even though fractional Brownian motion
is not a semlmartingale; see [14], [29], [31].) Theorem 3 may be of use here.

For many other applications of Theorem 2 in a variety of areas, see [2],
and also Kliippelberg et al. [28]. Theorem 3 has applications in the insurance
area (e.g., [30]).

3 Proofs

Proof of Theorem 1. Suppose first that & is a subordinator (so that
lim; o0 & = 400 a.s.). Obviously Efo (&)dt < oo implies that the in-
tegral fo (&) dt is finite a.s. Conversely, assume fo (&) dt is finite with
positive probablhty Writing
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& =Sy + (& —€ley) = Spr1 — e+ — &),

where |t] is the integer part of ¢t and S, = Y [ (& — &—1) is a renewal
process, we have S| < & < S|yj41, so we see that fo (S|¢y)dt and
hence Zn>1 g(Sy) are finite with positive probability. Applylng Prop. 1 of
Erickson [16] gives E} -, ¢(S,) finite and thus Efo (&) dt finite. Hence

P([;7 g(&)dt < o0) is 0 or 1 according as E [ g(&) dt is finite or infinite.
But

E/O g(&)dt = // P({ € dy)dt = /Ooog(y)U(dy) (3.1)

where U(dy) = [;° P(& € dy) dt. From Bertoin [4], p. 74,

[Ty dy  Ac(a)

where “<” means that the ratio of the two sides is bounded away from 0 and
00 as ¢ — 00. So the integral in (1.4) converges if and only if the integral in
(3.1) does, as we see after integrating by parts (and using the monotonicity
properties of g(z) and U(x)). Thus Theorem 1 is true for subordinators.
Next, for a general £ we assume lim;_, o & = +00 a.s. Consider two cases.

E|&] < oo (and so = E& > O) then & ~ ty a.s. as t — oo (that is,
limy o &/t = p a.s.). Let P(fo Hdt < oo) > 0, and ¢ := sup{t : & >
2ut}. Then t; < oo a.s. and P(ft 2,ut) dt < o0) > 0. Since fo (2ut) dt <
0o a.s., we have [ g(2ut) dt < oo and this is equivalent to (1.4) in this case
since hmg;_>OO Ae(x) = Ag(00) € [, 00). A similar argument using ¢; = sup{t :
& < ut/2}, shows that (1.4) finite implies (1.3) is finite with probability equal
to 1. So the result is true when E |&;] < oo.

Next assume E |{;] = co. In a similar way to (1.8), we can write

Ny
& = Z Ji +O(t)
i=1

where O(t)/t is bounded a.s. as t — oo, the J; are i.i.d with

U(z) < (as © — 00), (3.2)

”

P(Jy € dz) = He(dz)lqajo)>1y /({2 2 2] > 1}),

and N is a Poisson process of rate ¢ := II¢({z : |z| > 1}), independent of the

Ji. Then & — oo a.s. implies (1.5), and thus, by a corresponding random walk

version (Kesten and Maller [27]), we have Y | J; — oo a.s. as n — co. We

also have E|Ji| = oo, so by Pruitt ([35], Lemma 8.1), Y7 J; = o (3.7 J;")

a.s., and thus, almost surely, Y7 J; ~ Y7 J;" as n — oo, in the sense that

the ratio of the two sides tends to 1 a.s. as n — oo. Thus, almost surely,
ivt Ji ~ Zivt J;" as t — oo. It follows that, when & — oo a.s.,
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t
&~ Y= Z J;‘, almost surely, as ¢ — oco.

Now suppose P(foOO &) dt < co) > 0. Define t; := sup{t : & > 23},
so t1 < oo a.s. and P(ft (2Y;) dt < oo) > 0. Consequently we have
( fo (2Yy) dt < oo) > 0. Apply the result for subordinators to Y; to get

/100 (Ayx(x)> [dg(z)| < o0

where Ay (z) = ﬁ;;(l) + [ ﬁ; (y)dy (in an obvious notation). This is equiv-
alent to (1.4) in this case since

Tt T =t
XA wadyx[fnawdyanm.

A similar argument, using to = sup{t : & < Y;/2}, works in the other direc-
tion. a

Proof of Theorem 2, Sufficiency. This and the other proofs make continual
use of the decomposition into “small” and “big” jumps, i.e., the last two
processes in (1.8). From (1.8) we can write

Eome) = (vet + Be+ X+ X2, yt + G+ D +7,2). (3.3)

This decomposition gives rise to a similar partitioning of the integral:

t t t
/)éﬁfdm=:/‘aﬂ—dn+j/‘f&*dKP% (34)
0 0 0

where, for convenience, we write
L=yt +C 4+ Y, (3.5)

and we analyze each integral as ¢ — oo. In this analysis we will show that the
first integral on the righthand side of (3.4) always converges as t — oo when
lim; o & = o0 a.s. The convergence of the integral in (1.12) becomes of equal
importance to the convergence of the second integral on the righthand side of
(3.4).

Following a common convention, a stochastic integral of the form ff

means || (A,B] and the distinction matters — sometimes we will write fer to
emphasise this. Because the Lévy process n is a semimartingale and because
the integrand is of class L (adapted, left continuous with right limits), it fol-
lows from the theory in Chapter II of Protter [34] (see in particular Theorem 9
and its corollary in [34], page 48, the definitions on pages 49 and 51, and The-
orem 19, page 55) that these integrals are finite a.s., and are defined for all A
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and B, with 0 < A < B < oo, simultaneously and for all trajectories outside
of a null set (not depending on A and B). This implies that A and B can
be any finite E)ositive random variables satisfying A < B, a.s. Moreover the
process t — fo e~%- dn, is cadlag and a semimartingale.

We shall need the following lemma.

Lemma 1. Suppose lim;_.o. & = oo a.s. There exists a strictly positive p,
which may be infinite, such that, almost surely,

x® L x® x®@
[L:tli)H;O%:’Yg—Ftli)I&%:’Yg—FtliglO%- (36)
Proof. First, lim;_,o(1/t) B = limtﬁoo(l/t)Xt(l) = 0, a.s., since both of these
processes have mean 0 and the strong law applies. Thus we can safely ignore
these components.
Next, if E|£;| < oo, then the strong law again applies to give us the desired
conclusion and in this case we can take

p=E& =y +EX? >0 (3.7)

That p > 0 is forced by the assumption that lim; £ = oo a.s., because {&; }
oscillates or drifts to —oo a.s. as t — oo when p < 0, see Bertoin [4], p. 183.
However, if E|£;| = co, then the existence of the limit of & /¢ in (3.6) and
that it also equals +o0o0 when lim;_, & = 0o a.s. is somewhat more delicate.
Consult [12], [37], [5] and [15] for the proof. O

The integral fooo e - dI.

To deal with the first integral on the righthand side of (3.4), it suffices
to show that the integral over (L, c0) converges for some (random but finite)
L > 0. Fix ¢ € (0, ), where p is defined in (3.6). Then there exists L > 0
(which may be random) such that £_ > sc for all s > L. (In fact we may
take L = sup{s > 0 : &_ — ¢s < 0}, if the set of the sup is non-empty, and
L = 0 otherwise. This is a random variable because £ is cadlag, so separable.
Note that L is not a stopping time.) Clearly,

oo oo
/ e & || ds < |'Yn|/ e “ds < oo,
L L

so there is no harm in supposing that v, = 0. But on removing the term -,
from I'; we find that the diminished process {I}} becomes a square-integrable,
mean 0, martingale with quadratic variation kt for some positive constant k.

To continue, the random variable exp{—&;_} may well have infinite expec-
tation. To get around this define A\; := max{ct, &}, so that A\;_ > ¢s for all
s 2 0, and A\s— = &s_ for all s > L. Hence, with probability 1,

LVt LVt
lim e & dIy = lim e M- dT.

t—oo L t—oo L
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On the other hand

t 2 t %)
E(/ e e dFs> = k/ E{e 2%~ 1ds < k/ e 2*ds <oo. (3.8)
0 0 0

This establishes that the martingale ¢ — fg e~*s= dI, has bounded (actually
converging) second moments. In this situation it must therefore converge with
probability 1 (and in mean) as t — co. Consequently fooo e~ & —dI converges
with probability equal to 1 (though not necessarily in mean).

The integral fooo e & dYt(z)

We now show that the second integral on the righthand side of (3.4) con-
verges a.s. as t — 0o, under the stated conditions, namely, assume that both
conditions of (1.12) hold. We can suppose in addition that Y® £ 0 as.,
for otherwise the result is trivial. Thus II,(-) is not degenerate at 0, so II(-)
also is not degenerate at 0, and consequently II assigns positive mass to a
region of the form {w : |w| > r > 0}. Only the positivity of r is relevant
to our proof and there is no loss in generality in supposing that » = 1. Thus
a = I{(w:|w| > 1)} > 0. Similarly there is no loss in generality in supposing
that @ = 1 in the integral of (1.12).

Let N; be the number of jumps of W falling in {|w| > 1} during (0, 1],
and let 0 =Ty < T7 < --- be the times at which these occur. The increments
{T; — T;_1} are i.i.d. exponentially distributed of rate a.. Define

M; = e_[f(TjJrl—)—f(Tj_)]’

and
Qi=YI(T) - YO (T—) =Y () - YO(T_y).

(Note that Y(? is constant between successive T;.) The integral may be re-
cast thus:

. N, N: [i—1
/ o & dys(2) = Ze_fTrijgf) - Z(H Mj> Q;. (3.9)
0

i=1 i=1 \j=1

The sequence of random 2-vectors {(M;,@Q;)} is ii.d. with common dis-
tribution the same as that of (e_[f(Tr)_f(Tl_)],Y}f)), and is independent
of the sequence of jump times {7;}. (The independence of (M;,Q;) and
{(M;,Q;)}j>it2 is fairly obvious. That each (M;,Q;) is independent of
(M;i41,Qi+1) is also clear if one uses the first expression above for Q;:
Qi = YO(T;) — YO(T;—). Naturally, the total independence of the jump
times with the values of the jumps is also crucial.)

The process £ = {£(Th +t) — &(T1); 0 < t < Tp — T3} has the same
law as that of £&** = {£(¢);0 < t < Ty} and they are independent of each
other. Also &(T2) — &£(T2—) and &(T1) — &(T1—) have the same distribution
and are independent of each other and of the two processes £* and £**. These
considerations lead to the following:
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Law{¢{(T2—) — {(T1—); P} = Law{{(T1); P}. (3.10)

We may now apply Theorem 2.1 of [19]. Note that P{M; = 0} = 0, and also

P{Q; = 0} < 1, as required to apply that theorem (if Q1 = Y}f) =0 a.s.

then Var(nglz)) =0, so Yl(z) =0 a.s., which we assumed not to be the case).
Thus, suppose [[;—, M; — 0 a.s. as n — oo, and

log q >
I, ::/ (7 P{|Q:] € dg} < o, 3.11
M,Q 1o\ Anrloga) {1Q1] } (3.11)

where Ay (z) = [ P{—log My > u} du, for z > 0. Then the random sequence

n i—1
Zn :_Z< Mj>Qi, n=12,... (3.12)
1

i=1 \j=

converges a.s. to a finite limit, Zoo, say, as n — oo. This implies that the
righthand side of (3.9) converges a.s. to Zs, as t — oo, since N; — 00 a.s. as
t — oo (again recall IT{w : |w| > 1} > 0). Now T, — oo a.s., as n — 00, and
since lim; ., & = 00 a.s., it follows that

n
HM,» =e¢T=) 0 as. asn— oo
=1

Thus for Zoo =7 = fooo e &t dYt(Q) to exist a.s. it only remains to show that
the convergence of I¢, in (1.12) implies the convergence of Ijsq in (3.11),
when & — oo a.s.

For this we need expressions for the distributions of the M; and Q;. By
(1.7) the compound Poisson process

Ny
(X2 ¥ ®) =D (axg?, AvyY)

i=1

has Lévy exponent (%) (0) satisfying
VO(0) = —(1/t) log B el{0-(X X)) _ / / (1- ¢ [{dw}, (3.13)
|w|>1

for § € R2. So (AXY, AY,Y) = (X5, ¥,?)) has joint distribution
P{X e dr, VY € dy} = 1,24,000y [T {dz, dy} /a,
with o = I ({(z,y) : |(z,y)| > 1}) > 0. Thus
P{Q: € dg} = P{Y,”) € dq}

= 1~{|q|<1}/ H{d$7dq}/a+1{|q|>1}/ II{dz,dq}/a. (3.14)
|z[>4/1—¢? z€R
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If |¢| > 1 this implies that
P{Q: € dq} = I1,,(dg)/cv. (3.15)

Next, by (3.10) we have

A (z) :/ P{—log M7 > u}du = / P{¢{r > u}ldu,
0 0
and, under (1.12) we have (1.5). Suppose 0 < E¢& < E[&| < oo. Now
{&(T,—)} is a sequence of partial sums of i.i.d. random variables each of
which has the same distribution as £(71), by (3.10). By Wald’s Equation we
get that
E{(Ty) =E{1)ETy =E{(1)/o.

The right hand side is finite and strictly positive. Hence

Tr—00

lim Ay (z) = /Ooo P{E(TY) > uldu=BEH(T) > BE(TY) > 0.

As this limit is positive and finite, the denominator in Ins,¢o (see (3.11)) can
be ignored. The denominator in I¢ , is (see (1.2))

. logy
7§+H2(1)+/1 TT¢ (u) du—>7§+/ )uﬂg{du}, as y — 0o. (3.16)

)

Now
E& 275+/ u e {du},

|u|>1

so the righthand side of (3.16) is not smaller than E &;, which is positive, as
we assumed, so the denominator in I¢ , can be ignored also. Alternatively,
suppose the first condition in (1.5) holds. Now by a similar calculation to
(3.14), if u > 1,

P{X(TQI) >u} = e{dz} /o = ﬁ;(u)/a, (3.17)

u,00

so we have E(X%))“‘ =o00. Forz > 1

Ay(z) = /O P{¢p, > u}du = /0 P{7Ti + Br, + X3 + X3 > u} du
> / P{X > 2u} du —/ P{yTi + By, + Xy < —uldu (3.18)
0 0

The last integral here has a finite limit as # — oo, because the random
variable involved has a finite mean. The first integral tends to infinity because

E(Xg))'*‘ = 00. Thus for some finite constant C' > 0
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A (z 0/ P{X{ > 2u} du

for all large z. However the latter integral is bounded below by one half of

flx P{X(TQI) > u} du (which also tends to co because of the infinite expecta-
tion). Hence from (3.17),

A (z) > (C/20) /1 ’ 1T (u) du. (3.19)

Together (3.15) and (3.19) show that I, < co implies I, < 0.
To this point we have established: (1.12) #mplies fooo e S~ dn, exists and
is finite a.s.

Proof of Theorem 2, the Converse. Let us first suppose (1.12) fails by
virtue of I¢ , = oo, but & — 0o a.s. as t — oo. Then by the sufficiency part of
the proof, the infinite integrals of e~ with respect to dt, dC; and dYt(l) are
all finite, a.s. Suppose |Zy, | Rl 00, where Z, is the random variable defined
in (3.12). Then (3.9) shows that the integral with respect to dYt(z) diverges,

in fact .
/ e qy (@
0

Thus (1.14) will be the case. Now |Z,,]| RS (n — co) implies | Zy, | £,
because for z > 0, € > 0,

— 00, as t — o0.

P{|Zy,| <z} < Y P{|Zs| < 2} P{N, = n} + P{N, < no}
n>no

once ng = ng(e, z) is so large that P{|Z,| < z} < ¢ for n > ng, and N, — oo
a.s. But | Z,| RS (n — o0) is implied by Ip,q = 00, according to Lemma 5.5
of [19]. So for this part of the converse it suffices to show that Ir , = oo implies
Iy = o0, when & — oo a.s. We showed (following (3.15) above) that this
is the case when E |&;| < 0o, since the denominators in Iy g and I¢, can be
ignored then.

Alternatively, suppose the first condition in (1.5) holds. We need a reverse
inequality to (3.19). From the second equality in (3.18) we get the inequality

Ap(x) < / P{Xg) >u/2} du +/ P{~¢T1 + Br, +X ) > u/2} du
0
z/2
< 2/1 P{X3 >vldv+ K (3.21)

where
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2 =)
K= / P{x{ > u/2} du +/ P{eT1 + Br, + X3 > u/2} du < co.
0 0

Again the integral on the right in (3.21) diverges as © — oo because
E(X:(F?))'*‘ = co. It follows that for some finite constant C’ > 0

xz/2 r
Ap(x) < 20’/ P{Xg) >v}do < (20’/@)/ H;(u) du
1 1

for large enough z. This inequality shows that I, = oo implies Ips,g = 0.
To complete the proof of the converse we have to consider the case when
&; does not tend to oo a.s. as t — 00, so assume this. Let

(Q', M") = (/0:_ e 5= dn,, e_ft). (3.22)

The first step is to show:

Lemma 2. There is a t > 0 such that for every constant k € IR,
P{Q"+kM' =k} <1, (3.23)

or else (1.15) holds.

Proof. Suppose, contrary to (3.23), that for each ¢ > 0 there is indeed a
constant k; = k(t) € IR such that

¢
/ e & dns + ke % =k, as.
0
Take t =t9 and t = 1 (0 < t1 < t3), in this formula and subtract to get

to
e*ﬁ(tl)/ o~ [E(s—)—¢&(t)] dn, = k’(tg)(l _ e*ﬁ(h)) _ k(tl)(l _ 6*5(251))7

ty

or

12
/ o600 Q4 kit )e 1 =EE0] Z (1) — k(1 )]eE) + k(tr).
ty

Here, the lefthand side is independent of the righthand side, so both sides are

degenerate rvs and this implies that k(t2) = k(t1), i.e., kt = k is independent
of ¢t. Thus

t
/ e S mdn, = k(1 —e %) as, (3.24)

0
which is (1.15), except that the null set may depend on ¢. But we can get

(3.24) to hold for a countable dense set H of ¢ outside of a null set of paths,
as both sides of (3.24) are well defined cadlag processes. Hence a passage to
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the limit ¢ | s, t € H, shows that we may assume that (3.24) holds for all ¢
simultaneously outside of a single null set of paths. Finally, £ = 0 in (3.24)
would imply An; = 0, hence II,, = 0, and v,t + C; degenerate at 0, hence
Yn = oy = 0. Thus  would be degenerate at 0, and we have excluded this
case. O

Now (still assuming that & does not tend to oo a.s.) (3.23) implies (1.14),
as follows. Given (3.23), choose a value u such that

P{Q"+ kM"“ =k} <1 foralkelR. (3.25)

For this v define

Z;j:/ e~%= dn,, n=1,2,...
0

+
Then
(n+1)u
Zypr = Zy e / e” ST dn, = Z + ITQy 4, say, (3.26)
nu+
where

— o bnu — He (Giu=€i-1)u) — HM’ , say.
i=1

Notice that

(QY, M") = (/ e~ (€= —€i-1)u) dns, e—(fm—f(inu))
(i—1)u+

are i.i.d., each with the distribution of (Q%, M") in (3.22), while, from (3.26),

ZY = in;ile, n=1,2,...
=1

(with IT§ = 1). Because of (3.25), Theorem 2.1 of [19] applies to give that
|Z% = oo as n — oo provided that IT? does not tend to 0 a.s. as n — o0,
or, equivalently, that &,, does not tend to co a.s. as n — oco. Suppose for
the moment this is the case and take any ¢ > 0. Let ny = n(u,t) = |t/u], so
nu <t < (ng + 1u. Let rp = r(u,t) =t — nyu, and write

t Tt niu+re
Z; = / et dyyy = / ™t dn, + o / o™ (&= 76) d,
0+ 0+ T+

=Q" + M"Z,,(u,1¢), say, (3.27)

where

niu+re D neu
Zn, (u, ) = / e (Es——&ry) dns = / —&s— dns = Z:ltt
re+ 0+
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Since |ZY| £ 50 as n — oo we have |Z} | £ 50 as n; — 0o, and because Q"
and M™ in (3.27) are bounded away from oo and 0, a.s., respectively, we have
| Z:| L 00 as t — oo, as required.

It remains to show that if £ does not tend to oo a.s., then &,, does not
tend to oo a.s. as n — oo. We need only prove this for v = 1. But then the
result is true by the following lemma.

Lemma 3. For a Lévy process &, &, — 00 a.s. as n — oo implies & — o0
a.s. as t — oo.

Proof. This is proved in [17]. A different proof was provided by Chaumont [10].
We omit further details here. a

Returning to the proof of the converse assertion of Theorem 2, we have
shown that if lim; & = oo a.s. and I¢, = oo, or if & does not tend to
00 as t — 0o, then (1.14) or (1.15) holds and (1.13) fails. This concludes the
proof. a

Proof of Proposition 1. Assume {&;} oscillates and (1.15) holds.
(i) That (1.16) holds is immediate.
(i) Assume in addition that IT, = 0. Then (1.15) gives

t
/ e % (y,ds+dCy) = k(1—e™%), t>0, forsome k€ R\ {0}. (3.28)
0

(3.28) then implies that & has no jump component, so § = ¢t + By, and,
since {&;} oscillates, 7¢ = 0 and o¢ # 0. Thus (3.28) reduces to

t
/ e B (y,ds +dCy) = k(1 —e ), t>0, forsomek#0. (3.29)
0

Differentiate using Ito’s lemma to get
dCy = kdB; — (kag/Q + 777) dt,

which is only possible if y,, = —k:a?/? and C; = kB;. We cannot have o, =0
otherwise o¢ = 0 and then ,, = 0, and again 7; degenerates to 0. Thus o, > 0
and we conclude that 7, = k(B; — 07t/2) = k(& — 0t/2) in this case.

(iii) Next assume that IT # 0. From (1.15) we deduce that

e*Et— Ant _ _k(e*& _ e*ﬁtf)’

so An; = —k(e”2% —1). From this and (1.9), one sees that the support of
IT must lie on the curve {(x,y) : y = —k(e™* — 1)}, as in (1.17). O

Proof of Theorem 3. Let (1.12) hold and suppose f satisfies the given
conditions. Instead of (3.8) we can write
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o0 2 o0
E(/ foe N dFS> :k/ E{|fs\2 el ds
0 0
< k,@/ e—2(c—s)s ds,
0

for some (8 > 0, with c as in (3.8). The last integral is finite if ¢ is chosen smaller

than c. The process t — fot fse~Ms— dI is also a martingale (recall that the
process s — f5 is assumed non-anticipating), and by the preceding calculation

has bounded second moments. Therefore it converges a.s. as ¢ — oo (and in

mean). On the other hand fLLVt fsexp(—&,_)dly = LLW fsexp(=Xs_)drls,

SO fooo fsexp(—&s—)dI also converges a.s.
It remains to consider

/OO foe 8 dys(2).

0

If {T;} is the increasing sequence of jump times of (X2 V() and if
Q; = Y;/(«?) _ yjﬂfz — yj&?) _ YIQ?L’ M;_ | = e (@) —€(Tima)}

for i > 1, then

/OO fse_&* dys(2)
0+

00 i—1
< Z(H Mj) [f1.] 1@l -
=1 \j

0

By assumption, | fr,| < e°”# a.s for large enough i. Under (1.12), the righthand
side of (3.12) converges a.s., so by Lemma 5.2 of [19], e*([];, |M;|)|Qn| — 0
a.s. as n — 0o, for some a > 0. The T; are Gamma(i, ) rvs, so if £/a < a,
the series Y eTi=%¢ converges a.s. and we can complete the proof. a

Remark. Strictly speaking, in the proof of Theorem 2, we only proved ex-
istence of the integral fooi e - dn, as an improper integral, that is, as the

a.s. limit as ¢ — 400 of the processes f(;_ e~ ¢~ dn,. But the working in the
proof of Theorem 3, together with dominated convergence ([34], Theorem 32,
Ch. IV, p. 145) shows that the integral in fact exists in the sense of [34], that is,
as the ucp limit (uniformly on compacts in probability) of simple predictable
functions, in the terminology of Protter [34], Ch. II.
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Summary. We propose a simple parameter to describe the exact order of the
Poincaré constant (or the inverse of the spectral gap) for a log-concave probabil-
ity measure on the real line. This parameter is the square of the mean value of the
distance to the median. Bobkov recently derived a similar result in terms of the vari-
ance of the measure. His approach was based on the study of the Cheeger constant.
Our viewpoint is quite different and makes use of the Muckenhoupt functional and
of a variational computation in the set of convex functions.

1 Introduction

A log-concave measure u(dz) on the real line is an absolutely continuous
measure with respect to the LEBESGUE measure, with density exp(—®), where
@ is a convex function. We assume that p is a finite measure, or equivalently
that @ goes to infinity as || — +o0, and we normalize p to a probability.
As we shall see later, such a measure always satisfies a POINCARE inequality,
that is, there exists a constant Co < oo such that, for any smooth function
with compact support f: R — R,

Var, () = [ £2du- ( / fdu)2 < [12an

When @ is smooth enough, this well known inequality is strongly related to
the natural operator associated with p which acts on a smooth function f by

Lf:f//—gplf/.

Clearly, L satisfies the fundamental integration by parts formula: for any
smooth compactly supported function f,
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Vg, /Lfgdu=—/f’g’du~

Hence, this unbounded self-adjoint operator on L?(u) is negative. Moreover,
the first non-zero eigenvalue A1 of —L, the so called spectral gap, is given by
the inverse of the best constant Co in (1). From now on, Cy will stand for
this best constant. As a consequence, the constant Co determines the ergodic
behaviour of the semigroup generated by L. The latter is a Markovian ergodic
semigroup of operators (P;);>0 on L?(u) and inequality (1) is equivalent to
the exponential rate convergence

1Pef = ()5, < e 279 Var,(f),

where p(f) = [ fdp is the mean of f under the measure p.

These well known results are valid in a much more general setting and can
be found in many earlier papers (see for instance [Bak94, Roy99, ABC*00]).
They emphasize the importance of the constant Cs and justify the following
question: how does this constant depend on the measure u?

A complete answer, based on MUCKENHOUPT’s paper on HARDY inequali-
ties [Muc72], has been recently given for measures on a one-dimensional space.
This is due to MICLO for measures on Z ([Mic99a, Mic99b]) and to BOBKOV
and GOTZE for general measures on the real line (see [BG99]). They get a
functional of the measure p which describes the exact order of the constant
C5. Let us now briefly present this result in our framework.

Let @ be a function on R (not necessarily convex) and

p(dz) = Z7" exp(—®(z)) dz (1)

the associated BOLTZMANN measure, supposed to be finite and normalized to
a probability. Let m be the (unique) median of u. Define

xT —+oo
B, = sup (/ e?® qt / e 2 dt)
r>m m T
B_ = sup (/ e?® q¢ / e 2 dt).
z<m T —0o0

Then call B(®) def. max (B4, B_) the MUCKENHOUPT functional. Now,

there exists a POINCARE inequality for p if and only if B(®) is finite, and
then one has

and

%B(@) < Oy <AB(®).

See [ABCT00] for instance for more details. Notice that BoBKOvV and GOTZE
get a similar result with an appropriate functional to characterize the loga-
rithmic SOBOLEV constant of the measure u.
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Now, suppose again that @ is convex. It is not so easy to be convinced
that B(®) is finite, even if it is true. The aim of this paper is to find a simpler
and clearer functional of ¢ which still describes the order of the POINCARE
constant of the measure p. The following theorem answers this question.

Theorem 1.1. Let @ be a convez function on R. Then the probability measure
p(dz) = Z7" exp(—®(z)) dw

satisfies a POINCARE inequality

Var,(f) = [ - ( /s du)2 < [ 17 (2)

and there exists a universal constant D (not depending on @) such that, if
Cy(®P) stands for the best constant in (2), then

(/ |z —m| u(dr))2 <C(2)<D (/ |z —m| ,u(dx))2.

In other words, up to universal constants, the POINCARE constant of a log-
concave measure is nothing but the square of the mean value of the distance
to the median.

Remark 1.2. We shall see that the constant D can be chosen equal to 16. This
precise value will not be derived from our computations but will appear as a
consequence of a closer analysis of the method described in [Bob99].

Remark 1.8. The first result which could indicate the importance of the dis-
tance function for the estimate of the POINCARE (or rather log-SOBOLEV)
constant was WANG’s theorem (see [Wan97]). Applied to log-concave mea-
sures on Euclidean spaces, it says that such a measure satisfies a log-SOBOLEV
inequality if and only if the square of the distance function is exponentially
integrable. The log-SOBOLEV constant obtained by WANG depends in a non
trivial manner on this exponential integral.

The following lemma is used in the proof of theorem 1.1 and is interesting
in itself. It says that a convex function cannot be much smaller than its value
at the median of the associated log-concave measure.

Lemma 1.4. Let @ be a convex function on R which goes to infinity at infin-
ity, and let m be the median of the associated log-concave probability measure.
Then

& > &(m) — log 2.

As will be seen later, S. BOBKOV proved that the best constant in the
CHEEGER inequality satisfied by a one-dimensional log-concave probability
measure is eqj(m)/ 2. Hence, the previous lemma says that the inverse of the
CHEEGER constant is an upper bound of the density of such a measure.
Lemma 1.4 will be useful in section 2.6 (and will be proved there) to solve
explicitly the variational problem on a simple enough class of functions.
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After having obtained theorem 1.1, we discovered a paper of S. BOBKOV
(see [Bob99] for details) which deals in particular with the same question. The
functional which BOBKOV considers is the variance of the measure and he gets

Var(u) < Co(P) < 12 Var(u),
where Var(u) is defined by

Var(u) = / 2% p(dz) — ( / w(dx))Q.

His approach is in some sense more complete than ours. Namely, he obtains
a similar control for the log-SOBOLEV constant of a log-concave measure on
the real line in terms of the ORLICZ norm

lz — B (@)l

associated with the YOUNG function ¥(s) = exp(s?)— 1. Moreover, he extends
his result to log-concave measures on the Euclidean space of dimension n: he
gets an upper control of the constant Cy in terms of ||z, but which doesn’t
remain of the good order in general.

Nevertheless, we think that our approach, based on totally different tools,
is worth being explained. Whereas BOBKOV’s point of view makes use of a
control of the best constant in the CHEEGER inequality, we perform a variation
computation in the set of convex functions, by means of the MUCKENHOUPT
functional. This method could potentially be adapted to provide extensions
to the non-convex setting (with a second derivative bounded from below) or
to study other functionals.

Moreover, one of the indirect but striking consequence of our study is
the universal comparison between two simple parameters for any log-concave
measure on the real line: the variance and the (square of the) mean value of
the distance to the median. Precisely, one has

(/ |z —ml| M(dx))2 < Var(p) < 16 (/ & — m| M(da:))27

where m is the median of . A similar estimate can be obtained as well as
an application of BORELL’s exponential inequality on tails of distributions of
norms under log-concave probability measures (see [Bor74]). More details are
given at the end of the paper.

Section 2 is devoted to the variational proof of theorem 1.1. Afterwards,
we turn in section 3 to a brief adaptation of BOBKOV’s point of view to find
again our result by a totally different way. A short and formal argument due
to D. BAKRY to get a POINCARE inequality is given in appendix 3.3. This
argument is essentially self-contained, readable at this stage and, although
slightly more theoretical than the rest of the paper, it might convince quickly
the reader that convex functions do satisfy a POINCARE inequality.
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2 Variational proof of the main result

From now on, the median m of the measure p is also called the median of &.
Proving theorem 1.1 amounts to find a constant D such that, for any convex

function @ with median m,
2
<D </|x—m,u(dx)) .

The other inequality is immediate indeed since, by the L! variational char-
acterization of the median, the CAUCHY—SCHWARZ inequality and the Lip-
SCHITZ property of the identical function, one has

/\x—mm dz) /|x— )| p(dz) < v/ Var(u) < +/Ca,

where E(u) = [ 2 pu(dx) is the expectation (or the mean) of .

2.1 General strategy of the proof

One may easily reduce the number of parameters by using simple transforma-
tions on convex functions. First, it is enough to show that

') 2
By@ <0 ([ "le-miu(an)
By homogeneity, one may assume that #(m) = 0. Now, by changing ¢ into
&(- — m), one may suppose that m = 0 and the condition becomes, for any
convex function ¢ with median 0 which vanishes at 0 and any = > 0,

T oo 0o 2 0o —2
/ e?() q¢ / e P qt < (/ te ?® dt) (/ e ?® dt) ,
0 x 0 0

where < stands for < up to a universal constant. Now, remark that changing
¢ into (15( /x) allows to consider x = 1. Hence, the problem is reduced to
minimize the functional

1 (Mc(sﬁ) + Moo (®) >2
Zoo(P) Ec(P) \ Ze(D) + Zoo(P)

on the set of convex functions with median 0 which vanish at 0. Here, we put
1 1 1
Ze(P) = / e ?® qt, M, (®) = / te *®Wdt, E (&) = / e?® qt,
0 0 0

Zoo(P) = / e ?Wdt, Mo (P) = / te=?M gz,
1 1

We split the integrals in order to dissociate the two components of & on the
compact [0,1] and the infinite interval [1, c0) respectively.
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Definition 2.1. The functionals Z will be called the mass functionals, M the
mean functionals and E. the inverse mass functional.

As we are only concerned with the restriction of @ to the half line [0, c0),
it would be interesting to characterize the convex functions on this interval
which have a convex extension with median 0 on the whole line. This question
is settled by the following lemma.

Lemma 2.2. Let @ be a convex function on RY which goes to infinity at +oo.
Then D is the restriction of a convex function on R which goes to infinity at
infinity as well and with median 0, if and only if,

-1

Y02 Z@ T 2@

(3)
Proof of lemma 2.2. This is a simple argument. The case of interest is when
@'(04) < 0. If @ has a convex extension, say @, then 5/(0_) < 9'(04) and
&(t) > L(t) for any t € R, where L is the linear function vanishing at 0 and
with slope @(0_). Let Z_ be the mass functional of a function on R~. One has
Z_(®) = Zo(P) + Zoo () as the median is 0. And Z_ (@) < Z_(L). It remains
to compute explicitly the latter. Conversely, the condition makes sure that

the linear function L with slope &'(04) at 0 is a convenient extension. O

As a consequence, define the class C of convex functions on Rt going to
infinity at 400, vanishing at 0 and such that

-1

Y02 2@+ 720

We now fix some denominations which will be used throughout the paper.

Definition 2.3. We shall consider continuous piecewise linear functions on
R*. Among them, the k-piecewise linear functions are those with k linear
pieces. The k —1 knots of such a function are the points where the derivative
is broken.

Let 7 be the class of 3-piecewise linear convex functions vanishing at 0
on a floating compact interval [0, 5], for some 8 > 1. We furthermore require
these functions to have a knot at point 1 and the other inside the interval
[0,1]. We consider the functions in 7 as functions defined on the entire half-
line by extending them by oo on (3, +00). The proof of theorem 1.1 can be
split into the following two propositions.

Proposition 2.4 (Restriction to a simple class of convex functions).
Let

- 1 Mc(gp) + MOO(@) ’
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be the functional of interest on the class C. Then, the 3-piecewise linear func-
tions in 7 NC are almost extremals of K. Precisely,

1
min K(®) > = min K(P).
beC 2 #eTC
Proposition 2.5. The functional K(®P) on the class T N C introduced before
is bounded from below by a positive constant.

Remark 2.6. We shall sometimes call the functions of 7 NC minimizing func-
tions of the variational problem even though they are not exactly so.

Let us sketch the strategy we chose to investigate this minimization prob-
lem. The complexity of the involved functional K can be weakened by fixing
some appropriate parameters. By this way, we may focus on a simpler func-
tional
(Mo(®) + M)®

E.(®) 7

M > 0, acting on convex functions defined on the compact interval [0, 1]. By
approximation in the uniform norm, attention may be restricted to piecewise
linear functions. A precise study of the functionals M. and E. then allows
to reduce gradually the number of linear pieces by an induction argument.
This leads to proposition 2.4. As for proposition 2.5, the proof is based on
classical minimization under constraints (on a domain of R®) and asymptotic
expansions.

In what follows, we have tried to present these arguments in a short way in
order to emphasize the key points. Some routine proofs are left to the reader
who may refer to [Fou02] for complete details.

Ky (2) =

2.2 Simplifying the problem by fixing parameters

The restrictions to [0, 1] and [1, o) of a function @ in the class C will be called
respectively its finite (or compact) and infinite components. Let C. and Coo
be the sets of all these possible components for different @ € C.

Independence conditionally to fized parameters. The class C is not the product
of C. and C or, in other words, the two components of @ are not independent.
But the point is that, conditionally to three well-chosen parameters, they are.
These parameters are the value x at 1, the slope b at 1, and the mass Z, on
the infinite interval.

Here are some more details. Note that the necessary and sufficient con-
dition for x and b to correspond to a function in C, that is, z = $(1) and
b= (1;) for some @ € C, is

b=z > —log2. (4)
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This lower bound appears by considering the limit function L, linear with
slope  between 0 and 1 and infinite afterwards. Condition (3) for L, is exactly
x > —log 2. Let us here emphasize that the previous notation L, to describe
this linear function will be used throughout the paper.

Let Coo (2, b) be the set of all infinite components with the corresponding
parameters (satisfying (4)). Fix Zoo € Zoo(Coo (2, b)) and extend the previous
notation in a natural way to define C(z,b, Zs), Coo(x,b, Zoo) and Ce(z, b, Z o)
respectively. Then one has

C(x,b, Zoo) = Co(x,b, Zoo) X Coo(x,b, Zso).

Moreover, C.(z,b, Zs) is the set of convex functions ¢ on [0, 1] such that

(i) »(0)=0and ¢(1) =
(i) ¢'(1) < b and ¢'(0) > —1/( () + Zeo).

Minimizing the mass functional on the infinite interval. On Coo(,b, Zoo), the
mean functional My (-) is minimal when the mass Z. is as close to 1 as
possible, i.e., when the infinite component is the linear function

lr,b,Zoc = (1' + b( - 1)) 1[17,1) + o0 1[a,oo)~

The threshold « is fixed so that the mass is Z,. In short,

i def.
Moo = Moo lw = Moo 7b7 Zoo )
wecocn(laﬁzm) (®) (L, 20) (x )

Simplified minimization problem. The previous paragraph ensures that a min-
imizing function of the functional K on C introduced in proposition 2.4 is
necessarily linear on an interval [1, 8] and infinite after (3.

The next step of simplification consists in fixing the mass on the compact
interval [0, 1]. The minimization problem can thus be reduced to the following

Simplified problem. There exists a positive € such that, for any real num-
bers x and b such that b > x > —log(2), any masses Zso € Zoo(Coo(,D))
and Z. € Z.(Cc(x,b, Zs)), and any function @ € Co(x,b, Ze, Zo),

(MC(@) + Moo(x7 b7 ZOO))2
T : (5)

€ Zoo (Ze 4 Zoo)?

Here, Co(x,b, Z., Z~) must be understood as the subset of functions in
Ce(z,b, Zo) with fixed mass Z..

Remark 2.7. It is shown in [FouOZ] that Zoo(Coo(2,0)) = (0, Z2o(z,b)) and
Ze(Co(x,b, Zo)) = (Ze(Lz), Ze(x,b, Zoo)) for some explicit functions Z. and
Zoo.
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2.3 Approximation by piecewise linear functions

The previous simplified problem (5) leads to minimize a functional of the form

2
Kar(®) < % . M>0, (6)

for @ in C.(x,b, Z¢, Zoo)-

The first step consists in approximating ¢ by a sequence (@), still in
Cc(x,b,Z., Z) of piecewise linear functions which converges uniformly to .
Such an approximation is obtained as follows. Given a partition o of [0, 1], let
the functions

(o) > & > B(0),

which are 1 or 2-piecewise linear between two points of the partition, be
defined as follows. @(o) is the secant line of ¢ between these two points, @(o)
is the supremum of the two tangent lines of @ at these points. These two
functions converge uniformly to @ as the partition size goes to 0.

Now, zooming in between two consecutive points o; and 0,41 of the parti-
tion, the situation is described by figure 1. In the family of 2-piecewise linear

Fig. 1. Local approximation by piecewise linear functions

functions on [0;,0;41] interpolating between ®(o) and &(o), there is exactly
one function ¥ with the same mass as @ on the considered interval. Globally,
one gets a piecewise linear ¥ in C.(z,b, Z., Z~) such that

2-9],).

As the partition size goes to 0, one gets the expected sequence (Pp,),. As
K (Py,) converges to Kp(P) as n — 400, we may assume in the sequel that
the considered function @ € C.(x,b, Z., Z~,) is piecewise linear.

17 - @, < max(|[F- 2|,

2.4 Precise study on 2-piecewise linear functions

As will be seen, we are not able in general to determine the exact minimizing
functions of the functional Kj;(®) introduced in (6). Nevertheless, up to the
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constant 1/2 of proposition 2.4, these are linear with two pieces. To prove this,
an induction argument will be used. The main step consists in establishing
that, on the set of piecewise linear convex functions with less than three
pieces, the extremal values of the functionals M, and FE. are achieved by
some 2-piecewise linear functions.

We now enter the particularity of the Muckenhoupt functional by comput-
ing explicitly the involved functionals on linear functions.

Functionals on linear functions

Let @ be the linear function on the interval [«, 5] such that $(«) = u and
&() = v. One has

Z(®) = (8 —a)S(-u,—v),
E(®) = (8 — ) S(u,v),
- (ﬂ - 0‘)2 (

vV—1U

S(—u,—v) —e” ") + a (B — @) S(—u, —v). (7)

The function S(u,v) is the slope of the secant line of the exponential function
between the two points u and v:

S(u,v)

u—v

Note that this function satisfies the following differential equation (which will
be helpful later)

01S(u,v) = S(v,u) =

(e“ - S(u,v)). (8)

u—v

2-piecewise linear functions with fixed mass

We focus here on the set of convex functions on [0,1] with fixed boundary
values and fixed mass functional

Col, Z) = {® : (0) =0, D(1) = @, Zo() = Z.}

and more particularly on its subset of 2-piecewise linear functions Ei (x, Z.).
Note that, from remark 2.7, Z, > Z.(L,) = S(0, —z).

A 2-piecewise linear function @ on [0, 1] with fixed boundary values is
specified by two parameters: its knot o and the value u at this point «. Then,
the constraint

Z(P) = aS0,—u) + (1 —a)S(—z,—u) = Z,

determines a curve. This curve is globally parametrized by
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Z.— S(—x,—u)
S0, —u) — S(—z,—u)’

a=oau) =

(9)

for w in an interval U. Precisely, U = [ug, u1] if x > 0, [u1, ug] if z < 0, where ug
and uy are given by Z. = S(0, —u1) = S(—z, —ug) or equivalently a(ug) =0
and a(uy) = 1. This condition is nothing but the fixed mass condition for
the corresponding functions @y and @1 to be introduced later in section 2.4
(see also figure 2). Remark that such a 2-piecewise linear function is either

Fig. 2. 2-piecewise linear functions with fixed mass

convex or concave. Nevertheless, the convexity is automatically given by the
necessary condition Z. > S(0, —x), which then entails that

azx > u. (10)

The derivative

o (u) =

_8Zc/8ZC @380, —u) + (1 — a) 028(—x, —u) (11)

ou/ da S0, —u) — S(—z, —u)

is strictly of the same sign as x, since 025 > 0.

Mean functional

A geometric argument points out the extremals of the mean functional M.(+)
on C¢(x, Z.). The identical function ¢t € R +— ¢ being increasing, if the mass
of @ is fixed to Z.(P) = Z.,

1
M, (D) :/ te= M qt
0

is minimal as this mass is as close to 0 as possible, i.e., if @ is as small as
possible near the point 0. Hence, the minimizing function @ is the linear
function @y with boundary values up at 0 and x at 1. This function may be

considered as a 2-piecewise linear function in Ei(:m Z.) with infinite slope at 0
(even if @y(0) # 0).
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Inverse mass functional

Thanks to the parametrization (9) of the set @i(z, Z.), one is led to study the
variations of the function

E(u) = a(u) S(0,u) + (1 — a(u)) S(z, u). (12)
Proposition 2.8. The previous function E is decreasing.

Proof. Here is a way to compute the derivative of F, spliting it into different
terms whose sign is easily determined. By (12), (9) and (11), the derivative
of E may be expressed as

El(u) = OLA(U,I) + (1 - OL) B(u,x),
where we put

S(0,u) — S(x,u)
S(0, —u) — S(—z, —u)

A(u,z) = 325(0, —u) + 2.5(0, u)

and
S(0,u) — S(x,u)

S0, —u) — S(—z, —u)
An interesting symmetry property satisfied by these two functions makes the
choice of the previous notation clearer. That is

B(u,z) = 028(—x, —u) + 025 (x, u).

B(u,z) =¢e® A(u — x, —x). (13)

To check it, come back to the definition of S, use the differential equation (8)
and perform a development (with a little bit patience). Now, note (after an-
other tedious computation) that A(u,z) can be rewritten as

2
Alu,z) = u? (u — x) (S(O, —u) — S(—z, —u)) Va(u)

The involved function ), (u) is defined by
¥z (u) = x + sinh(z) 4+ sinh(u — 2) — sinh(u) + (v — 2) cosh(u) — u cosh(u — x)
and has the same sign as z. And, thanks to (13), we get

2e”

Well,

and
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So that

21, (u)
u? (u— )2 (S0, —u) — S(—z, —u))

E'(u) = (u—ax).

But u < ax is exactly the convexity constraint (10). Finally, as 1, has the
same sign as z, the ratio

is always non negative. a

Extremal functions

The minimizing function of the mean functional M. was shown in section 2.4
to be the linear function @y with boundary values ug and x. Now, let ¢, be
the symmetric linear function with boundary values 0 and u; obtained at the
limit when « goes to 1 (see figure 2). Following the previous proposition, the

maximizing function of the inverse mass functional E. on Ei(:m Z.) is either
Dy (lfI > O) or @ (lf.fE < O)

2.5 Induction and almost minimizing functions

Fig. 3. Extremal functions under constraints

Thanks to the preceding study of the mean and inverse mass functionals
on 2-piecewise linear functions, we will be able to find the extremal functions
of these functionals on the whole set C.(z,b, Z., Z). We have to replace the
functions @y and &, introduced before by functions ¢, and @, satisfying the
corresponding constraints. Those are the ones with mass Z. as close as possible
to 0 and 1 respectively (see figure 3).

Lemma 2.9. For any function & € C.(x,b,Z., Z),

Mc(50) < MC(Q) < Mc(il)
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Moreover,

Ec(él) < Ec(é) < Ec(50)> Zf x = 0>

E.(Po) < Ec(®) < Ec(1), if  —log(2) <z <0.
Proof. As seen in section 2.3, one may assume @ to be m-piecewise linear
for some n. Let I = [0,7] be an interval on which @ is 3 plecevvlse linear.

We now describe some (n — 1)-piecewise linear functions @n 1 and @n 1 in

Cc(z,b,Z., Z) which coincide with @ outside I. On I, 5n—1 (resp. @n_l) is
the 2-piecewise linear function with the same mass Z.(®) as @ constructed
by extension of the slope of @ at its first (resp. second) knot « (resp. 3).

We focus on the comparison of ¢ and &@,,_;. They coincide outside [«, 7] and

Fig. 4. Induction argument

their restrictions to this interval are 2-piecewise linear functions. One can then
make use of the results seen in subsection 2.4 and 2.4 to compare the values
of the mean and inverse mass functionals on these two functions. The same

thing occurs for @ and &,_1 on [0, 3]. On the one side,

M, (@n1) < Mo(@) < Mo (@01). (14)

On the other side, according to the respective values of @ at «, 0 and 7,

E. (gnfl) < E(?) < E. (57%1), (15)

or

E, (gnfl) < E(?) < E, (5n71)~ (16)

By induction, we end up with 2-piecewise linear functions @2 and @5 on [0, 1]
which satisfy inequalities (14) and (15) or (16). Now, for these 2-piecewise
linear functions, the expected comparisons of lemma 2.9 come from the results
proven in subsection 2.4. a

Hence, the extremals of the mean and inverse mass functionals are com-
pletely determined. For the functional Kj; needed in proposition 2.4, it is a bit
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more complicated. When x > 0, everything goes off well. Indeed, M, achieves
its minimum as E, achieves its maximum. So, @ is the minimizing function
of Kp(P) on Ce(z,b, Ze, Zoo). For —log(2) < x < 0, however, a closer look is
necessary. Thanks to lemma 2.9,

5 Be®0) 1o @) > §E§?§ K (@)).

The reader may check that E.(®g)/E.(P1) equals e* G(e* Z.)/G(Z.), where

the function G(z) ¢ (0, —S~1(0,)(z)) is decreasing. Here, S~1(0, ) stands

for the inverse function of S(0,-). Hence, this ratio is bounded from below by
1/2 uniformly in the parameters — log(2) < z < 0 and Z. > 0. Finally, one
gets Ky (@) > 1/2 Kp(Po) and the proof of proposition 2.4 is complete.

2.6 Minimization for almost extremals

A classical (but a bit strenuous) study shows that the functional K is bounded
from below by a positive constant on 7 NC as claimed in proposition 2.5. We
won’t give precise details to avoid lenghty (and non crucial) computations.
Nevertheless, we now point out some guidelines to make the task easier for
the interested reader.

A domain in R®

A 3-piecewise linear function in 7 is described by five parameters: the knot
« inside (0, 1), the value u of the function at this point, the value x and the
slope r at point 14 and the threshold 8 after which the function is infinite.
Furthermore, let p and g be the slopes at 0 and 1_ (see figure 5).

Fig. 5. 3-piecewise linear functions

The convexity constraints are

p:ggx and q= < (17)
o
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For the function to belong to C (it must have a convex extension with median 0
as in lemma 2.2), an extra constraint must be satisfied:

pZ>—1. (18)

Here, Z stands for Z, 4+ Z.,. We let the reader express the mass, inverse mass
and mean functionals (acting on functions in 7°) as functions of the five chosen
parameters (use paragraph (2.4)). The set 7 N C may hence be viewed as a
domain in R® determined by the constraints (17) and (18).

Bounded values on the compact interval

Lemma 1.4 presented in the introduction claims that the density of a log-
concave probability measure is bounded from above by twice its value at the
median. This property highly simplifies the functional K of interest when the
value z at 1 is less than a fixed constant A > 1. It will be made more precise
later. Meanwhile, we focus on the proof of the lemma.

Proof of lemma 1.4. Let @ be a convex function on R going to infinity at
infinity. Recall we want to establish the estimate

& > B(m) — log(2),

where m is the median of @. One may assume that m = 0 and that ®(0) =
0. Then the restriction of @ on [0,00) satisfies the extension condition of
lemma 2.2 and, for any ¢ > 0, the convex function

l(s) = @ 519,.4(5) + (+00) L1 400y (8)

is still in class C as I(0) > &'(0) and Z(I) < Z(P). Consequently,
F0z)=1—e*D>_1  or &) > —log(2).
One gets the lower bound for the restriction of ¢ on (—o0, 0] by symmetry. O

As a consequence, when = < A, the functions Z., M. and E, are of order 1.
And one is led to the simpler function

1 1+My
VZo 147"
where Z, and M., stand for e* Z., and e* M., which do not depend on x

any more. The domain on which H(r, ) has to be minimized may be shown
to be

H(’l‘,ﬁ) =

—log(2) < r and 1< 8 < Bmax(r)

where
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B (1) = —log(2)/r for —log(2) <r <0,
max\T") = 400 for r > 0.

The EULER-LAGRANGE equations for fixed mass Z., show that H(r, 3) has
no extremum in the interior of the previous domain. And, on its boundary,
one gets

H(r,1) = H(+o0,8) = 1_1%1 H(r,Bmax(r)) = lim  H(r, Bmax(r)) = +o0

r——log2

while H(r,00) = (14 r)/+/7 is positively bounded from below. Note that the
symbol f &~ g stands for

dB >0 suchthat B 'f<g<Bf.

Large values and behaviour at the limit

The previous simplification is no longer valid when x goes to infinity. To
deal with these large values, the analysis is dependent upon the sign of the
derivative p at 0.

Negative derivative

This is the case where constraint (18) becomes effective. Define v = —u > 0
(to deal with positive quantities). We split the domain D given by (18) into
subdomain D, 0 < v < 1, defined by

pZ=v S(—x,v)—S(O,v)—W = —9. (19)

Note that p Z is maximal for o = 1, so that there exists an « satisfying (19)
if and only if
v (=Zoo — F(—0)) = —.

It leads to the parametrization of D,

S(—x,v) + Zs
S(—z,v) + zy(v)

V0 < v < Umax(Zoo)s a=alv,z)=

for some 2 (v) 2 Zoo and vmax(Zeo) to be specified (see [Fou02]). Remarking
that Zo < e~ %/x, the reader may check that

1 (20)
o R
1+Az
where the new parameter A\ = z,(v) — Zo > 0 is introduced. A further
asymptotic study shows that
1+ 14+ Ae”
YA d N —— . 21
1+ Az an 14+ Az (21)
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Here, we used Zo, = o(1/x) = o(Z,.).
Now, equation (7) leads to the following expression for the mean functional

1+(v—1)e" 1—a)?
_plre=De (1=
v xr+v

M. (S(v,—z) —e™®) +a(l —a)S(v,—z).

As each term of this sum is positive, it suffices to find their orders separately.
One gets M, ~ o + (1 — a)?/2? + a (1 — a)/z and so

14 )2
M~ T (22)

From (21) and (22), it follows that (M./Z)? ~ M,. Using Z,, < e~*/x once
more, one has

K

_ L (Mo M b 14N
T E.Z. VA . T4+ Xxer 14 A222 7 7

where the above bound is uniform in A > 0 and * > A for some value of
the threshold A > 1. Recall that = stands for > up to a universal constant.
At the end of the day, note that the parameter v was hidden up to now in
A = 2y(v) — Zo. Hence, the positive bound we got does not depend on v and
is valid on the whole domain D.

Non negative derivative
In that case, 0 < u < az and
S(0,—x) = Z.(L,) < Z. < Z.(0) = 1. (23)

Hence Z. = 1/x so that Z,, = o(Z.) and

ze® (M, 2

K = . (ZC)' (24)
Now, following paragraph 2.4, for a 2-piecewise linear function on [0, 1] with
value z at 1 and fixed mass Z., one has a = a(u), where u lies in U = [ug, u1]
(as x > 0) with up = =S~ (—z,-)(Z.) and u; = —S71(0,-)(Z.). According
to (23), up < 0 < wuy, so that 0 € U. It was shown that, in case when
x>0, M2 /E. is an increasing function of parameter u. Hence, it achieves
its minimum (when the slope p is non negative at 0) at u = 0. And we may
restrict ourselves to the case u = 0 in (24). For the remaining function I(«, z),
one gets

Ia,z) =

1 a2+ (1-a)P+a(l—a)z 2>1
aze ®+ (1 —a) ar+1 o

uniformly in o € (0,1) and & > A. The proof of proposition 2.5 is complete.
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3 Bobkov’s argument via the Cheeger constant

In this section, we present another proof of theorem 1.1 thanks to a closer
analysis of BOBKOV’s argument (see [Bob99]). This approach gives rise to an
exact estimate of the constant D, which may be chosen equal to 16. We start
with some generalities on the CHEEGER inequality and then come to the proof
of the result.

3.1 Preliminaries on the Cheeger inequality

Let 1 be a probability measure on the Euclidean space R™. For any measurable
set A, the surface measure of A is
A®) — p(A
115 (0A) = lim inf wA°) — u(4) :
e—0 £
where
A* ={xz eR" : |z —a] <e, for some a € A}
is called the e-neighbourhood of A. The measure pu satisfies a CHEEGER in-
equality if there exists a constant C; > 0 such that, for any measurable set,

min (u(A), 1(A%) < C1 1 (9A). (25)

This inequality is nothing but a uniform control of the measure of any BOREL
set such that p(A) < 1/2 by its surface measure. It was introduced by
CHEEGER to get an estimate of the spectral gap of the LAPLACE-BELTRAMI
operator on a Riemannian manifold (see [Che70]). As the Gaussian isoperi-
metric inequality, the CHEEGER inequality has a functional equivalent version.
This functional CHEEGER inequality says that, for any compactly supported
smooth function f on R™ with median m,

/ f-mldu< Gy / Vfldp (26)

The median m is precisely the median of the law of f under measure pu.
This formulation shows that the CHEEGER inequality is a L' or isoperimetric
version of the POINCARE inequality. This is the reason of the indices 1 and 2
of the constants.

Formally, we get the equivalence between (25) and (26) as follows. First,
if p(A) < 1/2 then 0 is a median of 14, so that (26) applied to such indicator
functions is exactly (25). Conversely, if g is smooth enough with median 0,
using the co-area formula on the manifold {g > 0}, one gets

+oo
/ gdu:/ n({g > t})dt
{g>0} 0
+oo
<a [ mltg=tha=c [ |vgld
0 {g>0}

as u({g > t}) < 1/2. Then, (26) follows by applying the previous inequality
to both f —m and m — f.
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Isoperimetric function for measures on the real line

Assume
p(dz) = Z7" exp(—®(z)) dz

is a BOLTZMANN probability measure on R whose phase function @ is contin-
uous. Following S. BOBKOV, note F'(t) = p((—00,t]) the distribution function
of p (which is continuously differentiable and strictly increasing) and define
the isoperimetric function of p by

w(p) =F oF p), pel0,1].

For the exponential measure e(dz) = exp(—|z|) da/2, the function «(p) is the
function min(p, 1 — p) appearing in the CHEEGER inequality, whereas for the
Gaussian distribution it is the function U(p) of the Gaussian isoperimetric
inequality (see [Bob96b], [Led96], [Led99] or [Fou00]).

Why this terminology isoperimetric function? Trivially, if H is a half-line,
one has ps(0H) = v,(w(H)). Rigorously, the isoperimetric function of the
measure [ is

L(p) = inf p(0A).
p(p)= b p1s(04)

By definition, I, is the greatest function I such that, for any BOREL set A,
I(u(A)) < ps(0A). (27)

So, requiring ¢,, to equal I, is exactly saying that inequality (27) for I = I,
has extremal sets with any fixed measure p and that these sets are half-lines.
According to [Bob96b] (see also [Bob96al]), it is the case when p is the Gaussian
measure. It is known that the same thing occurs for the exponential measure.
Hence, the isoperimetric inequality of e(dx) is exactly

min(e(A), 1 — €e(A)) < e;(0A)

with half-lines as extremal sets (see [Tal91]). So the best constant in the
CHEEGER inequality for ¢(dz) is 1.

Another consequence is that the CHEEGER inequality appears like a com-
parison with the typical model of the exponential measure. This situation is
very similar to the one of Gaussian measure with respect to the BOBKOV
isoperimetric inequality. In [BL96], BAKRY and LEDOUX deduce from this
Gaussian isoperimetric inequality of constant C; (of L! type) the corre-
sponding L? type inequality, i.e., logarithmic SOBOLEV inequality of constant
Cy = 2C%. The constant 2 comes from the logarithmic SOBOLEV constant of
the Gaussian model. The same argument may be applied to the CHEEGER and
POINCARE inequalities. Whereas this result is well known, we now sketch the
proof copied in this new context in order to emphasize the unity of methods
to compare inequalities of L' and L? types (in the case of diffusion operators).
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Cheeger and Poincaré inequalities

It is easy to be convinced that the POINCARE constant of the exponential
measure e(dz) is Cy(e) = 4. Trivially, the MUCKENHOUPT functional takes
value 1 in this example. Hence, by (1), Ca(e) < 4. Applying the POINCARE
inequality to the monomials z* for odd k, one gets Co(€) > 4 as k goes to infin-
ity. Remark that it shows optimality of the constant 4 in the MUCKENHOUPT
estimate.

The following argument roughly comes from [BL96]. In this paragraph,
1 is a probability measure on R™. Let f be a fixed smooth function. We
may assume that the law of f has a positive density G’. Remark that, in the
case r < m, 0 is a median of g def. 1(_oo,s] © f. In the other case r > m,
1 is a median. Applying the functional CHEEGER inequality to g, one gets the
differential inequality

min(G(r),1 - G(r)) < C10(r)G'(r)
where G is the distribution function of the law of f under p and

0(r) =E,(IVf| /f =)

is a version of the conditional expectation of |V f| given f. Call F, the distri-
bution function of e(dx). In terms of the function k = G~! o F, which has the
same law under € as f under p, the previous inequality says exactly that

K <Cifok. (28)

The POINCARE inequality for € applied to k, conjugate with (28), gives rise
to the POINCARE inequality

Var,(f) <4C? /\Vf\%m.

3.2 The one-dimensional Cheeger inequality

We have seen before that the CHEEGER inequality may be considered as a
comparison with the typical model of the exponential measure. As this model
is also the typical model of log-concave measures, it is not surprising that these
measures satisfy a CHEEGER inequality. As for the POINCARE inequality, to
determine the exact value of the best constant C () for a log-concave measure
is of great interest. This highly non trivial question is still open in dimension
more than 2. In dimension 1, the answer was given by BoBKOV and HOUDRE
(see [BH97, Bob99]). We briefly present their results below.
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Cheeger constant for Boltzmann measures on R

Let
p(dz) = Z7" exp(—&(z)) dz

be a BOLTZMANN probability measure on R with & continuous, and F' be its
distribution function. Then

Theorem 3.1 (Bobkov—Houdré, [BH97]). The CHEEGER constant is
given by

def. min(p(A), 1 — u(A)) e min (F(z),1 — F(z))
AT TLen T Pm

In other terms, one may consider only half-lines in the supremum.
Sketch of proof. Taking A = (—o0, z], one gets

def. sup min(F(:z:), 1-— F(x))
zER F’(l‘) .

Hence, one may assume that K, is finite. The function k = F~10o F, has the
same law under € as the identity function x — x under p. Moreover, one easily
checks the LipscHITZ bound

K < K,.

Now, if f is of median m under u, g = f o k has median m under € and
¢’ < K, f'ok. Applying the CHEEGER inequality with constant 1 for e to the
function k, one gets

[ 18- mlan= /|g mlde < [Igde< K, [1f' 0kl de= K, /Ifldu

Finally, C; <

Cheeger constant for log-concave measure on R

In the case @ convex, theorem 3.1 may be stated with much more precision.
This is due to BOBKOV’s characterization of BOLTZMANN and log-concave
measures in terms of their isoperimetric functions ¢. In few words, there is
a one-to-one correspondence between the family of BOLTZMANN probability
measures p (up to translations) and the family of positive continuous functions
¢ on ]0,1[ vanishing on the boundary. For a measure p with median 0, it is
given by
t=F oF!

and

1 o “ d_p u
F (u)—/1/2 Ok e [0,1]. (29)
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If we assume as previously that the function @ we consider is finite (i.e., the
domain of 4 is the whole line), then the function 1/¢ has to be non integrable
at 0 and 1. The fundamental trick is that this correspondence maps the family
of log-concave measures into the family of concave isoperimetric functions ¢.

Theorem 3.2 (Bobkov, [Bob99]). Let p(dz) = Z7' exp(—9(z)) dz be

a log-concave probability measure of median m on the real line. Then, the
CHEEGER constant is

C = % exp(®(m)).

In other words, the CHEEGER inequality admits the two half-lines determined
by m as extremal sets of measure 1/2.

Sketch of proof. The key argument is the later characterization (in terms of
isoperimetric functions) of log-concave measures. Namely,

min(F(z),1 — F(z)) min(p, 1 — p)
C1 = sup - = sup ———~=
zER F'(x) pe(0,1) L(p)

As ¢ is concave and coincides with the secant 2-piecewise linear function
2¢(1/2) min(p, 1 — p)
at points 0, 1/2 and 1, the latter lies below ¢ everywhere. Consequently,
C1 < (26(1/2)) 7" = 1/2 exp(d(m)). O

A new look at lemma 1.4 shows that if u is log-concave on the real line, then
its density is bounded from above by the inverse of its CHEEGER constant.

3.3 An alternative proof of Theorem 1.1 via the Cheeger
inequality

In this section, we present a new proof of our main result via Bobkov’s argu-
ment. More precisely, Bobkov proved in [Bob99] that

C? < 3Var(p)
and then ended up with the estimate
Cy < 12 Var(pu).

But we may use his method as well to get a similar bound in terms of the
functional we studied. The proof is even simpler.
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Theorem 3.3. Let p(dr) = Z71 exp(—@(m)) dx be a log-concave probability
measure of median m on the real line. Then

Ch <2 /|x—m\,u(d:z:)

Cy < 16 (/ lz — m| u(dx)>2.

Proof. We may assume m = 0. According to (29), one has

/_J:Oa?F’(a?)dx:/OlF_l(u)|du:/01 /I:LQLC(I—;’du

Define ¢, (p) = ¢(1/2)+a (p—1/2), the linear line with slope o which coincides
with ¢ at point 1/2. As ¢ is concave (and C!), it lies below its tangent line at

point 1/2. Let @ = ¢/(1/2). One gets ¢ < 1z and [ |z| p(dz) > H(@) where we
du, o€ (—20(1/2),2.(1/2)).
1

put
1
def.
H(«x :/
( ) 0 /2 La(p)

Note that this interval contains @ by the concavity of ¢ and that H(«) is well
defined on it.

As a function of «, 1/14(p) is convex, and consequently H () is convex as
well. Moreover, thanks to a change of variable, notice that H(a) = H(—a),
so that H(a) > H(0). Remarking that ¢y = ¢(1/2), one gets

and consequently

1 1
/\x\,u(da:) > m/o lu—1/2|du > exp(®(m)) /4 = Cy/2.

This is the claimed assertion. O

As mentioned in the introduction, a direct consequence of this result is the
universal comparison

2

(f1z=m ﬂ(dr))2 < Var(o) < 16 ( [ o~ mlutan)) (@0

between the variance and the (square of) the average distance to the median
for log-concave probability measures. The constant 16 is probably not optimal.
Moreover, as pointed out by the referee, the previous estimate could have been
obtained as a corollary of BORELL’s exponential decay of tails of log-concave
probability measures (see [Bor74] lemma 3.1 for a general statement). We
briefly present a naive derivation of that result by this way. It gives rise to a
worse constant (even though it could certainly be refined).

As far as we are concerned, a direct consequence of BORELL’s inequality
is the following. Let a and b be real numbers (b > 0). Define
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Guad) =pu(lr —al <b)  and  b(u,a) = G4 (3/4)

(3/4 is here chosen for simplicity). Then, for any log-concave probability mea-

sure [,
V>0,  p(lr—al =tb(u,a)) <3092 (31)

Let E(p) = [z p(dz) be the expectation of p. Thanks to the above inequality
and formulae like

+oo
e =B aan) =2 [ (e B0l > 1) ar

and
[ o= Bl (o) > bu(le - B > b)

one gets

[ 1o = B utae) =120 B) = ( [ 1o - B0 udx))2-

It remains to replace the mean by the median in the latter; this follows from

B(u) - m| < / & — m| ()

and the triangle inequality.
Finally, one obtains inequality (30), with the constant 27 v/3/(log 3)?
stead of 16.

Appendix: Simple criterion for the Poincaré inequality

The present argument due to D. BAKRY is valid in the general setting
of Markov diffusion operators. However, as such a generality is not useful
at all in the rest of the paper and to make things simple, we shall limit
ourselves to the case of second order elliptic differential operators on manifolds
(refer to [Bak94], [Led00] or [ABCT00] for the description of abstract diffusion
operators).

Let M be an n-dimensional smooth connected manifold and consider a
second order elliptic differential operator L on it (in non divergence form). In
any local coordinates system, L acts on smooth functions by

Lf(@) =3 ¢"() 81,18% +Zbl 3:@

where (g% (z)) is a symmetric definite positive matrix with smooth coefficients
with respect to x, that is a (co)metric. Note that b*(x) is smooth as well. Let
T be the square field operator associated to L by the formula
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af . oh

T(f,h)(x) = 55 5

(L(fh) = fLh - hLf) =Y ¢"(x) ().

(2¥]

N =

We write I'(f) for T'(f, f). It is nothing but the square of the length of the
gradient w.r.t. the Riemannian metric associated to the second-order part of L
(the inverse matrix (g;;(x)) of (¢*(z))). Thanks to the LAPLACE-BELTRAMI
operator given by this metric, L may be rewritten in a more concise way as
L = A+ X, for some vector field X. The square field operator of such diffusion
operators satisfies the following derivation property

T(Z(f) = (&'(f)*T(), (32)

for any smooth .

Equip M with a probability measure pg absolutely continuous w.r.t. the
Riemannian measure and with density Z;' exp(—®). The operator L is said
to be reversible w.r.t. the measure ug if, for any smooth functions f and h,

[rsndns == [ 2071 da
It occurs provided X = —V@ and then
L=A-T(2,).

A LIPSCHITZ continuous function u (w.r.t. the Riemannian distance) is called
a contraction if I'(u) < 1. Note that, for non smooth functions, it occurs
almost everywhere thanks to RADEMACHER’s theorem. We are now able to
state the

Theorem A.13. Let L, T and ug as before. Suppose there exists a contraction
u such that, for some real numbers o > 0 and 3, and some point xg € M,

(Lu + o) dpe < g, (33)

as measures. Then the measure pg satisfies the following POINCARE inequal-
ity: for any compactly supported smooth function f on M,

Var,, (f) < % /I‘(f) dpg. PI (4/0?)

Remark A.2. To make the following formal computations more rigorous, we
should construct a suitable approximation of the contraction w by smooth
functions. We limit ourselves to this formal level to emphasize the key points
of the proof.

Remark A.3. Considering two finite (signed) measures p and v on M, u < v
means here that, for any smooth bounded non negative function f,

31 give D. BAKRY my sincere thanks for allowing me to write this argument here.
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[rans< [ran

Note that, in the following proof, this inequality is only required for non
negative smooth bounded functions whose derivatives go to 0 at infinity.

Proof. As dug < a= ! (0z, — Ludug), one has
/(f—f(:co))Qd,uqs < —Ofl/(f — f(xo))QLu dpe
< Ofl/r((f - f(Io))Qvu) dpe.

Thanks to the diffusion property (32), the latter may be rewritten as

207 [ (f = fan)) (.00 dpo
By the CAUCHY—SCHWARZ inequality for the bilinear form T,

L(f,u) < VI(f)
since u is a contraction. Another use of CAUCHY-SCHWARZ inequality now

in L?(ug) leads to

1/2

[ = £00)? s < 207 ( Ju- f(fco))Qduqs>l/2 ( [T dué)

Finally,
2 4
Var,, (1) < [ (7= 1)) ano < = [ T() du.
This is the desired claim. O

We now focus on BOLTZMANN measures pg on R as introduced in (1).
Assume that @ is smooth except possibly at some point xg € R where it has
right and left derivatives. Suppose furthermore that its derivative is positively
bounded from below (in absolute value) or more precisely that, for any = €

R\{zo},
' @' (z) sign(z — x0) > (34)

for some a > 0. Let u(x) et |z — zg| be the distance function from xy. Then,
evaluating Lu dpug on test functions f via the integration by parts formula

[ rLudus = [ Lfudn.

one gets
Ludug =2 7," e~ P@0) 5, — & sign(- — x0) dpg.
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The appropriate test functions are bounded, smooth and with derivatives
vanishing at infinity. One must also assume a very weak additional assumption
on & for the boundary terms to vanish. That is, |¢'(x)| e~ ?®) = o(1/|x|) as ||
goes to co. Under this condition and by (34), u satisfies (33) and PI (4/a?)
holds.

Now, if @ is convex, one may always perturb @ by a bounded function and
use the above argument for the remaining function. Namely, considering two
real numbers s and ¢ such that ¢'(s) < 0 and $'(t) > 0, replace @ on (s, 1)
by the maximum of its tangent lines at s and ¢ (& is left unchanged outside
this interval). The modified function satisfies (34) for appropriate o and .
The POINCARE inequality hence obtained for the measure associated to the
perturbed function leads to a POINCARE inequality for pug. This is a direct
consequence of the following stability property under bounded perturbation
(see [ABCT00] for instance for a proof).

Theorem A.4 (Bounded perturbation for the Poincaré inequality).
Let pg be as before. Consider a bounded measurable function V. on M and
assume that the probability pev with density Zg !y exp(—(® + V)) w.r.t.
the Riemannian measure satisfies a POINCARE inequality PI(C3). Then ug
satisfies the POINCARE inequality PI(e?°(V) Cy), where osc(V) = supV —
inf V.
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Résumé. Dans cet article, on prouve un résultat de type Choquet—Deny sur les
hypergroupes commutatifs : les seules fonctions harmoniques continues bornées des
marches aléatoires irréductibles sont les fonctions constantes. On en déduit la de-
scription de la frontiére de Martin par une méthode de relativisation.

Introduction

La description du cone des fonctions harmoniques des marches aléatoires
sur un groupe a fait I'objet de nombreuses études. On renvoie le lecteur
aux travaux de Choquet et Deny [4], Furstenberg [9], Conze et Guivarc’h
[5], Derriennic [6] et Raugi [22] qui ont respectivement étudié le cas des
groupes abéliens, semi-simples, nilpotents, libre et résolubles connexes. Cho-
quet et Deny ont par exemple montré que sur un groupe abélien, les fonctions
harmoniques d’une marche aléatoire adaptée s’écrivent comme une moyenne
d’exponentielles et que les seules fonctions harmoniques bornées sont les con-
stantes.

Notre propos ici est d’étendre ce type de résultat aux marches aléatoires
sur des hypergroupes commutatifs. De telles chaines de Markov ont montré
leur intérét, par exemple dans la modélisation de marches réfléchies sur N¢ et
R?, et ont de nombreuses applications [10].

Rappelons que sur un hypergroupe commutatif (X, ), dont (T, y € X)
désignent les opérateurs de translation, une marche aléatoire de loi u est une
chaine de Markov homogene de noyau de transition P(z,dy) = d, * p(dy).
Les fonctions harmoniques associées sont alors les fonctions positives vérifiant
h(z) = [y Tyh(x) p~ (dy) pour tout = dans X.

Apres une premiere partie composée de rappels et notations, nous énongons
et démontrons dans la deuxiéme section une propriété de type Choquet—Deny.
Plus précisément, nous prouvons que les seules fonctions harmoniques con-

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 124-134, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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tinues bornées d’une marche aléatoire irréductible sur un hypergroupe com-
mutatif sont les fonctions constantes. Pour ce faire, nous adaptons & notre
contexte une méthode de Raugi [21].

Dans la troisieme et derniere partie, nous caractérisons les génératrices
extrémales du cone des fonctions harmoniques et appliquons le théoréme de
représentation intégrale de Choquet [3]. Notre résultat est le suivant. Soit
(X, %) un hypergroupe commutatif et involutif. On dit qu’une fonction x est
multiplicative si Tyx(z) = x(x)x(y) pour tout z, y € X. Pour une marche
aléatoire de loi p sur (X, *) on note

S, = { x multiplicatives et positives sur X telles que /
X

(o) ) = 1},

Alors, toute fonction p-harmonique h admet une unique représentation
intégrale

MJ:LXHWM%

ou v est une mesure borélienne positive sur S,. La preuve repose sur une
méthode de relativisation et sur le résultat de la Section 2.

1 Hypergroupes et marches aléatoires

1.1 Généralités sur les hypergroupes

Soit X un espace topologique localement compact séparé. On notera par
M (X) Tespace des mesures de Radon bornées sur X et par M!(X) le sous-
ensemble de M (X) constitué des mesures de probabilités. Pour y € M(X),
supp(u) désignera le support de p et pour € X, d, sera la masse de Dirac
au point z. On notera également par C.(X) l'espace des fonctions continues
a support compact sur X.

Définition 1. On dit que (X, *) est un hypergroupe si * est une opération
bilinéaire et associative sur M(X) vérifiant les conditions suivantes [1]:

(i) 8y * 6, appartient & M*(X) et est a support compact pour tous x, y
dans X.

(ii) L’application X x X — MYX), (z,y) — 6, x 6, est continue pour la
topologie vague.

(iil) L’application (z,y) + supp(dy * dy) de X x X dans Uespace des parties
compactes de X muni de la topologie de Michael, est continue.

(iv) Il existe un élément e dans X, appelé unité, tel que d; * 0 = e * 0 = Oy
pour tout x dans X.

(v) Il existe un homéomorphisme involutif de X, x — x~, tel que e apparti-
enne & supp(dy * &) si et seulement si y = x~ ; et dont le prolongement
naturel & M(X) vérifie (0z * 0y)™ = 0y~ * O,
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A noter que les groupes sont exactement les hypergroupes pour lesquels
05 * 6y est une masse de Dirac quels que soient = et y dans X.

Le produit de convolution de deux mesures p, v € M(X) est alors la
mesure p % v donnée par :

Gwevd) = [ [ Goxbfutdo)vn) (€ Cx))
Pour deux parties A et B de X, on notera par A x B I’ensemble :

AxB= U supp(dy * dy).
€A, yeEB

Pour y € X et pour p1 € M(X), on définit les opérateurs de translation T}, et
T, sur Cc(X) par les formules :

Tyf('r):<5m*5y*7f> (IEX)7
T f(2) = (6o # = f) = /X T,f(x) u(dy) (v € X).

Hypothése. Dans la suite, on ne considérera que des hypergroupes commu-
tatifs, c’est-a-dire des hypergroupes pour lesquels 'opération * est commuta-
tive.

De tels hypergroupes possedent une mesure de Haar, unique a une con-
stante multiplicative pres, c’est-a-dire une mesure de Radon positive m qui
vérifie :

(m, Ty f) = (m, ) (f € Ce(X), y € X).

11 faut noter que supp(m) = X.
On peut également définir le produit de convolution de deux fonctions f,
g € C.(X) comme étant la fonction f * g donnée par :

fgle) = /X fWTe@)mdy)  (zeX).

Il convient de remarquer que f * g est la densité par rapport & m de la mesure
wxvoupu= fmetv=gm.

Enfin, pour clore ces rappels, introduisons la notion de fonction multiplica-
tive.

Définition 2. Soit x une fonction continue sur X. On dit que x est multi-
plicative si x(e) =1 et si pour tout x, y € X

Tyx(x) = x(x)x(y)-
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1.2 Marches aléatoires sur les hypergroupes

Soit (X, ) un hypergroupe. Nous dirons qu'une chaine de Markov ho-
mogene sur X est une marche aléatoire, si son noyau de transition P commute
avec les translations de (X, *), c’est-a-dire si pour tout z € X, PT, = T, P.
On peut montrer (¢f. [11]) qu'une telle condition implique que P soit de
la forme T),~, pour une mesure de probabilité p sur X que 'on appelle loi
de la marche aléatoire. Les transitions de la marche sont alors données par
P(xz,A) = 6, x u(A), pour x dans X et A borélien de X.

Comme dans le cas des groupes, voir [23] & ce sujet, on introduit les notions
de marche adaptée ou irréductible. Pour 1 une mesure de probabilité sur X,
on notera dans la suite par X,, (resp. Y,,) la plus petite partie fermée H de X
contenant supp(p) telle que H « H C H et H- = H (resp. H+ H C H).

Définition 3. Une marche aléatoire de loi p sera dite adaptée si X, = X et
irréductible si Y, = X.

On peut donner (¢f. [11]) une description précise de X, et Y, :

Proposition 1. Soit p € M*(X). On a :

Xy = |J supp(u x (u=)*9)
p+g=1

Y, = | supp(u*?),

p=1

ot U'on a posé par convention p*% = g,.

2 La propriété de Choquet—Deny

Nous allons ici prouver une propriété de type Choquet-Deny (cf [4]), &
savoir que les seules fonctions harmoniques continues bornées d’une marche
aléatoire irréductible sont les fonctions constantes. Pour ce faire, nous adap-
tons au cas des hypergroupes une méthode élémentaire et élégante due a Al-
bert Raugi [21]. Voir aussi & ce sujet, sous une présentation différente, article
de Derriennic [7].

Théoréme 1. Soit © € M*(X). Une fonction borélienne bornée h vérifie
T,,~h = h si et seulement si, pour tout k > 1 et pour (u=)** presque tout
ye X, Tyh=h.

Preuve. Soit h une fonction borélienne bornée vérifiant T),-h = h.
On définit une suite de fonctions (Hy)nen comme suit :
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(@) = [ (Tyhta) = @) (@), aeX 1)
H,=T"Hy, n>1. (2)

On obtient facilement la relation
Ho(o) = [ (Tyh(a)” (@) = 12 (o)
De plus, d’apres I'inégalité de Jensen, on a pour tout x, y dans X :
(Tyh(@))* = {6z %6, ) < (6s % 6,-, %) = T, (1) ().

Ainsi, on a Hy < T,- (h?) — h?. On en déduit que pour tout entier n

S He < TP R) - 12 < A
k=0

La fonction h étant bornée, ceci prouve que la série de fonctions de terme
général positif Hy est convergente.
D’autre part, pour tout x appartenant a X, on a :

T, Hola) = [ T,Ho(oh (d)
— [ [ Hoebex,- @2 (@
X JX
:/ //(Twh(z)—h(z))Q;f(dw)cSr*6y7(dz),u*(dy)
X JX

X

_ /X /X /X (Tuh(z) = h(2))? 6, # 8, (d2) ™ (dy) p~ (dw)

Pour démontrer cette suite d’inégalités, on a successivement utilisé le théoreme
de Fubini, I'inégalité de Jensen et le caractere harmonique de la fonction h.
On en déduit que la suite de fonctions (H,)nen est croissante.

Les fonctions H,,, n € N, sont donc nécessairement nulles. En particulier,
la nullité de Hy implique que pour tout x € X et pour p~ presque tout y € X,
T,h(z) = h(z).
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On montre de méme que pour tout k > 1, pour tout x € X et pour (u~)**
presque tout y € X, on a Tyh(x) = h(z). O

Corollaire 1 (Propriété de Choquet—Deny). Soit u € M'(X) telle que
Y, = X. Alors, les solutions continues bornées de l'équation T,~h = h sont
les fonctions constantes.

Preuve. On démontre ce résultat en utilisant le théoréme précédent, I’hypo-
these d’irréductibilité et le fait que supp(u~) = (supp(p)) . O

Remarque 1. Sur les groupes abéliens, cette propriété est vraie pour une loi
seulement supposée adaptée. Avec cette hypothése, la question reste ouverte
pour les hypergroupes.

Signalons cependant que Gebuhrer I’a résolue dans [12] pour certains hy-
pergroupes a croissance polynomiale.

3 Frontiére de Martin des marches aléatoires

Hypothéses. Dans cette partie, on ne considérera que des hypergroupes in-
volutifs, ¢’est-a-dire des hypergroupes pour lesquels I'involution décrite par (v)
dans la Définition 1 est l'identité. De tels hypergroupes sont nécessairement
commutatifs. De plus, les marches aléatoires seront supposées irréductibles
sur (X, x), et leurs lois seront & support compact et & densité continue par
rapport a la mesure de Haar de X.

Définition 4. On notera par C, l’ensemble des fonctions harmoniques con-
tinues positives relatives a la marche aléatoire de loi u, c’est-a-dire I’ensemble
des fonctions continues positives h sur X vérifiant T),h = h. On notera par B,,
le sous-ensemble de C,, constitué des fonctions h vérifiant I’équation h(e) = 1.

Commencons par donner quelques propriétés de C,,.

3.1 Propriétés du cone des fonctions harmoniques

Lemme 1. Soit h € C,. Si h n’est pas la fonction nulle, alors h ne s’annule
pas sur H.

Preuve. 11 s’agit d’une application directe de I’hypothese d’irréductibilité. O

Proposition 2. L’ensemble C,, est un céne convexe réticulé pour son ordre
propre, dont B, est une base compacte pour la topologie de la convergence
uniforme sur les compacts.
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Preuve. Le cone C, est réticulé pour son ordre propre, puisque si h et h’
sont deux fonctions appartenant a C,, la formule suivante définit la borne
supérieure dans C,, de h et 1’ (voir [18]) :
hVh' = lim 1T, (max(h,n')).
n—oo
Soir r la densité de p par rapport a m. Par hypothése, r est continue et a
support compact.

On montre facilement par récurrence que pour n = 1, || "||eo < [|70o-
Cette inégalité prouve que la série de fonctions Zn>1 27"r* ™ converge nor-
malement sur X, et que sa somme S est continue. De plus, S est strictement
positive sur X. En effet, puisque Y, = X et que p*" = r*"m, pour tout
xz € X, il existe n > 1 tel que 7*"(x) > 0.

Montrons maintenant que pour h € C, et , y € X, on a

Ih(z) - hy)| < h(e)e(z, v), 3)
o r(e) —Tyr(2)]
. e

On a en effet
h(z) — h(y) = T,h(xz) — T,h(y)
T h(z)r(z)m(dz) — /X Tyh(z)r(z) m(dz)

J,
:/Xh(z)Twr(z)m(dz)— h(z)Tyr(z) m(dz)

X
B Tor(e) ~Tyr() g
= [ ) = () ma)
Ainsi,
M@—h@)<(éh@ﬁ@VMMOd%w~
Enfin,

/X h(z)S(z)m(dz) = > 27" /X h(z)r* ™ m(dz)

n>=1

=) 27"T,enh(e)
n=1

= Z 27"h(e) = h(e).
n>=1

L’inégalité (3) et le théoréme d’Ascoli permettent de prouver que les restric-
tions des éléments de B,, a tout compact de X forment une famille relativement
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compacte pour la topologie de la convergence uniforme. L’espace X étant lo-
calement compact, on en déduit que B, est relativement compacte pour la
topologie de la convergence uniforme sur les compacts. On conclut en remar-
quant que B,, est fermé dans C,,. a

11 est facile de voir que C,, contient les fonctions constantes et les fonc-
tions multiplicatives positives x de X vérifiant [, x(2) p(dz) = 1. Avant
d’expliciter les points extrémaux de B,, on va étudier la marche aléatoire
relativisée par une telle fonction.

3.2 Marche aléatoire relativisée

Soit x une fonction multiplicative positive de (X, *) vérifiant [y x(z) p(dzx)
= 1. Elle est donc harmonique pour la marche aléatoire de loi u.
Commengcons par rappeler un résultat de Voit [24] :
Proposition 3. Pour z, y € X, on pose
1

x(7)x(y)

Alors, (X,0) est un hypergroupe involutif d’élément unité e. La convolée de
deux mesures p, v € M(X) est donnée par

pov(dz) = x(z) (E » 5) (d2).

D’autre part, étant donné un noyau markovien P, a toute fonction P-
harmonique positive h on peut associer un nouveau noyau markovien P" en
posant

0z 0 6y(dz) = X(2) 05 * §,(d2).

1
Pt (z,dy) = ) P(x, dy)h(y).

On dit que P" est le noyau relativisé de P par la fonction harmonique h [23].
La proposition suivante montre que si P est le noyau de la marche aléatoire

de loi pu sur (X, «), alors PX est aussi le noyau d’une marche aléatoire mais

sur (X, o).

Proposition 4. Soit pX la mesure de probabilité sur X définie par pX(dy) =

Xx(y) p(dy). Alors, PX est le noyau de la marche aléatoire sur (X,o) de loi

px.

Preuve. 11 s’agit d’une simple vérification. On a pour tout x dans X :

o = 20 [ b

x() Jx  x(y)
RO
- X(l') /Xéz 5y(dt) .u(dy)
X0,
= X O )
= PX(x,dt). O
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3.3 Points extrémaux du cone des fonctions harmoniques et
formule de représentation intégrale

Théoréme 2. Les points extrémauz du convere B, sont les fonctions multi-
plicatives positives x sur X vérifiant

mewm=L

Preuve. Soit x un point extrémal du convexe B,. La fonction ) est har-
monique donc

X(~):/XTy (-) p(dy),

et, puisque d’apres le Lemme 1 x ne s’annule pas, on a

Tyx(.)
()= [ () ) (1)
L’hypergroupe étant commutatif, pour tout y € X, T, x(.) est une fonction
harmonique et ainsi T, x(.)/x(y) € By. De plus, [ x(y)u(dy) = Tux(e) =
x(e) = 1, donc léquation (4) implique, puisque y est extrémal, que pour
tout y € X, Tyx(.)/x(y) = x. Ce résultat de convexité assez intuitif est par
exemple démontré dans [2, Chap. IV, §7, Proposition 3]. La fonction x est
donc de la forme annoncée.

Réciproquement, considérons une fonction multiplicative positive x telle
que | x x(x) u(dz) = 1. On a déja remarqué qu'une telle condition implique
que x € B,. Posons P(z,dy) = 6, * pu(dy) et utilisons les notations de la
Section 3.2. Il est facile de voir qu’une fonction h est harmonique pour P si et
seulement si % est harmonique pour PX. Ainsi, y sera harmonique extrémale
pour P si et seulement si la fonction constante égale a 1 est harmonique
extrémale pour PX. Cette derniere assertion résulte de la Proposition 4 et du
Corollaire 1, dont les hypotheses sont bien vérifiées : la loi puX est irréductible
puisque (uX)°™ = x p*™ et x > 0. Ainsi, le résultat est démontré. a

Notons

S, = { x multiplicatives et positives sur X telles que /
X

(o) ) = 1},

Une simple application du théoréme de Choquet [3], nous donne alors la for-
mule de représentation intégrale suivante :

Corollaire 2. Il y a une correspondance biunivoque entre le cone des fonc-
tions harmoniques C,, et l'ensemble des mesures boréliennes, positives, bornées
sur S,. Cette correspondance est donnée par la formule :

m»=Lxmmw»

"
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En théorie, une telle formule s’obtient également en étudiant le comporte-
ment asymptotique des noyaux de Green

Oz * Zn>0 W (dy)

Le lecteur intéressé consultera & ce sujet la théorie de Martin [17] adaptée au
cadre des chaines de Markov [8, 16, 15]. En pratique, cette derniére méthode
est délicate et tres technique, voir par exemple [19] pour son application au
cas des marches aléatoires sur Z<. Ici, S, s’identifie a la partie extrémale
de la frontiere de Martin. La détermination explicite de S, pour certains
hypergroupes d-dimensionnels a été effectuée par 'auteur dans [13] et [14].

Une autre possibilité pour obtenir la formule de représentation intégrale
du Corollaire 2, est d’adapter la méthode employée par Raugi dans [20]. Basée
sur des résultats classiques de la théorie des martingales, elle évite I'usage du
théoreme de Choquet.

G(z,dy) =
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Summary. Let X be a Markov process with semigroup (P;) and m an excessive
measure of X. With m we associate the spectral radius A"’ (m) of (P;) on LP(m) (1 <
p < o0) and the exit parameter A (m) defined for an m-nest C =(C,) in terms of
the corresponding first exit times (7,). We discuss the impact of these parameters
as well as their connection with other parameters of interest for the process.
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1 Introduction

When X is a transient Markov process it is sometimes possible to associate
with it a new process X endowed with a conservative measure m. Limit the-
orems obtained for X relative to m provide information on the long term
behaviour of the initial process X. The process X and the measure m are
obtained by means of a <y-subinvariant function and a -subinvariant mea-
sure (to be precisely defined in the sequel), whence the interest in the classes
of y-subinvariant functions and y-subinvariant measures and the parameters
associated with them.

In case of Harris irreducible processes this is a well established theory,
sometimes called A-theory (see [Ber97], [NN86], [TT79]). Related results for
processes that are not necessarily irreducible are given in [Glo88] and [Str82].

The present paper is concerned with this kind of problems and they are
considered in the context of the theory of excessive measures ([DMM92] and
[Get90]). Unless otherwise mentioned the process X is assumed to be Borel
right with state space (F, £), semigroup (P;), resolvent (U?) and lifetime (.
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For any v > 0 we consider:

MY (X) := {n : o-finite measure on (E, &) such that e’'nP, <n, Vt > 0},
F'(X):={f €& :f>0on F such that e P, f < f,Vt > 0}.

An element of MY(X) (resp. FY(X)) is called a vy-subinvariant mesure
(resp. a y-subinvariant function). They are called y-invariant measures (resp.
~-invariant functions) when all the corresponding inequalities become equali-
ties. Standard candidates as members of F7(X) are

&7 f(x) = /000 e P, f(x)dt, fe&, f=0,

and as members of M7(X) the measures u®” provided they are o-finite.
The following global parameters are of interest and were considered in
various contexts ([Glo88], [NN86], [Str82], [TT79)):

0: M7(X) #{0}};
0:3fe€eF7(X), f>0on E, fnot identically co}.

Ar := sup{y
Ay = sup{y

VoWV

When « = 0 instead of M (X) we write as usual Exc(X) and consider its
well known important subclasses:

Pur(X) := {m € Exc(X) : mP,(h) — 0 when t — oo, Vh > 0, m(h) < 0o};
Inv(X) := {m € Exc(X) : mP, =m, ¥Vt > 0};

Con(X) :={m € Exc(X) : m(Uh < 00) =0,Vh >0, m(h) < co};

Dis(X) := {m € Exc(X) : m(Uh = o00) =0, Vh > 0, m(h) < co}.

Whenever m € Exc(X), each P, t > 0, and each qU?, ¢ > 0, may be
thought as a contraction from LP(m) to LP(m) for 1 < p < oo; also, the
semigroup (P;) is strongly continuous on LP(m), 1 < p < oo (these facts
are discussed in a more general setting in [Get99]). As usual let AP )(m), the
spectral radius of (P;) on LP(m), 1 < p < 0o, be defined as

A&p)(m) = tliglo{_t_l ln HPtHLp(m)}

The second section is devoted to the impact of A&”) (m), 1 < p < oo, as
decay parameters. First the connection of Aiz)(m) with A;is discussed. Then
under certain restrictions on the process (imposed by the application of a very
powerful result of Takeda [Tak00]) one gets that AP (m) are independent of
p and one identifies this common value with the decay parameter associated
with X as irreducible process. The remaining part of section 2 is concerned
exclusively with properties of Agl)(m) having in view especially the connec-
tion with A, A,. An expression of AL (m) in terms of the Kuznetsov measure
Q. associated with m is given. This allows to distinguish those measures m
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for which A&l)(m) > 0 among the purely excessive ones. Finally, the under-
lying construction in the classical context of quasi-stationary distributions
for irreducible processes is retrieved in the general case emphasizing the role
of ALY (m).

Section 3 introduces the exit parameter associated with an m-nest, when
m is a dissipative measure. These are similar to some parameters considered
in [Str82] in a more specific context.

Notation. As is standard, we denote by £¢ the o-algebra generated by ex-
cessive functions and for any B € £¢, T := inf{t > 0: Xy € B}, 75 := T\,
Pp f(z) = P*{f(Xry); T < oo}

2 Spectral radius as decay parameter

We start by revealing the special role played by the spectral radius in case
of some irreducible processes. Recall that the process X is said to be pu-
irreducible, with p a o-finite measure, if:

u-(1) w(B)>0 = Yz e E, U'(x,B)>0.

The following theorem introduces the decay parameter associated with the
irreducible process X.

Theorem 1 ([TT79]). For any Markov process X satisfying p-(I) there exist
a p-polar set I', an increasing sequence of sets (By,) C £° with E = J,, Bn
and a parameter \ € [0, 00[ such that:

(i) For any v < A we have &V (x, B,) < oo, Vx ¢ I', n € N.

(ii) For any v > X we have &7 (x,B) =00, VB € &, u(B) > 0.

(iii) The process is either A\-transient, i.e. (1) holds for v = A, or it is A-
recurrent, i.e. (i) holds for v = \.

(iv) A=Az = Ay

We recall also that the whole theory of irreducible processes is based on
the existence of a remarkable class of sets, namely:

L(p):={B € &°: u(B) > 0 for which there exists a measure vg # 0
such that Ul(z, .) > vp(.), Vo € B}.

The impact of £(u) comes from the fact that whenever B is in £(u) and
@Y (x,B) = oo for some x € E, one has 7 (x, A) = oo for any A € & such
that u(A) > 0.

The next result is concerned with the connection between /\9) (m) and \,.
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Proposition 1. (i) For any excessive measure m we have AP (m) < Ar.

(ii) Suppose that the state space is locally compact with countable base and that
X is a Feller process, m-symmetric with respect to the Radon measure m.
Suppose further that m-(1) holds and that the support of m has non-empty

interior. Then A\? (m) =\

Proof. (i) We shall actually show that given h € £ such that 0 < h < 1 and
m(h) < oo, the parameter

h, P.h)m
A(m; h) = lim inf{—t‘l In u}
e 1l romy

satisfies A(m;h) < Ar. This will be enough to prove (i) since AP (m) <
A(m; h). To this end consider v < A(m;h), v € |y, A(m;h)[ and let ¢, be
such that (h, Pth)m, < e*’Y/tHhHL(z)(m), V't > t. Then the measure v4(g) :=
(Y =) ft(j e"m(hPg)dt, g€ &, g > 0, is in M".

(ii) By (i) and m-~(I) we have A2 (m) < A = X\. We will next prove that
for any v > A7) (m) there exists a compact K such that m(K) > 0 and
@71k = oo. According to Proposition 6.3.8 (ii) in [MT96], whose hypotheses
are the ones in (ii) but for the m-symmetry, any compact K such that m(K) >
0is in L( ). This will be enough to ensure that v > A and thus A < A(z)(m).
Let ( %11% be the resolution of the generator of {P;; ¢t > 0} on LQ(m) and
let 7 E [. There exists a function ¢, continuous and with compact
support such that E_,po #FE A ()P Then ¢ may be written as ¢ =

2D (m
f ® ()dEgoand

2@ (m)
(Iel, Pelel),, = (¢, Prp),, :/ o (e Bap) 2 e”/t(so,E_A@ (m)@)m-
-
Whence (||, ®7|¢|)m = oo, which in turn implies (1x,, P71k, )m = 00, K,
being the compact support of ¢.

By m-(I) we have only two possibilities: either #71f is finite up to an
m-polar set, or V1, = co. Assuming the first possibility we get an M > 0
such that m(®71x, < M) > 0 and therefore there exists a compact K such
that K C {®71x, < M}. This implies m(1x®71,) < Mm(K) < oco. On
the other hand from K, € L(m) and from the classical formula $71x =
S0 (L4 y)" U™k we have @1k > vk, (K)(1+7)®V 1k, . Using this
and m-symmetry we get

(1K7¢71K¢)m = (1Kw’¢FY1K)m > VKLP(K)(l +7)(1K¢,¢”1K¢)m = Q.

The obtained contradiction rules out the possibility that 71k, is finite up to
an m-polar set and thus #71k = oo, the property which was to be proved. O
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We now briefly discuss two other forms of irreducibility that will be in-
volved in the sequel. We begin with

(I)  for any finely open, non-empty set I" we have Prl(z) >0, Vz € E.

Condition (I) amounts to the property that all states communicate in the
sense of [ADR66]. Immediate consequences of it are : the fact that all excessive
measures are equivalent and the property that any £ € Exc(X) satisfies ¢-(T).

The next condition of irreducibility is the one imposed in [Tak00]. Let m
be a o-finite measure on (E,&) and Z(m) :={A € € : 14P.f = Plaf a.e-m
for any bounded f € L?(m)}. The condition is the following:

m-(1)’ for any A € Z(m) we have either m(A) =0 or m(E\A) = 0.

In what follows we consider conditions under which it is possible to relate the
three forms of irreducibility.

Lemma 1. Let m belong to Exc(X).

(i) If m is Radon and m-(1) holds, then m~(I) also holds.
(ii) If the process is m-symmetric, if m is a reference measure and if m-(1)’
holds, then (I) also holds.

Proof. To get (i) let A € Z(m) be such that m(A) > 0. For any compact
K C E\A we have m(14U1 ) = 0, implying by m-(I) that m(K) = 0,
whence m(E\A) = 0.

For (ii) let us note that by m-symmetry any absorbing set A is in Z(m)
and then apply this to the set A = {U'1r = 0} with I" finely open, non-
empty. Taking into account that m is a reference measure, the possibility that
m(E\A) = 0 is ruled out and from m(A) =0 we get Prl(z) >0,Vz € E. O

We now turn to the very special case, indicated in the introduction, when
the p-independence of AP (m), 1 < p < oo, occurs.

Theorem 2. Assume that the state space (E,E) is a locally compact metric
space with countable base and that X is an m-symmetric Markov process, with
m a Radon measure. Assume also that the following conditions are satisfied:

(i) m~(I)" holds.

(ii) For each t >0 and x € E, Py(z, .) < m.

(iii) For any t > 0, P.f € Co(F) whenever f € Co(E), where Co(E) denotes
the space of all continuous functions vanishing at infinity.

(iv) U'l € Co(E).

Then AP (m), 1 < p < o0, is independent of p € [1,00] and the com-
mon value \.(m) coincides with the decay parameter X\ associated with X as
irreducible process.
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Proof. The imposed conditions are precisely those in Theorem 2.3 in [Tak00]
which provides the p-independence of AP (m), 1 <p< oo

The process is subject to (I) by Lemma 1 (ii) and the equality A.(m) = A
follows from Proposition 1 (ii), since under the present assumptions the sup-
port of m is E. O

Remarks. 1. The conditions in Theorem 2 are met by the process (X, 7p)
equal to the d-dimensional Brownian motion killed at 7p, where D is a regular
domain satisfying m(D) < oco. In this remarkable particular case we actually
have a much stronger property, namely the corresponding transition operator
PPt > 0, is a compact operator and has the same eigenvalues {exp(—\g); k =
1,2,... }with0 < A\; < Ao < --- < o0, in all appropriate spaces LP)(mp), 1 <
p < o0, and Co(D) ([CZ95], Theorem 2.7). The decay parameter A\ coincides
in this case with A;.

2. In [Sat85], Sato studies the impact of AS° as decay parameter assuming
(iii), a condition weaker than (v) in Theorem 2 and the following condition of
irreducibility: for any open set G € £ one has Pz1(z) > 0, Vo € E. Symmetry
and absolute continuity are not assumed.

3. In [Str82], Stroock proposed for a Radon measure m

Ao(m) == sup {limsup{tlln(go,Ptgo)m}}
L,DGCC(E) t—o0
p=0

as decay parameter and shows that—under his conditions and m-symmetry—
it coincides with the right end point of the spectrum of the generator on
L?(m) (actually —A@ (m) in that case). Here C.(E) denotes the space of all
real valued continuous functions on F with compact support.

In what follows we turn to specific properties of )\gnl)(m), m € Exc(X).
Let @,, and Y be the Kuznetsov measure and process associated with m.
Let also a be the birthtime of Y and H(m) :={h € £: h >0, 0 < m(h) < co}.

Proposition 2. For any m € Exc(X) we have
AV (m) = sup{v >0: 75lim e Qum (h(Yo); a < —t) =0,Vh € H(m)}.

If )\gnl)(m) > 0, then m € Pur(X).
Proof. First we note that by the Markov property of Y under @Q,, and the
stationarity of @Q,, we have for any f€ &, f >0
m(Pof) = Qm (P (f(X1)); @ < 0) = Qu(f(¥2); a <0)
= Qu(f(Y0); @ < —t).

Recall now the following well known property of the spectral radius: for
any a < Agl)(m) there exists M, > 1 such that || P||L1(,) < M. Then
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put A(m) := sup{y = 0 : limj_oo €”*mP;(h) = 0,Vh € H(m)}. To show
that A&l)(m) < A(m), let v < /\S})(m) and v/ € ]’y7)\7(n1)(m)[; then there
exists M,, > 1 such that ¢”‘*mP;(h) < M, m(h), Vh € H(m), and thus
e"mP,(h) — 0 as t — oo, Vh € H(m). The converse inequality follows
observing that for any v < A(m), the family of bounded operators T} := e P;,
t > 0, is such that sup, | T3 f|| < oo,V f € L'(m). By the uniform boundedness
principle we have sup, || T;|| < oo, implying v < )\gl)(m).

Finally from the obtained formula we get Q,(« = —oc0) = 0 when
Ail)(m) > 0, which is well known to be equivalent to m € Pur(X). O

We give now further results on )\gl)(m), m € Exc(X), that will be of
interest in connection with Ar, A,.

Proposition 3. (i) If m € MY(X), then v < )\gl)(m). If m is y-invariant
then ALY (m) =1.

(ii) For any v < )\gl)(m) there exist v, € M?(X) and f, € F'(X), f, >0,
such that vy (fy) < .

(iii) For any t > 0, e~ (M1 s in, the spectrum of P, on L (m).

Proof. Property (i) is checked by direct verification.

For (ii) let v < )\fnl)(m), v e ]’y,)w(nl)(m)[ and h € €, h > 0, m(h) < oo.
Let also M, > 1 be such that e”*m(P.f) < Mym(f), Vt > 0, Vf € &,
0 < m(f) < co. We then set:

Uy = mP? and fyi=9"h

and these are the required elements in MY(X), respectively F7(X) because
we can successively check that m(f,) < M, (v — ) 'm(h) and v, (f,) <
(Mo (=) Pm(h).

Property (iii) is a consequence of a very powerful result (Theorem 7.7 in
[Dav81]) applied to the positive (in the sense that it applies non-negative
functions from L!(m) into functions of the same kind) operator P;, t > 0.
(Unfortunately this does not ensure that any of the corresponding eigenfunc-
tions is non-negative). O

Corollary 1. (i) A\, = supmeExc(X){)\gl)(m)} = supmepur(x){)\gl)(m)}.
(ii) Axr = Ay = Ar,, where

Arpi=sup{y>0:3f€F(X), f>0on E
and v € M”(X) such that v(f) < co}.

To further emphasize the role played by Ail)(m) we end up this section
with the construction of the process X and the measure m alluded to in
the introduction. This amounts to considering m € M"(X) and h € F7(X)
such that m(E\E}) = 0, where Ej, := {0 < h < co}. With h we associate
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hi= Tlimy | e P.h so that he ¥, h < h, {E < h} is a set of zero potential
and h is an excessive function.
The supermartingale multiplicative functional

-1

M, :=et {h(Xo)} h(Xt)l{o<7L(Xo)<oo}1{t<T{h:0}}

defines a subprocess X with state space E:= {O <h< oo} and semigroup
~ - -1 -
P.f(z) :=¢€” [h(m)} P, (hf) (x), v€E fe&p f20.

The process X is in turn a right Markov process ([Sha88], § 62) and m := hm
belongs to Exc ()N(), m € Inv ()?) when m is y-invariant.

A necessary and sufficient condition for m to be in Con()? ) (which is
a precondition for developing an ergodic theory with respect to m) is the
following: for any f € £, f > 0 such that m(f1z) < oo we have m(®7 f1z <
o0) = 0. Note that when this condition is fulfilled we necessarily have v >
)\fﬂl)(m); since m was taken from M?(X) we must have in fact in this case

Agl)(m) =7.

3 Exit parameters

Theorem 1 suggests that A; is (at least in the irreducible case) related to the
amount of time spent by the process in small sets. The parameter A\, may
be also characterized in terms of escape from such sets and we are going to
provide conditions for this. An alternative set of conditions are imposed in
[Str82] in order to obtain Radon instead of o-finite measures.

Recall from [FGI6] that an m-nest associated with m € Dis(X) is de-
fined as an increasing sequence of finely open sets C =(Cy,) C £° such that
P™(lim,, 7, < 00) = 0, where 7, := 7¢, .

For each n € N let (P,,,), (UZ) denote the semigroup and resolvent asso-
ciated with the killed process (X, 7,) and

oo

) = / P dt =Y (147 tULPf.
0

p=1

The m-nest (C,,) of interest for our problem will be assumed to have the
following additional property:

(%) there exists D € £€¢, D C C4, such that U(z,B) >0,V € E
and Ul (z, .) > v(.), Vo € D, where v(I") := mp(I')[m(D)]~*.

With the m-nest C having property (*) we associate

X (m) == sup{y = 0: P"(e"™) < 00, ¥n € N}.
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Proposition 4. Let C be an m-nest satisfying condition (x). Then XS (m) <
Ar.

Proof. Let v < AS(m). In order to construct a measure in M7 (X) we start by
considering the measures v, :==v @), n € N. For eachn € N, v,, € M7 (X, 7,)
and it is finite because v, (P (€7 ™)) < oo for 4/ € 17, XS (m) ] as is easily
checked. Also, for each n € N, v,,(D) > 0, P (lim7, < ¢) = 0 and, due to
condition (), v, = (1 + )y, (D)v.

Next let py, := [Vn(D)] " vn, n € N. For each n € N the measure p,, is in
turn finite and such that p, € MY(X,7,), pn(D) = 1, pn = (1 +v)v and
Prn(limr, < ¢) =0.

Let further n, := inf,>, up, n € N, define an increasing sequence of mea-
sures such that n,, € M?(X,7,), Vn € N. For each n > 1, one has n,,(D) < 1,
M = (14 7) and

k—o0

< Jim 7 (U (D)) < Jim (D) < 1.

M (U'lp) = lim P (/ e_“lp(Xu)d“)
0

Finally, let n := Tlim,, , . 7,. Obviously n > (1 4+ 7)v and it is o-finite
because n(U'1p) < 1 and Ullp(z) > 0, Vo € E. It remains to show that
n € M7Y(X); this follows from the fact that for any n € N

"', (P f) = e klim pm (f(Xt); t< Tk) < klim m(f) =n(f)
for each f € &, f > 0. O

It is perhaps worth mentioning that while there exist a number of m-
nests associated with m € Dis(X) (see [FG96] in his respect), condition (%) is
quite restrictive. Among other things the very existence of a set D with the
properties involved in (x) entails the v-irreducibility of the process X.
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presented at the Séminaire de Probabilités de Rouen.

References

[ADR66] Azéma, J., Kaplan-Duflo, M., Revuz, D.: Récurrence fine des processus
de Markov. Ann. Inst. Henri Poincaré 2, 185-220 (1966).

[Ber97] Bertoin, J.: Exponential decay and ergodicity of completely asymmetric
Lévy processes in a finite interval. Ann. Appl. Probab. 7, 156-169 (1997).

[CZ95] Chung, K.L., Zhao, Z.: From Brownian Motion to Schrodinger’s Equa-
tion. Springer, Berlin Heidelberg New York (1995).

[Dav81] Davies, E.B.: One parameter semigroups. Oxford University Press, Ox-
ford (1981).



144 Mioara Buiculescu

[DMMO92]
[FG96]
[Get90]
[Get99]

[Glo88]

[MT96]

[NNS6]

[Sat85]
[Shags]

[Str82]

[Tak00]

[TT79]

[Yos80]

Dellacherie, C., Maisonneuve, B., Meyer, P.A.: Probabilités et Potentiel.
Ch. XVII-XXIV, Hermann, Paris (1992).

Fitzsimmons, P.J., Getoor, R.K.: Smooth measures and continuous ad-
ditive functionals of right Markov processes. In: Ito’s Stochastic Calculus
and Probability Theory. Springer, Berlin Heidelberg New York (1996).
Getoor, R.K.: Excessive Measures. Birkhduser, Boston (1990).

Getoor, R.K.: Measure perturbations of Markovian semigroups. Potential
Analysis 11, 101-133 (1999).

Glover, J.: Quasi-stationary distributions, eigenmeasures and eigenfunc-
tions of Markov processes. In: Seminar on Stochastic Processes 1984.
Birkhé&user, Boston (1986).

Meyn, S.P., Tweedie, R.L.: Markov Chains and Sochastic Stability.
Springer, Berlin Heidelberg New York (1996).

Niemi, S., Nummelin, E.: On non-singular renewal kernels with applica-
tions to a semigroup of transition kernels. Stochastic Process. Appl. 22,
177-202 (1986).

Sato, S.: An inequality for the spectral radius of Markov processes. Kodai
Math. J. 8, 5-13 (1985).

Sharpe, M.J.: General Theory of Markov Processes. Academic Press, San
Diego (1988).

Stroock, D.: On the spectrum of Markov semigoups and the exis-
tence of invariant measures. In: Functionl Analysis in Markov Processes.
Springer, Berlin Heidelberg New York (1982).

Takeda, M.: LP-independence of the spectral radius of symmetric Markov
semigroups. Canadian Math. Soc., Conference Proceedings 20, 613—623
(2000).

Tuominen, P., Tweedie, R.J.: Exponential decay of general Markov pro-
cesses and their discrete skeletons. Adv. Appl. Probab. 11, 784-802
(1979).

Yosida, K.: Functional Analysis, 6th ed. Springer, Berlin Heidelberg New
York (1980).



Positive Bilinear Mappings
Associated with Stochastic Processes

Valentin Grecea

Institute of Mathematics “Simion Stoilow”
of the Romanian Academy

P.O.Box 1-764

RO 70700 Bucharest

Romania

e-mail: Valentin.Grecea@imar.ro

Summary. On some vector spaces of adapted stochastic processes, we define in-
creasing families of positive bilinear forms, which generalize the usual square brackets
[X,Y] and angle brackets (X,Y). We study the corresponding Hardy spaces espe-
cially for p = 1 or 2, and extend to this abstract framework results of Fefferman
type from martingale theory.

1 Introduction

The role of the square bracket in martingale theory cannot be overestimated.
The starting point of our study was Fefferman’s theorem establishing the du-
ality between H' and BMO by a positive bilinear form naturally associated
to the square bracket. But there also exist other similar forms acting on dif-
ferent spaces leading to similar results (roughly speaking, of Fefferman type);
see Pratelli [3], Stein [4] and Yor [5].

Our purpose is to unify all these results of Fefferman type in a common
framework. In particular, our main result, Theorem 3.6, simultaneously ex-
tends (essentially) Fefferman’s theorem and the similar results from [4] and [5];
the relationship with Pratelli’s result is slightly different (and simpler).

2 Description of the framework; preliminaries

Throughout this paper ({2, F, F, P) is a complete probability space endowed
with a filtration F; satisfying the usual conditions: it is right continuous and
Fo contains all negligible sets of F. We put Fo_ = Fo.

On the vector space of all real valued, adapted processes on Ry x {2 we
consider the equivalence relation: X ~ Y iff X and Y are indistinguishable,

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 145-157, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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that is, iff the set {w € 2 : 3¢ > 0 such that X;(w) # Yi(w)} is negligible. We
denote by A the vector space (with induced operations) of equivalence classes
with respect to this relation. When no confusion is possible, we identify a
process with its equivalence class.

In the sequel we consider a vector subspace S of A, and a symmetric

bilinear mapping |., .] from § x § to A, satisfying the following property: for
any X € S, the process [X, X] is positive, increasing and right continuous.
We say that [., .] is a positive bilinear mapping. By polarization, it follows

that for any X,Y € S, the process [X,Y] is adapted, right continuous with
finite variation on each trajectory.

FEzample 1. For any local martingales X, Y we consider their square bracket,
that is, the unique adapted right continuous process with finite variation,
denoted by [X,Y], such that:

1) XY — [X,Y] is a local martingale;

2) A[X,Y], = (AX;)(AY;) for any t > 0;

3) [X, Y], = XoYo.

It is known that the square bracket extends to semimartingales as a posi-
tive bilinear mapping still possessing 2) and 3) (see [1, VII, 44]).

Ezxample 2. For any locally square integrable local martingales X and Y we
consider their angle bracket (X,Y’), the unique predictable right continuous
process with finite variation such that XY — (X,Y) is a local martingale null
at 0. It is in fact the predictable compensator of the square bracket [X,Y]
(see [1, VII, 39)).

Ezample 8. We denote by Ay the space of thin (“minces” in French) optional
processes X such that the increasing process

A=Y x2
0<s<t
is finite for finite . We call {X, X'}, this process and we define {X, Y} for any
X and Y in Ay by polarization: {X,Y}, = Y X.Y. (see [5]).
0<s<t
FEzample 4. Given a discrete filtration F,,, we consider the space of sequences
of (finite) random variables (X,), -, such that X,, is F,-measurable for any

n € N. For any such sequences X and Y we define the sequence of random
variables (see [4])

(X,v}, = Zn: X Vi
m=0

Of course this situation may be “imbedded” in the above by considering
the filtration F; = F,, forn <t <n + 1.



Positive bilinear mappings associated with stochastic processes 147

The following simple fact (suggested by the end of the proof of [1, VII, 53])
is fundamental for the sequel. We write shortly [X, V]! = [X,Y], - [X, Y], for
s < t, even for s = 0_, which means [X,Y],.

Proposition 2.1. For any fized stopping times S, T such that S < T, and
X, Y eS, we have
1 1
(2.1) I1X, Y5 | < (X, X78)2 (Y, Y]§)? a.s.
Proof. For any fixed r € R, we have
(2.2)  0< [X4rY, XYL = [X, X]E + 20 (X, YE + 72, V]S as.

The exceptional set on which this inequality does not hold for some rational
r is then negligible and hence (2.2) holds on the complement of this set for
any r € R, by continuity; this obviously implies (2.1). O

The proof of the next extension to our framework of the classical inequality
of H. Kunita and S. Watanabe is now an easy adaptation of the proof given
in [1, VII, 53].

Theorem 2.2. Let X,Y € S and H, K be measurable processes (not neces-
sarily adapted). We have then

o) [T < ([ma,) ([ran) o

Proof. We obviously may reduce to the case where H, K are bounded and
supported on some interval [0, N]. Also, we may replace the left side of (2.3)
by

/ H K, d[X,Y],
0

Now, using twice the monotone class theorem, we are reduced to the case
where

H = Holpoy + Hilyos) + -+ Hn Ly, _y,

—1:8m]

K = Kolgoy + Kiljoe) + -+ Knje, gt

with the H; and K; measurable and bounded. We obviously may assume then
that m =n, s; =t; for i = 1,...,n. Putting sp = 0 and using (2.1), we now
get by addition

< |HoKo [X,Y] \+Z]HK X, Y] |

’/HKd[XY
i=1

< [Ho| (IX, X1,)? | Kol (IY, Y],)? +Z (HZ[X, X] )P (K2[Y, Y] )* as.

Si—1
i=1

and (2.3) follows by the Schwarz inequality. ad
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We are now able to extend the Fefferman inequality to our setting; the
proof is the same as in [1, VII, 86], which is itself an adaptation of the proof
given by C. Herz in discrete time.

Theorem 2.3. Let X,Y € S and H, K be optional processes. Let ¢ € [0, 0]
be such that

(2.4) E [ K2d[Y,Y],
(T,oc]

fT} < a.s.

for all stopping times T'. Then we have

(2.5) EU OO]IHs|Ks|]d[X,Y]S\] < cV2E

)

( H2d[X, X]S> 1 .
[0,0¢]

Proof. We may of course suppose ¢ < oo, and H, K > 0. We consider the
(positive) increasing processes

ap = H2d[X,X], and fBi= K2d[Y,Y],,
[0,] [0,]

to which we associate the positive optional processes U and V defined by the
relations

H2

U2 =< Jas+ /a5
0 for ay = 0;

for ag > 0, 9 9
Vi=K:\as.

The processes U and V have the following three properties:
(2.6) H,K, <V2U,V,

almost surely with respect to the measure |[d[X, Y] (w)]| for almost all w € (2,

(2.7) EU{OW]UE d[X, X]s] =E[/ax],

(2.8) E[/[07m]1/;2d[Y7 Y]s] < PE[Vax].

Indeed, one first checks that (2.6) holds almost surely with respect to the
measure d[X, X] (w) for each w (an elementary measure-theoretic exercise
on the line). One then uses Theorem 2.2 (taking for H the indicator of the
optional set {HK > 2UV} and K = I19.n)x 2, and letting n tend to infinity)
to justify relation (2.6). Relation (2.7) follows from the stronger relation

/ U2d[X, X],=vor  Yt=0,
[0,1]
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which stems from the choice of U and from [1, VI, 91 ¢)]. As to (2.8), we have
]EU V2dly, Y}S} = IEU K2\ /a, d[Y, Y}S}

(2.9) _ E{/\/a—sdﬂs] _ ]E{/(ﬁoo—ﬁs—)d\/a_s

from the integration by parts formula [1, VI, 90].

Since «, and hence /o too, is optional, we may replace the process
(Boo—3s—)s by its optional projection, which we know is dominated by c?
by hypothesis. Finally, using (2.6), (2.3) (applied to U and V'), the Holder
inequality, (2.7) and (2.8), we have

EUHSKS |d[X,Y]s|} < ﬁ]EUUJS |d[X’Y]S|]

<V2 (]E U U2d[X, X]sDé (IE [/ V2d[y, YLDé <V2cE[ax)

and the proof is over. a

Remark 2.4. Suppose in addition that the processes [X,X]| and H are pre-
dictable and condition (2.4) is replaced by the weaker condition

(2.4") E U[Tm] K2d[Y,Y],

]—"T} <2 a.s.

for all predictable stopping times T'. Then the same conclusion (2.5) holds.
The proof is the same, except that one passes from (2.9) to (2.8) by consid-
ering the predictable projection of the process (8o —03s—), the measure d(,/ay)
now being predictable.
For example, (2.4’) is implied by the condition

K? [Y,Y]O+]EU K2d[Y,Y], ‘ ]—"T} < as.
(T

,00]
for all stopping times T'. Conversely (2.4’) implies that:

a) Kg[Y,Y], <%

b) ]EU(T,OO] K24[Y,Y], | Fr] < ¢* as. for all stopping times T'. (Approx-
imate T by the predictable stopping time T + 1/n.)

3 The main result

First, remark that (2.1) leads immediately to the Minkowski-type inequality:
forall X, Y € § and s < ¢, one has
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(3.1) (IX+Y, X+Y1)? < (1X, X1)? + (I, YT

by taking s = 0_, t = oo, this enables us to consider for any 1 < p < oo the
seminorms on S:

X e = (E[(X, X].0)8]) = [[1X, X120

and to define H” = {X € S : || X||g» < oo} as subspaces of S.
Throughout the rest of the paper, we assume that the following implication
holds for all X € S:

(S) (X, X] =0 = X=0

(that is, all above seminorms are in fact norms on the corresponding spaces),
and in addition H? is complete with respect to || . || (that is, H? is a Hilbert
space). On the vector space H? we also consider the restriction of the norm
|- |l 51, and we denote it by (H?,|| .|| ;). Finally, we consider on S the norm
Il -l gaso so defined: || X || 5,0 is the smallest (possibly infinite) constant ¢ > O
such that, for all stopping times 7', one has IE[[X, X —[X, X], | ]—"T] <

Homogeneity of || .||z, is obvious. In order to check its subadd1t1v1ty, we
note the inequality
(3.2)

X, Y] — (XY | < (1%, X~ (X X)) (VY] ~ Y] ) as.

which can be proved exactly as (2.1), or deduced from it. Let now X, Y € S
and ¢, ¢ € [0, 00] be such that

E[[X, X] —[X, X],_ | Fr]
E[[Y, Y] —[Y,Y],_ | Fr]
for some fixed stopping time 7. We have
E[[X4Y, X+Y]  — [X+Y,X+Y],_ | Fr]
<A+ +2E[[X,Y] —[X, Y] ]}‘T]
<ot +C2+2]E[([X7X]oo_[X>X]T—> (VY] ~[Y, Y] ’fT] a.s.

For any A € Fr the Holder inequality gives

[
[

[ (X)X ) (VLY ) ap

< (/A([X, X)X, X]p) dIP’)

< C1C2 IP[A}

-
=

( P Y]oo—[KY}T)dP)Q

and we conclude that
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E[[X+Y, X+Y] —[X4Y, X+Y]r_) | Fr] < (c1 +¢2)®  as.

We can now define BMO = {X € S : || X|| 5p;0 < 00} as a subspace of S;
taking T' = 0 in its definition we see that BMO C H2.

Using the above language, we remark that th. 2.3 (with H = K = 1)
implies that the mapping

BMO3Y —E[[.,Y] ] € (H%| . |lu)"

is a linear continuous injection with norm < v/2; in fact we have more, namely,
E[[.,Y].] defines an element of (HY)" with norm at most v/2 ||Y|| 5570)- The
aim of this section is to show that this mapping admits a continuous inverse
(as a consequence BMO is a Banach space). To this end we impose some
additional conditions on S and [ ., .], following the intuitive idea that the r.v.
[X, X], represents the accumulation up to time ¢ of the information about
some property which depends quadratically upon the behaviour of X on [0, ¢].

Al. For all X € § and for all t € [0,00) and H € F;, the following
implication holds: X = 0 on ([0,t] x ) U ([t,00) x H) = [X,X] = 0 on
([0,t] x £2) U ([t,00) x H). (This expresses the fact that [X, X] marks nothing
as long as X remains identically null, and still continues to mark nothing from
the last moment when X is identically null, on some subset of 2 on which X
continues to be null up to co.)

Al. For all X € §,t € [0,00), and H € F, if X = 0 on [0,t] x £2, the
process Iy X belongs to S.

A2. For all X € S and t € [0,00), there exists some X € S such that
X =X on [0,#] x £ and [)Z',)Z']Oo = [X, X],. (Note that [)?,)?] =[X,X] on
[0,¢] x £2, from Al and prop. 2.1. Roughly speaking, we can modify X from
any moment such that the property marked by [., .] is stopped.)

Definition 3.1. Given a fixed stopping time T, an element X € H? is
called a T-atom if [X, X] = A[X,X],. (We put [X,X] = [X,X] _ =
tlim [X, X],, so that A[X, X], = 0 on the set {T"= oo}, which may be big.)

Proposition 3.2. Let X be a T-atom and let Y € S be arbitrary. Then
the process [X,Y] verifies [X,Y], = A[X, Y] Iip<sy; it is null on [0,T) and
pathwise constant on [T, 00).

Proof. For Y = X this follows directly from above definition. For arbitrary Y,
use prop. 2.1 and conclude by the optional section theorem. a

Definition 3.3. The positive bilinear mapping [., .] is said to have square
linear jumps if for all stopping times T there exists a linear application ¥ :
H? — L? such that

2
(3.5) AX, X, = (u'/T(X)) a.s.

for any X € H?.
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By polarization and linearity of ¥ we then have A[X, Y], = ¥p(X)¥7(Y)
a.s. for all X,Y € H?. Note also that ¥7(X) = 0 a.s. on {T = oo}, so that
W may be considered as taking values in L2({T < oo}).

Fix now a family 7 of stopping times such that for any stopping time 7',
the graph of T is contained in a countable union of graphs of stopping times
belonging to 7.

Denote by Ar the set of T-atoms, which is a linear subspace of H? by
prop. 3.2.

Definition 3.4. We say that the set of atoms is 7 -full if for any T € T we
have ¥r(H?) = Wr(Ar) as identical subspaces of L.

A3. The set of atoms is 7-full. One can see that Ap is closed in H?
(complete), and hence Wr(H?) is closed in L? for any T € 7 by isometry.

Proposition 3.5. Suppose that [., .] has square linear jumps, and A3 holds.
Then for any U € L? and T € T, there exists a unique atom X € Ar that
satisfies for all Y € H? the following relations:

(3.6) E[[X,Y].] =E[A[X,Y];] = E@r(X)¥r(Y)] = EUP(Y)] .

Proof. Denote by U’ the orthogonal projection of U onto the closed space
Wp(H?), and pick X € Ap such that U’ = ¥ (X). The first equality follows
from prop. 3.2, the other ones are obvious now; uniqueness of X is also clear. O

In the sequel we refer to the correspondence U — X as the atomic map
for fixed T' € 7, and we denote this map by ar.

Theorem 3.6. a) Suppose that A1 and A2 hold, and let ¢ € (H?,|.||;)"
Then there exists a unique Y € H? such that ¢(.) = ]EH . Y]oo]. Moreover

(3.7) E[[Y, Y]~ [Y,Y]r | Fr] < el

for all stopping times T .

b) If in addition [.,.] has square linear jumps, if A3 holds too and if
the family of atomic maps (ar)pcy is uniformly bounded in norms from

(L% ) to (H2, || ||ga) by some M > 0, then Y € BMO and moreover
1
Yl gro < (M2+1)7[le].

Proof. a) Remark first that T may be replaced by ¢ (a constant stopping time)

in (3.7); this follows from the right continuity of [., .] and from a classical
approximation of T' by a decreasing sequence of discrete stopping times.
Since the norm || . || ;. is obviously dominated by | .|| =, the existence and

uniqueness of Y € H? representing ¢ as desired is assured by the Riesz rep-
resentation theorem. To prove (3.7), fix t € [0,00) and H € F, and consider
the element X of S defined by X = Iy (Y —Y) (use A2 and A1’). Let us show
that
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(3‘8) [X7Y]oo = [X7X]oo = ([Y,Y]oo—[Y7Y]t) Iy.
We have for any s > t the relations

(3.9) [X,Y],=[Ig(Y-Y),Y], = [Ia(Y-Y),Y-Y] + [Iz(Y-Y),Y],.

But since DN/, )7]5 = [)7, f’]t (by A2), it follows from prop. 2.1 that
(3.10) [Iz(Y-Y),Y], =[Ia(Y-Y),Y],=0 as,

because I (Y —Y) is null on [0, ] x 2, hence [T (Y—XN’),IH (Y—f/)] is null
on [0,¢] x 2 by Al, and one more application of prop. 2.1 suffices.

Putting Z = Y — Y, to show that [X, Y], = [X, X], (and s will then go
to infinity), it now suffices to check that

(311) [IHZ, Z}S = [IHZ7 IHZ]S = IH[Z, Z}s a.s.

The first equality is equivalent to [I5 Z, I Z], = 0, which is a consequence
of prop. 2.1, by using Al.
Since obviously [IgZ, Z1+ [Ig-Z, Z) = [Z, Z], it suffices for the second one
to see that
IuZ,Z],=0 a.s. on H¢

UgeZ,Z), =0 a.s.on H,

one more application of prop 2.1, by using Al.
To show now the second half of (3.8), take s > t. We have from (3.11)

(X, X, =UnZ InZ|,=1y[Z, 7], a.s.
and therefore we may suppose that H = {2, X = Z. We have finally
[X> X]s = [Y_}’;7Y_}7]s = [Y7 Y]s - 2[Y7 }7]3 + [}77?]57

and the desired relation follows from (3.10) by letting s tend to infinity.
We can now write

(3.12) E[[X,Y],.] = ¢(X) < [l E[[X, X]2]

[

= lell B [Ia ([, Y] = [¥, Y],)

].

On the other hand it follows from the Holder inequality that

=

(313)  E[Iu([V.Y]~[V:Y),)*] <PIHI} (B[l (VY] [V Y],)]).

From (3.8), (3.12) and (3.13) we conclude that

=

E[Iu (Y, Y] ~[V,Y],)] < ol PIH? (E[Iu (Y, Y], ~[Y,Y],)])

and this implies (3.7) since H is an arbitrary element of F;.
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b) For any any T € 7 and U € L2, putting X = ar(U) and using
prop. 3.5, we have

(314)  EUer(Y)] = E[[X, Y]] < el lar@)] g < Mgl U] -

As L? is a dense subspace of L' it follows:
1
(3.15) [(AY,Y]72)? |, = 192(Y)]| L < M |-

Since the graph of any stopping time is contained in a countable union of
graphs of stopping times from 7, (3.15) holds in fact for all stopping times 7.
Finally, summing (3.7) and the square of (3.15) we get

E[Y,Y] ~[Y. Y], [ Fr] <(M*+ 1) ol as;
as T is arbitrary, the desired conclusion follows:
1Y llzaro < (M* +1)% o] 0

Remark 3.7. The uniform boundedness of the family of atomic maps from
(L2 Nl z) to (H?,|| . ||g1) may seem strange and strong. However, it is also
necessary for the wvalidity of b) (supposing that all other conditions hold).
Indeed, suppose that for some constant C' > 0, every ¢ € (H?,||.|/:)* is
represented by a (unique) Y € BMO such that [|Y] 5,,0 < C|l¢|. Then, by
a well known consequence of the Hahn—Banach theorem and by (3.6), for any
T € T and for any U € L?, puting X = ar(U), one has

1 X[l < sup  [E[[X,Y] ]|=C sup [E[[X,Y]]]

Y]l pro <C Y1l prso <1
=C sup |EUT(Y)]|<C sup |EUTY)]|<C|UlL,
Y1l prso <1 AlYY]p<1

since [T (Y)| = (A[Y, Y]T)% and obviously A[Y, Y], < ||Y[%u0- a-s.

Remark 3.8. For X € H? and fived t > 0, consider the element Xes given
by A2. Looking at relation (3.10) (with X instead of Y, and H = 2), X
appears as the orthogonal projection of X onto the orthogonal complement
(in H?) of the linear space F = {X € H?: X = 0 on [0,t] x 2}. It suffices to
check that F is closed in H?; this follows from the fact that X belongs to F'
if and only if X is in H? and [X, X], = 0 (consequence of A1 and A2). Indeed,
if X e F, X € H? and X" — X in H?, then taking T =t and S = 0_ in
(2.1), one has

E[[X, X],] = E[[X—X", X-X"];] <E[[X-X",X~X"]o] — 0.
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4 Applications

We now illustrate the theory of section 3 by applying it to the four examples
listed in section 2.

Example 1 (square bracket). The implication [X, X] =0 = X = 0 is well
known; see for example [1, VII, 52]. In fact we need this, and the axioms Ai,
for X € H? only. To check Ai, recall three basic properties of [., .]:

a) [XT,Y] =[X,Y]" as. for any stopping time T, where X7 = Xq;.

b) Let T be an (arbitrary) fixed stopping time, and let X be a local
martingale. Then the process

X, = (Xr1s—Xr) (s €0,00))

is a local martingale with respect to the filtration F. = Fr4s, and we have
(X', X', = [X, X]p,, — [X, X]p for any s > 0. (We may consider as well X7
(resp. [X, X],_) instead of X (resp. [X, X],).

¢) If X is a local martingale and H € Fy, then Iy X is a local martingale,
and [Ig X, IgX] = Ix[X, X].

These three properties easily imply Al and A2 (take X=X t). Axiom A1/,
which is also an extension of the first part of ¢), is satisfied because of the
definition of local martingales.

We now pass to the second set of conditions, dealing with the jumps of
[.,.]. Of course we take ¥r(X) = AXy in definition 3.3. Further, we take
T = {T : T is predictable or totally inaccessible}; it is well known that the
graph of any stopping time can be covered by a countable union of graphs of
predictable s.t. and the graph of a totally inaccessible s.t. (see [1, IV, 81]).
We then have Wr(H?) = Wr(Ar) = L*(Fr | {T <oo}) for T totally inacces-
sible and W7 (H?) = Ur(Ar) = {U—E[U | Fr_] : U € L*(Fr |{T < o})} =
{U € L*(Fr |{T < oo}) : E[U | Fr—] = 0} for T predictable. To justify these
pleasant relations, we invoque (with slight modifications) the discussion from
the proof of [1, VII, 74] (due to Lépingle): for an arbitrary stopping time T'
and U € L%(Fr), consider the process 4; = Ulyr<yy; it has finite variation.

This A is obviously integrable, and if A denotes its dual predictable projection
(compensator), consider X = A— A, which is a T-atom such that AXy = U on
{T < oo} (hence A[X, X],; = U? on {T <oo}) if T is totally inaccessible and
AXp = U —E[U|Fr_] on {T < oo} (hence A[X, X], = (U —E[U | Fr_])*
on {T < oo}) if T is predictable.

Therefore A3 holds (AXy = E[Xw | Fr] —E[Xo | Fr—] if T is predictable,
generally X € L?(Fr) if T is arbitrary), and moreover one can see that
the family of atomic maps (ay),c, is uniformly bounded in norm from
(L% |- \l;1) to (H?,||.|/z:1) by the constant M = 2. Summing up, we see
that the hypotheses of th. 3.6. a) and b) hold, so that our result extends Fef-
ferman’s theorem ([1, VIL, 88]) up to the assumption that H? is dense in H*,
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which makes it possible to identify (H')* with (H?,|.||;:)". Looking at the
proof of this fact in [1, VII, 85], we see that it has nothing in common with
Fefferman’s inequality; this explains why we consider here (H?,|. | z:) in-
stead of H!, and we prefer not to assume that H? be dense in H' and that
(H?,||.||z1)" be equal to (H')".

Ezample 2 (angle bracket). Remark first that in this case H? is dense in H!
by definition of & (to make possible the definition of the angle bracket (., .)).

In this case, following Pratelli [3], one defines || X||papo, as the smallest
(possibly infinite) constant ¢ such that

E[(X,X), —(X,X), | Fr] < for all stopping times T,

so that we are interested only in the statement of th. 3.6. a), whereas b) is
uninteresting because of remark 2.4.

The validity of A1, A1’, A2 are again consequences of properties a), b)
and c¢), which hold for the angle bracket too (of course we must take care to
consider only locally square integrable martingales, for which (., .) exists).

To complete the description of the dual of H' (suggested by remark 2.4)
in this example, remark the following simple fact: if ¢ € (H2,||.| ;)" and
Y € H? are such that ¢(.) = E[(.,Y)s], then it follows (in addition to
(3.7)) that [|Yo|l,~ < [l¢||. Indeed, if X denotes the constant process equal
to the r.v. Xo € L?(Fp), we may write

E[XoY0] = E[X0Ya] = E[(X0, V)] < llll | Xoll g = lleoll [ Xoll 1 »

and since L?(FY) is dense in L'(F?), the desired relation follows. Summing
up, we see that the dual of H' may in this case be identified with the linear
space {X € S : || X|Bmo, < 00, ||XollL= < oo} endowed with the norm
X1 = 1 X 5aro, + 1 Xoll poe-

Example 3. The matter is considerably simpler in this case. The validity of
Al and A1" are obvious, and to A2 we take brutally X = X - Ijg 4. The
significance of the notion of T-atom has a strong intuitive support here. Natu-
rally, we take ¥ (X) = X7 - I{p<o0y and 7 is the family of all stopping times;
U (H?) = Ur(Ar) = L*(Fr | {T < oo}) for any T, and the atomic maps are
isometries from (L2(Fr |{T <oo}),|.|l.») to (H?,] .| ;) for all 1 < p < oo.

Ezxample 4. Tt is quite similar to above; the discrete processes carry over to
“mince” processes null outside the set Z, x 2, and {., .} extends in the
obvious way to whole R . Here we take ¥r(X) = Xt - I{7¢z,y and we have
U (H?) = (A7) = L*(Fr | {T € Z4}) for any stopping time 7T

Remark. Axioms Al and A1’ express some local properties of S and [ ., .]. As
to A1’, it refers only to S, whereas A1 suggests that the trajectory [X, X](w)
depends only on the trajectory X (w).
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For example, in the case of the square bracket, recall that for all X € H?,
putting ¢’ =14 -27"¢, one has

2" —1
X, X], = lim > (Xer,, ~Xer)®
i=0

n

strongly in L' (see [2]), which implies a property stronger than Al.
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Summary. We construct the Doob—Meyer decomposition of a submartingale as
a pointwise superior limit of decompositions of discrete submartingales suitably
built upon discretizations of the original process. This gives, in particular, a direct
proof of predictability of the increasing process in the Doob—Meyer decomposition.

1 The Doob—Meyer Theorem

The Doob—Meyer decomposition theorem opened the way towards the the-
ory of stochastic integration with respect to square integrable martingales
and—consequently—semimartingales, as described in the seminal paper [7].
According to Kallenberg [4], this theorem is “the cornerstone of the modern
probability theory”. It is therefore not surprising that many proofs of it are
known. To the author’s knowledge, all the proofs heavily depend on a result
due to Doléans-Dade [3], which identifies predictable increasing processes with
“natural” increasing processes, as defined by Meyer [6].

In the present paper we develop ideas of another classical paper by K. Mu-
rali Rao [8] and construct a sequence of decompositions for which the superior
limit is pointwise (in (t,w)) equal to the desired one, and thus we obtain pre-
dictability in the easiest possible way.

Let (2, F,{F:i}+cjo, 1), P) be a stochastic basis, satisfying the “usual” con-
ditions, i.e. the filtration {F;} is right-continuous and Fy contains all P-null
sets of Fr. Let (D) denote the class of measurable processes { Xt };e[o,7] such
that the family {X,} is uniformly integrable, where 7 runs over all stopping
times with respect to {Fi}icjo,77. One of the variants of the Doob-Meyer
theorem can be formulated as follows.
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Theorem 1. Any submartingale of class (D) admits a unique decomposition
Xi = My + As, where {M;} is a uniformly integrable martingale and {A:} is
a predictable increasing process, with Ar integrable.

In discrete time this theorem is trivial: if { Xy }x=0,1,... &, i & submartingale
with respect to {Fi}tr=0,1,... k, We can set Ay =0 and

k
Ae=> B(X;-X; 1| Fia), k=12 k.

j=1

The appealing idea of Murali Rao [8] consists in approximating A; by increas-
ing processes defined by discretizations of X;.

Let 0, = {0 =1ty <t} <ty <...<tp =T} n=12..,bean
increasing sequence of partitions of [0, 7], with

max ty —ty_; — 0, as n — oo.
1<k<kn

By “discretizations” {X[}s+co, of {Xt}ie[o,r7 We mean the processes defined
by

th:th if tz<t<tz+1, X%:XT
The process X" is a submartingale with respect to the discrete filtration

{F:}teo, and by the above discrete scheme we obtain a sequence of right
continuous representations

X[ = M} + A,

AP =0 if 0<t<ty,

k
AP =N"BE(Xer — X | For ) <t <ty k=12, — 1,

Since A} is Fin  -measurable for £} < ¢ < ¢}, ,, the processes A" are pre-
dictable in the very intuitive manner.
The following facts can be extracted from [8].

Theorem 2. If {A;} is continuous (equivalently: {X;} is “quasi-left contin-
uous”, or “regular” in the former terminology), then for t € | J,—, 6

A? — At m Ll.

In the general case

A} — Ay weakly in L', t€ U 0.
n=1
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The latter statement cannot be improved: by a counterexample due to
Dellacherie and Doléans-Dade [2], there exists an increasing integrable process
{X:} and a sequence 6,, of partitions of [0, 1] such that the A}’s fail to converge
in Ll to Al.

By a slight modification of the approximating sequence we can obtain
convergence in the strong sense.

Theorem 3. There exists a subsequence {n;} such that for t € \J,2_, 0, and
as J — 400

J
%(Z A?’) — Ay, a.s. and in L*. (1)
j=1

Remark 1.

1. In fact, in any subsequence we can find a further “good” subsequence
with the property described in Theorem 3. In view of Komlés’ Theorem 4
below, it is natural to say that the sequence { A"} is K-convergent to A.

2. We do not know whether the whole sequence converges in the Cesaro
sense.

2 Proof of Theorem 3

In order to avoid repetitions of well-known computations, we choose the text-
book [4] as a fixed reference and will refer to particular results therein.
The preparating steps are standard and are given on pages 413-4 in [4].

1. If X is a submartingale of class (D), then the family of all random variables
of the form {A? }, where 7, is a stopping time taking values in 6,, is
uniformly integrable. In particular,

sup FAT < +o00.
n

2. We can extract a subsequence {ny} such that A7 — o weakly in L;. We
define
Mt:E(XT—Oé‘]:t), At:Xt—Mt.

Then we have also
A" () — Ay weakly in L', t¢€ U O,
n=1

In the main step of proof we use the famous theorem of Komlés [5] (see
also [1] for the contemporary presentation related to exchangeability).
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Theorem 4. If &1,&,... is a sequence of random variables for which

sup B¢, < 400,

then there exists a subsequence {n;} and an integrable random variable &
such that for every subsequence {n;,} of {n;} we have with probability one,
as K — 400,
€”1'1 + 6"]‘2 ot ﬁan
K

By this theorem we can find a subsequence {ny;} C {nx} and a random
variable o such that

— oo

J
1 Ny,
j( E AT]”> — ar, a.s.
Jj=1

Since AJ* — o = Ar weakly in L', the Cesaro means of any subsequence also
converge weakly to the same limit and we have a;r = Ap. Since the family
{A2} is uniformly integrable, the above convergence holds in L' as well.

Now let us take any to € |J;—, 6, to # T. As before, one can find another
subsequence {ng; } C {n;} such that

I
1 N,
f( E Atokj’i> — Ay, a.s. and in L'.
i=1

By the exceptional “subsequence property” given in the Komlés theorem we
can still claim that

I

1 N

f( g ATk“) — Ap, a.s. and in L.
i=1

Repeating these steps for each ¢y € |Jo—, 6,, and then applying the diagonal
procedure we find a subsequence fulfilling the requirements of Theorem 3.

It remains to identify the limit with the unique predictable increasing
process given by the Doob—Meyer decomposition. This can be done using
Rao’s result, but given almost sure convergence everything can be done with
bare hands:

3 Predictability—direct!

We shall provide a direct proof of predictability of the process A appearing as
the limit in Theorem 3. For notational convenience we assume that (1) holds
for the whole sequence A™. We introduce two auxiliary sequences of stochastic
processes given by the following formula.
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Ap =0,

) k

A} = ZE(Xt; —Xt;gl ’ ft;?fl) if ty_ <t<ty, k=1,2,...,kp,
j=1

_ o1 L
j=1

The processes A™ are adapted to the filtration {F;}ic(o,7) and their tra-
jectories are left continuous, hence they are predictable by the very definition
of the predictable o-field. The same holds for the B".

It is sufficient to show that there exists a set E' of probability zero such
that for every w ¢ E and every t € [0, 7]

lim sup Bl (w) = A (w). (2)

n—oo

We have for ty € |J,—, 6,, and n large enough
Al (W) = A7 (w),
hence outside of a set E’ of probability zero
B (w) — Ay (w).

Since |~ 6,, is dense in [0, 77, it follows that for w ¢ E’, in every point of
continuity of A(.y(w) we have

B w) — Ay(w).
Moreover, since A is right continuous we have always

lim sup B (w) < Ay (w).

n—oo

We conclude that (2) can be violated only in points of discontinuity of A.
We claim it suffices to prove that for each stopping time 7

lim EA" — EA.,. (3)

n—oo

To see this let us observe that if (3) holds then

E lim sup B’f < FA, = lim EBZ < Elimsup B’f,

n— o0 n—oo n—oo

where Fatou’s lemma can be applied in the last inequality because
B < B} — Ap  in L'

In particular, for every stopping time 7, we have almost surely,



An a.s. approximation in the Doob—Meyer theorem 163

A, = limsup B™.
n—oo
Now it is well known (and easy to prove in the case of increasing processes)
that there exists a sequence {7,} of stopping times which exhaust all jumps
of A, i.e. P(AA; > 0) > 0 implies P(r = 7;) > 0 for some ¢. For each ¢ we
have
A;, = limsup B:fq, a.s.
n—oo
Enlarging E’ by a countable family of P-null sets (one for each 7,), we obtain
a set E of P-measure zero (belonging to Fy due to the “usual” condition)
outside of which (2) holds.
In order to prove (3) let us observe that we can write

kn
Ar =N AR IR, <7 <17,
k=1

Since 7 is a stopping time, the event {t} ; < 7 < {}} belongs to Fir. If we
define

ph(r)=0 if T=0, p"(r) =ty if ), <7<,

then p"(7) is a stopping time with respect to the discrete filtration {F; }1eq,,,
pr(r) =7, p"(r) \, T and

An AN

A CON

By the properties of the (discrete) Doob—Meyer decomposition
EA:)L"(T) - EX;Ln(T) == EXpn(.,-) \ EX.,- - EA.,-

We have proved that A is predictable. The proof of its uniqueness is stan-
dard (see e.g. Lemma 22.11 and Proposition 15.2 in [4]) and does not involve
advanced tools.
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Summary. The first goal of this paper is to give an adequate definition of the
stochastic integral

/ H.dX., (*)
(0]

where H = (H¢)+>0 is a predictable process and X = (X¢):>0 is a semimartingale.
We consider two different definitions of (x): as a stochastic integral up to infinity
and as an tmproper stochastic integral.

The second goal of the paper is to give necessary and sufficient conditions for
the existence of the stochastic integral

t
/ H,dX,, t=0
0

and for the existence of the stochastic integral up to infinity (x). These conditions
are expressed in predictable terms, i.e. in terms of the predictable characteristics
of X.

Moreover, we recall the notion of a semimartingale up to infinity (martingale up
to infinity, etc.) and show its connection with the existence of the stochastic integral
up to infinity. We also introduce the notion of «y-localization.

Key words: Characteristics of a semimartingale, Fundamental Theorems of Asset
Pricing, ~-localization, improper stochastic integrals, Lévy processes, semimartin-
gales up to infinity, stochastic integrals, stochastic integrals up to infinity.
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1 Introduction

In classical analysis there are two approaches to defining the integral
fooo h(s)ds, where h is a Borel function. In the first approach, the improper

integral fo s)ds is defined as

00 t
/ h(s)ds:= lim h(s)ds,
0

t—o0o 0
where fo s)ds is the “usual” Lebesgue 1ntegral over [0,t]. In the second
approach, the integral up to infinity fo s)ds is defined as the Lebesgue

integral over [0, c0). Obviously, the classes

h Vi > /\h \ds<oo} (1)

Limp = {h €L:3 lim h( )ds}, 2)

t—oo Jg
L[O,w)_{h;/oooh(s)ds@o} 3)

satisfy the following strict inclusions: L oy C Limp C L.

This paper has two main goals. The first goal is to give the corresponding
definitions of the improper stochastic integral fooo H,dX; and of the stochastic
integral up to infinity fooo H,dX,, where H = H;(w) is a predictable process
and X = X;(w), t > 0, w € £2 is a semimartingale. The second goal is to derive
a criterion for the existence of the stochastic integral up to infinity fooo H,dX,
given in “predictable” terms (see Theorem 4.5). For more information on
“predictability”, see the monograph [10] by J. Jacod and A.N. Shiryaev. The
second edition of this monograph contains a predictable criterion for the exis-
tence of stochastic integrals f(f H;dX,,t >0 (see [10; Ch. III, Theorem 6.30]).
In this paper, we also derive a predictable criterion for the existence of these
integrals (see Theorem 3.2). Our method differs slightly from the one in [10].
As a result, we get a simpler criterion.

The notion of a stochastic integral up to infinity is closely connected with
the notion of a semimartingale up to infinity. These processes as well as mar-
tingales up to infinity, etc. are considered in Section 2. C. Stricker [20] also
considered ”"semimartingales jusqu’a 'infini”. He used another definition, but
it is equivalent to our definition. The notions of a process with finite variation
up to infinity and local martingale up to infinity introduced in Section 2 are
closely connected with the notion of y-localization that is also introduced in
Section 2.

In Section 3, we recall the definition of a stochastic integral (that is some-
times called the vector stochastic integral) and give the predictable criterion
for integrability.
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Section 4 contains several equivalent definitions of the stochastic integral
up to infinity, the definition of the improper stochastic integral as well as
the predictable criterion for integrability up to infinity. This criterion is then
applied to stable Lévy processes.

In Section 5, we show how the stochastic integrals up to infinity can be used
in mathematical finance (to be more precise, in the Fundamental Theorems
of Asset Pricing).

Throughout the paper, a filtered probability space (Q,]—", (Ft)e=0, P) is
supposed to be fixed. The filtration (F;) is assumed to be right-continuous.

2 Semimartingales up to Infinity

1. Notations and definitions. In this section, we consider only one-
dimensional processes. The extension to the multidimensional case is straight-
forward.

We will use the notations Aige, V, M, Mige, Sp, and S for the classes
of processes with locally integrable variation, processes with finite variation,
martingales, local martingales, special semimartingales, and semimartingales,
respectively.

Definition 2.1. We will call a process Z = (Z;)i>0 a process with locally inte-
grable variation up to infinity (resp: process with finite variation up to infinity,
martingale up to infinity, local martingale up to infinity, special semimartin-
gale up to infinity, semimartingale up to infinity) if there exists a process
Z = (Z4)1e[o,1) such that

and Z is a process with locally integrable variation (resp: process with finite
variation, martingale, local martingale, special semimartingale, semimartin-
gale) with respect to the filtration

7, _ fﬁ7 t<1, ()
TlE =1

We will use the notations A, [0,00)s V[0,00)5 M0,00) Mioc, [0,00)5 Sp, [0,00)5
Sjo,00) for these classes of processes.

Note that Aloc, [0,00) - A10C> V[O,oo) C V> M[O,oo) - M7 Mloc, [0,00) C
Mioes Sp,10,00) € Sps Sjo,00) C S, and all the inclusions are strict.

2. Basic properties. In stochastic analysis there exist two types of “localiza-
tion” procedures: localization (see [10; Ch. I, §1d]) and o-localization (see [10;
Ch. II1, §6¢]). Let us introduce one more type.
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Definition 2.2. Let C be a class of random processes. The y-localized class
C, consists of the processes X, for which there exists an increasing sequence of
stopping times (7,,) such that {r,, = co} 1 £2 a.s. and, for each n, the stopped
process X" := X;a,, belongs to C.

Lemma 2.3. We have Ao, [0,00) = Ay, where A is the class of processes
with integrable variation.

The proof is straightforward.

Lemma 2.4. The class Mg ) coincides with the class of uniformly inte-
grable martingales.

Proof. This statement follows from the fact that the class of uniformly in-
tegrable martingales coincides with the class of the Lévy martingales, i.e.
processes Z of the form Z, = E(Z | F¢), t > 0. O

Lemma 2.5. The following conditions are equivalent:

(1) Z € Mloq [0700);

(i) Z € (Mo,00))7;

(iil) Z € Mioe and [Z])/? € Ay ([Z] denotes the quadratic variation of Z).

Proof. (i)=-(iii) This implication follows from the fact that, for a local mar-

tingale M, [M]'/? € A (see [10; Ch. I, Corollary 4.55]).

(iii)=(ii) This implication follows from the Davis inequality (see [16; Ch. I,

§9, Theorem 6]).

(ii)=-(i) This implication is obvious. O
The following statement characterizes the semimartingales as the “L°-

integrators”. Recall that a collection of random variables (£)xea is bounded

in probability if for any € > 0, there exists M > 0 such that P(|&\| > M) < e

for any A € A. Recall that a stopping time is called simple if it takes only a

finite number of values, all of which are finite.

Proposition 2.6. Let Z be a cddlig (F:)-adapted process. Then Z € S if
and only if for any t > 0, the collection

t n
{/ H,dZ, : H has the form > hiljs, 1,3, where Sy < Ty < -+ < 8, < T,y
0 i=1

are simple (F;)-stopping times and h; € [—1, 1]}

is bounded in probability. (Note that fot H;dZ; here is actually a finite sum.)
For the proof, see [2; Theorem 7.6].

The next statement characterizes the semimartingales up to infinity as
the “L%integrators up to infinity”. Recall that the space HP consists of semi-
martingales Z, for which there exists a decomposition Z = A+ M with A € V,
M € Mo, and E(Var A2, + E[M]? < c.
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Lemma 2.7. The following conditions are equivalent:

(1) Z e S[O,oo);

(ii) there exists a decomposition Z = A+M with A € Vg o0y, M € Mg, [0,00);
(iil) there exists an increasing sequence of stopping times (7,) such that {r, =
oo} 1 82 a.s. and, for each n, the process Z[»~ = ZI(t < )+ Z;,_I(t = 1)
belongs to H';

(iv) Z is a cadlag (F;)-adapted process, and the collection

{/ H,dZ,: H has the form Y hiljs, z,], where Sy < Ty < -+ < Sp < T,
0 i=1
are simple (F;)-stopping times and h; € [—1, 1]} (5)

is bounded in probability. (Note that fooo H,dZ here is actually a finite sum.)

Proof. (i)=-(ii) This implication is obvious.

(ii)=(iii) It is sufficient to consider the stopping times 7, = inf{t > 0 :
Var A; > nor [M]; > n}, where Z = A+ M is a decomposition of Z with
Ae V[O,oo)> M e Mloc, [0,00) -

(iii)=-(iv) Fix ¢ > 0. There exists n such that P(7,, = 00) > 1 —e. Let
Z™~ = A4+ M be a semimartingale decomposition of Z™~ with E(Var A)s +

E[M]éé2 < oo. For any process H of the form described in (5), we have

/ Hsdzgn*:/ HSdAS+/ H,dM,.
0 0 0

Since |H| < 1, we have E| fooo H;dA,| < E(Var A) . It follows from the Davis
inequality (see [16; Ch. I, §9, Theorem 6]) that there exists a constant C' such
that, for any process H of the form described in (5), E| [;° HsdM,| < C.
Combining this with the inequalities

P(/ Hsts:/ Hsdzgn-)>P(Tn:oo)>1—g,
0 0

we get (iv).
(iv)=-(i) For any bounded stopping time S, there exists a sequence of simple
stopping times (S%) such that Sy | S. Hence, the collection

{/ H,dZ, : H has the form »  hiIjs, 1., where Sy < Ty < -+ < S, < T,
0 i=1

are bounded (F;)-stopping times and h; € [—1, 1]}

is bounded in probability.
For a < b€ Q, n € N, we consider the stopping times
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Sl = inf{t
Sp = inf{t

0:7Z: <a} An, T1
n-1:Zs<a}An, T,

inf{t
inf{t

Zt>b}/\n,...
Sn:Zt>b}/\n.

= =S
> T 2

Take H™ = Y"1 | Iys, 7,7- Then on the set A := {Z upcrosses [a, b] infinitely
often} we have

n—oo

/ H}dZ, 2%, .
0

Hence, P(A) = 0. As a and b have been chosen arbitrarily, we deduce that
there exists a limit Zo, := (a.s.) limy—, o Zt.

Let us set
— Z ¢, t<1,
Zt = 1-t
Z oo, t=1.

Using the continuity of Z at t = 1, one easily verifies that the collection

{/ﬁkidZ H&msﬁmﬁnm,zthszw,whaesl\ << 8, LT,

=1

are simple (F;)-stopping times and h; € [—1, 1}}

is bounded in probability (here (F;) is the filtration given by (4)). By Propo-
sition 2.6, Z is an (F;)-semimartingale. This means that Z € S [0,00) ad

Remark. The description of Sjg ) provided by (iii) is C. Stricker’s definition
of “semimartingales jusqu’a 'infini” (see [20]).

3 Stochastic Integrals

1. Notations and definitions. By A, V¢, M4 M _ 87, 8 we denote
the corresponding spaces of d-dimensional processes.

Let A € V. There exist optional processes a’ and an increasing cadlag
(Fi)-adapted process F' such that

N:%+/@M; (6)
0
Consider the space
Lyar(A) = {H = (HY,...,H%) : H is predictable and,
t
for any t > 0, / |Hs - as|dFs < 0o a.s.},
0

where Hy - a5 := 2?21 Hial. Note that Ly, (A) does not depend on the choice
of a® and F that satisfy (6). For H € Lya,(A), we set
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/HsdAs ::/ Hg - as dF;.
0 0

This is a process with finite variation.
Let M € M{ .. There exist optional processes 7%/ and an increasing cadlag
(Ft)-adapted process F' such that

(M, M) = / 7 dF,. (7)
0
Consider the space

Li (M) = {H = (H',...,H?Y) : H is predictable

. 1/2
and (/ H, -7, H, dFS> E.A10c},
0

where H - g - Hy := Zijzl Himi HI. Note that L} (M) does not depend

on the choice of 7%/ and F that satisfy (7). For H € L], (M), one can define

the stochastic integral [; Hs dM; by the approximation procedure (see [19;
Section 3]). This process is a local martingale.

Definition 3.1. Let X € S A process H is X-integrable if there exists
a decomposition X = A+ M with A € V¥ M € Mfloc such that H €
Lyar(A) N LL _(M). In this case

loc
/HSdXS ::/ HsdAs—i—/ HydM;.
0 0 0

The space of X-integrable processes is denoted by L(X).

For the proof of the correctness of this definition and for the basic prop-
erties of stochastic integrals, see [19].

2. Predictable criterion for the integrability. Let X € S% and (B, C,v)
be the characteristics of X with respect to the truncation function zI(]z| < 1)
(for the definition, see [10; Ch. II, §2a]). There exist predictable processes b,
¢ a transition kernel K from (£2 x Ry, P) (here P denotes the predictable
o-field) to (R4, B(RY)), and an increasing predictable cadlag process F' such
that

Bi:/ bL dFy, C’ij:/ 9 dF,, v(w,dt,dz) = K(w,t,dz) dF;(w) (8)
0 0

(see [10; Ch. II, Proposition 2.9]).
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Theorem 3.2. Let H be a d-dimensional predictable process. Set

po(H) = \Ht~bt+ [ Hea(t(e) > 1] < 1)-1(e] < 1, Heal > 1) Ki(do)
R
+Ht * Ct Ht+/ 1/\(Ht I)QKt(dI), tZO (9)
R

Then H € L(X) if and only if
t
Yt >0, / ps(H)dFs; < o0 a.s. (10)
0

The following two statements will be used in the proof.

Proposition 3.3. Let X € Sg and X = Xo+ A+ M be the canonical
decomposition of X. Let H € L(X). Then [jH,dX, € S, if and only if
H € Ly (A) N LE (M). In this case

loc
/HSdXS:/HSdAS—i—/HSdMS
0 0 0

is the canonical decomposition of fo HydX;.
For the proof, see [9; Proposition 2].

Lemma 3.4. Let p be the jump measure of X and W = W(w,t,z) be a
nonnegative bounded P x B(R)-measurable function. Then (W % 1)se < 00
a.s. if and only if (W *v)s < 00 a.s.

This statement is a direct consequence of the definition of the compensator
(see [10; Ch. II, §1a]).

Remark. It follows from Lemma 3.4 that
t
vt >0, / / |Hs - x| I(|x] > 1,|Hs - 2| < 1)Kg(dz)dFs < oo as. (11)
o Jr
Hence, the process ¢(H) in (10) can be replaced by a simpler process

R

+Ht'Ct'Ht+/ 1/\(Ht'$)2Kt(d.’L'), t>0
R

We formulate Theorem 3.2 with the process ¢(H) and not with (H) in
order to achieve symmetry with the predictable criterion for integrability up
to infinity (Theorem 4.5), where one can use only ¢(H).

Proof of Theorem 3.2. The “only if” part. Let Y = fo H,;dX;. Consider the
set D = {(w,t) : |[AX;(w)] > 1or |H(w) - AXy(w)| > 1}. Then D is a.s.
discrete, and therefore, the processes



Stochastic integrals up to infinity 173

X:/ IpdXl, X'=X'-X'
0

Y:/IDdYS, Y=Y-Y
0

are well defined. Obviously, H € Lvar(X) C L(X). It follows from the
equality AY H - AX that [ H, dX, = Y. By linearity, H € L(X) and

f H,dX,
Let p denote the jump measure of X and X ¢ be the continuous martingale
part of X. We have

X=Xo+azI(lz|>1)*«pu+B+al(|z] <1)*(p—v)+ X°
(see [10; Ch. II, Theorem 2.34]). Then

X = Xo—xI(|x| L|H z|>1)«p+B+azl(Jz] <) x(p—v)+ X°

= Xo+ A+ M, (12)
where

A=B—zl(z|<1,|H-z|>1)*v, (13)

M =zI(jz| <1,|H 2| <1) % (u—v) + XC. (14)

The process Ais predictable, and therefore, the decomposition X = Xo+ A+
M is the canonical decomposition of X. By Proposition 3.3, H € Lvar(A) N
Lioo(M).

loc

The inclusion H € Lvar(ﬁ) means that

t
Vit >0, /
0

H, by — / H, z1(|z| <1,|Hs- 2| > I)Ks(d:z:)’ dF, < 0o as.
R

(15)
Note that the continuous martingale part of M is X¢. Consequently,
(M, M7) =" AMIAM] + / ¥ dF, (16)
s<- 0

(see [10; Ch. I, Theorem 4.52]). Now, the inclusion H € Llloc(M) implies that
t

vt > 0, / H,-cy-HydF, < oo a.s. (17)
0

We have

VE>0, Y (H,  AX)? =) AV? <o as,

s<t s<t
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and using Lemma 3.4, we obtain
t
vt >0, / / LA (Hs-2)*Ky(dz)dFs < oo aus. (18)
o JRr

Inequalities (11), (15), (17), and (18) taken together yield (10).
The “if” part. Combining condition (10) with Lemma 3.4, we get

vt >0, Z(HS CAX )P <o as. (19)

s<t

Hence, the set D introduced above is a.s. discrete. The processes X and X
are well defined, and equalities (12)—(14) hold true.

Condition (10), combined with (11), implies (15), which means that
H € Ly (A).

It follows from (19) that

vt > 0, Z(Hs . A)N(s)2 <00 a.s.

s<t
The inclusion H € Ly, (A) implies that

vt > 0, Z‘HS'AAS|<OO a.s.

s<t
Taking into account the equality AM = AX — A/T, we get

vt > 0, Z(Hs . A]\/Zs)2 <00 a.s.

s<t

Moreover, H - AA = P(H - AX) (see [10; Ch. I, §2d]), which implies that
|H - AA| < 1, and hence, |H - AM| < 2. Consequently,

(Z(Hs : AMS)2)1/2 € Aloc.

s<-

This, combined with (16) and (17) (that is a consequence of (10)), yields the
inclusion H € L%OC(M).

As a result, H € L(X). Since obviously H € Lyy(X) € L(X), we get
H e L(X). 0

Corollary 3.5. Let X be a one-dimensional continuous semimartingale with
canonical decomposition X = Xo+ A+ M. Then a predictable process H
belongs to L(X) if and only if

t t
vt >0, / |Hg|d(Var A)q +/ H2d(M), < 0 as.
0 0



Stochastic integrals up to infinity 175

3. Application to Lévy processes. Let X be a one-dimensional (F;)-Lévy
process, i.e. X is an (F;)-adapted Lévy process and, for any s < ¢, the in-
crement X; — X, is independent of F,. The notation X ~ (b, ¢, ), means
that

2

Eer Xt = exp{t [iAb - %c + /R(em — 1 —iAh(z)) V(dx)] }

For more information on Lévy processes, see [18].

The following corollary of Theorem 3.2 completes the results of O. Kallen-
berg [12], [13], J. Kallsen and A.N. Shiryaev [15], J. Rosinski and W. Woy-
czynski [17].

Corollary 3.6. Let X be an a-stable (F)-Lévy process with the Lévy mea-

sure ) — (mlj(x <0)  mol(z > O)) d

|x|a+1 ‘x‘oﬁ»l

Let H be a predictable process.
(i) Let a € (0,1) and X ~ (b,0,v)9. Then H € L(X) if and only if

t t
Yt > 0, |b\/ |Hs|ds + (mq + mg)/ |Hs|ds < 0o a.s.
0 0

(i) Let o = 1 and X ~ (b,0,v)p, where h(zx) = zI(|z] < 1). Then
H € L(X) if and only if

¢ t
Yt >0, (]b] +ma +m2)/ |Hg|ds + |mq — mg\/ |Hs|In|Hg|ds < oo a.s.
0 0
(iii) Let o € (1,2) and X ~ (b,0,v),. Then H € L(X) if and only if
t ¢

Vi >0, |b\/ |Hq|ds + (ma +m2)/ |Hg|*ds < oo ass.
0 0
(iv) Let a =2 and X ~ (b,¢,0). Then H € L(X) if and only if
t t
vt >0, |b\/ |Hs\ds+c/ HZds < oo as.
0 0

Proof. The case o = 2 is obvious. Let us consider the case a € (0,2). The
semimartingale characteristics (B’, C’, 1) of X with respect to the truncation
function xI(|z| < 1) are given by

B, =1't, C;=0, V' (w,dt,dz) = v(dz) dt.
The value V' is specified below. We have

2 _2(m1+m2) «@
/Rl/\(Hx) V(dx)—ia(z_a) |H|*, HeR.
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In case (i), we have
b = b+/Rxl(\:c\ < 1)v(de)
and
HY —l—/RHx(I(|x| >1,|He| < 1) = I(|z] < 1,[Hz| > 1)) v(dz)
— Hb+sgn H % |H|*, HeR.
In case (ii), we have b’ = b and
HY +/Hx(](|x| >1,|He| < 1) = I(|z] < 1,[Hz| > 1)) v(dz)
=Hb —l—R(ml —mo)HIn|H|, HeR.

In case (iii), we have

b =b— /Rx[(\:l:\ > 1) v(dz)

and
HY —l—/RHx(I(|x| >1,|He| < 1) = I(|z] < 1,[Hz| > 1)) v(dz)
= Hb+sgn H % |H|*, HeR.
The result now follows from Theorem 3.2. O

Corollary 3.7. Let X be a nondegenerate strictly a-stable (Ft)-Lévy process.
Then a predictable process H belongs to L(X) if and only if

¢
Vi >0, /\Hs|ads<oo a.s.
0

Corollary 3.8. Let X be an (Fi)-Lévy process, whose diffusion component
is not equal to zero. Then a predictable process H belongs to L(X) if and only

if
¢
vt > 0, /Hfds<oo a.s.
0

Proof. This statement follows from Theorem 3.2 and the estimates

/Hx([(|x| >1,|Hz| < 1) = I(|z] < 1,|Hz| > 1)) v(dz)
R
</I(|x|>1)u(dx)+H2/1/\a:2V(dx), H e R,

R R

/1/\(Hx)2u(da:)<(1\/H2)/1/\xzu(dx), HeR.
R R
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4 Stochastic Integrals up to Infinity
and Improper Stochastic Integrals

1. Various definitions. Let A € V¢ and a’, F satisfy (6). Consider the space
Lar, [0,00)(A) = {H = (HY,...,H?) : H is predictable
and / |Hs - as|dFs < 0o a.s.}.
0

For H € Lyar, [0,00)(A), We set

/HSdAs::/ H, - a,dF,.
0 0

Let M € ML _ and 7%, F satisfy (7). Consider the space

Lige, [0.00) (M) = {H = (H',...,HY) : H is predictable

. 1/2
and (/ Hs~7T3~HSdFs> EAIOC,[O700)}~
0

For H € L} (0,00) (M), one can define Jo HsdM, by the approximation

loc,

procedure similarly to the definition of fot H,dM,.

Definition 4.1. Let X € 8. We will say that a process H is X -integrable up
to infinity if there exists a decomposition X = A+ M with A € V¢, M € M{
such that H € Lyar, [0,00)(4) N L! 0 oo)(M). In this case

loc,

/HstS::/ HsdAS+/ Hg dM,.
0 0 0

The space of X-integrable up to infinity processes will be denoted by Lig o) (X).

Remark. The above definition of fooo H;dX; is correct, i.e. it does not depend
on the choice of the decomposition X = A + M. Indeed, it follows from the
definition of fooo H,dA, and fooo H,dM, that

t

/ H,dX, = (as.) tlim H,dX,. (20)
0

—)(x)o

Theorem 4.2. Let X € 8. Then H € Ljg oo)(X) if and only if H € L(X)
and [, HydX, € Spp,)-
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Proof. The “only if” part. The inclusion H € Ly, [0,00)(A) implies that
H € Ly (A) and [ Ho dA, € Vip,o0) C Sjo,00)- The inclusion H € Li 0 Oo)(M)
implies that H € L (M), [, HsdM, € My, and

loc

. 1/2 . 1/2
|:/ H, dMs:| = (/ H,-mg- Hg dFS) € Aloc, [0,00)
0 0

(the equality here follows from [19; Lemma 4.18]). In view of Lemma 2.5,
Jo Hs dM, € Mo [0,00) C Sjo,00)- As a result, H € L(X) and [, H,dX, €

S[O,OO)‘
The “if” part. Proposition 2.6 and Lemma 2.7 combined together show
that one can find deterministic functions K',..., K¢ such that, for each i,

K'>0, K'e L(X") and Y* := [ (K.)7'dX} € Sjg,o0). It follows from the
associativity property of stochastic integrals (see [19; Theorem 4.7]) that the
process J = (K'H' ... K?H?) belongs to L(Y) and, for the process Z =
Jo Js dYs, we have Z = [ Hy dX, € Sjg o). Set

— Y., t<l1, — Z_+ , t<1, — Jx , t<1,
Yt = i—t Z75 — i—t Jt — 1—¢t
Yoo, t=1, Zooy, t=1, 0, t=1.

Let us prove that J € L(Y). It will suffice to verify (see [19; Lemma 4.13])
that, for any sequences a,, < b, with a, — oo and any sequence (@n) of
one-dimensional (F;)-predictable processes with |G| < 1 (here (F;) is the
filtration given by (4)), we have

1-1/n e _ .
/ G T I(an < [JTs| < bp)dYs —— 0. (21)
0 n—oo

We can write

1-1
/m__

n—1
_ / Gy < |J,] < by) dZs = / G Ian < |7.] < bo)dZs,
0 0

where G} = @?/1 4 Using the dominated convergence theorem for stochastic
integrals (see [10; Ch. I, Theorem 4.40]), we get (21).

Thus, J € L(Y), which means that there exists a decomposition ¥ =
B+ N with B € V4(F;), N € M{ (F;) such that J € Ly, (B) N LL (N).
Then J € Lar, [0,00)(3) NL (M), where B, = Et/l—i—tv Ny = Nt/l—&-t-

loc, [0,00)
Consequently, H € Lyar, [0,00)(4) N Ll )(M), where

loc, [0,00

Aiz/ K!dB!, Miz/ K!dN..
0 0
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Since X = Xy + A+ M, the proof is completed. O

Let us compare the notion of a stochastic integral up to infinity introduced
above with the notion of an improper stochastic integral introduced below.

Definition 4.3. Let X € S%. We will say that a process H is improperly
X -integrable if H € L(X) and there exists a limit

t
(a.s.) lim H,dX,.

t—o0 0

This limit is called the improper stochastic integral fooo H,dX;. The space of
improperly X-integrable processes will be denoted by Limp(X).

By the definition, Limp(X) € L(X). It follows from Theorem 4.2 and
equality (20) that Ljg o) (X) € Limp(X) and the two definitions of [ Hy dX,
coincide for H € Ljg oo)(X). The following example shows that these two in-
clusions are strict.

Example 4.4. Let X; = t and H; = h(t) be a measurable deterministic
function. Then

Hel(X) < hel,
H ¢ Limp(X) < he Limp7
H e L[Opo)(X) < he L[Opo)v
where the classes L, Limp, and Ly ) are defined in (1)~(3).

Proof. The first two statements follow from Theorem 3.2. The third statement
is a consequence of Theorem 4.5. a

2. Predictable criterion for integrability up to infinity. The following
statement provides a description of Ly o) (X) that is “dual” to the description
of L(X) provided by Theorem 3.2. We use the notation from Subsection 3.2.

Theorem 4.5. Let H be a d-dimensional predictable process. Then H € Ljg oy (X)
if and only if

/ ws(H)dFs; < oo as., (22)
0
where @(H) is given by (9).
Proposition 4.6. Let H € L(X). Then the characteristics (B,C,7V) of
fd H, dX, with respect to the truncation function zI(|xz| < 1) are given by
f?:/ (Hs~bs+/Hs-a:(I(|x| >1,|Hs- 2| <1)
0 R

(23)
— I(jz) < 1,|H, - z| > 1))Ks(da:)) dF,,
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6:/ H,-c,- H, dF,, (24)
0
D(w,dt,dz) = K(w, t,dz) dF(w), (25)

where K (w,t,dz) is the image of K(w,t,dz) under the map R® 3 z — Hy(w)-
x €R and b, ¢, K, F satisfy (8).

For the proof, see [15; Lemma 3].

Proof of Theorem 4.5. The “only if” part. The process Y = fo H,dX; is a
semimartingale up to infinity. Hence, the process

Y =Y =) AV I(|AY,] > 1) (26)

s<-

is also a semimartingale up to infinity. Since Y has bounded jumps, it belongs
to Sy, [0,00), and therefore, its canonical decomposition Y = B + N satisfies

B S Vopo N € M10c7 [0,00)"
The process B is given by (23). The inclusion B € Vg ) means that

/ ‘Hs-bs—k/Hsm(I(\x\ >1,|H, 2| <1)
0 R

(27)
|z < 1,|H, 2| > 1))Ks(d:c)’ dF, < 0o as.
The inclusion N € Mige, [0,00) implies that []V}Oo < oo a.s. Therefore,

(N¢) < o0 a.s. (see [10; Ch. I, Theorem 4.52]). In view of (24), this means
that

/ H,-c,-HydFy < 0o a.s. (28)
0

We have
Z(H - AX) ZAY2<OQ a.s.,

s>0 520

and using Lemma 3.4, we obtain

/ /1/\ (Hs - 2)*Ks(dz)dFs < 00 a.s. (29)

Inequalities (27)—(29) taken together yield (22).

The 7if” part. It follows from Theorem 3.2 that H € L(X). Set ¥ =
fo H,dX, and define Y by (26). The process B in the canonical decomposition
Y = B+ N is given by (23).

Condition (22) implies (27), which means that B € V(0,00)-

Combining condition (22) with Lemma 3.4, we get
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S CAYZ = (H, - AX,)I(|H,  AX | <1) < oo as.

520 520

The inclusion B € Vi0,00) implies that

Z |AB,| < o0 a.s.

s=0
Taking into account the equality AN = AY — Af?, we get

ZAJVSQ <00 as.

s=0

Since |AN| < 2 (see [10; Ch. I, Lemma 4.24]), we have

\I/2
(EE:ZXNf) E~Abcjamﬂ~
s<-

In view of (24),

<Nc>oo:/ H;-cs-HydFs < oo as.
0

Thus, [N]'/2 € Ajoe, [0.00)- By Lemma 2.5, N € Mjoc [0.00)-

As aresult, Y € 8J0,00)- Moreover, condition (22), together with Lemma 3.4,
implies that

S I(|AYY > 1) => I(|Hs- AX| > 1) < oo as.

520 520
Hence, Y € Sjg,o0). By Theorem 4.2, H € Ly oc)(X). O

Corollary 4.7. Let X be a one-dimensional continuous semimartingale with
canonical decomposition X = Xo + A+ M. Then a predictable process H
belongs to Lo,y (X) if and only if

/ |Hs|d(VarA)s+/ H2d(M), < 00 as.
0 0

3. The application to Lévy processes. The following statement is “dual”
to Corollary 3.6.

Corollary 4.8. Let X be an a-stable (F;)-Lévy process with the Lévy mea-
sure

~(mil(x <0)  mal(z>0)
v(dz) = ( z|o+T + |z|at1 de.
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Let H be a predictable process.
i) Let a« € (0,1) and X ~ (b,0,v)g. Then H € Ly o)(X) if and only if
[0,00)

\b|/ |Hq|ds + (ma +m2)/ |Hg|“ds < 0o as.
0 0

(i) Let a = 1 and X ~ (b,0,v)p, where h(zx) = zI(|z] < 1). Then
H € Ljg ooy (X) if and only if

(6] + mq1 + ma) /000 |Hg|ds + |mq — ma| /000 |Hg|In |Hg|ds < 00 a.s.

(iii) Let o € (1,2) and X ~ (b,0,v),. Then H € Ly oo\ (X) if and only if
|b| /OOO |Hg|ds + (mq ~¢-mg)/0Oo |Hg|*ds < 0o as.

(iv) Let a =2 and X ~ (b,c,0). Then H € L oo)(X) if and only if

\b|/ |Hs\ds+c/ H?ds < oo as.
0 0

The proof is similar to the proof of Corollary 3.6.

Corollary 4.9. Let X be a nondegenerate strictly a-stable (Ft)-Lévy process.
Then a predictable process H belongs to Lo )(X) if and only if

o0
/ |Hg|*ds < 00 ass.
0

5 Application to Mathematical Finance

1. Fundamental Theorems of Asset Pricing. Let (Q, F, (Ft)e0, P; (Xt)@o)
be a model of a financial market. Here X is a multidimensional (F;)-
semimartingale. From the financial point of view, X is the discounted price
process of several assets. Recall that a strategy is a pair (x, H), where z € R
and H € L(X). The discounted capital of this strategy is = + [, Hs dX,.

The following notion was introduced by F. Delbaen and W. Schacher-
mayer [4]. We formulate it using the notion of an improper stochastic integral
introduced above (see Definition 4.3).

Definition 5.1. A sequence of strategies (z", H") realizes free lunch with
vanishing risk if

(i) for each n, 2™ = 0;

(i) for each n, there exists a,, € R such that [ H'dX, > a, a.s.;

(iii) for each n, H™ € Limp(X);

(iv) for each n, [[° HI' dX, > — 21 as;

(v) there exists § > 0 such that, for each n, P(f;° HI dX, > §) > 6.

A model satisfies the no free lunch with vanishing risk condition if such a
sequence of strategies does not exist. Notation: (NFLVR) .
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Recall that a one-dimensional process X is called a o-martingale if there
exists a sequence of predictable sets (D,,) such that D,, C D, 1, Un D, =
2 x Ry and, for any n, the process fo Ip, dX; is a uniformly integrable
martingale. For more information on o-martingales, see [3], [6], [7], [10; Ch. III,
§6e], [14], [19]. A multidimensional process X is called a o-martingale if each
its component is a o-martingale. The space of d-dimensional o-martingales is
denoted by M.

Proposition 5.2. (First Fundamental Theorem of Asset Pricing).
A model satisfies the (NFLVR) condition if and only if there exists an equiv-
alent o-martingale measure, i.e. a measure Q ~ P such that X € ./\/l‘f,(]:t, Q).

This theorem was proved by F. Delbaen and W. Schachermayer [5] (com-
pare with Yu.M. Kabanov [11]).

Definition 5.3. A model is complete if for any bounded F-measurable func-
tion f, there exists a strategy (x, H) such that

(i) there exist constants a, b such that a < fo H,dX, <bas.,;

(ii) H € Limp(X);

(i) f==z+ [, HydX, as.

Proposition 5.4. (Second Fundamental Theorem of Asset Pricing).
Suppose that a model satisfies the (NFLVR) condition. Then it satisfies the
completeness condition if and only if the equivalent o-martingale measure is
UNLQUE.

This statement follows from [5; Theorem 5.14]. It can also be derived from [1]
or [8; Théoréme 11.2]. An explicit proof of the Second Fundamental Theorem
of Asset Pricing in this form can be found in [19].

2. Stochastic integrals up to infinity in the Fundamental Theorems
of Asset Pricing. If condition (iii) of Definition 5.1 and condition (ii) of
Definition 5.3 are replaced by the conditions

(iii)” for each n, H™ € Ly ) (X),

(i)' H € Ly o (X),

respectively, then new versions of the (NFLVR) and of the completeness are
obtained. We assert that the First and the Second Fundamental Theorems of
Asset Pricing remain valid with these new versions of the (NFLVR) and of
the completeness.

Theorem 5.5. A model satisfies the (NFLVR) condition with the stochastic
integrals up to infinity if and only if there exists an equivalent o-martingale
measure.

Theorem 5.6. Suppose that a model satisfies the (NFLVR) condition with
the stochastic integrals up to infinity. Then it satisfies the completeness con-
dition with the stochastic integrals up to infinity if and only if the equivalent
o-martingale measure is unique.
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Proof of Theorems 5.5, 5.6. It follows from Proposition 2.6 and Lemma 2.7
ths_it there_exist d_eterminis_tic functipns K 1?...,K @ guch that, for each i,
K'>0, K*€ L(X*) and Y* := fd(Kg)*l dX; € Sjo,00)- Set

Y=

=

_ {Y;, t<1,  — {f;, t<1,
-t f -t
Yoo t2=1, F, t>1.
Then each of the following conditions
(NFLVR) with the stochastic integrals up to infinity;
existence of an equivalent o-martingale measure;
completeness with the stochastic integrals up to infinity;
uniqueness of an equivalent o-martingale measure
holds or does not hold for the following models simultaneously

(2, F, (Ft)iz0,P; (Xt)e0),
(2,F, (Ft)iz0,P; (Y)e0),
(2, F, (Ft)t20,P; (Yi)iz0).

For the last of these models, the (NFLVR) and the completeness with the
stochastic integrals up to infinity are obviously equivalent to the (NFLVR)
and the completeness with the improper stochastic integrals. Now, the desired
result follows from Propositions 5.2, 5.4. O

Remarks. (i) Theorem 5.5 shows that the existence of an equivalent o-
martingale measure can be guaranteed by the condition weaker than (NFLVR).

(ii) The (NFLVR) condition and the completeness condition with the
stochastic integrals up to infinity are more convenient than the original ones
since we have a predictable description for integrability up to infinity, while
there seems to be no such description for improper integrability.
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Summary. We discuss conditions of absence of arbitrage in the classical sense (the
“true” NA property) for the model given by a family of continuous value processes.
In particular, we obtain a criterion for the NA property in a market model with
countably many securities with continuous price processes. This result generalizes
the well-known criteria due to Levental-Skorohod and Delbaen—Schachermayer.

1 Introduction

In the paper [7] Levental and Skorohod proved a criterion for the absence
of arbitrage in a model of frictionless financial market with diffusion price
processes. In the publication [2] Delbaen and Schachermayer suggested a nec-
essary condition for the absence of arbitrage in a more general model where
the price process is a continuous R?valued semimartingale S: if the prop-
erty NA holds then there is a probability measure Q < P such that S is a
local martingale with respect to (). We analyze their proof and show that
the arguments allow to conclude that there exists () with an extra property:
Q|Fo ~ P|Fy. Now let o runs the set of all stopping times. Since the NA
property of S implies the NA property for each process I}, ) - S, this implies
the existence of local martingale measures °Q) < P for the processes [}, o] - S
such that °Q|F, ~ P|F,. It turns out that this property is a necessary and
sufficient condition for NA, cf. with [9].

In this note we establish a necessary condition for the absence of arbi-
trage in the framework where the model is given by a set of value processes
and the price process even is not specified and the concept of the absolutely
continuous martingale measure is replaced by that of absolutely continuous
separating measure (ACSM). For the model with a continuous price process
S the latter is a local martingale measure. We use intensively ideas of Del-
baen and Schachermayer. In particular, we deduce the existence of ACSM
from a suitable criterion for the NFLVR property. In contrast to [2], we use
the fundamental theorem from [5] (a ramification of the corresponding result
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from [1]) and make explicit the notion of supermartingale density as a su-
permartingale Y > 0 such that YX + Y is supermartingale for every value
process X > —1. The suggested approach allows us to avoid vector integrals
and work exclusively with scalar processes and standard facts of stochastic
calculus.

As usual, the difficult part is “NA = ...”. For this we use Theorem 4
involving “technical” hypotheses. One of them, H, requires the existence of a
supermartingale density Y and a process X > —1 coinciding locally, up to the
explosion time, with value processes and exploding on the set where Y hits
zero. For the model generated by a scalar continuous semimartingale S the
absence of immediate arbitrage (a property which is weaker than NA) implies
H (with X = Y~! —1). This can be easily verified following the same lines as
in [2] (for the reader’s convenience we provide a proof of Theorem 5 which is
version of Theorem 3.7 from [2]).

The passage to the multidimensional case reveals an advantage to formu-
late the conditions of Theorem 4 in terms of value processes. If the latter are
generated by a finite or countable family of scalar continuous semimartingales
{S*} with orthogonal martingale components, then a required supermartin-
gale density can be assembled from the semimartingale densities constructed
individually for each S?. An orthogonalization procedure reduces the general
case to the considered above. In this way we obtain a NA criterion for the
model spanned by countably many securities. This result seems to be of inter-
est for bond market models where the prices of zero coupon bonds are driven
by countably many Wiener processes.

Notice that in our definition the set of value processes corresponding to the
family {S°} is the closed linear space generated by the integrals with respect
to each S*. That is why we are not concerned by the particular structure of
this space, i.e., by the question whether this is the space of vector integrals.
The positive answer to this question is well-known for stock markets but for
bond markets (with a continuum of securities) a suitable integration theory
is still not available.

2 Preliminaries and general results

In our setting a stochastic basis (2, F,F, P) satisfying the usual conditions
as well as a finite time horizon T are fixed. For the notational convenience we
extend the filtration and all processes stationary after the date T'.

To work comfortably within the standard framework of stochastic calculus
under a measure P < P we shall consider the “customized” stochastic basis
(2, F,F, P) where F which is a P-completion of F and the filtration F is
formed by the o-algebras F; generated by F; and the P-null sets. For any
¢ € F, there is & € F, different from ¢ only on a P-null set. With this
remark the right-continuity of the new filtration is obvious. The processes
£t 00; and &' Iy o[ coincide P-a.s. The monotone class argument implies that
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for any F—predictable process H there exists a F-predictable process H which
is P-indistinguishable from H, see details in [4].

We denote by S = S(P) the linear space of scalar semimartingales starting
from zero equipped with the Emery topology, generated, e.g., by the quasi-
norm D(X) = supy F|H - X7| A 1 where sup is taken over all predictable
processes H with |H| < 1.

Let X C S be a convex set of bounded from below semimartingales stable
under the concatenation in the following sense: for any X!, X? € X and any
bounded predictable processes H', H? with H'H? = 0, the sum of stochastic
integrals H'- X'+ H?. X2, if bounded from below, belongs to X'. Obviously, X
is a cone. For any X € X and any stopping time 7 the process X" = Ijg ;- X
belongs to X.

In the context of financial modeling the elements of X are interpreted as
value processes; those for which 0 < X7 # 0 are called arbitrage opportunities.
Let X* := {X € X : X > —a}. We introduce the sets of attainable “gains”
or “results” R := {Xpr: X € X} and R* := {Xp : X € X“} and define
also C := (R — L) N L>, the set of claims hedgeable from the zero initial
endowment.

The NA property of X means that RN LY = {0} (or C N LY = {0}).
A stronger property, NFLVR (no free lunch with vanishing risk), means that
CNLY = {0} where C is the norm closure of C' in L>. There is the following
simple assertion relating them (Lemma 2.2 in [5] which proof is the same as
of the corresponding result in [1]).

Lemma 1. NFLVR holds iff NA holds and R' is bounded in L°.

Remark 1. Note that R° is a cone in R!. If R' is bounded in L°, then nec-
essarily R® = {0} and for any arbitrage opportunity X’ there are ¢t < T' and
e > 0 such that the set I' := {X{ < —¢} is non-null. In this case the process
X = Ipyjt,00) - X' is an arbitrage opportunity with

{XT>0}:{XT>E}:F€]:75.

We say that X’ admits an equivalent separating measure (briefly: the ESM
property holds) if there exists P ~ P such that EXp <0 for all X € X.

Now we recall also one of the central (and difficult) results of the theory in
the abstract formulation of [5], Th. 1.1 and 1.2 (cf. with that of the original
paper [1] where the value processes are stochastic integrals).

Theorem 2. Suppose that X' is closed in S. Then NFLVR holds iff ESM
holds.

We say that a supermartingale Y > 0 with EYy = 1 is a supermartingale
density if Y(X + 1) is a supermartingale for each X € X1

The following statement indicates that criteria for the NA property can
be obtained from those for the NFLVR.
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Lemma 3. Let Y be a supermartingale density such that Yr > 0 P-a.s. where
P < P. Then the set R' is bounded in L°(P).

Proof. Let X € X!. Since EY (X + 1) < 1, the set
YrRY :={YrXr: X € X'}

is bounded in L!(P), hence, it is bounded in L°(P). The absolute continuous
change of measure as well as the multiplication by a finite random variable
preserve the boundedness in probability. Thus, the set R! = Yo 1(YTRl) is
bounded in LO(P). O

We need the following condition.

H. There exist a supermartingale density Y and a cadlag process X with
values in [—1, 00|, having oo as an absorbing state, and such that X0 e X1
for every stopping time 6, := inf{t: X; > n} and { X7 < 00} C {Yr > 0} a.s.

Theorem 4. Suppose that X! is closed in S and the hypothesis H is satisfied.
If NA holds then there exists an ACSM @ such that Q|Fo ~ P|Fp.

Proof. Clearly, ¢ := P(Xr < 00) > 0 (otherwise X% violates NA) and we can
define the martingale Z; := ¢ ' E(I {Xr<oo}|Ft) and the probability measure
P := ZrP, the trace of P on {X7 < oo}

The NA property implies that I;;~0) > It <ocys 1. Z does not hit zero
before the explosion of X. Indeed, in the opposite case

BtN = {sup)_fs <N, Z; = 0}

s<t

is not a null-set for some ¢ < 7" and N < oo. Since zero is the absorbing
point for Z, BN C {Z7 =0} = {X7 = oo} (a.s.). The process TN xj0,00[ - X,
bounded from below by —N — 1, is nontrivial only on B} where it explodes.
This violates the NA.

In particular, Zs, > 0, i.e. P|Fy, ~ P|Fy,. Since P(Xr < 00) = 1, the
assumed existence of a supermartingale density ensures the boundedness of
R' in L°(P).

Let X! be the closure of X! in S(P) and let X := cone X', Recall that the
elements of S(P), a space over the stochastic basis (12, F,F, P), are, in fact,
not processes but classes of equivalence. Notice that for any X € X! there is
a process X such that X% € X! and X0 = X% P-as. for every n.

One can verify that X is stable under concatenation.

From the definition of the Emery topology it follows that the set R' formed
by the terminal values of processes from X! is a part of the closure of R! in
L°(P) and, hence, R' is bounded in this space.

If the set X does not satisfy NA under P, we can find, according to Re-
mark 1, a process X = Iy 7+ X € X! such that the set I" € F, P(I) >0,



190 Yuri Kabanov and Christophe Stricker

and {Xr > e} =1 P-as. Choosing appropriate representatives we may as-
sume without loss of generality that I" € F; and X On ¢ X for every n. On
the stochastic interval [0, ] the process X¢ := H - X with

H = (g/2)(24 X0) "ryer

is well-defined. On [0, 6| the process X + X¢ > —1 —¢/2; at @ it explodes to
infinity in a continuous way on the set I' N {6 < T} and has a finite positive
limit bigger than /2 on the set I'N{¢ > T'}. Since P(I') > 0, an appropriate
stopping yields a process in X which is an arbitrage opportunity. The obtained
contradiction shows that X under P satisfies NA and, by virtue of Lemma 1,
also the property NFLVR.

The result follows because by Theorem 2 there exists a measure @ ~ P
separating K and LY (P). O

3 Semimartingales with the structure property

By definition, the structure property of X € & means that X = M + h - (M)
where M € M? _ and h is a predictable process such that |h|- (M)r < occ.

The next result is a version of Theorem 3.7 from [2] and its proof is given
for the reader’s convenience.

Theorem 5. Let X be a continuous semimartingale with the structure prop-
erty. Then there exists an integrand H such that H - X > 0 and

{H-X;>0Vt€]0,T]} = {h?*- (M)o; = o0}.

Proof. Without loss of generality we may assume that I" := {h?- (M )04 = oo}
is of full measure (replacing, if necessary, P by its trace on I'). With this
assumption the main ingredient of the proof is the following assertion:

Lemma 6. Suppose that h? - (M)o, = oo a.s. Then for any € >0, n €]0,1]
there exist 6 > 0 arbitrarily close to zero and a bounded integrand H = HI}5 )
such that

(i) H-X > —1;
(ii) |Hh| - (M)r + H? - (M)7 < 3;
(i#) P(H - Xr < 1) <.
Proof. Let R = 32/7. Since h? - (M)oy = oo, for sufficiently small &
P(h*LseIni<assy - (M)r > R) > 1 —n/2.

Let
T:=inf{t >0: hzf]&s]fﬂh‘gl/g} -(M); =2 R} Ne.
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For the integrand H := 2R hIjs 111 n <175y we have that |Hh| - (M) <2
with P(|HR|- (M)r < 2) < n/2. Also,

H?. (M)r <4R7' <1
and, by the Chebyshev and Doob inequalities,

P(sup M, > 1) <AB(H - Mp)? = AEH? - (M)7 < 16R™* < /2.
s<T

Thus, P(r; < T) < n/2 for the stopping time 7, := inf{t > 0: H M, < —1}.
The integrand H := HI, [0,-,] obviously meets the requirements (i) and (ii). At
last, because of the inclusion {H - Xp < 1, 4 > T} C {|Hh|- (M) < 2}, we
obtain that

P(H-Xp <1)=PH-Xp <1, n <T)+P(H-Xr <1, 71 >T) < n/2+n/2
and (iii) holds. O

Using this lemma, we construct, starting, e.g., with g = T, a sequence of
positive numbers €, | 0 and a sequence of integrands H,, = H, 1., , .,] such
that the conditions (i) — (iii) hold with 7, = 27™. The properties (i) and (ii)
ensure that the process G := ) 37"H, is integrable and G - X is bounded
from below. By the Borel-Cantelli lemma for every w outside a null set there
is ng(w) such that Hy, - X, (w) > 1 for all & > ng(w). For ¢t € Jep41,e,] and
any n > ng(w) we have

1
G-Xi(w) =Y 3 Hp- X\ (w)+3 7 "Hy - Xy(w) > > 37" —37" =537 >0
k>n k>n

Thus, o :=inf{t >0: G- X; =0} >0 a.s. It follows that for the integrand
H =73 27"}y onn-1)G the process H - X is strictly positive on ]0, T7. O

4 Models based on a continuous price process

Let S be a continuous Rvalued semimartingale, L(S) be the set of pre-
dictable processes integrable with respect to .S, and A be the set of integrands
H for which the process H - S is bounded from below.

We consider the model where X = X(S) :={H -S: H € A}. Mémin’s
theorem [8] says that {H -S, H € L(S)} is a closed subspace of S. It follows
immediately that X! is also closed.

First, we look at the case d = 1. Replacing, if necessary, the generating
process by a suitable integral, we may assume without loss of generality that S
is a bounded continuous semimartingale starting from zero (hence, an element
of X) and even that in its canonical decomposition S = M + A the martingale
M and total variation of the predictable process A are both bounded.

Recall the following simple fact:
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Lemma 7. Suppose that R® = {0}. Then S = M + A with A= h-(M).

Proof. If the claim fails, we can find, using the Lebesgue decomposition, a
predictable process H = H? for which H - (M) = 0 and H - Var A7 # 0. Let
the process G be defined as the sign of the (predictable) process dA/d Var A.
Since (GH) - S = H - Var A, we obtain a contradiction with the assumption
that R® = {0}. 0

The assumption R’ = {0} (no immediate arbitrage in the terminology
of [2]) implies, by Theorem 5, that h?-(M)o4 is finite as well as h2 I} o[- (M) o4
whatever is the stopping time o (by the same theorem applied to the process
S.+0 — S, adapted to the shifted filtration (Fi4,)). Put

7 := inf{t
Tp = inf{t

>0: h*- (M), = oo},

> 05 b2 (M), > n}.

It follows that h? - (M), = oo (a.s.) on the set {r < T} (i.e. no jump to
infinity). This allows us to define the process

Y 1= e M-/ a0

It follows from the law of large numbers for continuous local martingales
(see Remark 2 below) that {Y,_ = 0} = {h? - (M), = o} a.s., i.e. Y hits
zero not by a jump. For every stopping time 7, the stochastic exponential
Y™ = E(—h- M) is a positive martingale and, hence, by the Fatou lemma,
Y™ =Y is a supermartingale. By the Ito formula

Y™H-S™)=Y"™-(H-M™)+ (H-58") Y™

Thus, for any X € X! the process Y™ (X™ + 1) is a local martingale and,
again by the Fatou lemma, Y7 (X7 + 1) = Y(X + 1) is a supermartingale.
At last, put X = Y~! — 1. Then {Y7 = 0} = {X7 = oo} and by the Ito
formula
X0 = [ngn]yilh - S.

Summarizing, we come to the following:

Proposition 8. Suppose that R® = {0}. Then the condition H holds.

Remark 2. If N € M§ . and ¢ > 0, then

c
loc

{lim (N; — ¢(N);) = —o0} = {(N)oo = o0} as.,

t—oo

see, e.g., [6], Lemma 6.5.6. The needed extension to the case where N™ € M*®
and 7, — 7 can be proved in the same way.
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Remark 3. Though we established the above proposition only for the case
d = 1, the extension of the arguments to the vector case when the com-
ponents S* = M® + A? are such that (M? M7) = 0, i # j, is obvious:
consider Y = &(— Y, h' - M*). But without loss of generality we may al-
ways assume that S satisfies this property. It is sufficient to notice that
X(S) = X(S) for some continuous semimartingale S with orthogonal mar-
tingale components. This semimartingale can be constructed recursively.
Namely, suppose that the orthogonality holds up to the index n — 1. Let
M"™ =73,y H"- M' 4+ M" be the Kunita-Watanabe decomposition. One
can take S™ = M"™ + A" — ZZ—@hl H'- A'. Of course, to ensure the existence
of H* - A" it may be necessary to replace first S™ by G - S™ with a suitable
integrand G taking values in |0, 1]. This orthogonalization procedure works
well also for a countable family {S?};cn. Moreover, we can find bounded S
such that ), S% converges in S to a bounded semimartingale S.

Theorem 9. Suppose that X = X(S) where S is a continuous R%-valued
semimartingale. Then the NA property holds iff for any stopping time o there
exists a probability measure °Q < P with °Q|F, ~ P|F, such that the process
Lo,00) - 5 € Moo (7Q)-

Proof. Necessity follows from Theorem 4 and Proposition 8 applied to the
process S 1, — S, adapted to the shifted filtration (Fii,). As usual, the
sufficiency is almost obvious. Indeed, if the claim fails, there exists a bounded
process X € X! such that for the stopping time o := inf{t > 0: X; # 0} we
have P(oc < T) > 0. But then 7X := [}, ) - X is in M°(?Q) or, equivalently,
°X 7 is a martingale with respect to P. It starts from zero and hence is
zero. The density process Z of °Q) with respect to P is equal to one at o
and, being right-continuous, remains strictly positive on a certain stochastic
interval on which °X should be zero. This contradicts to the assumption that
P(oc <T)>0. O

Remark 4. Let B be a Brownian motion, o :=inf{t > 0: B; = —1},and Z; =
1+ Bipno. Take Sy = By — Bipo + 1/ (t — o). Then S;Z; = 0 and, therefore,
S € Ms, (P) where P := ZpP. Nevertheless, according to Theorem 5 there
is an immediate arbitrage at o.

In virtue of Remark 3 we obtain in the same way the following

Theorem 10. Suppose that X consists of all processes bounded from below
and belonging to the closed linear subspace of S generated by X(S%), i € N,
where S* are continuous semimartingales. Then the NA property holds iff
for any stopping time o there exists a probability measure °Q < P with the
restriction °Q|F, ~ P|F, such that 1), o) - S* € M, (°Q) for every i € N.

loc
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Information-equivalence:
On Filtrations Created by Independent
Increments
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Summary. This article investigates filtrations created by the increments-processes
of processes with independent increments: Suppose two processes create the same
filtrations, when will the processes of their increments also create the same filtra-
tions?

Our main result is that the processes of increments of two extremal continuous
martingales with independent increments create the same filtrations if and only if
either process admits a deterministic representation with respect to the other.

1 Introduction

Let (£2, A,P) be a probability space, X = (X;)o<i<r a continuous process
with horizon T' € (0, 00] and F(X) := (F1(X))icr with F1(X) := 0(X,<¢) the
filtration created by X (we will assume that all o-algebras are complete and
that all filtrations are right-continuous). Note that we will use abbreviations
similar to Xa<i<o = (Xt)icap) OF 0(Xiza — Xa) = 0(Xt — Xos t > a)
throughout the article (a and b are fixed numbers). For convenience, we will
also assume that all processes in this article start at zero, i.e., Xg = 0.

We denote by X = (X{)i<r the increment-process of X at a, i.e.,

Xf = Xt\/a - Xa = Xt - Xt/\a-

Clearly, if X is a martingale, X* is a martingale as well, adapted to both
F(X) and F(X®).

Now, given two processes X and X which create the same filtration, we
may ask how the increments of these processes are related to each other.

For example, assume that two standard Brownian motions B and B create
the same filtration. If we take r € (0,7T), since both B" and B" are independent
from F, := F.(B) = F(B), both ¢(B") N F, and ¢(B") N F, are trivial.

But, under which circumstances are o(B") and o(B") equal?

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 195-204, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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Consider the following definition:

Definition 1 (Information-similarity and -equivalence). We call two
processes X = (Xy)icr and X = (Xy)icr

1. information-similar, if X° and X° create the same filtration, i.e.
F(X?) =F(X?), and

2. information-equivalent, if all their processes of increments are infor-
mation similar, i.e. F(X%) = F(X%) holds for all a € [0,T].

Additionally, for T C [0,T], we call X and X

3. information-semiequivalent (on I), if their processes of increments
are information-similar for each a € I U{0}, i.e., F(X*) =F(X®).

In the sequel, wherever suitable, we will abbreviate information-similarity
by i-similarity and so forth. Moreover, we will sometimes write # for “inde-
pendent increments”.

Let us now illustrate the preceding definition by the following example of
two Brownian motions, which are i-similar but not i-equivalent:

Assume that B is a standard Brownian motion, choose an r € (0,7") and set

t
Bt = / hs st with ht = ltgr + 1t>’r’ . sgn_(Br) (1)
0

where we define sgn™ () := 1,50 — la<o-

It can be shown easily that B is a Brownian motion and that B and B
create the same filtration. However, their increments at r do not:

Assume that o(B") = o(B") and set s~ := sgn™ (B,). By construction,
we have B] = s~ - Bf for all ¢ > r, i.e., we can identify s~ by using the
information of two random variables measurable with respect to o(B"). But
s~ is non-trivial and independent of o(B"). Since this is impossible, neither
o(B") C o(B") nor ¢(B") 2 o(B").

Remark 1. In [2], FRANK B. KNIGHT calls two continuous processes X and
X past-and-future equivalent if 0(Xs<;) = 0(Xs<y) and 0(Xext) = 0(Xs>1)
for all t € [0,T). B

Assume X is Markov and that X; € 0(X,<¢) N o(Xs>¢). Then there are
measurable functions g and f such that X, = 9t(Xs<t) = E[fi (Xs1) | Xs<t] =
Elfi(Xsx¢) | X¢] =: 4(X¢). Hence, two Markov-processes X and Y are past-
and-future equivalent, if and only if we have a.s. Xy = 7;(X;) resp. Xy =
2:(X,) for two suitable sequences of measurable functions z and Z (compare
lemma 1 in [2], [5], p. 113 and, for further related topics, section 17.3).

Clearly, past-and-future-equivalence and information-equivalence are dif-
ferent concepts; in this article, we study the latter and focus on processes with
independent increments.
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2 Equivalent Characterizations

Our first result shows that in case of processes with independent increments,
information-equivalence is closely related to the properties of the time-reversed
processes:

For a continuous ii-process M = (M;);<r with a finite time-horizon T,
its reverse process M| := My — Mp_, is also a continuous ii-process (note
that the term reverse process is used differently in [2]). Then, given another
ii-process N = (Ny)i<1, we observe the following characterization:

Lemma 1. Two continuous ii-processes M and N are i-equivalent if and only
if both M and N and their time-reversed processes M’ and N' are i-similar.

Proof. We first note that M and N are i-equivalent iff for all fixed a < b the
relation
o(My = Magi<p) = 0(Np — Nagi<o) (2)

holds. Therefore, if M and N are i-equivalent, M’ and N’ are trivially i-similar.
Conversely, let us assume that M and N as well as their reverse processes
are i-similar. We will show that (2) holds:
First, we choose a and b with a < b < T and let N := 0(Nogt<p — Na)-
Then, since M and N are i-similar, we have

N C o(Nact<h — Nai Nuga) = 0(Magi<or — Ma; Myga)-
On the other hand, because also M’ and N’ are i-similar,
N C 0(Nagi<r — Nao) = 0o(Micr_,) = o(Mycuscr — My; Magicp — Ma).

Since 0(Mia), 0(Magi<p — My) and o(Mpcicr — Mp) are independent this
yields that N C o(My<i<p — Ma).

If we apply the same idea to o(My<i<p — My), we find that M and N are
indeed i-equivalent by (2). O

Lemma 1 gives us a simple tool to check whether, say, two Brownian
motions are i-equivalent. Indeed, remember our example of two Brownian
motions defined in (1). There, for any u € (r,T), we find

0(Bi<r—u) = 0(Br — Bu<i<r)
# 0(57 - (Br — Bugth))

= O’(BT - Bugth) = O’(Béngu),
in correspondence with lemma 1.

Up to this point, M or N were general processes, not martingales. But
now we want to link i-equivalence to the predictable representation property
(PRP) of extremal martingales. What implication has information-equivalence
for the representation of N by M?
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Let FF be a filtration, M a square-integrable martingale to F which starts at
zero and define L?(M,F) as the space of F-predictable Py/-square-integrable
integrands (Py; := P®d(M), compare [3], p. 137). Then, M is said to have
the F-PRP (or M is F-extremal), iff for any other £2?(F)-martingale N, there
exists a unique integrand H € L?(M,F) such that

t
N, = Ny + / H,dM, (3)
0

(if we omit F, we always refer to the filtration created by the process itself).

Remark 2. H is Pys-a.e. not zero, if and only if N has the F-PRP. In that case,
we have M, = My + [ H; " AN, with H; " := (1/H,) - 1, 0.

Proof. W.l.g. assume T' < oo. If H is Pys-a.e. not zero and if dX = £dM,
holds for a martingale X, then we have dX = £dN for & := (1/H) - 1y - €.

Conversely, if N is F(M)-extremal, consider the square-integrable F(M)-
martingale X; := fotle:o dM,. Then, there exists a unique K such that
X, = [{K,dN, = [7 K H, dM,. Consequently, we find (X,X) = [1p,—o -
K Hy,d(M) =0, i.e., X1 is zero and we get Pys[H = 0] = E[X2] = 0. O

Remark 3. A continuous £2-martingale M with independent increments has
a deterministic bracket. In particular, M is Gaussian.

Recall that the bracket of a continuous martingale with independent in-
crements is deterministic, thus it is a time-changed Brownian motion and
therefore Gaussian.

From now on, assume that M and N are two continuous centered F(M)-
extremal £?-martingales and that M has independent increments (we do not
assert that N has independent increments nor that IV creates the same filtra-
tion as M).

Then, our main theorem states:

Theorem 1. M and N are information-equivalent if and only if H is a.e.
deterministic, i.e. there is a version of H such that

PylH#H*]=0 for  H; :=E[H] (4)
(we set H} to zero if E[ Hy] does not exist).

Theorem 1 shows that for such processes the term “information-equival-
ence” is quite reasonable: Being i-equivalent implies that we can construct one
process from the other by applying a deterministic, i.e. foreseeable rule.

Note that this result once again yields that the Brownian motions B and B’
as defined in (1) are not information-equivalent. An example for a Brownian
motion, which is not even information-similar (but still extremal) is TANAKA’s

example, fotsgn_ (Bs) dBg (see [3], page 240).
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Before we prove our theorem, we need some lemmata.
The first one is a trivial characterization of information-similarity, but
nevertheless a convenient reference:

Lemma 2. The processes M and N are information-similar if and only if H
is also predictable with respect to the filtration F(N) created by N.

Proof. If H is F(N)-predictable, so is H~!. Therefore M; = fOtHs’l dNjy has
to be F(NN)-adapted. The reverse assertion is also trivial. O

Since M is Gaussian, its increments are also Gaussian and therefore ex-
tremal on their own filtration (proposition 4.11 in [3], p. 213):

Lemma 3. The process M* is extremal on F(M?®) for all a € [0,T).
For our second process N we find:
Lemma 4. The process N is adapted to F(M®), iff it is F(M®)-extremal.

Proof. First, assume that N is adapted to F(M®). Since N* is an F(M?)-
martingale, we find an F(M®)-predictable h such that AN* = hdM®. The
Pys-uniqueness of H € L*(M,F(M)) given dN = H dM yields that h is a
version of H|, 7). Because N is extremal, it is a.s. not zero and we can write
dM® = h=tdN®.

Reversely, if N® has the F(M®)-PRP, we find dM® = hdN® for some
h € L}*(N® F(M®)). The Py-uniqueness of dM = H~'dN yields with the
usual arguments that AN = A=t dM®. 0

Note that we found that if N is F(M®)-extremal, we have dN® =
h=tdM® for h € L*(N® F(M®)). Hence, independence of M? and F,(M)
shows that the increment N® is independent of F, (N).

Summing up the previous results yields the following technical lemma
which we will use in the proof of theorem 1:

Lemma 5. The processes M and N are information-semiequivalent on I =
{t1,...,tn} for with 0 < t1 < --- < t,, < T if and only if H has an F(N)-
predictable version which can be written as

Hy = Z HY - et tuia] ©)
k=0

with to := 0 and t,41 :=T and where H* is predictable w.r.t. F(M?).

Let us point out that this representation means that for ¢ € (tx,tr+1],
the value H; depends solely on the “information” provided by the increment
Nt ie. M up to t. We could consider the points t; as “resets” where the
information carried by H until ¢; is thrown away.
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Proof. Assume first that M% and N?* create the same filtrations for all k =
0,...,n — 1. Then, H is F(N)-predictable by lemma 2, and N* is adapted
to F(M"), on which M is extremal by lemma 3. The uniqueness of H
w.r.t. to M therefore yields that H has a version such that H|, 7 =: H* ¢
L2(M' F(M™)).

Conversely, if H' is predictable w.r.t. F(M®), Nt* is adapted to F(M**)
and therefore extremal by lemma 4 for all k. ad

Given lemma 2 and 5, we can eventually turn to our proof of our main
theorem 1. In principle, we would like to use lemma 5 and to take some kind
of a limit from a finite number ¢1,...,t, of points towards the entire interval
[0, T]. In practise, this is what can be done via the properties of the stochastic
integral since it can be defined as a limit of “simple” processes:

Proof of theorem 1. Trivially, if the deterministic process H* = (H; )< with
H} :=E[H,] is a version of H, once again lemma 2 yields that F(M®) is equal
to F(N®) for every a € [0,T].

Now assume conversely, that M and N are i-equivalent.

Let & be the space of “simple integrands” vanishing at zero, i.e., of all
processes & = > p__ fi- Lic(ty 44, Where each fy is an F, (M )-measurable,
bounded random variable and with a finite sequence 0 = ty < t; < -+ <
tnt1 = T

Now, H* is an L?(M)-version of H iff for any ¢ € &, the scalar product
of £ and H is equal to the product of £ and H*.

For this purpose, let us fix a & = >, fr - Lic(ty.t,01] € o

Then, because of the i-equivalence of M and N, M and N are i-semiequi-
valent on I = {¢1,...,t,}, and lemma 5 asserts that there is a version of H
which can be written as

I—It5 = Z Hf . 1t€(tk,tk+1]’
k=0

where each H* is F(M?**)-predictable and therefore in particular independent
of F;, (M). This yields

(H,ﬁ)LQ(]\/[) = (H£7£)L2(1\/[)
[ n tht1

=E) HE - fir d(M),
Lk=0 "tk

tit1

=E ka'E{ Hf d(M**),
k=0 t

=E ka'E[
Lk=0 t

Fu (M)} 1

trt1

“atars |

k
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=E ka : E]P’M [Hk|[tkvtk+1]]]

Lk=0

=E Z fr - Epy, [H[tk;tk+1]]]

Lk=0

[ n th+1
(*) * *
=E ka: Ht d<M>t1 :(H ’£)L2(M)’
Lk=0 b
where we have () because M has a deterministic quadratic variation. O

At this stage, we want to stress the fact that i-equivalence of N and M
already implies that N has independent increments: As shown in lemma 4,
each N is extremal on F(M%).

Lemma 6. An extremal martingale X has independent increments if and only
if each increment is extremal on its own filtration.

Proof. If X® is extremal, choose A € Fp(X*) and define the F(X®)-martingale
Ay = P[A| X¢,]. We find a process H* € L*(X* F(X?)) such that dA* =
H®*dX®. Since X is a martingale on F(Y'), the extension A; := A%, , is also a
martingale on F(X), and we have P[A] = A% = E[Ay | Fo(X)] = P[A| Fo(X)],
ie independence of X and Fo(X).

Reversely, if Y is a F(X%)-martingale, apply the same extension as above
and see, for ¢ > a, that E[Y}* | F,(X)] = Y2, i.e., that YV is a F(X)-martingale.
Hence we can write dY* = H*dX® and independence implies that H* €
L3(X*, F(X9)). O

First of all, this lemma and its consequence that an i-equivalent N has ob-
viously a deterministic quadratic variation, too, yields that d(N) = H? d{M)
is deterministic. Hence, the only source of randomness in H can only step
from the sign of H.

A second observation is that the initial restriction to processes with in-
dependent increments does not seem too unnatural — at least regarding the
property that their increments are extremal.

Note that only lemma 1 required that T is finite. In all other cases, we
have proved all our claims also for an infinite time horizon. Hence, we can
apply our result to a setting introduced by TSIRELSON:

2.1 Noises

In [4], BORIS TSIRELSON used the description of “noise”, to investigate the
possibilities to linearize Brownian motions on Polish groups. We briefly repeat
his notion, simplified for our setting, to add some comments which are results
of the preceding sections.
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Definition 2 (Noise). 4 noise is defined as a family G = (GF)s<i;s,ter 0Of
o-fields and a group 0 = (0:); of operators on the probability space such that

1. 0, sends G onto GT for all s <t and r € R,
2. Gl and G are independent for all r < s <t and
3. G and G; generate Gy for all r < s < t.

“Noise” as defined above is the property of a filtration. However, we want
to link it to adapted and generating processes:

Definition 3 (Representation of a noise). A representation of a noise is
a family Z = (Z)s<t of random variables with values in a Polish group?
(G, +) verifying

1.0, sends Z; to Z; [T for s<t and r € R (i.e., Zi 00, = Z;I"),
2. Z is adapted to G, i.e. Z7 is measurable w.r.t. G for s <t,

3. Z;+Z) =Z] for all r <s<tand

4. for any § >0, P[|Z| < 6] — 1 for t | s.2

We call such a representation continuous, if
5. for any 6 >0, P[|Z7| > 6]/(t —s) — 0 for t | s
and we call it faithful if
6.G)=0(Z20<r<t) fort >0.

The canonical example a continuous faithful representation of a noise is
given by the standard Wiener space 2 = C[R|, F = B[R] with the Wiener
measure P and the shift-operator 6;(w)(u) := w(t + u) for w € (2.

Then, the coordinate process X (w) := w(t) is a standard Brownian motion
and obviously generates a noise with a continuous and faithful representation
by virtue of our former convention X} := X5 — X5 and G := F(X®).

In fact, each R-valued continuous faithful representation Z is in itself a
sequence of continuous stationary increment processes with independent in-
crements, i.e., a scaled Brownian motion with drift (eg. [5], page 115): Indeed,
setting

Y; o= Zis0 — ZElico

we obtain a Brownian motion Y such that

—Z + Z5 = Z5 for s <t <0,
YP=Yi—Y,=4 294+ Z5 =25 fors<0<t,
79 -7 =277 for0<s<t.

Note that this construction also shows how to construct noises on f2.

1 On a general Polish group (i.e., a topological group with a Polish metric, cf [4])
we define a Brownian motion as a continuous centered process with independent
stationary increments; on R, this coincides with the group of scaled Brownian
motions.

2 In a general Polish space (which has a metric d), we define |z| := d(z,0) where
the symbol 0 denotes unity.
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Remark 4. Condition 6 in definition 3 is not symmetric since it does not yield
a restriction on the way the fields (Gf):<o are generated. In order to obtain a
similar “downward” condition, we shall consider the additional requirement

7.G65 =0(Z5;t <r<0)fort <0,

which rests on the former observation that Zy := (Z{)s.1<0 is also a Brownian
motion.

Given this extension, assume there is a continuous process N = (N;)ter
such that F(N%) =GP for t > 0 and o(Nj; t <r < 0) = G for t < 0. Then,

Lemma 7. The process N establishes a continuous faithful representation via
Zg .= N{ if and only if N° is information-equivalent to Z° and Ny to Zy.

Proof. The requirements to provide a continuous faithful representation for
(G, 0) are obviously all met, except that N; is supposed to be G;/-measurable.
This means that N is adapted to G in both directions (s resp. t).

For the case s > 0 fixed, this is by lemma 4 equivalent to N° and Z° being
information-equivalent.

For the case t < 0 fixed, this is by the same reasoning equivalent to Ny
and Zj (as processes (N§)r.r<o) being information-equivalent.

Since Gf = G5V GY for s < 0 < ¢, and Nf = N§ + N7 this finishes the
proof. a

Note that another possible modification of condition 6 in definition 3 is
to request Gi = o(Z%; s <r < t) =: Ff(Z) for all s < t. This gives rise to an
extension of the term “information-equivalence” to processes with two time
variables:

Definition 4. Two processes X = (X7)s<t and Y = (Y®)s<t are called
information-equivalent iff they create the same filtrations, i.e., o(X;  c,.<;) =

o(Yiecrgy) for all s < t.

Now, observe that G; = F7(Z) for all s < t is already implied when
restricted to the cases where either s = 0 or t = 0 (as considered above), since
G =G5V G and Z; = Z§ + Z by definition and F}(Z) = o(Z5 + 2% s <
r <0< u<t).

In other words, extending 6 by condition 7 already implies

Lemma 8. Each continuous faithful representation N of (G,0) is informa-
tion-equivalent to Z.
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Summary. The paper considers (a) Representations of measure preserving trans-
formations (“rotations”) on Wiener space, and (b) The stochastic calculus of varia-
tions induced by parameterized rotations {Tyw, 0 < 6 < e}: “Directional derivatives”
(dF (Thw)/d0)e=0, “vector fields” or “tangent processes” (dTpw/df)g—o and flows of
rotations.

1 Introduction

Let (W, H, ) be an abstract Wiener space (AWS): W = {w} is a separable
Banach space, H (the Cameron—Martin space) is a separable Hilbert space
densely and continuously embedded in W, W* — H* = H — W and for
every e in W*, ,«(e,w), is N(0,|e|%). By the Cameron-Martin theorem,
for any h € H, the measure induced by w + h is equivalent to the measure
, therefore if F(w) is a r.v. on the Wiener space, so is F(w + h). This
fact enabled the development of the stochastic calculus of variations, i.e. the
Malliavin calculus which very roughly is based on the directional derivative of
F in the h direction: (dF (w+eh)/de).—o. Now, let T be a measure preserving
transformation on W (in short, a ‘Rotation’), i.e. = (e, Tw),, is also N (0, |e|%).
Then if F'(w) isar.v.sois F(Tw) and if Tyw 0 < 0 < € is a smooth collection of
rotations one can consider objects like (dF(Tyw)/df#)g—o. The purpose of this
paper is to survey previous work and to present new results on the following:

(i) Measure preserving transformations (rotations),
(ii) The Malliavin calculus of rotations.

The study of stochastic analysis over Riemannian manifolds showed that
the Cameron—Martin space is not sufficient to represent the tangent space and

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 205-225, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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as discussed in [4, 6, 5, 2, 12, 1], more general vector fields are needed. The
setup of these papers was based on the model of

. d
| X ostwau. i< 1)

for “vector fields”, where w is the d-dimensional (d > 2) Wiener process with
o being non-anticipative and skew symmetric which induce a measure pre-
serving transformation. This paper considers the abstract Wiener space setup
presented in [8], it is restricted to flat space. A particular class of anticipa-
tive tangent processes was recently considered in [3]. A class of rotations on
Wiener space introduced in [10] are different from the rotations considered
here.

Section 2 summarizes results, mainly from the Malliavin Calculus, which
are needed later. Rotations T are considered in section 3, where Tw =
> mi(w)e;, ni(w) are ii.d. N(0,1) random variables, and e;, ¢ = 1,2,... is
a complete orthonormal base in H. Rotations are introduced in Section 3.
Theorem 2 ([16, 18]) presents rotations by showing that sequences of i.i.d.
N(0,1) random variables can be constructed as the divergence of R(w)e;
where R(w) belongs to a certain class of operators. An outline of the proof
is included. This is followed by new results, Proposition 6 and Theorem 3
showing that under some smoothness assumptions every sequence of i.i.d.
N(0,1) random variables on the Wiener space can be represented by the con-
struction of Theorem 2. Section 4 deals with directional derivations of the
type (dF(Tpw)/df)g—y. A “tangent operator” is introduced and its relation
to the directional derivative is indicated. Section 5 deals with “tangent pro-
cess” which are Banach valued random variables, play the role of tangent
vectors and induce the directional derivatives. The first part of section 6 gives
a positive answer (due to Tsirelson and Glasner) to a problem raised in [8]
whether the group of invertible rotations on the Wiener space are connected.
The second part deals with flows of rotations, i.e. the flow induced by

dTyw

e m(Tyw, t)

where m(w,t) are the tangent processes introduced in section 5. The case
where m(w, t) is of the type of equation of (1) was considered in [1]. A more
detailed proof of the result of [8] is given. The appendix deals with the follow-
ing problem: In view of the results of section 3 and other results, the question
arose whether the condition that Vu(w) is quasinilpotent implies the exis-
tence of a filtration such that u is adapted. A counter example, following [14]
is presented in the appendix.
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2 Preliminaries

Notation

For each e € H and induced by an element of W*, §(e) denotes the N (0, |e|%;)
r.v. we(e,w)w. For all e € H, 6(e) denotes the L? limit of y«(e,, w)w as
e, — ein H.

We will not distinguish between embeddings and inclusions. For example,
e € W* will also be considered as an element of H or W; the distinction being
clear from context.

For F(w) = f(dey,...,0e,) and f smooth, VF' is defined as VF = )
fl(de1,...,dey) - €;. Let X be a separable Hilbert space and v an X valued
functional. Dy, 1 (X), p > 1, k € N will denote the Sobolev space of X’ valued
functionals in LP (i, X') whose k-th order derivative VFu is in LP(u, X @ H®*),
Dy 1 (R) will be denoted Dy, 5. D(X) = (1,51 Ngen Dp.k(X). Recall that

V:Dyp(X) = Dpr_1(XQH)
and for 4, the adjoint of V under the Wiener measure
0: Dch(X X H) — ]D)p,k_l(X)

are continuous linear operators for any p > 1, k € N. The operator ¢ is the
divergence or the Skorohod integral and:

(a) If uw € Dy 1 (H), then
B[(6?] = ElJuf}] + Elirace(Vu)].
(b)If F €Dy 1, u€ Doy (H) and if Fu € Dy1(H), then
0(Fu) = Féu— (VF,u)g. (2)

A. Exact and divergence free H-valued r.v’s

Let u € Dy 1 (H) then (a) w is said to be “exact” if u € VF(w) for some Dy ;
functional F(w). (b) u is said to be divergence free if Ju = 0.
Set

U = U™t = [y € Doy (H) : u=VF}
Ud.f. _ Udiverg. free _ {’LL c ]D)271(H) S Su = 0}
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If u e U¢,v € UL then E(u,v)y = E(Vf,v)g = E(fév) = 0. Hence U®
and U4 are orthogonal subspace of Dy 1 (H) and Dy 1 (H) = U® & UL,

Let LF be the Ornstein—Uhlenbeck operator: LF = §VF, assume that
EF = 0 then £7! is a bounded operator and £LL~'F = F. Hence, for any
F € Doy, EF = 0, F(w) = §(VL'F) and F possesses the representation
F(w) = du, u= VL 'F, where u € Dy 1(H). Note that this representation is
different from the Ito-type representation of Wiener functionals.

Returning to U® and Ut for F(w) = du, u € Do 1 (H), §(u—VL 16u) =0
then VL 16u and u — VL '6u are the projections of v on U® and U
respectively.

We prepare, for later reference, the following lemma.

Lemma 1. Let u € Dy (H), let {e;;i =1,2,...} be a CONB on H further
assume that uw =Y 0(vi)es, v; € Do1(H). If (vi,ej)u + (vj,e)um =0, 4,5 =
1,2,..., then du = 0. In particular the above result holds for v; = A(w)e;,
where A+ AT =0.

Proof. For smooth F| integrating by parts we have
E(F-6u)=EY» V. Fou,
=F Z VeiF . (5(2(@1, 6j)€j>
i J
=EY V2, F-(ve)).
,J

and du = 0 follows since thejF is symmetric in ¢ and j and F' is arbitrary.
O

B. Constructing a filtration on the AWS

Let (W, H, ) be an A.W.S., we introduce a time structure i.e. a filtration
and causality on it as follows: Let the projections {mg, 0 < 6 < 1} be a real
continuous and strictly increasing resolution of the identity on H. Set

.7:9:0{(57'('9]1, hEH}. (3)
Propositions 1-3 are from [17].

Proposition 1. F(w) € Dq; is Fy measurable iff VF = mgVF a.s. (intu-
itwely: if F(w) = f(0hy,...,0h,) with h; = mgh;)

Definition 1. An H-valued r.v. u will be said to be F.-adapted if for every
0 €10,1] and h € H, (u,mph) is Fy measurable.
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Proposition 2. u € Dy 1(H) is F. adapted iff
moVumg = mgVu
for all 6 € [0,1].

Definition 2. Let G(w) be a measurable r.v. taking values in the class of
bounded transformations on H. Then G is said to be weakly adapted if for
all h € H, Gh is adapted, G will be said to be adapted (or causal) if Gu is
adapted for all adapted wu.

Proposition 3. If G(w) satisfies Gu € Dq o(H) whenever u € Do o(H) and
G is weakly adapted then G is adapted iff moGmg = mpG.

Another version of the last result is:

Proposition 4. Under the assumptions of the previous proposition, a weakly
adapted G is adapted iff for all h € H

moh =0 — wyGh = 0. (4)

Proof. Let u be of the form

n

U = Z@i(ﬂ-eiud - ﬂ-ez‘)hi (5)

1

where 0;,1 > 0; and the ¢; are Dy g r.v.’s. Then

Gu = Z @iG(W9i+l - Wei)hi (6)

i=1

h; € H. Now, assume that u is adapted hence the ¢; are Fy, measurable.
Since G is weakly measurable then (4) implies that ¢;Gg,, , (I —7g,)h; is also
adapted hence Gu is adapted and G is adapted since u of the form (5) are
dense in Dy (H).

Conversely, again v is assumed to be adapted, and since Gu is adapted,
©iG(mg,,, — mg,)h; is adapted. Hence, since ¢; are Fy, measurable, we must
have

oG (mg,,, — 9, )hi =0

and (4) follows. O

Given a D9 o functional F'(w) on (W, H, i) and a filtration 7 (continuous
strictly increasing) then there exists a unique adapted u € Do(H) such that
u € Dom 6, and F(w) = du, and E(6u)? = E(|ul%). ([19], in the classical setup
this representation follows directly from the multiple Wiener integral). Hence,
given F(w) = du® then u® can be lifted uniquely to @ such that d& = ou® and
4 is adapted to a given filtration.
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C. Quasinilpotent operators

An H-S operator on H is said to be quasinilpotent (q.n.p.) if any one of the
following is satisfied (cf. [20] or [18]):

(a) trace A" =0 Yn > 2.

(b) |A"|» — 0, |.| is the operator norm.

(¢) The spectrum of A is {0} only.

(d) Q—ad)t=3"> a"4"  Va.

(e) deto(I + @A) =1 Va, where deto( + A) = [[;(1 — X;)e M.

Proposition 5 ([17]). If u is adapted, u € Dy 1(H) then Vu is ¢.n.p.

Outline of proof. Let 6,11 > 0;, set

w; = qi(mo,,, — 7o, ) hi = qih.
Then,

trace Vu; Vu,; = trace(ti ® Bz) (qu ® fL])

For i = j, (Vqi, hj)g = 0, if i > j then (Vg;, h;) g = 0. Similarly for i < j.

The following question arises regarding the converse of the last result:
Given u such that Vu is ¢.n.p., does this imply the existence of a filtration such
that v is adapted to it? The answer to this question, as shown in appendix A,
is negative.

D. The Ito—Nisio theorem

Theorem 1. Let (X;) be a symmetric sequence of random wvariables (i.e.
(£X1,+Xs,...,£X,,) has the same law as (X1,...,X,) for any n) with val-
ues in a separable Banach space B. Denote by ., the distribution of the partial
sum Sp = > X;. The following are equivalent:

(i) the sequence (Sy,) converges almost surely in the Banach norm;

(ii) (Sn) converges in probability;

(iii) (pn) converges weakly;

(iv) there exists a B-valued r.v. y such that (Sp, f) - (v, f) for all f in B';
(

v) there exists a probability measure p in P(B) sucht that pnof~1 — pof~1
weakly for every f in B’.

Cf. [11] for (i), (ii), (iii) and (v); (iv) follows from (i) and implies (v).
Let (W, H, 1) be AWS, then for any complete orthonormal basis (CONB),
{ei} and any i.i.d. N(0,1) random variables »; then
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n
Yn = Zniei
i=1

converges a.s. in the Banach norm (in particular |w — Y 7 | dezeilw — 0).
Hence denoting y = lim y,,, then y = T'w is a measure preserving transforma-
tion and n; = w(Tw, e;)w~.

3 Rotations on Wiener space
Let n; = iid. N(0,1) r.v.’s and {e,} a CONB induced by W* then by the

Ito—Nisio theorem
Tw = Z ;€5 (7)
is a measure preserving transformation on W, we will refer to it as a rotation.

Theorem 2 ([16, 18]). Let w — R(w) be a strongly measurable random
variable on W with values in the space of bounded linear operators on H.
Assume that R is almost surely an isometry on H, i.e. |R(w)h|g = |hlg a.s.
for all h € H). Further assume that for some p > 1 and for all h € H,
Rh € Dy 2(H), and VRh € D, 1(H ® H) is a quasi-nilpotent operator on H.
If moreover, either
(a) (I +iVRh)™Y - Rh is in LY(u,H), ¢ > 1, for any h € H (here q may
depend on h € H) or,
(b) Rh € D(H) for a dense set in H.

Then

1
E[expid(Rh)] = exp(—§ |h\%{)
Namely, if (en,n € N) is a complete, orthonormal basis in H then (6(Rey),n €

N) are independent N(0,1)-random variables and consequently », 5(Re;)e;
defines a measure preserving transformation of W.

The map R satisfying the conditions for this theorem with p = 2 and under
(a) with ¢ = 2 will be said to satisfy the rotation conditions.

Outline of proof. Let v : B — H be “an H-C! map” and T = w + u, assume
that T is a.s. invertible then [18].

E(F(Tw) - |A(w)]) = EF(u)

where 1
A(w) = deto(Ig + Vu) exp(—éu -3 |u\%1)

In particular, F(w) = 1, u = VRA, then since dete(Iy +Vu) = 1 and |Rh|%, =
|h|%;, hence

Eexp(_a(Rh) - % |h\§,) =1
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Eexp(—6(Rh)) = exp(% W%{)

consequently 6(Re;),i =1,2,... areiid., N(0,1) and Y 6(Re;)e; is a rotation
by the Ito—Nisio theorem.

The conditions on R in the rotation theorem are obviously not necessary
since if for all i, u; € U and defining p : H — H by

pei = Uj, 1=1,2,...

then dph = 0 and if R induces a rotation so does R + p. We have, however,
the following two results, which yield a converse to the rotation theorem.

Proposition 6. Let R(w) be an a.s. bounded operator on H. Assume that
R(w) is weakly adapted with respect to a filtration induced by a continuous

increasing m.. Further assume for all h € H, R(w)h is in the domain of
8 and the probability law of §(Rh) is N(0,|h|%) then:

1. If h1,hy € H and (h1,he)g = 0 then §(Rh1) and 6(Rh2) are independent.

2. R(w) is a.s. an isometry on H.

3.5, 0(Re;)e; is a rotation and if e;, i =1,2,... and h;, i =1,2,... are
CONB'’s on H then, a.s.

Proof.
1. E(exp ia6(Rhy)exp iB8(Rhy)) = Eexpid(R(ahy + Bhs))
OL2 ﬂQ
= exp (=l — Slhal})
= Eexp(ia 0Rh1) Eexp(iB6(Rhy)).

2. By part 1, yp = 6(Rmph) is a Gaussian process of independent increments.
Hence it is Gaussian martingale and its quadratic variation satisfies

(y,9)o = Eyp.
and by our assumption Ey2 = |mgh|%. But
(y,y)o = (Rmoh, Rmoh)

and RTR = I follows.
3. Follows from the Ito—Nisio theorem. O
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Theorem 3. Let Tw = n;e; be a rotation. Let F. be a filtration induced by
a continuous increasing resolution of the identity. Then there exists a unique
F. weakly adapted R(w): H — H which is an isometry and

Tw= Z O(Re;)e;.

If, moreover, n; € Dy o then VRh is g.n.p.

Proof. By our assumptions, every 7; can be uniquely represented as 1; = du;
where the u; are adapted, in the domain of §, and u; € Dy(H). Define R by

R(w)e; = u;

then R(w) is weakly adapted, and satisfies the assumptions of the previous
result. Hence R is an isometry and Tw = ) §(Re;)e;. If moreover the ; € Do o
then VRh € Dy 1(H) and is q.n.p. since it is adapted. a

Remark 1. For a given rotation Tw = ) §(Re;)e;, R(w) is “highly non
unique”; instead of representing n; as the divergence of adapted processes,
we can define n; = dv; with v; € U*® to yield a unique R¢(w) such that R¢h
is exact for all h € H and Tw = ) §(R°,;)e;. In other words, given any R
satisfying the assumptions of the theorem we can construct an R® such that
6(R°h) = 6(Rh) and R°h € U® for all h € H. Thus R® will not necessarily
be an isometry. Also, we can “lift” R® to another R which is weakly adapted
with respect to another filtration.

4 Tangent operators

Let Tyw = >, 6(Rie;)e; where Ry, t € [0,0] is unitary, satisfies the rotation
condition, and let (e;,4 =1,2,...) be a CONB on H induced by W*. Assume
that (Riy. — Rt)/e converges a.s. in the operator norm to Bi(w) as e — 0,

T
then (R], . — RY)/e converges to B} and 0 = d(RétR‘) = d&

dftT). Hence
B'R,+RI'B,=0 and BR' + R,B =0. (8)
Setting Ry = I and A = (dR;/dt) at t = 0 yields
A+ AT =0. (9)
Let f(x1,...,zy) be a smooth function on R,,. Set F(w) = f(deq,...,dey,).

Since w (Tyw,e;)w+ = 0(Ree;) and de; o Tow = w(Tyw, e;)w~, hence with
A = (th/dt)t:()Z
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dt

= ;(fll (5(Rt61), ey 5(Rt6n))5<%61> )t_o
= Z fl(8eq, ..., den)d(Ae;)
=D 0(fl()Ae) = D7 S5 e, Aer)

t=0

"
(]

dt
Motivated by (10) we define

The second term vanished since
Hence

is symmetric and A is skew symmetric.

= §(AVF) (10)
t=0

Definition 3 ([8]). Let w — Q(w) be a weakly measurable mapping taking
values in the space of bounded operators on H. Assume that for all F' € Dy 1,
QVF €Dy 1(H). For every Q satisfying these conditions and u € Dy 1 (H) we
define

LouF=6QVFE)+V,F
and denote it as the Tangent Operator induced by (Q,u). Also LooF =: LoF .

The following summarizes some properties of the tangent operator (cf. [8] for
proofs).

1) Lo, is closeable in H (i.e. if F,, — 0 in H a.s. and LF, exist, then
LF, —0).

2) The adjoint of L, satisfies L7, , ' = LoF + 0(Fu).

3) If @ = A where AT + A =0, then

LAFVFy = F\Lals + Fo Lol

namely, L4 is a derivation (i.e. behaves as a first order operator).

4) Let g : R — R be twice differentiable, set ¢'(z) = d'zl—(f). Assume that both
F(w) and g(F(w)) are in Do ; and both AVF and AVg(F') are in Do 1 (H).
Then, for A+ AT =0 we have

Lag(F) =6(g'(F)AVF)
=g/ (F)LAF + ¢"(F)(VF, AVF)
=g (F)LAF.

5) Cf. [8] for results for £4(du) and [L4, LpB].

Let R be unitary and satisfy the rotation condition. Let Ry j(w) denote
R(w+t-k),t €[0,1], k € H. Then R,y is also a.s. unitary and VR, ;h is also
a.s. quasinilpotent. Assume that R j satisfies condition @ or b of the rotation
theorem then R; j also induces a rotation, let T} ;, denote this rotation. Setting
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dF(T;
X[F(w) = STLrw)
dt ‘=0
= ERkF
where AR
Rk L .
dt |,
As shown in [16] and [18]
V(FoT)=R(VFoT)+ X*F (11)

i.e.
Vi(FoT)=(R(VFoT),h), +XJF

and when u : W — H is a cylindrical map
(6u)oT =6(R(uoT)) + Z(XR(u, ei), Re;)
=0(R(uoT)) + trace(R™' X fu). (12)
If g(x),z € R is smooth then

d
0= EEQ(F(Tt7k’LU))

hence

0= E{g’ (F(Tm(w))) .XﬁkF}.

5 Tangent processes
Let R, satisfy the rotation condition, set Lr,w = Tyw = >, 0(Rie;)e;. In

order to represent the “directional derivative” L4 F as the action of a “tangent
vector” on F, the “vector field” (dTiw/dt)i—o is needed. Formally, for A =

(th
= Z 5(Aez)ez

i) o
which motivates the following definition:

th w
dt

t=0

Definition 4. Let Q(w) be a weakly measurable H operator valued transfor-
mation on H. Assume that Q(w)h € Do (H) for all h € H. Let e;,i =
1,2,... be a CONB induced by elements of W*, if 3 .6(Qe;)e; converges
weakly in the Banach space as n — oo; namely, if there exists a W-valued
random variable Y such that ), 6(Qe;)(e;, &)y converges in probability (&
is the image of « in H wunder the canonical injection from W* to H) to
w (Y, a)w« for all o € W*. The limit Y will be denoted by Y = Low and
will be called the tangent process induced by Q and {e;}).
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Remark 2. The definition given here is somewhat different from that in [8] as
Y may depend on {e;}.

Remark 3. Tt is often necessary to consider the case where the series > 6(Qe;)e;
satisfy a stronger convergence condition; several cases assuring a.s. conver-
gence are

a. The case where the §(Qe;) satisfy the conditions of the extended Ito—Nisio
theorem.

b. The case where @ is a bounded non random operator ([9, Theorem 1.14]).

c. Let ¢ € Dy and Q*Vy € Dy o(H), then L, exists in the sense of a.s.
convergence in W if and only if ¢Low exists in the corresponding sense
and then

Loow = pLow — QTVe.
The proof of c. follows directly from

N

25 QDQe'L €; Zwé Qz z € Z(QTVSD7€1) © €.

i=1

The relation between the tangent process Low and the tangent operator
is reflected in the following lemma.

Lemma 2. Assume that @ satisfies the requirements of Definition 4 and
> 0(Qei)e; converges a.s. Further assume that u € Do 1(H), Qu € Do (H)
and u is the image in H of w(w) which is W* valued and Vu@Q is of trace
class on H. Set (trace)e K = lim,, o Z?(ei,Kei)H. Then

(a) (trace)e(Vu@) ezists and

W(EQw, g(w))w* = §(Qu) + (trace).(Vugq) (13)
(b) If we also assume that w = VF and Q is skew-symmetric then
w(Low, VE)w- = LoF (14)

(and then Low acts as a vector field on F with LoF being the directional
derivative along the tangent process).

Proof. Setting (u,e;) = v; and u, = Y, vie;, where {e;} is a CONB induced
by W*.
w (Low, u(w)),,. = > 5(Qe;)v

- Z(S(Qviei) + Z(V'Uinei)
= Loun + Z Z vej Ui(ejv Qe;)
i g
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The left hand side is a continuous functional on W* and the last equation
converges on both sides to (13) which proves (a). (b) follows since Ve, u; =
V2 _ F is symmetric. 0

€i,€5
Note that by Lemma 1, if Low exist in Dy 1 (H), and if @ + QT = 0 then:
(5(£Qw) =0.

The tangent processes that were considered in [1]-[5] were of the form of
the right hand side of (1) in the introduction with {o;;} skew symmetric and
nonanticipative. The relation to the Low formulation will now be pointed

out. Consider the case of the d-dimensional Brownian motion, h = fo R’ ds,
h' € L%([0,1],R?), then we have

Proposition 7.
(A) Let q denote the matriz {q;;(0,u),i <i,j < d,0,u € [0,1]} and set

n . 1
h)i = GOk () dudd,  i=1,....d.
(Qh) ]ZO/O /0 qi; (0, u)h; (u) du i=1

Assume that the q; ;(0,u) are Fy adapted for all u € [0,1] and E|Qh|%; <
Then Low exists and as a W-valued r.v.

Low = /0. (/01 q(b,u) du) dwy (15)

(B) If b={b;;(s),1<4i,j<d,sec]|0,1]} where b; j(s) are Fs adapted and
Ebe](s) < 0.
i
Setting
(Bh); = /0. bij(s)h}(s)ds

then .
EBw:/ b(s) dws. (16)
0

Proof. Let (e;,i > 1) be an orthonormal basis of H. Then

Qe; — /O 4 ( /O ' alr u)es(w) du> dr,

‘We have
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25(6261‘)(617 Z/ (/ T,u)é;(u) du) dw, /01 éi(s)a(s)ds

/ / (7, (Z/ s) dsés(u )>dudwr
:/0 /0 (7, w) B (1) du duw, (17)

Z/ s)ds é;(u).

It is clear that 3, converges to ¢ in L?[0,1]. Since A is of Hilbert—Schmidt,
we see that

where

/O ' a7, u)Ba(w) du

converges to fol a(7,u)&(u)du in L?[0,1]. Consequently, (17)) converges to

/ / 7,u)&(u) du dw,

in L? hence in probability and (17) follows.
In order to prove (16) we have to show that (15) holds for the case where

q(f,u) =b(0)6(6 —u)

where ¢ is the Dirac delta function. Setting

1
0c(u) = B for u € [0, €]
=0 otherwise

then, (16) follows since by (15)

. 1 6
Lg,w= / - </ b(u) du> dwy
0o € 0—¢
E/ (b——/ b(u)du>d0—>0.
0 € Jo—e e—0

and

6 Groups of rotations

A. Theorem 4 ([15], [7]). Let T be an invertible measure preserving trans-
formation on the Wiener space, then there exists a family Tp,0 € [0,1] of
measure preserving transformations such that Tow = w, Ty =T and for ev-
ery 0 € [0,1], E|Tyw — Tyw|,, — 0 as n — 0.



Rotations and tangent processes on Wiener space 219

The proof was first shown to us by Tsirelson [15], the proof given here is
a shorter proof due to Glasner [7].

Proof. Since the Wiener measure on C[0,1] and the Lebesgue measure on
[0, 1] are isomorphic, it suffices to prove the result for the Lebesgue measure.
Set To(X) = aT'(X/a) in (0,a) and T,(X) = X in (a,1) which is measure
preserving, 71 = T and Ty is the identity. Now,

E|T.(X) = Tare(X)] < E{ aT<§> —(a+ @T(%ﬂ)‘ : 1x<a} +a

X X
gE{ aT(—)—aT( >"1X<a}+25~
a a-+¢e

Applying Lusin’s theorem to approximate T'(X) by a continuous 79(X), yields

(o) (22 e

and continuity in ¢ follows by dominated convergence since 6 is arbitrary. O

|E(To(X) = Toge(X))| < a

B. Flows

We want to show that for A; +A] = 0 and additional conditions the equation

dTyw
dt

= (LAt(w)w) o Tyw, Tow =w (18)

defines a flow of rotations. The case where W is the d-dimension Wiener space
and A is adapted:

. d
(ﬁAw)i:/ E ai;(s,w)dw;(s), i=1,2,...,d

0 -

j

was considered by Cipriano and Cruzeiro [1]. The general result presented in
the next theorem is from [8] and is followed by a more detailed proof.

Theorem 5 ([8]). Assume that for all t > 0, A = Ai(w) : is a skew sym-
metric strongly measurable mapping and for any h € H, Aih € D, 1(H), for
some p>1 and a.a. t € [0,T] where T > 0 is fized. Further assume that:

1. The series

Bt = Z 5(Atei)ei
i=1

converges in LP(dp x dt, W) (as a W-valued random wvariable), where
(esyi > 1) is a fized orthonormal basis of H.
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2. Let p,, denote the orthogonal projection onto the span of {ei1,...,en} and
Vi, denote the sigma-algebra generated by {deq,...,de,}. Assume that the
sequence of vector fields (B™,n > 1) defined by

Bl = anéE[pnAtei | Ve (19)
i=1
or, as will be shown later to be the same as
B =3 Blo(ondver) | Vil (20)
i=1
converges to B in LP(dp x dt, W).
3. Assume that for a given € > 0, we have

T
/ E{expe||VB,||}dt = Ty 7 < oo, (21)
0

the norm above is defined as
IV Bl = sup{ | Valw (Broayw-) | : he By, a € Wi}

where By = {h € H : |hlw = 1} and W7 is the unit ball of W*. Further
assume that (21) also holds for By replaced by Bj* (this holds, e.g., when
{e;} is a Schauder basis of W ).

Then the equation

t
Got(w) = w + / By(,)dr, s <1, (22)

defines a flow of measure preserving diffeomorphisms of W whose almost sure
inverse is denoted by (s, 0 < s <t < T) and satisfies

plw s gsp 0ths (W) = sy 0 s i(w) =w} = 1.

Moreover the inverse flow is the unique solution of the equation

Ysp(w) =w — / B, (¢y4)dr (23)

and ¢s (hence s ) leaves the Wiener measure invariant, i.e. ¢}y = pu for
any s <t e [0,T].

Proof. We start with showing the equality (19) and (20). Set o™ = p,, App,
and a} = (ej,a™e;), then for i, j <m
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E{d(pmAe;i) | Vin} = E{d(a™e;) | Vin}

= E{d(afje;) | Vin}

Jj=1
= ZéejE{ai,j | Vm} — Z E{Vejaij ‘ Vm}
j=1 j

= ZéejE{aij | Vm} - ZVGJE{GU |Vm}
j=1 j

I
NE

6(E{aij | Vin} - €;)

I
S, .
)\_I‘

E(a™e; | Vi)

and (20) follows. Also, since A; is skew symmetric, so are the matrices a7}
and E(a;}|Vin) hence by Lemma 1, 6B;" = 0. Consequently, (cf., e.g., [18,
Theorem 5.3.1]) the claimed results of Theorem 4 hold for B; replaced by
B{". Therefore, denoting by ¢%,, s <t € [0,T], the flow associated to the
cylindrical vector field B" and by ¢¢,;, s <t € [0,T], its inverse, then in

particular we have

de™* t
Osilt = exp/ (6B) o (Yr,)dr =1
and
dym* i
dcjls’t'u = exp—/ (63?) o (¢?r) dr =1. a
H s '

Let e1,e9,... be a fixed CONB of H induced by elements of W*. Let M
denote the following class of cylindrical operator @@ on H. Let ¢;; = (ej, Qe;)
then, for some m
(a) gij =0fori>morj>m
(b) @iy = —qji
(¢) qij = fij(der,...,den) and f;; possesses bounded first derivatives.

Set Br(w) = 7" 6(Qr(w)e;)e;, Qr € M. The following version of [18,
Theorem 5.2.1] is needed to complete the proof of the theorem.

Proposition 8. Let Q%,Q% € M, r € [0,T] and assume that for some & > 0
T
E / (expell VB2l + expel| VBY) dr < Tor < oo. (24)
0

Let o5 4, apgt denote the flows induced by Q% and Q°. Then for s <t, (t — s)
sufficiently small
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t /p 1 \V¢
E sup |<pg,u_<pl;,u|W§E(/ |Bg_B7ZZ|€VdT) Fs(jt(t_ )
u€E[s,t] s S

where s, is defined as Iy (equation (21)) with 0,T replaced by s,t, and
(t—s)g<e.

Proof of the proposition. Set D, = Bf — BY and let ¢3,, A € [0,1] be the
solution to

t
w?yt(w) =w+ / (AB? +(1- )\)Bff) ) Lp;\m dr.

de’i,t

oo, then

Then @?,t is also a rotation. Set Zét =

1
‘P;t - QDZJ = / Zs>\7t dA
0

and , ,
Z :/ D, o), dA +/ [(V(Bl+AD,)] 0 ¢}, 22, dr.

By Gronwall’s lemma

t t
\thyw < (/ |Dy o <p;\7r‘wdr> exp/ IVBE + AVD, || o ap;\,T dr.
S S
Therefore, since ¢* is measure preserving:

b
E sup |(pg7r - ()0877‘|W
rE(s,t]

1
< E/ |22, dX
0

1 t .
<E{/ (/ ‘DT(w)‘Wdr> eXp/ |||VB$+)\VDrde)‘}
0 s B
¢ t
< E{/ ’Dr‘wdrexp/ (VB2 + IV BE) dr}
t » 1/p ¢ e
< (E/ | D: [y, dr) (Eexp q/ (IvBgl + VB$|||)d,~>

t , 1/p 1 t , 1/a
< (8 [ 10y ar) " (B [ e ate—s)1oBzn + 20 o

which proves the proposition. a

Returning to the proof of the theorem, setting
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and similarly, with m replaced by n, for Q% yields

1 1/q t 1/p

u€E[s,t]

This result implies the convergence of (47, u € [s,]) in L'(p, W) uni-
formly with respect to u for the intervals [s, t] and the limit (Ps,uu € [s,t]) is
the unique solution of the equation (23)). Equation (25)) implies the unique-
ness of the equation since if (¢ ,) is another solution, then its finite dimen-
sional approximations must coincide with (#%.,)- Now, using Lemmas 5.3.1,
5.3.2 and 5.3.5 of [18], it can be shown that the constructions of (¢s ) on the
different small intervals can be patched together to give the entire flow. For
the inverse flow the same reasoning applies also. a

Appendix

As discussed in section 2, a necessary condition for u € Dy 1 (H) to be adapted
to a given filtration is that Vu be a.s. quasinilpotent. Now, given au € Dy 1 (H)
such that Vu is quasinilpotent, the question arises whether this assumes the
existence of a filtration for which u is adapted. The answer is negative as seen
from the following example:

Let

o0

u(w) = Z 275 (eip1)es

i=1
where e; is a CONB in H. Hence, for h € H

Z 27" (eit1,h
= Zﬂi,r(6i+ra h €;
=1

where f3;, = 279 Bi11,—1 = 27°7H=1/2 Therefore Vu is quasinilpotent
and by lemma 4.1 of Ringrose [14], for any h € H, it holds that for r large
enough

|((Vu)"h,e1) | > % |(Vu)h,, . (A1)

Lemma A. Let E. be a continuous strictly monotone resolution of the iden-
tity. Given § > 0 and some e in H with |e|lg = 1, then there exists an N
such that for all h for which (I — E,_1)h = h, we have |(h,e)u| < 0|h|x.

Proof. Given e € H and ¢ > 0, then for any given h and N large enough
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(1 =E_g)e) | <Ihlu-|(1=Bi_y)e]
< |hlm 4.

H

Hence

(= Frg)ie) [ =] 0 - Brig)e)

< |hlw 6.

H

If h satisfies (1 — E,_ 1 )h = h then
((he)u| <6 |hln .
Assume now that u is adapted to F. induced by FE., then
E\-Vu=EFE), -Vu-E).

Hence
(Vu)(l - E,\) = (1 - E)\) Vu(l - E)\) .

Consequently if h satisfies h = (1 — E))h then it also holds that
(Vu)"h = (1= E\)(Vu)"h.

Hencefor)\zl—%anddzé

I 1 T
|(Vu) h,e1)n| < 3 [(Vu) h|H
which contradicts (A.1). Consequently u cannot be adapted to any continuous
filtration.
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LP Multiplier Theorem
for the Hodge—Kodaira Operator
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Summary. We discuss the L” multiplier theorem for a semigroup acting on vector
valued functions. A typical example is the Hodge—Kodaira operator on a Rieman-
nian manifold. We give a probabilistic proof. Our main tools are the semigroup
domination and the Littlewood—Paley inequality.

1 Introduction

We discuss the LP multiplier theorem. In L? setting, it is well known that
¢(—L) is bounded if and only if ¢ is bounded where L is a non-positive self-
adjoint operator. In LP setting, the criterion above is no more true in general.

E. M. Stein [9] gave a sufficient condition when L is a generator of a
symmetric Markov process. It reads as follows: define a function ¢ on [0, c0) by

o(N\) = )\/OOO e 2 m(t) dt. (1.1)

Here we assume that m is a bounded function. A typical example is p(\) = '@
(a € R). Then Stein proved that ¢(—L) is a bounded operator in LP for
1 < p < co. He also proved that the operator norm of ¢(—L) depends only
on p and the bound of m.

In the meanwhile we consider the Hodge-Kodaira operator on a compact
Riemannian manifold M. It is of the form L = —(dd* 4+ d*d) where d is
the exterior differentiation. A typical feature is that L acts on vector valued
functions, to be precise, differential forms on M. In this case, we can get the
following theorem:
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Theorem 1.1. For sufficiently large k, o(k—L) is a bounded operator in LP.
Further the operator norm is estimated in terms of m and p only.

To show this theorem, we use the following facts.

1. The semigroup domination.
2. The Littlewood—Paley inequality.

As for the first, we can show that
et E=rg| < ethg). (1.2)

Here L is the Laplace—Beltrami operator on M and the inequality holds point-
wisely. This inequality can be shown by means of Ouhabaz criterion ([3]). To
use the criterion, the following inequality is essential.

L|0)* — 2(L6,6) + x|0]* > 0.

As for the second, we need the Littlewood—Paley function. This is somehow
different from the usual one. We may call it the Littlewood—Paley function of
parabolic type. It is defined as follows:

Po(x) = {/OOO |VT,0(x)]? dt}l/Q.

Here T, denotes the semigroup e!(®=*). We can show the following inequality:
there exists a positive constant C' independent of € such that

POl < Cl0]

where || . ||, stands for the LP-norm. This inequality is called the Littlewood—
Paley inequality.
Combining these two inequality we can show that

| (e(k = L), )| < C1[|PO, [ Pally < C2101, lInllq-

Here ¢ is the conjugate exponent of p. Now the desired result follows easily.

The organization of the paper is as follows. We discuss this problem in the
general framework of a symmetric diffusion process. We give this formulation
in §2. We introduce the square field operator not only in the scalar valued case
but also in the vector valued case. We give conditions to ensure the semigroup
domination which plays an important role in the paper. In §3, we discuss
the Littlewood—Paley inequality. We use the Littlewood—Paley function of
parabolic type. After these preparartions, we give a proof of the multiplier
theorem. In §4, we give an example—obtained in Proposition 4.3—of the
Hodge-Kodaira operator. The crucial issue is the intertwining property of
these operators.
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2 Symmetric Markov processes and the semigroup
domination

In the introduction, we stated the theorem for the Hodge-Kodaira operator
but it can be discussed under more general setting. We give it in the framework
of symmetric Markov diffusion process.

Let (M, 1) be a measure space and suppose that we are given a conservative
diffusion process (X¢, P;) on M. Here P, denotes a measure on C([0,00) —
M) that stands for the law of the diffusion process starting at + € M. We
assume that (X;) is symmetric with respect to p and hence the semigroup
{T:} defined by

is a strongly continuous symmetric semigroup in L?(m). Here E, stands for
the expectation with respect to P,. We denote the associated Dirichlet form
by £ and the generator by L. We assume further that there exists a continuous
bilinear map I": Dom(&) x Dom(€) — L'(m) such that

2 /M L(f.9)hdu = £(fg.h) — E(f. gh) — (g, Ih),
for f, g, h € Dom(E) N L>®. (2.2)

I' is called the square field operator (“opérateur carré du champ” in French
literature) and we impose on I" the following derivation property:

I'(fg,h) = fI'(g,h)+ gL(f, h), for f, g, h € Dom(&) N L. (2.3)

We are dealing with a semigroup acting on vector valued functions (to be
precise, sections of a vector bundle) and so we are given another semigroup
{T;}. The semigroup acts on L2-sections of a vector bundle E. Here E is
equipped with a metric (., . ) and L?-sections are measurable sections 6 with

16]2 = /M 16(2)[2 () < ox.

The norm |.|g is defined by |0|g = \/(6,0)r. We denote the set of all L2-
sections by L?I'(E). The typical example of E is a exterior bundle of 7% M
over a Riemannian manifold M and in this case L?I'(E) is the set of all square
integrable differential forms. L denotes the generator of {T;} and £ denotes
the associated bilinear form. We assume that L is decomposed as

L=L-x—-R (2.4)

Here R is a symmetric section of Hom(E; E) and & is a positive constant.
Later £ will be taken to be large enough. L is self-adjoint and non-negative
definite. It generates a contraction semigroup which we denote by {T;}. L



LP multiplier theorem for the Hodge-Kodaira operator 229

and L satisfy the following relation: there exists a square field operator
I': Dom(&) x Dom(€) — L'(u) such that

M
for 6, n € Dom(€) N L, h € Dom(£) N L>®. (2.5)
We assume that I" enjoys the positivity I(4,6) > 0 and

2hT(0,1) = = (h, (0,1)E) +T(0, hn) + T (ho, 1) (2.6)
for 6, n € Dom(€) N L™, h € Dom(E) N L. These properties lead to the
semigroup domination (see e.g., [5]):

’Tte‘E < T30k (2.7)

Since R is bounded, we may assume that x+ R is non-negative definite at any
point of M by taking k large enough. We assume further that there exists a
positive constant & > 0 such that

k(0,0)g + (RO,0)r > 46(0,0)p. (2.8)
Then the semigroup domination for {T;} also holds as follows:
|Tt9‘E < e_étTt|9|E. (29)

We give a correspondence to the Hodge-Kodaira operator when M is a
Riemannian manifold. L = A (i.e., the Laplace-Beltrami operator), F =
NI T*M (the exterior product of the cotangent bundle) and L?I'(E) is the
set of all square integrable g-forms. L = —V*V is the covariant Laplacian
(Bochner Laplacian), L = —(dd* +d*d) —k = L — k — R(q)- The explicit form
of R, is given by the Weitzenbock formula and can be written in terms of the
curvature tensor. We do not give the explicit form because we do not need it.

We only need the boundedness of R(g). I'is given by
. 1
I'@,n) = B {AWO, e+ (VVOnE+(0,V'Vn)E} = (VO, V) per M-

The positivity of I" clearly holds and (2.6) follows from the derivation property
of V. .
We now return to the general framework. We assume that I” is expressed as

1'(0,m) = (D6, Dn) (2.10)

for some operator D. For instance, the covariant Laplacian satisfies this condi-
tion. In this case, D is the covariant derivation V. Later we need this condition
when the exponent p is greater than 2.
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D is an operator from L?I'(E) to L2F(E), E being another vector bundle
over M. The domain of D is not necessarily the whole space L>I'(E) but we
do assume that D is a closed operator. Our last assumption is the following
intertwining property: there exists a self-adjoint operator A satisfying

DL =AD+K (2.11)

where K is a bounded section of Hom(E; E’). For A, we assume the same

conditions as L. In particular, we need the semigroup domination for S; = e*4:

Si€l; < e O'The|p, € € LT(E). (2.12)

Due to the boundedness of K, this is possible by taking x large enough.
Moreover the intertwining property (2.11) implies

t
DT.0 = S, D0 + / S;_,KT,0ds, V6 e Dom(D), (2.13)
0

(see [8]).

3 Littlewood—Paley inequality

We introduce the Littlewood—Paley function of parabolic type. They are given
as follows:

Ph(z) = {/OOO I'(T,0,T,0)(x) dt}l/Q, (3.1)
1/2

HO(z) = { /0 N T,I°(T,0,T.0)(x) dt} . (3.2)

We fix a time NV and set
u(z,t) = Tny—0(x), 0<t<N.
Then we have
(O + L)|u(z, )|
= (0 4+ L)(Tn_40, Tn_,6)
= —2(LTn_40, Ty_10) + 2(LTyN_10, Tn_10) + 20 (Tn_10, T _0)
=—2((L -k~ R)Tn_s0,Ty_40)
+2(LT N0, Tn_40) + 21 (Tn_10, T _10)
= 2((k + R)TNn—40, Tn_s0) + 20 (Tn_0, Tn_0)

For notational simplicity, we use the following convention. We write
|40, < |19]lp if there exists a constant C' such that ||Af|, < C||0],. C is

independent of 6 but may depend on p and A. We use this convention without
mention. Now we have the following.
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Proposition 3.1. For 1 < p < 2, it holds that
POl < 1161]p- (3.3)

Proof. Define a martingale (M;) by

M = |u(Xe, )% — |u(Xo,0)[% — /Ot(as + L)[u(Xs, 5)|5 ds
= |u(X, t)|% — [u(Xo,0)|%
~2 [ BT 00, T 00K,)
+ I(Tn_s0(X,), Tn—s0(X,)) } ds.

Then the quadratic variation of (M;) is written as
¢
(0 =2 [P 5l ) () ds

¢
= 8/0 [w(Xs, 8)| B ([u-, 9)|e, [u(., s)|E) (Xs) ds.
In particular, Z; = |u(X4,t)|% is a non-negative submartingale:
Zy = [u(Xo,0)|% + My + B (3.4)

where an increasing process By is given by

t
B; = 2/ {((K/ + R)TN—SQ(XS)7 TN—SQ(XS))
0
+ I(Tn-s0(Xs), Tn—s0(X,)) b ds.  (3.5)
Take any ¢ > 0 and apply the It6 formula to (|u|% + £)?/2, we have
d(fufy +2)"" = £ (jull +2)"* " d(juft + <)
1 _
+5 5 (5 =1) (ks + )" a(a, an),
= 2 (julf+2)"" " an,
p 2 p/2-1 a
+ [5 (Julz +e€) 2{((k+ R)u,u) + I'(u,u) }

p/2—2

+p(p = 2)(jufp + )" b (fuls, luls)] at.

Here, in the above identity, u(X¢,t) is simply denoted by u. Therefore

t
(Ju(Xe, O3 + )" = (Ju(Xo,0)[% + )™ + / = (jul} +o)" " an, + A
0
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Here A; is defined by

A= [ pllult + 2" { (o Ry) + )

p/2—2

+p(p = 2)(july + )" b (fuls, Juls)] at.

(A) is an increasing process. To see this, recalling the inequality

I'(Julg, |ulg) < T'(u,u),
we have
dA, = p(jul% + &)™ {((k + Ryu,u) + [(u,u)}
+p(p — 2)(lul} + )" *[ul* T (u, u)
> (p+pp—2)) (Jul® + )" T(u,u)
+p(lul} + )" (5 + Ryu, w)
> p(p — 1) (Jul3 + )" F(u, )

which implies that A; is increasing. By taking expectation of (|u(Xx, N)|% +

£)P/2, we obtain
plp — 1)EUON(|u2 +&)* 7 P, ) dt] < E[(\u(XN,N)ﬁ; + E)W}
< B[(16(Xx)[3 +e)"’]
<o+

We proceed to the estimation of the left hand side. By the semigroup
domination

[T 16(0)| < T-il6](o) < sup T.[6](2) = " (z)
The maximal ergodic theorem implies ||6*||, < ||0]|,- Now, noting p/2—1 < 0,

N N
E{/ (lul + )" F(u, u) dt} = H/ (Jul + )" F(Ty 10, T _0) dt
0 0

1

N
2 H((G*)ers)p/2‘1/ [(T,0,T.0)dt
0

1

Letting N — oo,

o+ = H((e*)2 + s)”/“/ (T4, T,6) dt
p 0

1
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> H((g*)Q n g)p/a—lmgul _ H((g*)2 +€)<p—2>/47)9Hz_
Therefore
P8, = H((e*)2 +5)(27p)/4((9*)2 +€)(p72)/4,P9Hp

<H 0*)2 + (2710)/4H H 0%)2 + (pf2)/4739H
(( ) 5) 2p/(2—p) (( ) 6) 2

. 1 2—-p 1
smce — = —— + —
p 2 2
(2—p)/2 p/2
S [Co R N (S DR
P P
Finally, letting ¢ — 0, we obtain
1POll, < N6°1S~/2 111115 < 1015772 16112 = 116]],-
The proof is complete. ad

Next we show the case p > 2. First we need the following easy lemma.

Lemma 3.1. Let j be a non-negative fonction on M x [0, N]. Then it holds
that

E, UONJ(Xt,t)dt ‘ Xy = x] - /ONTt(j(.,N—t))(x) a.  (3.6)

Here E,, stands for the integration with respect to P, = fM P, p(dx).

Proof. 1t is enough to show that

5l T i abron| = [{] (e af s utan) (37

for any non-negative function f. To see this,
N N
l{ [ iecnarbioon)| = [ Bl oscoa
N
- [ Bl 0Bt dt

N

= [ Bt 0Ty ) de
0
(by the Markov property)

/dt/ (2, ) TN—+f(2) p(dz)
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/ at / T (i( ) (2)f(2) pu(da)

(by symmetry)

-] NTNt<j<.,t>><x>dt}f<x>u<dx>

which shows (3.7). O
Proposition 3.2. For p > 2, we have
IOl < N161lp- (3-8)

Proof. We consider a submartingale Z; = |u(X;,t)|>. As was seen in (3.4), Z,
is decomposed as
Zy = |u(Xo,0)|% + My + B.

Then the following inequality is well-known (see, [2]): for ¢ > 1,
E[BY] < EIZy]- (3.9)

Using Lemma 3.1, we have
N p/2
M 0
N p/2
:/ p(de)E, {/ D(Tn_t0, Tn_+0)(X:) dt ‘ XN = x]
M 0

< /M u(dz)E, H /O " I(Tn_0, Tn_.0)(X;) dt}p/Q

(by the Jensen inequality)

XN—I:|

_ “H P(Ty_0, Ty t@)(Xt)dt}p/Q]
<E, H/ {((k+ R)TNn_¢0(X,), Tn_:0(Xy))

I(Tn—10(X,), Tn_:0(X )}dt}pﬂ}

_|_
E[Bﬁ,ﬂ] (thanks to (3.5))
E[Zﬁ,ﬂ] (thanks to (3.9))

Now H6O can be estimated as follows:
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[ee] . P/2
ol = |{ [ T moy ar

1

N p/2
= lim u(dx){/ T.I'(T:0, T:0)(x) dt}
N—oo Jar 0
S 19115
This completes the proof. a
Let us proceed to the estimation of P#.
Proposition 3.3. For p > 2, we have
Po(r) < V2HO() + 1l ge (3.10)
= 4683/2 )

Proof. We have

S 1/2
Po(z) = { / I'(T.0, T0)(x) dt}

0

S 1/2
/0 |DTt9(x)|% dt} (thanks to (2.10))

{

— {2/000 DTth(x)%dt}
{
{

1/2

0o 1/2
2/ T DT0(x)|% dt}
0

2

1/2
. dt} (by (2.13))

t
StDTtG(I) + / St,sKTSTtﬁ(x) ds
0 E

V2 {/OOO S:DT ()% dt}1/2
+v2 {/Ooo{/ot 1Si— s KTs140(2)| ds}2 dt}1/2
<V2 {/OOO T,|DT 0 ()% dt}1/2

+V2 { /O oo{ /O t e OU=IT,_ | KTy f(z)| 5 ds}2}1/2 (by (2.8))
= V2Ho(z)

[/ 2 y1/2
V2 {/ {/ ”KHOoeig(tis)Tt*5675(5+t)Ts+t|9|E(:l:) ds} dt}
0 0

0o 1/2
= V2HO(z) + \/5{/0 K [|2 %% (T 6] () * £ dt}

N
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= V2HO(x) + V2 ||K|o<,¢9*(x){/ooo t2e— 40t dt}1/2

— VAHO@) + —— | K| nob" ()

453/2
which is the desired result. O

Combining these two propositions and the maximal ergodic inequality, we
easily obtain the following.

Proposition 3.4. For p > 2, we have
POl < 1161]p- (3.11)

Before proving the theorem, we give an expression of p(—L). Recall that

w(A) = )\/OOO e 2 m(t) dt.

There exists the following correspondence:

—L+—— A\

etL eft)\.

Therefore p(—L) is expressed as

o(-L) = —L/OOO Tor m(t) dt

Proof of Theorem 1.1. Using the expression above, we have
(o(—L)8,1) = ( L/ TmWM)MHU)

/ /M (=LT2:0,n)p p(dz)m(t) dt
:/0 dt/ {(=LT:0,Tn)5 + ((k+ R)T0, Tyn) ,} p(da)

—|—/ m(t) dt((x + R)T:0, Tin) , p(dx).
0

We estimate two terms on the right hand side respectively.
For the first term,

/ Oom(t) dt / I'(T40, Tyn) pu(dz)
0 M
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< e /0 at /N PR T0)' (T, Ton) 2 )

(thanks to the Schwarz inequality for I")

ES 1/2 S 1/2
<limle [ { / rme,w)dt} { / r<Tm,Tm>dt} u(da)
M 0 0

. /N PO@)Pa(e) ulda)

< limlloo [Pl 1Pl
S llmlloo 10115 lInllq-

For the second term,

/000 m(t) dt((k + R)T,0, Tm)E w(dx)

<l [ dt [ 0+ Bl T8 [ Tanl n(do)
0 M
< mlloc / at /N 5+ Rl T35 T ()

1
S mllso [l + Rllco 55 161l ll7llg-
Thus we have shown that

|(e(=L)8,m)[ < (191l lIll4

which implies that ¢(—L) is bounded in LP. O

4 Hodge—Kodaira operator

In this section we consider the the Hodge-Kodaira operator —(dd* + d*d)
acting on differential forms. What remains to show is the defective intertwining
property. We have to seek for operators A and K that satisfy

—V(dd* + d*d)f = AVO + K0.

Even if 0 is a differential form, V6 is no longer a differential form. So we
discuss the issue in the framework of tensor fields. Let M be a Riemannian
manifold and V be the Levi-Civita connection. The Riemannian curvature
tensor is defined by

R(X,Y)Z =VxVyZ - VyVxZ — VixyZ

where X, Y, Z € I'(TM). Here I' denotes the set of all smooth sections of
a vector bundle. In this case, I'(T'M) is the set of vector fields. Let T,M =
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T*"M ®---®T*M be a tensor bundle of type (0,n). The exterior bundle

is denoted by AP T*M = T*M A --- ANT*M. We define an operator A"¥ on

I'(T, M) as follows. u1 ®- - -®@up, u; € I'(T*M) is a typical form of an element
of I'(T,,M). Any element of I'(T,, M) can be written as a linear combination

of them. We are given a Riemmanian metric ¢ and there exists a natural
isomophism f: T*M — TM e.g.,

(W, X) =g X), weT*M,XecTM.

In the sequel, we omit g and denote the inner product g(X,Y) by (X,Y).
The inner product in T*M is also denoted by (w, 7). The natural pairing
between T*M and T'M is denoted by (w, X). We take a local orthonormal
basis {e1,...,e,} and let {w!, ..., w"} be its dual basis. We introduce linear

opetators S;Z) 1< p,qg<nonI'(T,) as follows; for p # g,

S (ur @ -+~ @ un)
p g
= (R, ex)ube)u1 @ Quk® - QW @ Qu,. (4.1)

Here we used the Einstein rule: we omit the summation sign for repeated
indices. For example, in the equation above Z;l:l is omitted. For p = ¢, we
define

P

S (ur @ - @ up) = (Ricuf,,ek)ul®~-~®u;’f®-~-®un

P
= (R(UQ, e)es, 6k)U1 R - QWFR - up. (4.2)
Ric denotes the Ricci tensor.
We now define the operator AHK by
Ay = —V*Vy — Z Sz(,fﬁ])v. (4.3)
P,q=1

Here the superscript HK stands for Hodge—Kodaira. This notation is justified
by the following proposition.

Proposition 4.1. For § € I'(N’ T*M), it holds that
AKQ = —(dd* + d*d)b. (4.4)
Proof. We first note the following identity: for us,...,u, € I'(T*M),

UL ANug A= AUy ::ngnaug(n)é@“-@ug(n)
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[e3

=D (1) M @ (ug AT Aug).

Here o runs over the set of all permutations of order n, sgno is the sign of o

and ¥ means that u, is deleted. Similarly we have

U AUg A AUy, = Z(—l)a'w_l(ua Rug —ug @ ug)(ur A
a<f

Next let us compute Zp7 . S,(;flq). First, for Zp;sq Sz(ﬁz)

ZS(”) up Aug A=+ Auy)

pF#q
=D 50D senous) @ O g
pF#q o
p g
= Zngna ),ek) i(q),el)ug(l) R QR R -
p#q ©

a B
VoV

A Up,).

© Uo(n)-

Here p-th u,(;) is replaced by w” and ¢-th Ug(q) is Teplaced by w'. By exchang-

ing the order of summation, we have

ZS(") A WANERIA un)

PF#q o 1(a) o 1(B8)
—Zngno a,ek)uﬁﬂ,el) Ue) @ QR QW ®---
ofh e o Ne)  ol®
—Z (uf,, ex) uﬁ,el ngnaug(l)é@ RQUFR QW e
a#B Oz @

—Z b ek ug,el)ul/\ /\w’“/\~-~/\wl/\~-~/\un
a#p N ﬁ
—Z a,ek uﬁ,el)w AWt /\ul/\v N Up,
a<p a ﬂ
—|—Z % €k uﬁ,el)w AwF /\ul/\ /\un
a>pg o p
—Z a,ek uﬁ,el)w AW /\ul/\vv/\un
a<p a ﬂ
+Z ug,el a,ek)w A WP Aur A 5 Ay
a>pg o p
—22 > €k ug,el)w AWt Aug A A ug,.
a<f

Similarly we have



240 Ichiro Shigekawa
ZSI(,Z,)(ul ANug A+ ANup) = ZS(”) ngnoua( 1) ® - ® Ug(n)
P

= Zngna Rlcu ),ek)ug(l) ® - ®wk @ Ug(n)-

Here the p-th u, () is replaced by w”. Exchanging the order of summation,
we have

ZS(”) up N\ ug N - /\un)
Uflv(a)
= Z ngna (Ricuf, er)lUo(1) ® - QW @ -+ ® Ug(n)

@

:Z(Ricuﬁa,ek)ul/\~-~/\¢Jk/\.../\un

[e3

—Z RICU ek)wk/\ulA-Y-Aun

Using this identity, we can calculate —(dd* + d*d). Before that we have to
recall the Weitzenbock formula:

— (dd* + d*d) = —V*V
+ (R(el, ej)ek, ei)wl LN i(ej)i(e;) — (Ricey, ei)wk Ni(e;).

Here i(.) denotes the interior product, i.e., i(X)§ = 0(X, .,...,.). Now we
have

—(dd* +d*d)(ur A -+ ANup)
= —V*V(ui A+ Auy) + (Rler, e5)er, ei)w AwF Ad(es)ile;)
a B
XZ D" Nuy @ up — ug @ ug)(ur A *-Y Auy)

a<f
@

— (Riceg, e;)w" Ai(e;) Z(—l)aflua ®@ (ur A -7+ Auy)

[e3
+ Z a+ﬂ L (Uas €i){ug, e;) — (ug, ;) (uq, e;)}
a<f o s
X (R(el7ej)ek;7ei)wl A wF Aup A V.Y A Uy,

[e3

- Z RIC €k, 61)<Ua, €i>i(€i)wk Auip A RN Up,

=-V*V(ur A+ Auy) + Z(_l)oﬂrﬁfl
a<f
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a B
X {( el,uﬁ ek, U ﬁ) — (R(el,uﬁa)ek,uﬁﬁ)}wl AP Aur ALY Ay,
Oé

—Z Rlcek,ua)w Aup A Ay

= —V*V(u1 A Atg)

a
+2Z a+[3 1 (el,uﬁ,)ek,ug)wl/\wk/\ul/\ U Ay,
a<f
Oé
—Z Rlcek,ua)w Aup A Ay

—V*V(u1 A Atg)

a
—22 a+[3 1 (ug,ek)ug,el)wk/\wl/\ul/\ U Ay,
a<f
(X

—Z Rlcek,ua)w Aup A Ay

= —V*V(u A- )= Y ST A Aun)
p.q
= Ay A Awy)
which is the required identity. a

We are interested in the intertwining property for the Hodge-Kodaira
operator —(dd* + d*d). By the above proposition, it is enough to calculate
AHK We first show the intertwining property for V*V.

Proposition 4.2. It holds that
n+1
~V(VV)u— (VV)Vu =Y {8 Vu+ S vu)

j=2

+ S(nH)Vu +wP @ V;R™ (e, e )u (4.5)
Proof. Pick a point z € M and fix it. We take a normal coordinate at . Then
there exists a local frame {ej,ea,...,e,} of TM so that V., ej( ) = 0. To
avoid complexity, we simply denote V in place of V.,. Let {w!,w? w"}
be the dual frame. Due to our choice of a local frame, at the point x 1t holds

that V%j = ViV;, lei,ej] = 0 and V;w* = 0. Moreover we have the following
identity at x:

—[61', Vjek} = ViVjek, (46)
Vivvj‘ek == vViVjem (47)
(ViVier,w') = —(ex, V;Viw')
Here (4.7) is the identity for T, M.
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To see (4.6) we note that the torsion is free and so we have
lei, Vier] = ViVjer — Vy,e e = ViVjer.
As for (4.7), we use the definition of the curvature R(™).

ViVVjek = R™M (ei, Vjek) + ijek Vi + V[ehvjek]
= Ve (thanks to (4.6) )

(4.8) can be shown as

0= V;Vilep,w')
= (ViVier, W) + 2(Vier, Viw!) + (ex, Vi Viw!)
= (ViViek,wl> + {ex, ViViwl>.
We use these identities freely. From now on all equations are evaluated at the
point x. Now
—(V*V)Vu+ V(V*V)u
= V;Vi(w* @ Viu) — Vy,e, (W @ Viu) = V(ViViu — Vy,e,u)
= V;Viw" @ Viu + 2Viw" ® V;Viu + w* @ ViV, Viu
— WP @ Vi ViViu + w* @ Vi Vy,e,u
= V;Viwk @ Viu + wb @ ViViViu — 0 @ Vi ViViu 4+ w* @ Vi Ve, u
= V,Viw* @ Viu + w* @ Vi{R(”)(ei, ep)u + ViViu + V[eijek]u}
— b @ {R™ (ex, €)Viu+ ViViViu + Vi, o Viu} + w0k @ ViV, u
= V,Viw* @ Viu + o ® {ViR(")(ei, er)u + R(")(Viei, er)u
+ R™(e;, Vier)u + R™ (e;, ex) Viu + ViVies,en U}
—wF @ RM™ (er, ) Vit + w* @ Vi Vy.e 1
= V;Viw® @ Viu + w* @ ViR™ (e;, ex)u + 2wF @ R™ (e;, ep) Viu
+uwf® {ViVie; exjt + ViV, u}.

On the other hand, using (4.6), (4.7) and (4.8), we have

W R{ViVie, entt + ViVy,e,u}
=w" ® (ViVv,e, — ViVvse, + ViVye, Ju
=" @ (Vo %ier + VR(erees T V00 0ei U
=W @ (Vovier + VReepenes )
=Wk @ (ViVier, W) Viu + (R(eg, e;)es, w') Viu)
=Wk ® (ViVier, WY Viu + w* @ (Ric e, w') Viu
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= —w* @ (eg, ViViw ) Viu + w* @ (Riceg, w!)Viu (thanks to (4.8) )
=_-V,;Viw @ Viu+ w* ® (Ric eg, wl>Vlu.

Combining all of them, we have
—(V*V)Vu+ V(V*V)u
=k ® ViR(")(ei, er)u + 20F ® R(")(ei, er)Viu + Wk ® (Ric ek,wl>Vlu

n+1
=wf @ V,R™ el,eku—l-z nH 1L+S](.TF1)V)—|—Sn+1 u.

This completes the proof. a
We are now ready to prove the intertwining property for AHK,
Proposition 4.3. Take any local orthonormal frame {e1,ea,...,eq} and its
dual frame {w',w?, ..., w?}. Then it holds that
VATKy = AUK Vi — Z w* ® (VkSI(,ﬁ]))u — ¥ @ (ViR™ (e;, ex))u. (4.9)
p,q=1
Proof. We recall (4.3). Then
VAI:ILKU — AI;Iﬁqu
n n+1
= —V(V*V + > S,gjg)) + (v*v+ > s;j;“))vu
p,q=1 p,q=1

n+1
_ Z n+1 Vu + S](ﬁ+1)vu) _ S{jzl-&-l)vu _ wk ® ViR(")(ei, ek)u

n n+1
- Z W@ (ViSiu— > o @ STV + > sty
p,q=1 p,q=1 p,q=1

n+1
_ Z n+1 Vu + S](ﬁ+1)vu) _ S{jzl-&-l)vu _ wk ® ViR(")(ei, ek)u

n+1 n+1
— Z Wk ® VkS Z S;ZJFDVU—F Z S;ZJFDVU
p,q=1 p,q=2 p,q=1

= — Z Wk ® (VkSI(,flq))u -k e ViR(")(ei, er)u

p,q=1

which completes the proof. a
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The above intertwining property for AHX is defective, i.e., it satisfies the
identity of the type (2.11). The defective term is removed if we replace V
with the exterior derivative d. To define the exterior derivative, we need to
introduce the alternating operation A as follows. For a tensor u of type (0,n),
we define A by

A(")u(Xl, e ,Xn) = ngnau(XU(l), e aXo(n))-

The exterior derivative is defined by
d= Aty

This definition is consistent with the usual definition for differential forms.
Now we have the following intertwining property.

Proposition 4.4. For u € I'(T,,(M)), it holds that

dATEy = AT . (4.10)

Proof. By Proposition 4.3, we have
dATSy = ATE du
= 30 AU (W @ (VaSE)u) - AT (WF @ (VRO (s, ex)u)
p,q=1

We have to show that the additional terms vanish. Before proving this, we
recall the Bianchi identity for the Riemannian curvature:

—GR(X,Y)Z =0, (4.11)
SVxR(Y,Z) =0. (4.12)

Here G stands for the cyclic sum, e.g.,
GR(X,Y)Z=R(X,Y)Z+R(Y,Z)X + R(Z,X)Y.

(4.11) is called the first Bianchi identity and (4.12) is called the second Bianchi
identity.
We may assume that v = u; ® - -+ ® u,,. For p = ¢, we have

DA (o e (V)] - AT (o8 & (TR eca) )

p=1
:ZA(n+1)(wk®U1®"'®kaiCUg®"'®un
p=1
+w@ui ® - @ ViR(es, ex)ul ®@ - @ up)
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n P
= Z(—l)p{vk Ricug AOF AUl AT Ay,
-1 .
+ ViR(e;, ek)uf, AWFAur AV un}
We need to compute Vi Ric ug AW + V;R(e;, ek)uf, A w. To do this,
Vi Ric uﬁ AWk + ViR(e;, ek)ug A Wk
= VkR(uf,, e;)e; N Wk + ViR(e;, ek)ugJ AWk
= (VkR(uf,, eiei, el)wl AW+ (ViR(ei, ek)uf,, el)wl A wF
= {—(VugR(ei,ek)ei,el) — (ViR(ek,ug)ei,el)
+ (ViR(e;, ek)ug, er) jw' Aw” (by the 2nd Bianchi identity)
— (VugR(ei, er)ei, el)wl AWk
+ {(ViR(ei, el)uf, ) (V R(e;, er)u 61) }w AWk
= 0.

Here, in the last line, we used that the coefficients are symmetric with respect
to k and .
For p # ¢, we may assume p < q.

AU (W @ (V48 u)

£ g
A(”+1)<w ®(VkR( ez)ug,em)m@@ ®wl®-~-®wm®--~un>
£ g
:(VkR(uﬁ,el)uﬁq,em)wk/\ul/\-~-/\wl/\-~-/\wm/\~-~/\un

x
(VkR( el)uﬁq,em)w A AT Aup ALY A,

To calculate (Vi R(ub, er)uf, em)w® Aw! Aw™, we have
(V;CR(ug, el)ug, em)w’C AWt A W™
= {(VugR(el, ek)ug, em) — (V;R(ek,ug)ug, em)}wk Awh A W™
(by the 2nd Bianchi identity)

( R(ey, ex) em,ug)w’C AWt AW™ — (V;R(ek,uﬁ)ug, em)w’C AWt A W™
=(V, p, er)u g, em)wk AWt Aw™ (by the first Bianchi identity)
= (VkR g, em)w A wF A W™ (by relabeling)

- (VkR(up, el)ug, em)w Awh Aw™

The last term is just the same as the original one with the opposite sign. Thus
we have

(VkR(ug, el)uﬁq7 em)w” Awt Aw™ =0

as desired. O
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Summary. We establish necessary and sufficient conditions for a sequence of d-
dimensional vectors of multiple stochastic integrals FX = (Flk, cee F(f), k>1, to
converge in distribution to a d-dimensional Gaussian vector Ng = (Ni,..., Ng). In
particular, we show that if the covariance structure of FX converges to that of Ny,
then componentwise convergence implies joint convergence. These results extend to
the multidimensional case the main theorem of [10].

Key words: Multiple stochastic integrals, Limit theorems, Weak convergence,
Brownian motion.

AMS Subject classification: 60F05, 60HO05.

1 Introduction

For d > 2, ﬁx d natural numbers 1 < n; < --- < ng and, for every k > 1,
let FX = (FF,...,FF) be a vector of d random variables such that, for
each j = 1,. d Fk belongs to the m;th Wiener chaos associated to a

real valued Gaus51an process. The aim of this paper is to prove necessary
and sufficient conditions to have that the sequence F% converges in distri-
bution to a given d-dimensional Gaussian vector, when k tends to infin-
ity. In particular, our main result states that, if, for every 1 < 4,5 < d,
limg_— 4 0o E[Fika] = 0;;, where §;; is the Kronecker symbol, then the fol-
lowing two conditions are equivalent: (i) Fg converges in distribution to a
standard centered Gaussian vector Ng(0,14) (Ig is the d x d identity matrix),
(ii) for every j = 1,...,d, F. ]k converges in distribution to a standard Gaussian
random variable. Now suppose that, for every k£ > 1 and every j = 1,...,d,
the random variable Ff is the multiple Wiener—It6 stochastic integral of a

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 247-262, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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square integrable kernel f;k), for instance on [0, 1]". We recall that, accord-
ing to the main result of [10], condition (ii) above is equivalent to either
one of the following: (iii) limp— +eo ]E[(Ff)ﬂ = 3 for every j, (iv) for every
J and every p = 1,...,n; — 1 the contraction f;" ®, f;" converges to zero
in L2([0,1]2("5~P)). Some other necessary and sufficient conditions for (ii) to
hold are stated in the subsequent sections, and an extension is provided to
deal with the case of a Gaussian vector Ny with a more general covariance
structure.

Besides [10], our results should be compared with other central limit the-
orems (CLT) for non linear functionals of Gaussian processes. The reader is
referred to [2], [6], [7], [8], [15] and the references therein for several results
in this direction. As in [10], the main tool in the proof of our results is a well
known time-change formula for continuous local martingales, due to Dambis,
Dubins and Schwarz (see e.g. [13, Chapter 5]). In particular, this technique
enables to obtain our CLTs, by estimating and controlling expressions that are
related uniquely to the fourth moments of the components of each vector F’j.

The paper is organized as follows. In Section 2 we introduce some nota-
tion and discuss preliminary results; in Section 3 our main theorem is stated
and proved; finally, in Section 4 we present some applications, to the weak
convergence of chaotic martingales (that is, martingales admitting a multi-
ple Wiener integral representation), and to the convergence in law of random
variables with a finite chaotic decomposition.

2 Notation and preliminary results

Let H be a separable Hilbert space. For every n > 1, we define H®" to be
the nth tensor product of H and write H®™ for the nth symmetric tensor
product of H, endowed with the modified norm v/n!||. || ge~. We denote by
X = {X(h): he€ H} an isonormal process on H, that is, X is a centered
H-indexed Gaussian family, defined on some probability space (£2, F,P) and
such that

E[X(R)X (k)] = (h, k), for every h, k € H.

For n > 1, let H, be the nth Wiener chaos associated to X (see for
instance [9, Chapter 1]): we denote by IX the isometry between H, and
H®™, For simplicity, in this paper we consider uniquely spaces of the form
H = L*(T, A, 1), where (T, A) is a measurable space and pu is a o-finite and
atomless measure. In this case, I;X can be identified with the multiple Wiener—
It6 integral with respect to the process X, as defined e.g. in [9, Chapter 1].
We also note that, by some standard Hilbert space argument, our results can
be immediately extended to a general H. The reader is referred to [10, Section
3.3] for a discussion of this fact.

Let H = L?(T, A, p); for any n, m > 1, every f € HO" g € H®™, and
p=1,...,nAm, the pth contraction between f and g, noted f®,g, is defined
to be the element of H®™+"=2P given by
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f®pg(t1,...,tn+m_2p) = f(tl,... n— p,Sl,...,Sp)X
X g(tnprrlv vy tman—2p, Sty .-, Sp) d:u(sl) s d.u“(sp);

by convention, f ®y g = f ® g denotes the tensor product of f and g. Given
¢ € H®", we write (¢)s for its canonical symmetrization. In the special case
T = [0,1], A = B([0,1]) and & = A, where A is Lebesgue measure, some
specific notation is needed. For any 0 < t < 1, A} stands for the symplex
contained in [0,¢]", i.e. AP := {(t1,...,tn) : 0 <t, <--- <t1 <t}. Given a
function f on [0,1]" and t € [0,1], f; denotes the application on [0,1]"~!
given by
(515 8n—1) — f(t, 81,y Sn—1)-

For any n,m > 1, for any pair of functions f, g such that f € L?([0, 1],
B([o,1]" ),d)\®”) = L2([O7 1]") and g € L?([0,1]™), and for every 1 < t < 1
and p=1,...,n Am, we write f ®; g for the pth contraction of f and g on
[0,t], defined as

F @9ty tnpm—2p) = f(t, o tnep,51,...,8p)%
(0,¢]7

X g(tn—pt1y-- s tmtn—2p; 515+, 5p) AA(s1) ... dA(Sp);

as before, f ®} g = f ® g. Eventually, we recall that if H = L?([0, 1], B([0, 1]),
d)\), then X coincides with the Gaussian space generated by the standard
Brownian motion

t— Wi = X(1j0,4), t € 0,1]

and this implies in particular that, for every n > 2, the multiple Wiener—
Ito integral IX (f), f € L%([0,1]™), can be rewritten in terms of an iterated
stochastic integral with respect to W, that is: IX (f) = IL((f)s) = n! JL((f)s),

where
)s) / / flug,. ,un))s dw,,,, ...dW,,

((fs —n'Jt [0 1}

3 d-dimensional CLT

The following facts will be used to prove our main results. Let H = L?(T, A, p),
f € H®" and g € H®™. Then,

F1: (see [1, p. 211] or [9, Proposition 1.1.3])

L %p,( )( > ntm—2p(f ®p 9); (1)
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F2: (see [16, Proposition 1])

(n+m)(f ®0 g)sllizonsm = min [ flFenllgliren

nAm

n m
=3 () (0 )tmt s @ gl @)
= \a/\q

F3: (see [10])

n—1 n 4
I (1] = 30 hon + X s 15 @ Ay

* (2: :;p> ”(f ®p f)SH2H®2(nfp) . (3)

Let V be the set of all (iy,i2,43,74) € (1,...,d)*, such that one of the
following conditions is satisfied: (a) i1 # ia = i3 = 14, (b) 41 # ia = i3 % i4
and i4 # i1, (c) the elements of (i1, ...,i4) are all distinct. Our main result is
the following.

Theorem 1. Let d > 2, and consider a collection 1 < np < - < ng < +00
of natural numbers, as well as a collection of kernels

{0 gy n= )
such that f](k) € H®" for every k > 1 and every j = 1,...,d, and
o e(R) 2 B .
kli)noloj'Hf] ||H®n]‘ —17 v]_17"'ada
; X (g X (p(R)\] _ :
lim E[LX(F) B ()] =0, wi<i<i<d

Then, the following conditions are equivalent:
(i) for every j=1,...,d
. k k
Jim || £ @ 1] yoncn, - =0
foreveryp=1,...,n; — 1;

(i) Timoo B[ (S, o 12 (F))"] = 362, and

lim E
k—oo

4
T <f£f>>] o
=1

for every (i1,142,13,14) € Vy;
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(iii) as k goes to infinity, the vector (I;i(l (fl(k)),...7 I, (fd )) converges in
distribution to a d-dimensional standard Gaussian vector N4(0,14);

(iv) for every j =1,...,d, Ifli (f](k)) converges in distribution to a standard
Gaussian random variable;

(v) for every j=1,...,d,

. X (p(R\4]
s 5[50 =3
Proof. We show the implications
(iil) = (ii) = (1) = (iii) and (iv) = (v) <= (i)

(i) = (i). First notice that, for every & > 1, the multiple integrals
Iffl( 1(k ), R I;z(d( )) are contained in the sum of the first ng chaoses asso-
ciated to the Gaussw,n measure X. As a consequence, condition (4) implies
(see e.g. [3, Chapter V]) that for every M > 2 and for every j =1,...,d

sup]E[
E>1

S]] < oo

and the conclusion is obtained by standard arguments.

(i) = (i). The key of the proof is the following simple equality

EKZ i <f;'“>)4] ) Z“‘:P ()]
o S RlEUPRUO] S R TT0)|

1<i<j<d (21,...72'4)6‘/(1

By the multiplication formula (1), for every 1 < i < j < d,

X (59) X (1) Z ()( >i+n,._2q(f(’“>®qf(’“>>

=0

and therefore

B[X (1) (1)
S ()] oo,

Now, relations (2) and (3) imply that

2

H®n,i+nj72q.

=Ty (k) + Ta(k) + Ts(k)
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where
RN 2| k) |4 () (k) o () )|2
Ti(k) = Z 3(nit) Hfz HH®"¢ + Z (p! (n; — p))2 Hfz ®p f; HH®2<"FP>
i=1 p=1 v ’
ni—p i pJi sl H®2(n; —p)

fj(k)HiI@"j

L =6 Y {"i‘nﬂ||ff'f>||2®m

1<i<j<d

ng . . 2
3|0 () (7)) e =200 0 e
q=1

- (ZZ> (Zj)nlln]' Hfi(k) ®q f;k)HiI@”jJr”i%] },

4

=1

and

Ts(k)= > E

(i1,...,94)EVa

But

d

32 e +6 30wl £,

i=1 1<i<j<d

fJ(k)HiI‘@"j

d 2
:3[21%! Hff’ﬂuzmz]
=1

and the desired conclusion is immediately obtained, since condition (4) ensures
that the right side of the above expression converges to 3d?> when k goes to
infinity.

(i) = (iii). We will consider the case
H = L*([0,1], B([0,1]), dx) (5)

where dx stands for Lebesgue measure, and use the notation introduced at the
end of Section 2. We stress again that the extension to a general, separable
Hilbert space H can be done by following the line of reasoning presented in
[10, Section 3.3.] and it is not detailed here. Now suppose (i) and (5) hold.
The result is completely proved, once the asymptotic relation

d d
k k Law
;Aﬂi (f*¥) = ;/\miljj“ (r* S [ Xd||ga x N(0,1)
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is verified for every vector Ag = (A\1,...,Aq) € R¢. Thanks to the Dambis—
Dubins—Schwarz Theorem (see [13, Chapter V]), we know that for every k,
there exists a standard Brownian motion W) (which depends also on Ag)
such that

:wWﬂzﬁ/(lﬂluwﬁ@
+2 Z )\i)\jni!nj!/lpt 1(f(k))JTtL _l(f( )}dt].

1<i<j<d

Now, since (4) implies

e (2,00

k1400

for every 4, condition (i) yields—thanks to Proposition 3 in [10]—that

d 1 ) L 2

To conclude, we shall verify that (i) implies also that for every i < j

[ )7 () o= [ Lo BB e

(n; — D! (n; —1)! kT+oo

To see this, use once again the multiplication formula (1) to write
‘/MWAU)WAMW}
0
= n;—1\ (n; —1
= E (ni—|—nj—2(q+1))!q!(lq ><jq )X

q=0

x /Anﬁnrz(qﬂ) {/s dt(f ® f ) (51’ e "Snri‘nj—?(q-i-l))}
1

AW, ...dW,

Snj4n;—2(q+1)’

when n; < nj, or, when n; = n;
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[t [ )]
/Oldt]E[IfhKf ) nﬁl(f](k))} +ni2(2ni—2(Q+1))!q! (niq_l)zx

q=0
1
(k) ot ¢(k)
x /Anﬁnr?(qﬂ) {/sl de (fl}t ®q fj,t )s (‘91’ Tt Sni+nj2(q+1))}
1
dWs, .. ~dWsn,i+nrz<q+1)-

In what follows, for every m > 2, we write t,, to indicate a vector
(t1,. . tm) € R™, whereas dt,, stands for Lebesgue measure on R™; we
shall also use the symbol t = max;(t;). Now fix ¢ < m; —1 < n; — 1, and
observe that, by writing p = ¢+ 1,

dsy...ds,, 4n.
/A"i+"j*2(q+1) 51 Sni+n;—2(g+1)
1

L 2
X {/ dt (fi(f? ®2 f;ﬁ))s (817 S Sni+nj_2(q+1)):|

S1

< / dsp;—p / AT, —p
[0, 1]me=P [0,

1 2
x {/ dt/ duy_y fg(k) (t7"'nj—p>up—1)fi(k) (t>sm—p>up—1)}
Sy VFn,—p 041

= C(k)

and moreover

1 1
= {/ dt/ dup,l/ dt// de,1 1(ﬁp—1<t70p71<t/)
0 [0,1]p—1 0 [0,1]p—1

X |:/ dsnz‘*l’ f;(k) (t7 Sn;—p> upfl)fi(k) (t/7 Sn;—p> vpl):|
[0,tAt/™i—P

2
k k
. {/[0 t/\t/]n pd"'”a‘—p f]( )(tf"nj—p’up—l)f; )(t/f"nrl”vrl)]}
< Ci(k) x Cj(k)

where, for v =1, 7

1 1
= / dt / dup,1 / dt/ / de,1
0 [0,1]p—1 0 [0,1]p—1

x[/ A —p O (1280 —pr iy ) S (80— )
[0,tAE Y —P

2

and the calculations contained in [10] imply immediately that both C;(k)
and C;(k) converge to zero whenever (i) is verified. On the other hand, when
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g=n;—1<n; -1

1 2
. U dt(f< ® _y £ ) (510w 8ny—n) | ds1e..dsn,—n,

A;l S1
< / dT’I’Lj—TLi
[0,1]"3 ="
1 2
X |:/ dt/ duni,1 f](k)(taTnjfnivunifl)fi(k)(taunz‘*l)
Foyony  J04mi
= D(k)
and also
D(k)* < Di(k) x Da(k)
where
1 1
Dl(k’) = / dt/ dum_l / dt// an,i_l
0 [0,1]?i—1 0 [0,1]mi—1
2

X |:/ dTnj*ni f](k) (ta Tn;—n;> unifl) f](k) (tla Tnj—n;i; vnz‘*l)
[0,tAL/ )3~

1 1
:/ dt/ duni,l/ dt// dvni,1
0 [0,1]7i—1 0,1]mi—1

% (P ) O vn)? = [ e,

so that the conclusion is immediately achieved, due to (4). Finally, recall that
for n; = n;

1
/dt]E{Iﬁi,l(f(k))ﬁh—l(f(?)}
0

= (n; —1)! /dt/ dug, 1 £t w,—0) £ (g, 1)
[0,¢]mi—1

and

= ((’I’Ll — 1)') /Ani dt dum_l f]( (t, un,i—l)fi( )(t, um_l)

1

- [ s ) )] o

k1400
again by assumption (4). The proof of the implication is concluded.
(iv) <= (v) <= (i). This is a consequence of Theorem 1 in [10]. O

In what follows, C4 = {C}; : 1 < 4,j < d} indicates a d x d positive definite
symmetric matrix. In the case of multiple Wiener integrals of the same order,
a useful extension of Theorem 1 is the following
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Proposition 1. Let d > 2, and fix n > 2 as well as a collection of kernels
{0y n= )
such that f](k) € HO" for every k > 1 and every j =1,...,d, and
Jim U en = Co Vi=1,.004,
Jim B[R GE )] = 05 <<
Then, the following conditions are equivalent:

(i) as k goes to infinity, the vector (I,)f( (k)), N (fék))) converges in dis-
tribution to a d-dimensional Gaussian vector Ng(0,Cq) = (Ny,..., Ng)
with covariance matriz Cg;

d 4
lim E ( > r(r )] (Zcmtz > C”> = (ZN)]
koo i=1,...,d 1<i<j<d i=1
and . A
lim B2 (£7) | =E HNZ-Z]
=1 =1

for every (i1,12,13,14) € Vg;

(iii) for every j =1,....d, I;X (f](k)) converges in distribution to Nj, that is,
to a centered Gaussian random variable with variance Cjj;

(iv) for every j=1,...,d,

tim B[ (£P)'] = 3¢%;

k—oo i’

(v) for every j=1,...,d
Jim (112 @, £ yosin =0,

foreveryp=1,...,n—1.

Sketch of the proof. The main idea is contained in the proof of Theorem 1.
We shall discuss only implications (ii) = (v) and (v) = (i). In particular,
one can show that (ii) implies (v) by adapting the same arguments as in the
proof of Theorem 1 to show that

= Vi(k) + Va(k) + Va(k)
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where
‘/1(143) = i{S(nl)QHf(k)Hﬁl i nil & |:Hf(k) ® f(k)H2
- : i H®n = (p'(n _ p)!)2 i pJi H®2(n—p)
2n — 2p 2
+ ( n—p )H(fi(k) Ryp fz‘(k))s H®2("p):| }

=6 5 L e

2\ 2
B R
n 2
+(2) <nx>2uf;k> @ 1 HiI@M} }

+12(n!)? Z <f(k j H®n

1<i<j<d

H®2n 2q

and

Vs(k)= > E

(i1,...,94)EVa

4
1=1
But (6) yields

3(n!) ZHf““ o +6 32 [0 o £ e

1<i<y<d
#2007 1o | Z 16 3 [CuCyy +202]
; 1<icj<d

and the conclusion is obtained, since

d 4 d
E (ZN)] =3> Ch+6 > [CuCi+2C5]+ Y [HNZ, :
i=1 1=1

1<i<j<d (i1,...,04)EVY

Now keep the notations of the last part of the proof of Theorem 1. The
implication (v) = (i) follows from the calculations therein contained, implying,
thanks to (6), that the quantity

/(an' i ))>2dt

converges in L? to Zi:17...7d AN2Cyi + 221<i<j<d AiA;Cij, and therefore the
desired conclusion. The remaining details can be easily provided by the reader.
O
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4 Applications

In this section, we will present some consequences of our results. We mention
that our list of applications is by no means exhaustive; for instance, the weak
convergence results for quadratic functionals of (fractional) Brownian motion
given in [10], [11] and [12] can be immediately extended to the multidimen-
sional case. An example is given in the following generalization of the results
contained in [12].

Proposition 2. Let W be a standard Brownian motion on [0,1] and, for
every d > 2, define the process

t— W2 .= / / AW,  teo,1].

Then: (a) for every d > 1 the vector

! ( I%WW /I%W@"‘... /1 da W@za)
log(l/s) 5 a2 a E a3 a 5 5 ad+1 a

converges in distribution, as € — 0, to

(N1(0,1), 23 No(0,1), ..., dv/(2d — 1)I N4(0, 1))

where the N;(0,1), j =1,...,d, are standard, independent Gaussian random
variables; (b) by defining, for every d > 1 and for every j = 0,...,d, the
positive constant

(2d)!

D= =

for every d > 1 the vector

;U d—aWj—c(l 0)1og1 / @W‘*—c(z 0)1og1
1/5) € €

log( a?
1
da —+oq 1
..7/5 ad+1W (d,O)logg)

converges in distribution to a Gaussian vector (G1,...,Gq) with the following
covariance structure:

%

E[GrGi] =Y c(k, j)e(k’,j)j*(25 — 1)!

Jj=1

for every 1 <K < k <d.
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Proof. From Proposition 4.1 in [12], we obtain immediately that for every
ji=1,...,d,

w2 Dy 5B = 1IN, (0,1),

\/log 1/e) / altt

and the asymptotic independence follows from Theorem 1, since for every i # j

1 1
da ,
We? W E[WEH W) =
]E{/s it e ]/E gt W ] / a]+1/ it ! J=o.

To prove point (b), use for instance Stroock’s formula (see [14]) to obtain
that for every k =1,...,d

1 1
da . da 1
/ ) Wa% = g c(k,])/ RS W& 4 c(k,0) log
€ g

so that the result derives immediately from point (a). O

In what follows, we prove a new asymptotic version of Knight’s theorem—
of the kind discussed e.g. in [13, Chapter XIII]—and a necessary and sufficient
condition for a class of random variables living in a finite sum of chaoses—and
satisfying some asymptotic property—to have a Gaussian weak limit. Further
applications will be explored in a subsequent paper.

More specifically, we are interested in an asymptotic Knight’s theorem
for chaotic martingales, which, in our terminology, are martingales having
a multiple Wiener integral representation (we stress that there is no relation
with normal martingales with the chaotic representation property, as discussed
e.g. in [1, Chapter XXI]). To this end, take d > 2 integers

1<’I’L1 <n2<-"<nd,
and, for 5 =1,...,d and k > 1 take a class

{05kt €10,1]}

of elements of H®", such that there exists a filtration {F; : ¢t € [0,1]},
satisfying the usual conditions and such that, for every k and for every j, the
process

t— Myp(t) = I3 (¢54),  t€[0,1],

is a Fy-continuous martingale on [0, 1], vanishing at zero. We note (M ., Mj 1)
and (M;x, M; k), 1 < i,j < d, the corresponding quadratic variation and
covariation processes, whereas (3;  is the Dambis-Dubins—Schwarz Brownian
motion associated to M ;. Then, we have the following
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Proposition 3 (Asymptotic Knight’s theorem for chaotic martin-
gales). Under the above assumptions and notation, suppose that for every
j=1,....d,
(d)
(M, M g) —— T}, (7)
k—-4o0

where t — T}(t) is a deterministic, continuous and non-decreasing process. If
in addition

lim E[(M; g, Mj)e] =0 (8)

k—-+oco

for every i # j and for every t, then {M;y : 1 < j < d} converges in
distribution to

where {Bj :1 < j <d} is a d-dimensional standard Brownian motion.

Proof. Since
Mj,’f(t) = /Bj,k‘(<Mj,/€7 Mj,/f>t)7 te [0> 1}>

and (M, M; i) weakly converges to T, we immediately obtain that M j
converges in distribution to the Gaussian process B; oT};. Thanks to Theorem
1, it is now sufficient to prove that, for every i # j and for every s, t € [0, 1],
the quantity E[M; x(s)M; ,(t)] converges to zero. But

E[M; x(s)M; . (t)] = E[(M; g, Mj ) tns]
and assumption (8) yields the result. O

Remark. An analogue of Proposition 4 for general martingales verifying (7)
can be found in [13, Exercise XIII.1.16], but in this case (8) has to be replaced
by

(d)

(M 1, Mi k) P 0

for every i # j. Since chaotic martingales have a very explicit covariance
structure (due to the isometric properties of multiple integrals), condition (8)
is usually quite easy to verify. We also recall that—according e.g. to [13,
Theorem XIII.2.3]—if condition (7) is dropped, to prove the asymptotic in-
dependence of the Brownian motions {6j7k : 1 < j < d} one has to check the
condition

kgr—&r-loo<Mzk7 Mj,k)r}"(t) - kgrfoo<Mlkv ijk>ﬂ"'(t) =0

in probability for every i # j and for every ¢, where T]’? and 7F are the stochas-

tic time-changes associated respectively to (M; x, M; k) and (M; i, M, k).

We conclude the paper by stating a result on the weak convergence of
random variables belonging to a finite sum of Wiener chaoses to a standard
normal random variable (the proof is a direct consequence of the arguments
contained in the proof of Theorem 1).
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Proposition 4. Let 1 < n; < --- < ng, d > 2, and let f;k) € HO" | for
every k> 1 and 1 < j < d. Assume that

it g [ e, =1, G =1 o

and

(41,..-,94)EVa

4
I1z, <f£/“>>] > 0. (10)
=1

Define moreover Sc(lk) = Zj:lw Ix (f(k)). Then, the following condi-

) : »d i \J g
tions are equivalent:

(i) the sequence d’l/QSc(lk) converges in distribution to a standard Gaussian
random variable, as k tends to infinity;
(i) for every j=1,...,d,

leiinoon;k) ©p f;k)HiIm("r” =0 p=L..n -1

(iii) for every j=1,...,d, Ir)fj (f](k)) converges in law to a standard Gaussian

random variable, as k goes to infinity.

An interesting consequence of the above result is the following

Corollary 1. Let 1 < np < --- < ng, d > 2, f](k) € HO k>1and 1<
j < d. Assume moreover that (9) is verified and that, for every k, the random

variables I,)Li_ (f](k)), j=1,...,d, are pairwise independent. Then, the sequence

d_l/zSc(lk), k > 1, defined as before, converges in law to a standard Gaussian
random wvariable N(0,1) if, and only if, for every j, Igi (f](k)) converges in
law to N(0,1).

Proof. We know from [16] (see also [4]) that, in the case of multiple stochastic
integrals, pairwise independence implies mutual independence, so that condi-
tion (10) is clearly verified. O

Remarks. (i) If we add the assumption that, for every j, the sequence
Iffj (f](k)), k > 1, admits a weak limit, say fx;, then the conclusion of Corol-
lary 6 can be directly deduced from [5, p. 248]. As a matter of fact, in such a
reference the following implication is proved: if the d probability measures y;,
j=1,....d, are such that (a) [xdp;(z) =0 for every j, and (b) p1*- - * i,
where x indicates convolution, is Gaussian, then each p; is necessarily Gaus-
sian.
(ii) Condition (10) is also satisfied when d = 2 and ny + ng is odd.
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Summary. We show that the renormalized self-intersection local time ~;(z) for
both the Brownian motion and symmetric stable process in R' is differentiable in
the spatial variable and that ;(0) can be characterized as the continuous process
of zero quadratic variation in the decomposition of a natural Dirichlet process. This
Dirichlet process is the potential of a random Schwartz distribution. Analogous
results for fractional derivatives of self-intersection local times in R* and R? are also
discussed.

1 Introduction

In their study of the intrinsic Brownian local time sheet and stochastic area
integrals for Brownian motion, [14, 15, 16], Rogers and Walsh were led to
analyze the functional

14(t7 Bt) = /0 1[0700)(375 - BS) ds (1)

where By is a 1-dimensional Brownian motion. They showed that A(¢, By) is
not a semimartingale, and in fact showed that

t
A(t, By) — / LB« dB, (2)
0

has finite non-zero 4/3-variation. Here L? is the local time at z, which is
formally L? = [J (B, — x)dr, where 6(z) is Dirac’s ‘6-function’. A formal
application of Ito’s lemma, using %1[0,00)(1”) = ¢(x) and %l[om)(x) = 0'(z),
yields
t 1 t s
A(t,Bt)—/ LB dB, :t—|—§/ / 8'(Bs — B,)drds (3)
0 0o Jo
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which motivates the subject matter of this paper. We study the process which
is formally defined as

t S
v, = —/ / 3 (Xs — X, )drds (4)
0 Jo

where 0’ is the derivative of the delta-function, and X; is Brownian motion
or, more generally, a symmetric stable process in R!. The process 7, is related
to the self-intersection local time process which is formally defined as

at:/ot/osé(Xs—XT)drds. (5)

If we set b s
a(y) = / / 0(Xs — X, —y)drds (6)
0o Jo

we obtain a ‘near intersection’ local time, and formally differentiating in y
suggests that (4) is the derivative d%at(y)’yzo.
The process ay has not been studied much in one dimension since it can

be expressed in terms of the local time LY of the process X;: oy = % J(LY)? dy

and a4 (y) = ffg L*~Yd4L* dz. The fact that L} is not differentiable in the
spatial variable y indicates that the existence of (4) and its identification as
a derivative requires some care.

In two dimensions, even for Brownian motion, a; does not exist and must
be ‘renormalized’ by subtracting off a counterterm. This was first done by
Varadhan [22], and has been the subject of a large literature, see Dynkin [4],
Le Gall [12], Bass and Khoshnevisan [1], Rosen [20, 21]. The resulting renor-
malized self-intersection local time turns out to be the right tool for the solu-
tion of certain “classical” problems such as the asymptotic expansion of the
area of the Wiener and stable sausage in the plane and fluctuations of the
range of stable random walks. (See Le Gall [11, 10], Le Gall-Rosen [13] and
Rosen [19]).

The process v, in R!, in a certain sense, is even more singular than self-
intersection local time in RZ, but as we shall see, due to the symmetry prop-
erties of ¢’, there is no need for a counterterm. We begin with a precise def-
inition of ~{, show that it exists, is the spatial derivative of the renormalized
self-intersection local time v;(x) = oy () — E(a¢(x)), and has zero quadratic
variation. We then show how it can be characterized as the continuous process
of zero quadratic variation in the decomposition of a natural Dirichlet process.
This Dirichlet process is the potential of a random Schwartz distribution.

Let

. t s
arc(y) /0 /0 Fo(Xe — X, — y)drds (7)

and

~—

t s
a;,s(y) déf _/(; /0 fe/(Xs - X, - y) drds (8
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where f. is an approximate é-function at zero, i.e. fo(x) = f(a/e)/e with f a
positive, C!, even function of z supported in the unit interval with [ f dz = 1.
We then define

o(y) = limone(y), o) = lim o} (y) 9)
7u(y) = lim (are(y) = Ean(v))) (10)
and
Yi(y) = lim (af . (9) - B} (v))) (11)
whenever the limit exists. We set v; = v/(0). Let
B=2
hg(z) = {8(6) sgn(z)|z| ﬁiig (12)

where ¢(8) = —m1'(2 - 3) cos((1 — B)m/2) if 1 < B < 2 and ¢(2) = —1. Note
that hg(x) is not continuous at = = 0.

Theorem 1. Let X, denote the symmetric stable process of order 3 > 3/2 in
R'. Then oy c(y) and o (y) converge a.s. and in all LP spaces as € — 0 for
any (t,y) € Ry x R

The following hold almost surely:

1. For any continuous function g(y) we have

/Ot /OSQ(XS - X,)drds = /g(y)at(y) dy. (13)

and if g€ C*

/ot /OSQI(XS — Xr)drds =— /g(y)ai(y) dy. (14)

2. o} (y) — hg(y)t is continuous in y.

3. Am(y), (t,y) € Ry x R} and {v,(y), (t,y)
and v¢(y) is differentiable in y with v;(y) =

4 @;(0) = 1(0).

We see from (13) and (14) that «}(y) is the distributional derivative of
a(y). However, we see from 2. that aj(y) is not continuous at y = 0 so that
these equations do not allow us to characterize «}(0).

For any function g; and any sequence 7 = {7,} of partitions 7, = {0 =
to <tpa1 < - <tpn=T}of[0,T], with mesh size |7,| = max; |tn,; — tn,i—1]
going to 0, we set

Ry x R'} are continuous
7 (Y)-

€
4
d

Vo(g;7) = lim Zlgtm = Gtnial” (15)
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whenever it exists.

In [16], Rogers and Walsh show that for Brownian motion Vj/3(v';7) is a
finite non-zero constant, independent of 7. Let 5’ denote the usual conjugate
exponent to 3, i.e. % + % =1.

Theorem 2. Let X be a symmetric stable process of order 3 > 3/2 in R!.
Then V,(v';7) =0 for any 7 and any p > 25

Note that for Brownian motion this shows that V,(y';7) = 0 for any

p > 4/3. We conjecture that for the symmetric stable process of order 5 > 3/2

in R! we have that V.4 (7/;7) is a finite non-zero constant, independent of 7.
3

We now obtain an intrinsic characterization for «;, which doesn’t involve
limits. The key idea is that 7; has zero quadratic variation. In the case of
renormalized intersection local time 7; for Brownian motion in the plane this
was observed by Bertoin, [2] and extended by us in [21].

Recall that a continuous adapted process Z; is said to have zero quadratic
variation, if for each T' > 0 and any sequence of partitions 7, = {0 = tg <
t1 <---<t, =T} of [0,T], with mesh size |r,,| = max; |[¢t; — t;_1| going to 0

nli_)rr;()E( > (2 - Zt,i1)2) =0. (16)

t;€ETn

Follmer [7] has coined the term “Dirichlet process” to refer to any process
which can be written as the sum of a martingale and a process of zero quadratic
variation. It is important to note that such a decomposition is unique. The
class of Dirichlet processes is much wider than the class of semimartingales.

We use Y; to denote our stable process X; killed at an independent expo-
nential time A. In the following theorem +; will be defined for the process Y;
in place of X;.

Let us begin with a special case of the Doob—Meyer decomposition for
semimartingales. Let L} denotes the continuous additive functional of X;
with Revuz measure u. Using the additivity of L} and the Markov property
we have

E*(LY | F2) = Ly + Ut n(Yy) (17)

where F; = o(Y;, s < t). Equivalently, U'n(Y;) = M, — L, , where M, =
E*(LY | F;) is a martingale. This is the Doob—Meyer decomposition for the
potential U'(Y;). We will show that +; arises in a similar decomposition for
the potential of a random Schwartz distribution. This new potential will no
longer be a semimartingale but a Dirichlet process, and 7, will correspond to
the process of zero quadratic variation in the decomposition of this Dirichlet
process.
Let F; be the random additive distribution-valued process defined by

:—hm// (y + Y, f(y) dy dr (18)
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whenever the limit exists. It follows by integration by parts that for all g €
Ci°(RY)
t
F(o) = [ g¥)ar (19)
0

With this definition it is natural to set

U'Fi(x ——hrr(l)// z—(y+Y))fly)dydr (20)
whenever the limit exists.
Note that formally

dut
U'Fi(z) = —/ v ds. (21)
0 d.r
We have the following analogue of the Doob—Meyer decomposition.

Theorem 3. Let Y be a symmetric stable process of order 3 > 3/2 in R*,
killed at an independent exponential time X. Then =, is continuous a.s. with
zero quadratic variation and

UVR(Y) = M, ] (22)
where My is the martingale E* (v, | Ft).

In view of Theorem 3 we can characterize the renormalized intersec-
tion local time 7; as the continuous process of zero quadratic variation
in the decomposition of the random potential U'F;(Y;) which is formally

— [y ey, — V) ds.

1.1 Fractional derivatives

All our results can be extended to fractional derivatives. There are in fact sev-
eral natural candidates for the fractional derivative of order 0 < p < 1 in R%:
g (z) = (2m)~¢ [ eP*w(p)g(p) dp with w(p) positively homogeneous of index
p, i.e. w(Ap) = |APw(p) for all A > 0. Our results can be extended for any
such w(p), but for simplicity we work with symmetric fractional derivatives:
w(—p) = —w(p) which allows us to avoid introducing counterterms. In one
dimension this determines w(p) up to a constant factor: w(p) = sgn(p)|p|”.
Then we study

t s
N _/ / s (X, — X,)drds. (23)
0 0

More precisely, let

a(y //fp)X — X, —y)drds, (24)
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oy (y) = lim oy () (25)
and
1 (y) = tim (o (4) - E(al?) (1)) (26)

whenever the limit exists. We set ’yt(p) = %(p ) (0).

Theorem 4. Let X; denote the symmetric stable process of order § > 1V
(p+1/2) in R*. Then aﬁ{? (y) converges a.s. and in all LP spaces as € — 0
for any (t,y) € Ry x R

The following hold almost surely:

1. For any C* function g(x) we have

g0 - xdrds= - ey @7)
[ /

2. aﬁ”) (y) — hp1-p(y)t is continuous in y.
3. {’Yt(p)(y) , (t,y) € Ry x R'} is a.s. continuous and Vt(p) (y) is the derivative
of order p in y of v(y).

41" (0) = ”(0).
5. Vo(vP;7) =0 for any 7 and any p >

28
36—1-2p"

Once again, we use Y; to denote our R! valued Lévy process Xt killed at

an independent exponential time A and in the following theorem ~; () will be
defined for the process Y; in place of X;. Let now &; be the random additive
distribution-valued process defined by

:—hm// (y + Y,) fP (y) dy dr (28)

whenever the limit exists. It is easy to check that for all g € C§°(R')

@@:Aﬁwmw. (20)

With this definition it is natural to set

Uld(x :—hm// z— (y+Y))fP(y)dydr (30)

e—0

whenever the limit exists.
Note that formally

Udy(z) = —/0 WH) (2 —Y,)dr. (31)

We have the following analogue of the Doob—Meyer decomposition.
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Theorem 5. Let Y be a symmetric stable process of order 3 > p+1/2 in

RY, killed at an independent exponential time A. Then ’yt(p)

with zero quadratic variation and

18 continuous a.s.

U'dy(Y;) = My — " (32)
where My is the martingale E””(vip) | F1).

We leave to the interested reader the task of formulating analogous results
for fractional derivatives of renormalized self-intersection local times in the
plane.

This paper is organized as follows. In section 2 we prove Theorem 1 and
in section 3 prove Theorem 2. Section 4 contains the short proof of Theorem
3. The proofs of Theorems 4 and 5 are similar and left to the reader.

Acknowledgement. I would like to thank J. Walsh for some very helpful
conversations.

2 Existence of oj(x)

Proof of Theorem 1. For any z € R' and bounded Borel set B C R% let

ol (@, B) = — /B/fg(xs ~ X, — 2)drds. (33)

ol (z, B) is clearly continuous in all parameters as long as ¢ > 0. We use |B|
to denote the Lebesgue measure of B C Ri. For any random variable Y we
set {Y}o=Y — E(Y).

The following Lemma will be proven at the end of this section.

Lemma 1. Let X be the symmetric stable process of index (3 > 3/2 in R*.
Then for some ¢ >0

B({al(z, B) - alu(@’, B)}))| < colG.) e,2) = (@) € (34)

and )
|E({el(z,B)}})| < col.4) |BJS (35)

for all j € Zy, ¢, € (0,1], z,2’ € R' and all Borel sets B C Al =:
[0, 1/2] x [1/2, 1].

Let
AP =2k —2)27", (2k —1)27"]) x [(2k — 1)27", (2k)27"]. (36)

Using the scaling X = A/ X, and fi(x) = 32 fL(z/X) we have
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ol (z, B) £ 2728 ! (278 2" B) (37)
so that from (34) and (35) we have that for all Borel sets B C A}
|E({at(z, B)—al (2!, B)})| < co(¢, )27 ™27 (e, 2) = (¢, 2")|7 (38)

and
|E({al(x,B)}})| < co(¢,5)27mE2/8720 | B|¢, (39)

For any B let
v (z, B) = {d.(z, B)}o. (40)
Following Le Gall [12] we write

Y(x,B) => 7l(z, BN A}) (41)
n,k

for any B C {0 < r < s < 1}. Using (38) and (39) together with independence
we then have, (see Prop. 3.5.2 of [8]),

(42)

2" i
E({Z%(ax BNAY) =L, BN AZ“)} )

k=1

< co(,§)2 22 (e, 3) - (¢!,

and

n

E({Zv@@BﬂAz“)}j)

k=1

< CO(Qj)2nj/22—nj(2—2/,3—24) ‘B‘Cj (43)

so that
v (x, B) = vl (2, B)|; < c|(e, ) — (€,2)|° (44)

and
Ive(z, B)|l; < ¢| B (45)

if we choose ¢ > 0 so that 1/2—242/8+((2+1/5) < 0. This is possible for
B > 4/3 (and we are assuming that § > 3/2).

Let B; = {0 <r < s <t} and set v/ ,(z) =: v/(z, By). If t,t’ < M < o0
then |B, — By| < M|t — | so that by (45) for some ¢ < o0

1764 (@) = 7w (@) < clt =t (46)
and combined with (44) this shows that for some ¢ > 0
||’72,t(x) - Wéht’ (:L‘/)H] <c ‘(67 T, t) - (6/7 :L‘/, t/)|c‘ (47)

Kolmogorov’s lemma then shows that locally
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"V;t(x) - ’72’7t’(x/)‘ < Cw ‘(vat) - (EI,LL‘/,t/)F/, € 6/ >0 (48)
for some ¢’ > 0, which assures us of a locally uniform and hence continuous
limit
(@) = lim ~ ,(2). (49)
The next Lemma is proven in section 5.

Lemma 2. For the symmetric stable process of index 3 > 1 we can find a
continuous function h(x) with h(0) = 0 such that for each x

. / [ e(B)sen(x)|zP2t ifx £0
ti B (a)) ~ hta) = { o) °% ARSI

where ¢(f) = —2I'(2 — B)cos((1 — B)w/2) if 1 < B < 2 and ¢(2) = —1.
Furthermore, (50) converges locally uniformly in x away from 0 and locally
in L1

Using this Lemma and the locally uniform convergence (49) we see that

04() = lim ol () (51)

—0

exists for all z, ¢, and a}(0) = ~/(0). Furthermore the convergence is locally
uniform in 2 away from 0 and locally in L*.
A similar and simpler analysis shows that locally

et (@) = Yeror (@)] < e |(e,2,8) = (€2, 1), e >0 (52)
for some ¢’ > 0, which assures us of a locally uniform and hence continuous
limit

() = lim e (). (53)

Using the bound p.(y) < ¢/s'? we can check that fot Jy ps—r(y)drds is
bounded and continuous in y and that uniformly in x

i £(aca(w)) = iy [ ([ £y -2y )aras 6

—eligg)/fe(y—x)(/ot /Ospsr@)drds)dy
_ /Ot /OSpS_T(.’L') drds

Together with the locally uniform convergence of (53) we see that
() = lirré Qe (). (55)

locally uniformly.
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Now let g(x) be a C' function with compact support. The locally L!
convergence in (51) and the fact that {X; 0 < s < ¢} is bounded a.s. shows
that

[ st ds =t [ o (z)da (56)

= —lim (//f (X, - X, —x)drds)dx
__112%//</ o) fo(Xs — X —x)dx)drds

:—lim//fe*g’(Xs—Xr)drds
0

e—0 0

t s
— / / g (Xs — X,)drds.
0 Jo

Since the path {X ;0 < s < t} is bounded a.s. we have that aj(z) has
compact support a.s. so that (56) holds for all C! functions g(z).

Similarly, using the locally uniform convergence (55) we see that for any
continuous function h(z) we have

/h(x)at(x) dz = /Ot /Osh(Xs — X,)drds. (57)

[s@ai@ e =~ [ f@aiw)ds (58)

holds for all C! functions g(z).
It is clear that <Ln. (z) = ¢ ¢(z) for any € > 0 and hence

Therefore

Yerle) =70s0) + [ AL (2) (59)
Y
The locally uniform convergence shown above then implies that
i) =)+ [ i) ds (60)
Yy

and therefore 1+,(z) = ~/(z). This completes the proof of Theorem 1.
Proof of Lemma 1. We begin by showing how to find a bound

’E( (z, B))’ )‘ < (61)

uniform in € € (0,1], € R! and B C A}.
We use
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i) = 5= [ nFien)dp (62)

and independence to write that

E((O‘g(fc’B))j) (63)
_ ﬁ//& exp(—ix%pk)E(exp(%ipk 0 — m)))
ﬁ f(epr) dsg dry dpg

j
eXP(—ll’ZPk> <eXp<Z ipr(X1/2 — )))
Bi P
J J
E(exp(Zipk(Xsk - Xi2 )) H epk ) dsg dry dpg.

k=1 k=1
‘We write
J J
Z X1/2 Xy ) = ka(th+1 - X,) (64)
k=1 k=1
where the ¢1,...,t; are the 7;’s relabeled so that ¢t <t2 < --- <t; <tj41 def

1/2 and v; = Zl:m@i p1 so that the v;’s span R7. Similarly we rewrite

J J
Zpk(XSk _X1/2 Z’U Xt' —.th;C 1) (65)
k=1 k=1
with ¢t = Ly /2. Then using (63) and independence we have
E((O/E(x, B))j) (66)
exp(—lepk> exp( Z k] (te1 —t%))
B k=1
J J
exp (— Z lop [P (th — tr_1) ) H epk dsy, dry, dpg.
k=1 k=1
Using this and the simple bound
! t| ‘ﬁ C
Tt de < 67
fe TP o

we have the uniform bound
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; . 1 1
B((at(e. ) )| <o | pel e (68)

( ) H1+\vk|5H1+|v;€|5kl;[l
s x|/
L+ [ogl? ],

Ipi '/

L+ v | |l

j
<c

Since v; = Zl:” <t, D1, We see that each py can be represented as the difference
pr = v; —v;—1 for some i, and each v; appears in the representation of at most
two pg’s. Thus

pel/? |)?
HHlJrlvklﬁ

[Pk
69
/H1+|Uk|2ﬁ b (69)
1+ || + |ug|?
d
/ H 1+ |vg|?8 Uk
which is bounded if 5 > 3/2.
We can now establish (34). To handle the variation in = we replace (66)

by

E((O/E(I,B) —a;(x/,B))j) (70)

271'1 // ( {exp( im@—exp(—ipkx/)})

J J
exp( Z|vk| tkH—tk)exp( Z\vk\ﬂ (tp — tr— 1))

k=1

~

if(epr) dsy dry dpi

EQ.

b
Il
—

and use the bound
| exp(—iprz) — exp(—ippa’)| < Clp|*|x — 2| (71)

forany 0 < ¢ < 1.
Similarly to handle the variation in e we replace (66) by

E((a’e(fm B) - oz, B))’) (72)

ol v
j
exp <— Z |vk|ﬁ (ty — tp—1 ) H epk (e pk)) dsy dry dpg

k=1 k=1

and use the bound
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| F(epr) — F(e'pr)| < ClpelSle — €| (73)

for any 0 < ¢ < 1. Since (70)-(72) hold also when j = 1, we obtain (34).
To prove (35) we first apply Holder’s inequality to (66):

E((o/e(:mB))j) (74)

_ ﬁ//f} exp(—i:z:k_l >exp< Zj]m (thon —tg))

k=1

J
exp <— Z o |P (th, — tk1)> H pkf(epk) dsy, dry, dpy
k=1

k=1

J
<elpyle [ ( [ (¢ S lul G - 1)
J

k=1

j j La’
exp <—a/ Z g, | (tk — tkl)) H dsg di) H |pr| dpk
k=1 k=1 k=1

for any 1/a + 1/a’ = 1. The last integral can be bounded as before if a’ is
chosen close to 1. As in the proof of (34), this completes the proof of (35) and
therefore of Lemma 1.

. . ,
3 p-variation of ~;
Proof of Theorem 2. Since we know that a} . — 7f in L?, we have

E((v = 7)?) (75)
=lim E((a},, — o .)?)

e—0

t s 2
= ll_r)rg)E((/t/ /0 FUXs —Xr)drds>>

= iy /{ 0<51 <82 <55 < } E<eXp(_ip(Xs"‘ — Xot) = ip 4+ )Xo = X))

t'<sa<t ¢/ <sa<t

s

4
exp(—i - ) [T dskpafiep)fleq)dpdg
k=1
Xsl) i(p+q)(XSS _st))

+ lim // 0<s1 <52 s < } E(exp( p(Xs,

t sttt/ <s4 <t

exp(—ip(Xs, — X5) ) H dsy. paf (ep) f(eq) dpdg
k=1

= lim e—(82—51)\17\ﬁ—(83—52)\P+Q|B—(S4—Ss)|Q|B
e—0 0<51§82§53§84 }

t <3<t t' <su<t
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~

4
[T ds paf(ep)fleq) dpdq
k=1

+ lim o~ (52=51)p|” —(s3—s2)[p+4|” —(54—53)|p|”
e—0 0<51<52<S3<34
t sttt/ <sa <t

~

4
[T dskpaf(ep)fleq) dpdq
k=1

Consider the first summand on the right hand side of (75). It is bounded
by

4
// t' <ri+rotra<t e_T2‘p‘ﬁ_T3‘p+Q|B—T4|Q|B H drk|p\|q\ dpdq (76)
{ t'<ritratratra<t } Pt
1 1 1
<cte-rye [ »
= T+ pl? T+[p+qP 1+ g5 Ipllg| dpdg

where we first integrated with respect to dry using Holder’s inequality with
0<axl1

t—(r1+ra+rs) 5 t 8 (1-a)
/ e dry < (£ — 1) (/ e~ r4lal”/(1-a) d7‘4) . (77
t 0

' —(ri4ra+r3)

s dry < t— ¥, and finally the drs,

drsz integrals are bounded using (67). It is easily seen that (76) is bounded as
longas —1+(1—a)f—1>1,ie. a<2-3/5.

Now consider the second summand on the right hand side of (75). An
attempt to use a bound similar to (76) where we bound pg by |pg| would
be fatal. Rather, we first observe that fe_(‘%_‘”)‘q‘ﬂqdq = 0 and use this to
rewrite the second summand on the right hand side of (75) as

then with respect to dry using [,

lim e*(32*31)|17|ﬂ*(34*33)\P\B (78)
e—0 0<s1 <8253 84
t'<sa<t st <sa <t

~

4
{67(33752)‘p+q|ﬂ - 67(33752)‘p‘ﬁe,(53732)|q|/3} H dsy, qu(ep) (eq) dpdgq.
k=1

Now we bound this as in (76) by

—r2|p|? —ralp|®
//{ t'<ri+ro+rs<t }e (79)

t'<ridrotrs+ra<t

4
‘e—T3|P+Q‘ﬂ _ e—rg\p\ﬂe—rshﬂﬁ‘ H dry, |p‘|q‘ dp dq
k=1

< C(t _ t/)1+a/ 1 ‘ 1

. pllgl dpd
T+l [T+ p+aP  T+plP +gP| PP
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Here we proceeded as in (76) except that for the drs integral we used

e

by arguing separately depending on whether or not |p|® + |¢|® > |p + q|°.
We claim that once again the integral on the right hand side of (79) is finite
whenever S —1+(1—a)8—1>1,i.e. a <2—3/8. This is clear in the region

1 1
L+[p+gql? 14 p/P+lql?

(80)

_ B r(plPriql®
e~ rlpt+al” _ o=r(p|”+lql )’dr <’

where |¢q| < 2|p| since we can use the bound H_‘p‘(lz,a)ﬁ < H‘lp‘ﬁ 1+|q|f1,a)ﬂ. If,
however, |q| > 2|p|, we can use the bound
1 1 __ip+d® —lal” — Ip/”] (81)
L+lp+ql? 1+1pl"+1al?] (A +Ip+4a”)A+|pl” +[ql?)

o clpllgl”* + [p|®

S (U +1p+d?) (1 + [pl? + q]?)
clpllql®~!

S (4 1gf)?

This allows us to bound the resulting integral from the right hand side of (79)
by
lpl? 1
c dpd 82
| =vEm 52

which leads to the same result as before.
Finally, for h < 2 we have

E((vf = v)") < {B(() =)} < ot — o) Hom2 (83
We will have h-variation 0 when (1 + a)h/2 > 1 for some a < 2 — 3/p, i.e.

(3—=3/B)h/2 > 1. Thus we will have h-variation 0 when h > (2/3)3’. This
completes the proof of Theorem 2.

4 The Doob—Meyer decomposition

Proof of Theorem 3. It is easy to check that the proofs of Theorems 1
and 2 go through with X replaced by Y and in that case

Yoo = limyloo and vy = limyg, (84)
converge a.s. and in all LP spaces. Let
t
U'F.,(y) = _/ /ul(x —(y—Y,)) fl(z)dzdr. (85)
0

The proof of Theorem 3 then follows from (84) and the next Lemma.
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Lemma 3. Let {Y;; s € Ri} be the exponentially killed symmetric stable
process of index 3> 3/2 in R'. Then for any € >0

U'Foi(Yy) = E* (V. oo | Fe) =74 (86)

Proof of Lemma 3. We have

vQZ—{[liﬂE—ﬁﬁhﬁ} (87)

L= s "V, — Y, )drd 88
o= [ [ -y aras] (58)
—-{ [ [ ey
o] t
—{/ /fE’(YS—Yr)drds}.
t Jo
Now, using the fact that {Y;; s € R1 } has independent increments
E({/Oo / £V, —Yr)drds} ‘}}> (89)
—E(/ /fY Y, )drds ) (/ /fY Ydrds):

and

E({/m/tfé(ys—yr)drds} ’]—'t> (90)
(//fY Y,)drds ) (//fY Ydrds)
We have

E(/too/otfé(Ys—Yr)drds }"t> (91)
—E(/ / ((Ys = Vi) + (Y; — Y;)) drds ]—'t>
:E</o /Of;(m(n—n))drds)

where {Y,; s € R} } is an independent copy of {Y,; s € R} } and E denotes
expectation with respect to {Y;; s € R} }. Hence

so that
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) //f (6 +Y;— Youl (@) dedr  (92)
_/O /ul(x—(Yt—Yr))fe’(x)dxdr.

The same sort of argument shows that

E( / N / tfé(Ys—Yr)drds> -/ t [ e+ put@pewdedyar - (93)

which is zero by symmetry. This concludes the proof of Lemma 3.

<//fY Y,)drds

5 Proof of Lemma 2

Proof of Lemma 2. We have

Bl @) =~ | t A ( JRECRE = dy) ards  (94)

We first consider the case 1 < 3 < 2. Using the fact that f! is an odd fuction,
Plancherel and then Fubini

- /0 t /0 S ( / Fly = 2)ps—r(y) dy)drds (95)
i(2m)~ / / (/ PTpF(eple <”>P5dp)dr ds
=i(2n)~! /eimp]?(ep) (/0 /OS e~ (=nIpI? gy ds) dp
and

t s
// ~(s=n)lel” qp g5 (96)
0
// ~(s=n)lpl” dsdr—/ (/ B ”’Bds)d
:/ / e_slplﬁdsdr:t/ eslpl” ds—// e=sIP” 4 dr
0o Jo

t
—_ _ B —_ _ _ _
= tp| 5_/ TP |p| =8 dr = t]p| 7% — (1 — e~ p| 2.
0

Hence

B(a (o) =i(2m) "t [ & sgnip)lpl'* Flen) dp (97)

1/6 sgn(p)(1 — e~ 71" [p| =27 F(ep) dp
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It is easily checked that (1 — e~ tIPI”)|p|'=28 € L1(R') so that the last term
converges uniformly as € — 0 to a continuous limit. On the other hand, it
follows from [9, formula (13), page 173] that

i2m) " [ e sgnip)lpl' " Flep) dp (98)
— w1 (2= Beos((1 - Hn/2) [ syl fuly - o) dy.

Since sgn(y)|y|®~2 is locally in L' and continuous away from 0, this last term
converges locally uniformly away from 0 and locally in L' to ¢(3) sgn(z)|z|?~2.
On the other hand, when 2z = 0, (94) is 0 by symmetry. This completes the
proof of Lemma 2 for § # 2.

For Brownian motion, we proceed differently. We first write

[ [ ([ =ty an)aras (99)
//(/f D0y ()dy ) dr s

We have p/,(y) = W ye ¥"/25 5o that, for y # 0, {|pL(y)|; s = 0} is the
density of T}, the first hitting time of |y| for Brownian motion. Hence

/0 Pi(y)lds=1,  y#0. (100)

This justifies the use of Fubini

//(/f Dy )dy)drds (101)

t s
= /fe(y—x) (/ / Per(v) drdS)dy
0 Jo
and then, just as in (96)

/Ot/osp/s_r(y)drds:t/ooopls(y)ds—/Ot/:op's(y)dsdr, y #0. (102)

Just as in (100) we see that the first integral is —sgn(y) for y # 0. Now
IpL(y)| < W ly|, so that by the dominated convergence theorem the

second integral is continuous in y. As before, when y = 0, the left hand side
of (99) is 0 by symmetry. Lemma 2 now follows.
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On Squared Fractional Brownian Motions
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Summary. We have proved recently that fractional Brownian motions with Hurst
parameter H in (0,1/2] satisfy a remarkable property: their squares are infinitely
divisible. In the Brownian motion case (the case H = 1/2), this property is com-
pletely understood thanks to stochastic calculus arguments. We try here to take
advantage of the stochastic calculus recently developed with respect to fractional

Brownian motion, to construct analogous explanations of this property in the case
H#1/2.

1 Introduction

A process (Xy,t > 0) is infinitely divisible if for any n € N* there exist n i.i.d.
processes X1 X (") such that

x 12y Ly x o),

The question of the infinite divisibility of squared fractional Brownian motions
has been recently solved (see [4]). The answer depends on the value of the
Hurst parameter H. More precisely, let (y¢,¢ > 0) be a fractional Brownian
motion with parameter H in (0, 1);

o if H>1/2, ~?%is not infinitely divisible;
o if H <1/2, ~2is infinitely divisible.

The proof is based on a criterion established by Griffiths [6] and con-
sists in computing the sign of each cofactor of the covariance matrix of
(Vey s Vegs - - Y2, ) for every (t1,t2,...,t,) in R} More recently, the difference
between the cases H < 1/2 and H > 1/2 has been clearly explained in [5]: in
the first case the covariance is the Green function of a Markov process and in
the second case it is not. But we think that the property of infinite divisibility
should also be understandable from the point of view of stochastic calculus.
More precisely, for any value of H in (0,1) we can set Y; o = 7 and, for any
>0, Y, = (y+ )% More generally for any d € N* we set

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 282-289, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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d
I 2
Yy0= Z(V(l))
i=1
where v ... 4@ are d independent fractional Brownian motions with Hurst

parameter H.
We can similarly define for any d € N* and any z > 0

d

Vie =3 (1 4 5,)’

i=1

for any (by, ba,...bs) in R such that Y0 b2 = .
When H < 1/2, thanks to the infinite divisibility of 42, the existence of
Yy, for non integers d and = > 0 satisfying the following property has been

shown in [4]
law
Yd,z + Yd’,z’ ( a:) Yder’,err’ (A)

for any (d,d’,z,2') in Rf’; and for Yy, and Yy .+ chosen independently.

The property (A) is called the additivity property. In the case H = 1/2,
the family (Y3 5)d,2>0 was already known and called the family of the squared
Bessel processes. Squared Bessel processes can also be defined as solutions
of stochastic differential equations driven by a real valued Brownian motion.
Indeed for a fixed couple (d, ), Yy, is the unique solution of

X(t) :x+2/t\/X(s) dB, + dt (1)
0

where B is real valued Brownian motion.

The additivity property of (Yg,z)a,2>0 and the infinite divisibility of each
Yy, can then easily be derived from that definition (see for example Revuz
and Yor [10]).

Since stochastic calculus with respect to fractional Brownian motion has
been extensively developed these past years, it is then natural to ask, when
H < 1/2, whether similarly to the case H = 1/2, Y} ,, could be obtained as the
solution of a stochastic differential equation driven by a fractional Brownian
motion with parameter H.

To start solving that question, we present here the most natural attempt.
Namely we ask whether Yy , is a solution of the equation

t
X(t) :a:+2/ VX (s)dz® + ar*?
0

where Z is a fractional Brownian motion with parameter H.
Note that the same question can be asked in the case H > 1/2 for d in N*.
We show that in any case the answer is negative. Nevertheless we think that
the family (Yy,)d,2>0 should correspond to a family of stochastic differential
equations indexed by (d, x).
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Besides, from our proof one can deduce that for every d € N*, d > 2, the

® ;
process fg 25:1 ;2170(3) dygl) is not a fractional Brownian motion. This latter

question has been raised up by Guerra and Nualart in a recent preprint [7]
where the process Yy is called the squared d-dimensional fractional Bessel
process.

In Section 2, we recall some preliminaries on stochastic integration with
respect to fractional Brownian motions. In Section 3, our result is properly
stated and established.

We mention that after the completion of this work we received the paper
[8] where an analogous result is obtained with a totally different proof based
on chaos expansion.

2 Malliavin Calculus with respect to the fractional
Brownian motion

In this section, we give only the elements of the Malliavin calculus that are
essential to the proof given in Section 3. For a complete exposition one should
consult the paper of Alos et al. [1] and the book of Nualart [9]. Let T be the
time interval [0,1] and let (v/?);er the one-dimensional fractional Brownian
motion with Hurst parameter H € (0, 1). This means by definition that v is
a centered Gaussian process with covariance

r(t,s) = E(vaf[) = (tQH + 2 |t — s|2H).

N =

This process has the Wiener integral representation (see e.g. [3]) v =
fg KH(t,s)dW,, where W = {W, : t € T'} is a Wiener process, and K% (¢, s)
is a deterministic kernel (we will not need its expression). In the sequel we
will work with a fixed H so we will omit to write it.

Let K* be the operator on L?(T) defined as follows

1
ifH>17 (K*go)(s):/ ap(r)aa—K(r,s)dr, VseT
s r

2
if H< % , (K*o)(s) = K(1, 5)(,0(8)+/S (e(r)—(s)) %—[:(r, s)dr, VseT.

Let H be the canonical Hilbert space of the fractional Brownian motion.
This space is actually the closure of the vector space of indicator functions
{1j0,4,t € T} with respect to the scalar product

(10,45 Ljo,s)) 1 = 7(t, 5).

Let D7 and 6" denote respectively the derivative operator and the anticipating
(Skorohod) integral with respect to v that can be defined using the space H
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(see [1] for more details). Since v € Dom(d”) if and only if H > 1/4 (see [2]), an
extended divergence integral was needed to include the case of any parameter
€ (0,1). We refer to [2] for the construction of the extended integral. Let H’
be the Hilbert space H' = K**K*(L?(0,1)), where K*% denotes the adjoint
operator of K*. We can construct a Malliavin derivative using H’ instead of H.
A process u € L3(T x §2) belongs to the extended domain of the divergence
integral (v € Dom™ (7)) if there exists a random variable §"7 (u) satisfying

/ 1 E(usK**K*D,F)ds = E(6" (u)F). (2)
0

for every “smooth” random variable F. This way, Dom(§”) C Dom™(47)
and ¢"7 restricted to Dom(47) coincides with ¢7. It has been proved in
2] that for any H € (0,1) and f € C?(R) satisfying a growth condition,
f'() € Dom*(67) and the following It6’s formula holds

100 =10+ [ Faad 1 [ 176020 s )

3 On the integral representation for the fractional Bessel
processes

In Section 1, the process Y, o, that we will simply denote by Y;,, has been
introduced for any n € N* and any H € (0,1) as follows

where v, ..., v are n independent fractional Brownian motions with
Hurst parameter H.
Thanks to the It6 formula (3) we have for every 4

t
i)\ 2 i i
(%) 22/ 7 dy ) 2
0
which leads to

—2/ sz Ay 4 nt?H

Moreover, for n > 2, in [7] the authors established the following representation
for the fractional Bessel processes (see also [8])

VYa(t)=ZF + H(n-1) (4)

Il

where the process Z is defined by
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gH _ ' 7§) (4) 5
; Z : (5)

\/—%

In view of the representation of the squared Bessel processes given by (1) in
the introduction and of the relation (4), it is hence natural to ask whether Y,

satisfies .
t) = 2/ VYo (s)dZH + nt*H (6)
0

where the process Z is given by (5). If Z was a semimartingale then (6)
would be necessarily satisfied. Since Z¥ is not a semimartingale, it makes no
sense to check (6) without assuming the nature of Z#. Therefore, we ask the
following question for n € N* and H € (0,1):

Question Q. Is the following statement true: The process ZH given by (5)
is a fractional Brownian motion and the equation (6) is satisfied?

We prove that the above statement is true if and only if H = 1/2.

Proposition 1. For any value of (n, H) in N* x (0,1)\ {3}, the answer to
question @ is negative.

The case n = 1 is the most delicate to treat because of the appearance of
the local time. Actually for the other cases we have the following result:

Proposition 2. For every n > 2 and for every H € (0,1) \ {3} the process
ZH given by (5) is not a fractional Brownian motion.

Proof of Proposition 2. Assuming that Z is a fractional Brownian motion we

can use It6’s formula (3) to compute ( Yn(t))2 thanks to (4). Then Y,, has
to satisfy (6) and that leads to a contradiction by applying Proposition 1. O

Proof of Proposition 1. There exist n independent real valued Brownian mo-
tions WO, W(Q) , W™ such that for every i, () admits the following

representation fyt f K(t,s) dWS( ).
We will need the followmg basic properties of Y;,(t):
e The process Y,, is 2H-self-similar. This follows immediately from the H-
self-similarity of the fBm.
e Since v;/t is a standard normal random variable, Y, (t) /t?H = ( /tH)

+ (’yt(n) / tH )2 has a chi-square distribution with n-degrees of freedom
which probability density function is p,(x) = % a2l em /2 g 5 0.
As a consequence, if m+n >0

n/2 o) m+n
E(Yn(t))mm:thi(}/(i)/z) /0 et e 2 dy

o () g
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We will use the identity:

K*K*1j04(s) = disr(t’ s)=H((t—s)*" 142071 (8)
which follows from (2) since

1 s
r(t,s) = E(vivs) = E(%/ 10,4 () d%) = / K5*K" 1 g(c) dov.
0 0

Suppose first n > 2 and assume that the answer to question Q is positive.
Multiplying both sides of (4) by Z}! we hence have

¢
20 (V) = net) =220 [ TTaz
0
On one hand, by (2),
<2ZH/ VY dZH> = 2/ E(V/Yu(s)) K"K 1j0,(s) ds

=2H E( Yn(l))/otrH((t—r)zH_l+T2H_1)dr. (9)

On the other hand, using (2) and the chain rule for the derivative operator
(see [9], Prop. 1.2.3, p. 30),

n t (@)
:Z/ B —LEK*eK*D1Y,(t) | ds
- 0 Yn(S)

where D denotes the derivation with respect to ¥(). Since DY, (t) =
2% )1[0 #(s), we obtain

E(Z{ (Ya(t) — nt*")) —22 / ( i >K*’“K*1[O7t](s)ds (10)

Using again (2) and the chain rule for the derivative operator, we have
n

(1), (2) n t (¢)
E Ve Vs ) _ E K*,U.K*Dg,i ( Vs )dO{
(; V Yo(s) ; /0 Yn(s)
n 1 1)2
r(t, s) ; ( \/T(S) - YTSZ;))3/2>

1
(n—1Dr(t,s)E (T(s))

E(VYu(s) _
r2H

=r(t,s)
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Consequently, thanks to (10),

E(Z (Y, (t) — nt*™))

By (9) and (11) we finally obtain

/ot<r(t—HS) - sH) ((t— )21 42T 1) ds = 0

S

or, by doing the change of variable z = s/t,

1 2H 2H

1—(1—2)2H —

tSH/ ( 23{ T (12PN g =,
0 z

Note that the function f(z) =1 — (1 — 2)2# — 22H keeps a constant sign on
[0,1] (it is positive if H > 1/2 and negative if H < 1/2). The integral is zero
if the integrand is zero almost-everywhere and this is false unless H = 1/2.

Suppose now n = 1 and assume that the the answer to question Q is posi-
tive. In this case ZH = fg sign(vs) dvs. The equation (6) yields, by multiplying
both sides by Z}!, to the relation

¢ t
/ E|ys| K**K* 1} 4(s)ds = / E(sign(%)|%|)K*’“K*1[O7ﬂ(s) ds.
0 0

Using the self-similarity of |vs| and the joint distribution of (y:,7s) we obtain
Elvs| = s" E|v1| and E(sign(v,)|v|) = %E\’yl\. A repetition of the previ-
ous arguments finishes the proof. O

Remark. e Note that in [8] the authors showed using a different method that
the process ZH given by (5) is not a fractional Brownian motion for every
n>1and H € (0,1).

e Although the process (5) is not a fractional Brownian motion, it satisfies
some properties that the fractional Brownian motion enjoys: it is H-self-
similar, has long range dependence (if H > 2/3) and has the same 1/H
variation as the fractional Brownian motion with Hurst parameter H (see
[8] and [7]). Nevertheless the question of the nature of the law of ZH is still
open. In particular, we still don’t know whether it is Gaussian or not.
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Summary. In this article a class of multifractional processes is introduced, called
Generalized Multifractional Gaussian Process (GMGP). For such multifractional
models, the Hurst exponent of the celebrated Fractional Brownian Motion is replaced
by a function, called the multifractional function, which may be irregular. The main
aim of this paper is to show how to identify irregular multifractional functions in
the setting of GMGP. Examples of discontinuous multifractional functions are also
given.
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1 Introduction

Fractional Brownian Motion, that was introduced in [16] and studied in [19],
is the continuous mean-zero Gaussian process {Bp(t)}+cr, depending on a
parameter H € (0,1), called the Hurst index, with covariance kernel

E(Br(s)Br(t)) = c(|s]*"" + [t —|s — t[*"), (1)

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 290-312, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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where s, t are arbitrary reals and ¢ > 0 is a constant. This process has impor-
tant applications in modeling [6]. One of its main interests is that its point-
wise Holder regularity can be prescribed via its Hurst parameter. Indeed, the
Holder exponent of FBM, at any point, is equal to H, almost surely. Recall
that, for a stochastic process X, the Holder exponent at a point tq, is defined

as
ax(tg) = sup{oz7 lim sup X (o +|};L)a_ X(to)l = O}. (2)
h—0

However, the Holder exponent of FBM remains the same all along its trajec-
tory and this can be restrictive in some situations. For this reason, various
models have been proposed to replace the Hurst index H € (0, 1) by a function
h(t). These so-called multifractional models® are useful in various domains of
applications, see for instance [1, 15, 18, 11, 17]. The starting point of these
generalizations is very often the harmonizable representation of the FBM:

oitE
Bu(t) = /R Ly 3)

I3Eagdd

where W (d¢) is a Wiener measure such that X is a real valued process (cf. [12]
or page 1138 in [1] for a discussion on the Wiener measure). For example we
may recall the Multifractional Brownian Motion (MBM), whose harmonizable
representation is given by:

e it€
Bp(t) = | 177 W(d§) (4)

o R |£‘%+h(t)

where h is a Holder function ranging in [a, b] C (0, 1). The function h is called
the multifractional function. This process has been introduced independently
in [22] (where the denomination MBM was introduced) and in [10]. Similarly
to FBM, MBM is continuous and its Holder exponent at any point % is equal
to h(tg), almost surely. However, one of the main problems with these models is
that their Holder exponents cannot be irregular, because h must be Holderian.
Recall that when the function & is discontinuous then the trajectories of the
MBM are themselves, with probability 1, discontinuous (see Proposition 1
of [1)).

The continuity of h is a real drawback for some applications, for instance
image classification and segmentation: The Holder regularity is expected to
vary abruptly on textured zones and around edges. On the other hand, the
identification of h has been performed under the assumption that h is contin-
uously differentiable [8].

5 One should not confuse multifractional and multifractal. A multifractal process
has a multifractal spectrum that takes non trivial values on a set of positive mea-
sure. A multifractional process is a process with non constant pointwise Holder
exponent. Multifractality implies multifractionality, while the converse is false.
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Recently, two continuous Gaussian processes with irregular Holder expo-
nents have been introduced. These processes are the Generalized Multifrac-
tional Brownian Motion (in short GMBM) [5, 4] and the Step Fractional
Brownian Motion (in short SFBM) [7]. The GMBM is an extension of the
MBM while the SFBM is an extension of the FBM. In this article we will
study a Gaussian process that is slightly more general than the GMBM, so
let us first recall the definition of the GMBM. Let A > 1 be an arbitrary
fixed real, and (h) = (hn)nen be a sequence of Hélder functions with values
n [a,b] C (0,1). The GMBM with parameters A and (h) is the continuous
Gaussian process {Y(;)(t)}icr defined for every real ¢ as

efitf _ 1 71t-§ -1
Y<h><t>:/ T +Z/ T ).

0<é< &z n-1gg<An 52

One of the main properties of the GMBM is that its Holder exponent at any
point to is almost surely equal to liminf h,(tg), under the assumption that
n—oo

k]l = o(2™%), where ||hy|| denotes the Hélder norm of h, (see [2, 5, 4]).
Therefore, the Holder exponent of the GMBM is of the most general form:
any liminf of positive continuous functions (see [14, 3, 2]). In contrast, the
one of SFBM is a step function (see subsection 1.3.1 in [7]). As a consequence,
the Holder exponent of the GMBM may be discontinuous everywhere while
that of the SFBM can only be discontinuous on a finite set. Likewise, the
Holder exponent of the GMBM may be constant except on a finite set (see
Proposition 1 of [5]), while this is impossible with the SFBM. On the other
hand, the parameters of the SFBM have been identified in [7], and we present
in this article an identifiable model which has many desirable properties of
the GMBM.

Let us define a Generalized Multifractional Gaussian Process (in short
GMGP) by its harmonizable representation:

“+oo e—lt-f _
X(t) = / Ly, (5)

£§+H(t7€)

where W (d¢) is a Wiener measure such that X is real valued process and
H :Rx(0,4+00) — [a,b] C (0,1) is called the Hurst function. Clearly the MBM
is a GMGP for which H(t, &) does not depend on the frequency variable £ and
is always equal to the multifractional function h(t). Actually the GMGP model
is very close to the GMBM: On the one hand, every GMBM with parameters
)\ and (hn)nen is a GMGP with Hurst function H(t,§) = 1j9,1)(§)ho(t) +

21[” 1an) (E)hn(t). On the other hand, if H : R x (0,+00) — [a,b] C

(O 1) is continuous in almost all £, then it is not hard to see that the high
frequencies part of the GMBM of parameter A and (H (., A™)),en converges, in
distribution to that of the GMGP with Hurst function H(., .), when A — 1.



Regularity and identification of GMGP 293

As for the SFBM, it is also, in some sense, similar to the GMGP, although,
contrarily to the SFBM, no wavelet expansion is needed to introduce the
GMGP. We refer to [13] for a comparison between SFBM and GMBM with
parameter A\ = 2.

The sequel of this paper is organized as follows. In section 2, we first obtain
the pointwise Holder exponent of the GMGP. We then define our estimator
and we give the precise assumptions ensuring its almost sure convergence.
Section 3 is devoted to three examples where the Hurst functions H(¢,§)
converge to multifractional functions of particular interest. The proof of the
results are performed in section 4.

2 Statement of the results

Following the correspondence between the GMBM and the GMGP, the mul-
tifractional function of a GMGP is defined to be:

h(t) = lim H(t§), 6

()= tim_H(t.8) ()

when the limit exists. This definition is coherent with the fact that the lo-

cal properties of the sample paths are given by the high frequencies of the

harmonizable representation. In this paper we will show that, similarly to

the GMBM, at any point ¢y, the Holder exponent of the GMGP is almost

surely equal to h(tg). To identify the multifractional function that governs

the regularity of the sample paths, we will then use the generalized quadratic

variation
VN_jg_%(X(%?) Sx(TE) e x(2)) @

Actually first the infimum of the multifractional function inf,c(g,1) h(t) = ha
will be identified. Before stating the main results and making precise the
technical assumptions we need to explain why h, is naturally identified in
this framework. As a rule of thumb one may assume for multifractional models
that

N-2 1
EVy =) Teeyi (8)
p=0
and then it is classical to have
In(E V)

—1-2h,.
N—Feo In(N) ©)

In this article we will prove a Law of the Large Numbers for Vy and the
preceding heuristic suggests to take as an estimator:

hy =1/2 (1 - llnn((‘]/(fv))). (10)
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Let us now state more precisely the technical assumptions needed to de-
termine the Holder regularity of GMGP and to show that hy is a consistent
estimator of h.. First of all we state a weak assumption on the multifractional
function h that will entail (9):

A1.3C>0, YN>1

1 N-—-2
1-2h,
6N \ZNQh

Note that C is a generic constant that may change in this article and that
the last inequality of (11) is always satisfied. The lower bound in (11) means
that there is a sufficiently large number of points p/N such that h(p/N) is
close to hy.

The asymptotic behavior (11) is clearly true under mild assumptions of
smoothness for ¢ — h(t) and we will see in the examples that it is fulfilled for
non trivial functions h(¢).

One needs then to strengthen the existence of the limit (6) to ensure
that (8) is satisfied. The following technical assumption states that the speed
of convergence of H(t,£) to h(t) is compatible with (8).

! < CON'=2h- (11)

A2.V0<t<1l, VE=0, H(t,&) = h(d).
da < 1 such that

Z / p/]gvzh@/m(ffN’ W) ag = ov1-2t) (12)

Let us make some comments to explain (12). In our setting, it will yield
that EVy is sufficiently close to N1=2%+ to have (9). Now why is (12) a
reasonable assumption? Let us suppose that |H(p/N) — H(p/N,&)| < Cn.
Then:

N— 00 N—
C [ /N — HE/NOL o o] Z CyIn N
< Je €2h(p/N)+1 ‘N2ah(p/N)"
p= p=

If we assume that Nlim CnyIn NN2°P = 0, then (12) is satisfied because of
— 400

A 1. Hence A 2 can be interpreted as a way of expressing that H(t,&) is
converging uniformly fast enough to h(t) when & — +o0.

The last assumption is concerned with the behaviour of the functions
H(.,§) when £ is finite. It expresses the fact that these functions must be
smooth enough so that the Holder regularity of the GMGP is indeed gov-
erned by the multifractional function.

A 3.e For 0 < ¢ < 4n/3,
H(t6) = b.
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e Jdg such that 0 < g < min(a/2,1/4) (where H(t,€) € [a,b]) and 3B such
that b < 8 < 1 such that for 4w/3 < ¢

‘8"“H oFH

8—§’<(t’§)_ 8—5’“(t/’£)’ < ClEPFt—t)° (13)

for t, ' €[0,1] and k = 0,1,2. Moreover

OFH
’8—@@,5)’ <Cgok (14)
for t €10,1] and k=0,1,2.

Of course, in these assumptions, 47/3 is arbitrary and can be replaced
by any non-negative constant. The inequality 0 < g < min(a/2,1/4) has
a deeper meaning: it expresses the fact that the Holder constant of H(t,§)
cannot grow too fast when £ — +o0. Finally, the inequality b < 3 is similar
to the condition r > sup(a(x)) in the Definition 1.4, p. 41, of [10] or to
the condition sup, H(¢t) < § in Definition 3.1, p. 11, of [4]; we refer to [13]
section 4.2 or to [1] section 2.2 for a more complete discussion.

At this point, we can state the three main results of this paper.

Theorem 1. Under assumption A 3, the Hélder exponent of the GMGP at
each point ty satisfies almost surely,

ax(to) = h(to). (15)
Theorem 2. Under assumptions A 1, A 2, A 3,

NEIEM hy = hs almost surely. (16)

Actually, the identification of the infimum h, of the multifractional func-
tion h is the result needed to obtain the identification of h itself. The clas-
sical technique to have full identification is the localization of the general-
ized quadratic variations. Basically if one wants to estimate h(¢) for a given
t € (0,1), one has first to localize Viy on an (g, N)-neighborhood of ¢ defined

by
Ven(t) = {p €7, % —t‘ < 5}.

Then the localized generalized variation is defined by

Vo= Y (X(’%l)—zx(%)jux(i’%))é (17)

PEVe, N (1)

We define the localized estimator

hen =1/2 (1 - 71“&;\7)@)), (18)
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and we get R
lim h.ny= inf A(s almost surel
N—+o0 =N {|s—t|<e} () Y
as in Remark 1 in [§].
The next step to identify h at point ¢ is to let ¢ — 0%. For instance,
taking e = N~7 for v > 0, one obtains the following result as a corollary of
Theorem 2:

Corollary 1. Fiz 0 <y < 1/2. Under assumptions A 1, A 2 and A 3,

. In( V- n())

The statement of this corollary is an example of localization of Theorem 2.
Remark that if h is lower semi-continuous and satisfies A 1, A 2, and A 3,
then it is identifiable.

= liminf h(s) a.s. (19)

s—t

3 Examples

In this section we present three examples of application of Theorem 2, that
illustrate the way this theorem can be used. In each of these examples, one as-
sumes given a precise multifractional function. Then, one constructs a GMGP
by exhibiting a Hurst function H (¢, €) such that the assumptions A 1, A 2
and A 3 are fulfilled. Techniques similar to the ones used in this section were
put to work in the proofs of Propositions 1 and 2 of [5].

3.1 Holder continuous multifractional functions

Remark first that if the multifractional function h is S-Ho6lder continuous
with 8 > b and satisfies A 1, one may choose a Hurst function H(¢,£) that
interpolates a constant for 0 < £ < 47/3 and the multifractional function h(t)
when £ > 87/3. One can take for instance

H&=b i 0<e<t
and
3¢ 3¢ . 4 8w
H(tyf):(Q—E)b-i-(E—l)h(t) if ?gggg,

and H(t,&) = h(t) if £ > 87/3. In this case the GMGP exhibits the same
properties as a Multifractional Brownian Motion and the Theorem 2 is the
analogue of the Remark 1 in [8] where the identification of a multifractional
function is performed by localizing the generalized quadratic variations as
in [8]. Please note that an alternate method to corollary 1 has recently been
proposed in [21] to identify the multifractional function of a MBM in the
Holderian case.
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3.2 Multifractional functions with one jump

In this example we consider a multifractional function that has only one dis-
continuity and that is piecewise constant. This very simple example can be
easily extended to the case of piecewise constant functions with a finite num-
ber of jumps. The GMGP associated to this kind of multifractional function
are comparable to SFBM for the applications. Let us suppose that

h(t) =b l[O,to] +a 1(,5071] (20)

where to € (0,1) and 0 < a < b < 1. A 1 is clearly satisfied with h. = a.
Then one can construct a Hurst function that admits such a multifractional
function through the following procedure:

e For 0 < € <4n/3,
Ht,§)=0b Vtelo,1].

o for 47/3 < ¢ let us choose 0 < f < min(a/6,1/12)

b if t <t
[ mET 1 , 1
H(t,€) = a+(b—a)sm4<7(t—to— g_f)) ift € {to,to-kg—f)
1
a ift>tg+ —

&

An elementary computation shows that A 3 is fulfilled with ¢ = 3f and
B = 1. To check A 2, let us remark that, if § denotes the cardinality of a
set,

€2h(p/N)+1 n(£)d¢

N2 ptoop(p/N N,
Z/ [A(p/N) — H(p/N, &) |
=0

1 ol
< (b—a)#{p such that to < & <to+ 1=z} x /N 52591 dé.

Hence

7 |h(p/N) — H(p/N, €| |

CNInN 1
€2h (p/N)+1 (6) d€

af N2h*a :

Then « is chosen such that a(f + 2h.) > 2h, to have (12).

3.3 Multifractional functions with accumulation of jumps

Let us address the more interesting case of piecewise constant multifractional
functions which have an infinite number of jumps. In this example let us
suppose the multifractional function is defined by
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1/2 it < 1/2
1 11 11
h)=95 577 Tt <tSatx (21)
11
— — f1<te
573 !

where k > 2. This multifractional function fulfills A 1 with h, = 1/2, and
t = 1/2 is the time where the jumps accumulate. Let us now exhibit a Hurst
function corresponding to (21) by using the construction of the previous exam-
ple which is valid when the multifractional function has only a finite number
of jumps. Let us define the function (21) where only ko jumps are considered:

1/2 if1<1/2
1 1 1 1 1
hko(t): §+k——i-:[ lf— ]{7—|—1< \2+E for k£ < kg (22)
. 1
1f—+—<t.

2 1 Y2 h

Then one can construct, with the same technique as in the example of sec-
tion 3.2, a Hurst function corresponding to hy, which is denoted by Hy, (¢,§)
and is defined for (ko (ko 4+ 1))/ < &. If we fix f < min(a/6,1/12) in the pre-
vious example, then this last condition simply means that [% + %, % + % + Eif]
is included in the intervals where hy, is constant. Hence this condition allows
us to manage the jumps of hy, separately. Let us now introduce a Hurst func-
tion corresponding to (21) by taking more and more jumps into account when
& — +o00. Define

K(€) = sup{k € N* such that (k(k + 1))/’ < ¢} (23)

and define the Hurst function with the Hy,’s

H(t,§) = Hg () (t,)- (24)
It is not difficult to check that this Hurst function satisfies A 3 since
Om™H 0™ Hy,

when (ko(ko + 1))/ <€ < ((ko + 1)(ko + 2))"/7. To check A 2 let us write

+oo 22 | n(p/N) N,
/azlp/ H(p/N,¢)|

£2h(p/N)+1

In(€)dé =T+ J

where
400 [%Jr%m] (1)
_ K(€)+1
I—/ Z mln(ﬁ) dg,
Ne =0
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and where [z] stands for the integral part of z. |h(p/N)— H(p/N, &)| has been
replaced by its constant value for the considered p’s. The second part is

S /+°° NZ |hic(e)(p/N) = Hic()(p/N, )|

NQ
r=lz+wreerlHl

Let us upper-bound I by remarking that if N < £ then

1 —af
——— < CN 2.
K©+1

Hence
T (&)

o &

|I|<NxCN’T"’/ de

and « is chosen such that

Nln(N)

which is the required estimate since h, = 1/2.

€2h(p/N)+1 ln(ﬁ) dg.

To upper-bound J let us remark that for a fixed &, hg(¢) has K () jumps

at time § + =7 of magnitude ¢ — 7. Hence
b K©
> hkio®/N) - He(©@/N,O <ON'" S (
k=1

p=l2 + weeFrl L

< CONi—of

where the factor CN'~%f comes from #{p such that ¢, < p/N <

for each jump ¢ty as in the previous example. Then

7 In(V)

J| < CN'~@
|/ e

which yields (12) for a convenient «.

4 Proof of the results

1)

to + w71

In this section, Theorems 1, 2 and Corollary 1 are proved. First let us describe
the main steps of the proofs. In the definition (5) of the GMGP we remark

that the integrand
eitE _q
‘§|§+H(t,£)

depends of the variable ¢ twice. To study the generalized variation Vi a new

process is considered
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+oo efis-g -1
Y(s,t) = — W(d 25
0= e VO (25)

where this dependence is split into two variables (s, ¢). Then a variation Wy
associated to this process Y is introduced

=z
N

= X (IR (R () e

Wy is simpler to study than Vi because its variation does not involve the
variable ¢ that appears in the Hurst function. Moreover one can see easily that

w S () - () (G R) - e

bS]
Il
=)

A result very similar to Proposition 2.1 in [2] (namely Proposition 1 below)
shows that the process Y is Holder continuous in the second variable uniformly
with respect to the first variable. This fact yields the regularity result of
Theorem 1 and that Vi can be replaced by Wy. This is the first step in the
proof of Theorem 2. Then it is shown that

In(E Wy)

=1-—2h,
N-tee  In(N)

in the second step. The third step consists in a study of the asymptotics of
the variance of Wy that allows to replace E Wy by Wy in the previous limit.
Finally Corollary 1 is proved.

4.1 Study of Y

In this part we prove the Hélder continuity of Y. Although the main lines of
the proof of the following Proposition are similar to those of Proposition 2.1
in [2], we will give this proof for completeness.

Proposition 1. Under assumption A 3, there exists an almost surely positive
random variable C(w) such that:

sup |Y(s,t) = Y(s,t')| < C(w)|t —t'|° (28)
s€0,1]

for t, t' €[0,1] where (8 is defined in (13).

Proof. To get (28) we will apply a series expansion of Y in the orthonormal
basis of L? given by the Lemarié-Meyer wavelets (cf. [20]). This technique is
classical to study the smoothness of multifractional process. As in [2] for the
GMF (see Relation (2.2)) or in [10] for the MBM we get
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+oo  +oo

=D > siklstn (29)

§j=0 k=—o0

where 7; 1 are identically distributed standard Gaussian variables and where
the coeflicients are:

L [T e ==
Sia(s1) =2 /0 T O 46 (30)
Please note that equation (29) is only true up to an additive smooth process.
In (30) (¢jk)jkea+ is the Lemarié-Meyer basis indexed by AT = {j,k, j >
0, and k € Z} as explained in [20] or in page 29 of [10]. Then the Holder
continuity of ¥ derives from estimates on the coefficients s; 5 (cf. [2]).

de,Vk € Z

) 1 1
(s, 1) < 027 : , 31
35005, o=+ o) (31)

forj>1

, 1 1
saasst) = s, < iz — P { et L
Note that the estimates (31) and (32) are quite similar to those in Lemma
2.5 in [2]. This Lemma is, to a certain extent, inspired from Proposition 4.1,
page 79 in [10]. The estimate (31) and classical almost sure bounds for the
supremum of Gaussian variables yield that the series in (29) converges almost
surely. Then (32) yields the Holder continuity of Y. Remark that

+oo0 400

Y (s,t) =3 > (sykls,t) = sjuls, t))msk

j=1k=—o0

where the terms for j = 0 are dropped since the Hurst function is constant
on {¢ < 4w /3}. The main ingredient to get these estimates are integrations
by parts in the integral of (30). In the framework of GMGP, to carry these
integrations by parts, the only new point compared to [2] is the dependence of
the Hurst function H(t,£) on a continuous parameter ¢ instead of a discrete
parameter n. In the following argument we only stress how the assumption A 3
allows us to control the additional terms caused by this dependence.

Let us study the Holder continuity of the coefficients s; ;’s. One can write

—+oo

Sjk(s:t) = sjk(s,t) = 27j/2/ (e715€ — 1)ei2 'kE
0

x (-GHHE) _ = GHHE ) y(277¢) de

where we have only used the translation-dilatation structure of the Lemarié—
Meyer basis
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byn(s) = 2/2(27s — k),
for j > 1. The factor e~ "¢ — 1 in the previous integral can be split since the
support of 1) is contained in [27/3,87/3] and the first part leads to

+oo . ) —
2—j/2/ ei(’f—QJS)?*]f(g—(%-&-H(LE)) _ g—(%-&-H(t/,E))){p\@—jg) de.
0

The second part is of the same form but e(*=2'$)27’¢ ig replaced by 1. Hence

this second part yields the second terms in the brackets in the right hand side
of (31) and of (32). Let us define

gt b, &) = (6 GHHEO) _ 5*(%+H(t’,§)))i(2ﬂ'§).
After performing two integrations by parts on the last integral one gets for
s# 2k _ _
2—j/2 /+oo e](k—2’s)2 3 82g(t, t/, 5) i
o 12(k—27s)2272 0¢? ’
Then the Leibniz rule is applied to the preceding partial derivative

0%g(t,t, P '
9(352 § _ Z( )agp (¢~ HHEO) _ = (GHE.0)
p=0

% 92— (2= p)Jg€2 Z/j( 277¢). (33)

Because of the support of E the partial derivatives of zZ can be bounded
independently of j, p, hence we have only to bound integrals that comes from
the factors (£~ (2 TH(E8) — ¢=(G+H(".)) For instance for p = 0

8m27/3 Ly o
Ij:/ (e GHHGO) _ - (HHE9)) g
2729/3

8727/3 , ln(f)
< / H(6) = HE. €|z o6 (340)

w27/3

Then applying (13) for k = 0 yields
I; < Cjoilets—g=D | _ /|8 (35)

which is exactly the estimate we need for (32) if we take 0 < e < a — g.
Let us now consider the contribution of the term p = 1 in the sum (33).
First

aﬁff@wu,o) 5 F+HEO) _ pr(¢, )¢~ (BHHEE)
3
OH

—In(§) =~

g (1O GHI0D. - 30)
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And the first term of (36) leads to
_1 8723
Jio=— (57(%+H(t75))) _ 5*(%+H(t'75))) d¢ < €21/ ¢,
' 2 2729/3

This bound gives the same contribution as I; to (32). To conclude the case
p =1 we have to bound

8m27/3
Ji = /2 (H(, €6 GHHE ) _ p (1, e)e~GHHED) In(e) de

729/3
and
8727/3 Ol . ,
R —(z+H(.9) _ 3TH(tE) || de.
La= [ o (Ge o (o ) in(©)ae

The first term is split into
8m27/3 . )
| e - Hag)e G ag
2m23/3

which is of negligible compared to J;, because of (13) for k =1 and into

8m27/3

/ H(t, &) (e~ GHIEO) _ =GO ge
2m29/3

which is also negligible compared to Jjo, because of (14) for k¥ = 1. With
similar techniques it is shown that J; o is of the same order as jJ; .

The contribution of the term p = 2 in the sum (33) is estimated with sim-
ilar arguments. Let us stress only one technical point. The partial derivative
%g*%“f@f)) leads to consider a term:

8m27/3 oH
/271'27/3 (a_g(t f)

Because of (14) for k = 1 we have

(67(%+H(t,§)) _ 5(5+H(t’75>))> In(¢) d¢.

oH
23

and we have seen that the preceding integral is conveniently bounded if 2g < a.
O

0629_2

=z f)
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4.2 Study of the Holder regularity of the GMGP

The Holder regularity of the GMGP X, can be studied quite similarly to that
of the GMBM [2], [4] and [5]. The proof of Theorem 1 follows exactly the
same lines as that of Theorem 1.1 in [2], so we will only sketch it. Let tg be a
fixed real, and let Y;, be the Gaussian process defined for every real ¢ by

“+o0 efit.g -1
Y, (1) _/o G/ H(0.6) W (d¢)

(this is nothing but Y'(s,t) where the second variable is fixed).
First step: Using (28), we show that almost surely,

ax (to) A B = ay,, (to) A B

Second step: Using (6), we show that for arbitrarily small £ > 0, some constant
¢> 0 and every t, t/

E(| s, (8) = Yoo (1)) < et — ¢/ P00 =),

Then a strong version of Kolmogorov criterion (see for instance Lemma 3.2
of [2]) implies that, almost surely, ay, (to) = h(to)-
Third step: Using (6) again, we show that for every ¢y, and arbitrarily small
e >0,
L EVinto +277) = Yiy(t0)?)
n— 00 2—2n(h(to))+e)

= —"—007

and then Lemma 2.2 of [2] implies that almost surely, ay, (to) < h(to).

4.3 Comparison of Wy and Vi
In this section it is explained how estimates concerning Wy can be transferred

to V. We postpone the proof of

iN172b < iN172h* g WN g CN172h* (37)
C C
to section 4.6. Let us now prove that if (37) is true we have

Nim 172 (1 - llnn((‘z/]vv))> =

which is the result we aim at. Let us rewrite (26) as

WN=NZ_2[Zd v (U p)r (39)

p=0 Lk=0

where dg = 1, d; = —2, and dy = 1; then Vi can also be written:
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Hence we have

Wi{/2 _ Vj\l/Q‘ < N-2 [idk(}/(m ﬁ) _Y(l%k7}%k)>

and the following estimates are consequences of (28) and of (37):

WA v < o
(W2 = VP |wyt? < eNP.

Since 8 > b it is clear by writing

In(V/?) = 1n(1+(V1/2 wiAwy 1/2)+1 (W2

2 (1= 557 =l 12 (1 SR <

that

N ——+oc0

4.4 Asymptotics of E Wy

In order to obtain the asymptotics of Wiy, our next step is to study the asymp-
totics of E Wy. Theorem 2 will then be a consequence of the asymptotics for
the variance of Wy and the Borel-Cantelli lemma. Let us rewrite Wy as
n (38) with definition (25):

N-2

= X ([ () i)

p=0

Because of the isometry given by the Wiener measure we have

Z df
Let us also remark that

e (€ de F(h(p/N))
10 /0 Sm4<ﬁ) RGN~ NZRGIN) (40)
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where

F(s) = /0 T 62 o

§2s+1

is a continuous function on the interval (0,1) and hence is bounded on [a, b].

Let us consider

— I F(rp/N))
Wn =3 Srrom

p=0
assumption A 1 yields

élezh* < WN < C’N1*2h*.

Let us show that under assumption A 2 we have
[EWy — W | = o(N'72).

Because of (39) and (40)

[EWN — Wy| < Z/ 16 sin* ( )yg—w(?ﬂvf)

Then the integrals in (42) are split into three parts:

EWN — W | < Jk + I3 + T3

The first term is

N-—-2 1
. 3 . .
Jy = Z/o 16SIH4(2N ‘5 2H(p/N.§)~1 _ ¢=2h(p/N) 1’d§
p=0

(41)

_ §—2h(p/N)—1’ de.

N-2 1
_af €\ |H(p/N,&)—h(p/N)|
<C Z;J/O Sln4(ﬁ) £20(p/N.&)+1
jo

where 0(p/N, &) € [a,b]. Hence

1
¢ 5 [ em@ac <o

and J} = o(N'=2"+). Let us now consider

N-2 N&
Ty = Z/ 16sin4( )\5”’(?/“
N 1

In(¢) d¢

572}1 (p/N) 1‘ dé-

H(p/N, € N
<o S [ () PG wos

1

(42)
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N® e3|H(p/N,€) — h(p/N
/1 ‘ (p/£2h(2/N) v/ )lln(ﬁ) d¢

N@(4=2h(p/N)) In(N)

g CN4O‘7372h*a ln(N)

and since o < 1, J% = o(N'~2"+). For the third part we have

JN = Z/ 16 sin* ( ),5—21{ p/N,&)+1 _ 5—2h(p/N)+1‘ dg

+o0
CZ / /N9 —hp/N)| oo

€207 (p/N.§+1

where 0”(p/N,&) > h(p/N). Thus,

5 < CZ /+°° /N9~ hp/N) |

£2h(p/N)+1

and J3 = o(N'=2"+) because of A 2. Hence
[EWy — Wy | = o(N1~2)

and
- Nl*Qh* < EWN < CN172h* (43)

is obtained.

4.5 Asymptotics of var(Wy)

Let us now show that almost surely

W

1.
N EWN

Since the process X is Gaussian, classical formulas for the variance of Gaussian
variables lead to:

N—-2

too 2L W (d¢
var(Wy) =2 Z E(/o (Z de™' N 5) §H(p/1\(r7g)-)s-1/2
p,p'=0 k=0
2
Ty (d§)
X/O (Zd )gH(p’/NS +1/2> (44)
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var(Wy) = 2 Z </ Z(p—f\’p)flfisinzl(%)

X

de s
g o ) - (49

At this point one needs similar estimates for the integrals in the previous
formula to the one we had when we considered E Wy . However to apply the
Borel-Cantelli Lemma we aim at

var(Wy) = O(N'T29-4 1n*(N))

and we prove

“+oo
/ ol(Zs
0

kS dg
oN EHWP/NO+HP/N E)+1
N91In(N) 1
Nh(p/N)+h(p'/N) lp—p'|+1

<C

which yields the needed estimates. Once more the factor i that allows

1
p—p'[+1
us to have a better estimate for g < 1/2 than var(Wy) = O(N?~*= In*(N))

is obtained by integrations by parts in the integrals of (45). Let us compute

0 sm4(2§\,)
¢ \ ¢H@/NO+H /N &) +1
B 2sin® (2%[) cos(ﬁ\,) 3 sin‘%%) (H(p/N,&) + H(p//N,§) +1)
NEH /N E+H (/N ,E)+ EHP/N,O+H(p'/N,E)+2
sin (%)( (b/N,€) + FEW/N.O) )
B gH(p/N O+HP/N.&)+1 - (46)
Then the contribution of the first term of (46) to (45) is given by
| [T T sind (55 cos () d -
/O i(p — p)eH@/NO+H@/N O+ (47)

when p — p’ # 0. This integral is then easily bounded by:

I oo [sin” 2N) d¢
R - p\ H(p/N.&)+H(p'/N.&)+

which we split into three terms to get the required estimates. The first one is:

7 |s1n ) dé
N - p\ ng/NE)JrH(p’/NE)H

<7
Nip —p'|”
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the second one is

7 |s1n ) dé
27 = p\ gH(p/NE VN

<" £2=h(p/N)=h(@'/N) q¢
N 3Ip — 7| /1

C
S NN~ ]

and the third one

I +oo |sin® (3 ) d¢
3= p= p\ ng/N£)+H(p’/N£)+1

(Nh(p/N)+h(p’/N))(|p )’

Hence

& & 1
1] < (F + Nh(p/N)+h(p’/N)> (Ip -+ 1) )

where the easier case p = p’ is also considered. With similar arguments we get
for the second term of (46)

Ch Cy N9
and the last term of (46) yields
Cs Cy N91In(N)
sl < <W + Nh(p/N)+h(p’/N)> (|p ) (50)

where (14) has been used for £ = 1. Hence we deduce that

var(Wy) = O(N'T29-4h 102 (N)).

4.6 Almost sure convergence

In order to show that

lim Wy
N—+oo EWpn

=1 almost surely

we apply Markov inequality for A > 0:

4
WN WN
P -1l A <E -1
(‘EWN ) EWxn

4/A.
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Moreover the same arguments as in the proof of Proposition 2 p. 43 of [9]
yield that
E Wy — EWx[* < Cvar(Wy)?

then
4
W C var(Wy)?
P 1| A g 2RVINT
(‘ EWx > (EWn)*
For g < 1/4 the sequence
var(Wy)? 492172
—————— < CNY¥ “In"(N
(EWn)? ()

is summable and the Borel-Cantelli lemma yields the required almost sure
convergence. With (43) and the results of section 4.3, this fact concludes the
proof of Theorem 2.

4.7 Proof of Corollary 1
To prove the corollary, let us fix t € (0,1) and set

hi(e)= inf h
€= ey "

Let also
2
_ fﬂﬁ)_ (filﬁ) (22)
W= Y (Y(N ) - () Y (y) )
pGVEYN(t)

With the same arguments as in the proof of Theorem 2

%N172h*(s) <EW.y < CeN1-2h:(e)

and, if we take e = N7,

i 172

(1 _ In(E WNW))

N = liminf h(s).

s—t

Moreover
var(We n) = O(eN1H2974h- () 12 (N))

and if we take 0 < v < 1/2,

. Wy N
llm —_————

N—+4o0 EWN*’Y,N (5 )

almost surely. Next
Wl W W < o

is still true and the corollary is proved.
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Summary. We show that the sum of two free random variables can have a free
Poisson law without any of them having a free Poisson law.

Key words: free probability theory, Raikov theorem, free Poisson distribution, free
convolution, R-transform.
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The classical convolution * of probability measures on R has an analogue
in the theory of free probability, the free convolution B (see [3]), and the
structures of semi-groups defined by classical and free convolutions on the set
of probability measures on R present many analogies. For example, we can
define infinitely divisible laws in the same way for both convolutions, and there
exists a natural isomorphism between the semi-group of classical infinitely
divisible laws and the semi-group of free infinitely divisible laws (see [2]).
This isomorphism transforms a Gaussian law into the semi-circle law with the
same mean and the same variance, a Poisson law into the Marchenko-Pastur
law with the same mean (see [5]). Moreover, there is a deep correspondence
between limit theorems for weak convergence of sums of independent random
variables and limit theorems for weak convergence of sums of free random
variables (see [2]). It then seems natural to see how far the analogy goes.

Two already established properties of free convolution show that the iso-
morphism between the semi-group of classical infinitely divisible laws and the
semi-group of free infinitely divisible laws cannot be extended to the set of
probability measures. The first one is the following (see [7]): for every proba-
bility measure p on the real line, there exists a family (u:);>1 of probability
measures such that p; = p and for all s, ¢t > 1, one has 54+ = ps B py. There
is no similar result when we replace B by * for y = £ (8 + 61). The second
one is the failure of the Cramér theorem for free random variables: the sum of
two free random variables can be distributed according to the semi-circle law
without any of them having a semi-circle law—the classical Cramér theorem

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 313-319, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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states that if the sum of two independent random variables is Gaussian, then
each of them is Gaussian.

We will show in this article that the analogue of Raikov’s theorem for
free probability is false: the sum of two free random variables can have a free
Poisson law (i.e. a Marchenko—Pastur law) without any of them (even after
translation) having a free Poisson law—the classical Raikov theorem states
that if the sum of two independent random variables has, after translation, a
Poisson law, then each of them has, after translation, a Poisson law. The proof
is very close to the proof given in [4] of the failure of the Cramér theorem for
free random variables.

In order to prove our result, we need to discuss the analytic method for
calculating free convolutions. We will restrict ourselves to compactly sup-
ported probability measures on R. Let C* (resp. C™) denote the upper (resp.
lower) half plane. Given p a compactly supported measure on R, consider the
function

G, : Ct —C

[

This function, called Cauchy transform of y, is analytic, and lim 2G,(z) = 1.

|z| =00

Hence there exists a function K, that is meromorphic in a neighborhood in
C~ of zero, with a single pole at zero such that G, (K,(z)) = z for z close
to zero. One can write K,(z) = 1 + R, (z), where R, is an analytic function
in a neighborhood of zero in C~ (i.e. V. NC~ with V' a neighborhood of zero
in C), called the R-transform of p. It was shown in [8] (see also in [9]) that
R,, determines p and that R,m, = R, + R,.

The R-transform of the free Poisson law with mean A, that we will denote
by py, is given by the formula

Theorem 1. Consider 0 < A <1, r € ]0, % [ Let (fn)nen be a sequence of
analytic functions on {z; ‘z — ﬁ‘ > r}, such that

(i) for all n, for all z, fn(Z) = fu(z),
(ii) for all m, limzf/ (z) =lim f,(2) =0,
(iil) the sequence (f,) converges uniformly to 0 when n tends to infinity.

Then when n is large enough, the function z — ﬁ—l—fn(z) is the R-transform
of a compactly supported probability measure on R.

Before giving the proof of the theorem, here is the corollary that has led
us to establish it.
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Corollary 1. Consider A > 0. There exist two compactly supported probabil-
ity measures on R which, even after translation, are not free Poisson laws,
and whose free convolution is the free Poisson law with mean .

Proof. Consider 0 < X < min{1,\/2}. It suffices to define, with ¢ small
enough, 4 to be the law whose R-transform is z — 1/\le + = (such
a law exists by the theorem), and p_ to be the law whose R-transform is

’

Z 1{—2 — (271/(517)\))2 + A;f;\/ (such a law exists by the theorem and because

the sum of two R-transforms is a R-transform). Then the pair py, p— is
suitable. ad

As a preliminary to the proof of the theorem, here is a lemma that states
the existence of a measure (see [1]).

Lemma 1. Let G be an analytic function from the upper half plane CT to
the lower half plane C~ that satisfies:

(i) 2G(z) tends to 1 when |z| tends to infinity,

(ii) denoting by K the inverse function of G from a neighborhood of 0 in C~
(i.e. from VN C™ with V a neighborhood of zero in C) to a neighborhood of
infinity in CT, the function z — K(z) — ; can be extended to a neighborhood
of zero in C.

Then there exists a compactly supported probability measure on R whose
Cauchy transform is G.

Here is the proof of the theorem. The symbols R and & will denote respec-
tively the real and imaginary parts.

Proof. By the lemma, it is enough to show that when n is large enough, there
exists a domain §2,, of C~, neighborhood of 0 in C~, such that K, induces a bi-
jection from ©,, onto C*, where K, (z) = 1+ 1:2 + fn(2); and that the inverse
function of K, satisfies (i) and (ii) of the lemma. For convenience, we will work
with the functions ¢, (z) = Kn(%z + %), and ¥(2) = K, (fc\z + ).
Recall K, () = £ + 2.

Fix a € ]0,1/10[ such that 1 — 2« > max{r,vA} and 1+ 2o < 1/, and
fix n €]0,0a/2].

First, let us note few properties of the function v, that we will then extend
to the functions 1, with n large enough, using Rouché’s theorem.

We have

2(1— )2
(VA2 +1) (2 +VA)

so zero is the unique preimage of zero by ¢, and for every non zero Z, the set
of the preimages of Z by v is the set of the roots of

1 (1-X)2
X2+(ﬁ+\/__27\/§>x+1'

Their product is one, so 1) is one-to-one in CT and in C~. We deduce:

P(z) =



316 Florent Benaych-Georges

(a) when n is large enough, 1),, is one-to-one in a neighborhood of A = {z; 1—

n< |zl <1+, ]zx1] =1, Sz <0}

For the same reason, 1 is one-to-one in {z € C; 0 < |z < 1, z # —\/X} and

in{zeC;1<|z|, 2 # —\%} Hence:

(b) for n large enough, ¢, is one-to-one in a neighborhood of the corona

B ={z1-2n < |z|] £ 1-1n} and in a neighborhood of the corona C' =

{z:14+n <]zl <1+2n}

We have

AR
IVAz + 1|z + VA

5o 1(z) is real if and only if z is real or has modulus one, hence:

(1 - |Z|2) %37

3(v(2))

(c) for n large enough, I, () < 0 for z = re? € B with § € [-m +n, —1),
(d) for n large enough, S, (z) > 0 for z = rel? € C with 6 € [-7 + 1, —7].
On the other hand, we have

22 -1
(VAz+1)°(z + V)
so 1’ vanishes only on 1 and —1, and for all z in the unit circle such that

z # %1, the gradient V(S4)(z) is non null and orthogonal to the tangent of
the circle, hence

(e) for n large enough, 1, /Or > 0 on z = rel’ € A with 6 € [-7 +1, —7].
At last, ¢”(1) and 9" (—1) are non null, so

(f) for n large enough, v/, is one-to-one 1, is at most two-to-one in a neigh-
borhood of each of the disks D = {z; |z + 1| < a} and E = {z; |z — 1| < a},

(g) for n large enough, 1/, has no zero in both disks {z; |z £ 1| < n}.

U(z) = (1= M)V

For such a value of n, we actually have

(¢") Stn(2) <0 for z =rel? € B with § € |-, 0],

(d") Sepu(2) >0 for z = rel? € C with 0 € |—m,0].

Indeed, if for instance ), (z) were positive for some z € B in the lower
half plane, then we would deduce the existence of 2/ € B N C~ for which
S, (2') = 0. But then ,,(2/) = ¥,(2') = ¥, (2’), and this contradicts condi-
tion (b). Let u, and v, be the unique zeros of ¥/, in D and FE, respectively.
Observe that u, and v, must be real. Indeed, as ¢/, (@) = ¥/ (u,) = 0 and
U, € D, uniqueness implies u,, = Uy,.

Consider now the set
Foo={2€ (AUDUE); z ¢ R, ¥p(2) € R} U {uy, v, }.

We can show that F}, g is an analytic curve that contains a curve -, joining
Up, t0 vy, in the half upper plane (the proof is the same as the one page 219
in the article by D. Voiculescu and H. Bercovici [4]).
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Denote by ©,, the part of the lower half plane below |—oo,uy,] U v, U
[Un, +00]. Let us show that v, is a one-to-one map from ©,, onto the half
upper plane.

For R > 100, let v, r be the contour that runs (anticlockwise) through

1 1
rUlon, RJU{z€C;|z|=R}U |-R,——= — =
Ul RIU L € €T3 s = YU |=R- e =

ofseeifor o= phul- o2+ o]

z iz —=| == ——t =, Up |-
VAl R Vi R

By the residues formula, it suffices to show that for every w in the upper half

plane, the integral of ¢¢jw over the contour 7, r tends to 2ir when R tends

to infinity (this integral is well defined for R large enough, when n and w are
fixed, because lim 1,, = 0).

(1) Computation of the limit of the integral on the complementary of the
semi-circles in the curve vy, r:
By our hypothesis on f,,

lim t¢,(z) =0 and lim ¢, (z) = 400,

T——00 137%

liril Yn(z) =0 and lim 4, (z) = +o0.
Tr—+00 >, 1
zﬂ—ﬁ

The function ¥, is real on the complement of the semi-circles, so, when
R tends to 400, the integral of ww"

—w

= im.
oo YW
(2) Computation of the limit of the integral on the large semi-circle:

By hypothesis,
) )

Un(2) —w
so the integral on the large semi-circle tends to 0 when R tends to infinity.
(3) Computation of the limit of the integral on the small semi-circle:

on this complement tends to

lim (R sup
R—oo\  |z|=R

By the same arguments as in (1) and (2), the integral of wa/w on the
complementary of the small semi-circle in the contour

{(2€C; 2| =1} U[LR|U{z €C; |2| = R} U [—R,—% _ %}

u{ e(C*|+1| 1}u{ 1+1 1}
z J |2 —_— = — —_— -, —
VAR VA R
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(running anticlockwise) tends to im when R tends to 4+o0o. Otherwise, v
being a one-to-one map from {z € C~; |z| > 1} to C*, the integral of
fTw on the contour

{zeC7; [2|=13U[L,R|U{z € CT; |2| = R} U [—R,—% - H

U{zE(C_' |z+i|:l}u {—LJFE —1}

; TR ok
(going anticlockwise) tends to 2ir when R tends to +o00, so the integral
of J’T/w on{z€C;|z+1\ = +} tends to im when R tends to +oo.
But clearly, because of the boundedness of f,, and f/ in a neighborhood
of zero, we have

lim ( () Y(2) )dz:O.

R—+to0 |z+%|,%z§0 %ffn(z)—w 77[}(2:)_"‘)

So the integral of ¢¢(Lz()z_)w on the small semi-circle of 7, r tends to im

when R tends to +oc.

Thus, v, is a one-to-one map from ©,, onto the upper half plane. Hence
K, is a one-to-one map from {%z + ﬁ; z € @n}, that we denote by 2,
onto CT.

Let us show that the inverse function G,, of K, satisfies the hypothesis of
the lemma.

(i) Let us show that zG,,(2z) tends to 1 when |z| tends to infinity. The function
K, is bounded in the complementary, in £2,, of any open disk centered
in zero with radius larger than 1+ 1/A/X, so G,,(2) tends to zero when |z|
tends to infinity. But 2Gp(2) = Ky (Gr(2))Gn(2), so the limit of 2zGp(2)
when |z| tends to infinity is the limit of yK,(y) when y tends to zero,
that is 1.

(ii) The function that associates K, (z) — X to z can be analytically extended
to a neighborhood of zero in C because f,, is analytic in a neighborhood
of zero.

So the theorem is proved. a

The proof is very close to the proof given in [4] of the failure of the Cramér
theorem for free random variables. In that article, the authors show also the
superconvergence to the central limit theorem for free random variables: in
addition to the weak convergence, we know that for n large enough, the mea-
sures have analytic densities, and that their densities converge uniformly to
the density of the semi-circle law. The superconvergence in the free Poisson
limit theorem has already been shown (using explicit computations) in [5].
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A Sharp Small Deviation Inequality
for the Largest Eigenvalue of a Random Matrix
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Summary. We prove that the convergence of the largest eigenvalue A1 of an xn
random matrix from the Gaussian Unitary Ensemble to its Tracy—Widom limit
holds in a strong sense, specifically with respect to an appropriate Wasserstein-like
distance. This unifying approach allows us both to recover the limiting behaviour
and to derive the inequality P(A1 > 2+t) < C exp(—cntg/z), valid uniformly for all n
and t. This inequality is sharp for “small deviations” and complements the usual
“large deviation” inequality obtained from the Gaussian concentration principle.
Following the approach by Tracy and Widom, the proof analyses several integral
operators, which converge in the appropriate sense to an operator whose determinant
can be estimated.

Key words: Random matrices, largest eigenvalue, GUE, small deviations.

Introduction

Let H,, be the set of n-dimensional (complex) Hermitian matrices. The general
element of H,, is denoted by A(™) and its entries are denoted by (az(;)).

We exclusively focus on the Gaussian Unitary Ensemble GUE, which can
be defined by the data of a probability measure P,, on H,, which fulfills the
following conditions:

1. The n? random variables (agf)), (%agl))ig, (%aﬁ?))iq are independent,
2. Vi, a{™ follows the Gaussian law N (0,1/n),
3. Vi < j, ?Ral(;) and Sal(;) follow the Gaussian law N(0,1/2n).

The measure P, is uniquely determined by these three conditions because
of the extra symmetry constraint a;; = @j;; it can also be made explicit.
H,, is a vector space on which the scalar product (u,v) := tr(uv) induces a
Euclidean structure, hence a Lebesgue measure. The probability measure P,
has a density with respect to this Lebesgue measure, which can be shown to
be equal to

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 320-337, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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dB, := 1 exp(—E tr M2) dM
n 2
where ¢,, is a normalization constant.

The GUE has the wonderful property of invariance under rotation: indeed
the measure P, is invariant under the conjugation action of the unitary group.
This makes calculations easier and is very useful for the study of eigenvalues,
which are also invariant under the same action.

From now on, “random matrix” means “element of (H,,P,)” seen as a
probability space. Let (£2,P) denote the product of all these probability spaces
[1:2, (Hy, P,); an element of 2 is a sequence of random matrices, the n-th
matrix being of size n. However, for all the questions we shall consider, the
relationships between the H,,’s for different n’s are immaterial.

For more background, we refer the reader to the monograph [10]. Through-
out the argument, C, ¢, ¢, ... will stand for positive universal constants, inde-
pendent of the dimension and of any other parameters that may be involved.
The values of these constants may change from place to place.

Let A\ (AM™) > My (A™) > ... > X\, (A™) be the ordered eigenvalues of a
random matrix A, The global asymptotic behavior of these eigenvalues is
well-known. The most famous result in this topic is the semi-circle law, which
can be stated as follows: let N(A(™)) be the probability measure on R derived
from the random matrix A in the following way (0, denotes the Dirac mass
at point x)

N(A(n)) = Z(S}\k(A(n)).
k=1

Then, P-almost surely, the sequence of probabilities (N (A™) converges
weakly to a deterministic measure pu., with a density with respect to Lebesgue

measure given by
1
d,uc = 2— 1[,272] \Y4 4 — .’L'2 dx.
s

We are interested here in the asymptotic behavior of the largest eigenvalue
A1 (A™), which is a so-called local problem. Classical results (see e.g. [1], also
for precise references to the original articles) claim that

lim A\ (A(”)) =2 P-almost surely.
The asymptotic behaviour of A\;(A(™)) was further clarified by Tracy and

Widom, who proved the following result: there exists a continuous decreasing
function ., from R onto (0,1) such that

lim B, (A (A™) > 2+ 2n7%%) = g (2). (1)

This function v, naturally arises as a determinant linked to the so-called
“Airy kernel”, which will be defined later. The most difficult point of Tracy
and Widom’s work was to show that this function ., can be written in terms
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of a Painlevé function (see [17]). From this point one can deduce asymptotic
behavior of .., around +oo and find universal positive constants C, ¢, C’,
¢’ such that for x large enough

¢ exp(—C'z%?) <y () < cexp(—Cz®/?). (2)

The remainder of this article is organized as follows: in section 1, we define
an appropriate Wasserstein distance and state our main theorem which asserts
that Tracy—Widom convergence holds in this strong distance. In section 2, we
derive from this theorem the small deviation inequality and compare it with
the classical one. Section 3 introduces the needed framework of determinantal
kernels, which are classical in this field, and section 4 contains the proof of
the main theorem. Finally, section 5 contains an alternative simple derivation
of upper bounds (2) for the Tracy—Widom distribution.

1 Convergence in Terms of a Wasserstein Distance

We call tail function of a measure ¢ on R the function ¢, : R — [0,1] de-
fined by ¥, (x) := p((x,4+00)). Such a function is decreasing, left-continuous,
tends to 1 at —oo and to 0 at +o00. The tail function just equals 1 minus the
cumulative distribution function. The function appearing in the r.h.s. of (1)
is the tail function of the Tracy-Widom distribution on R (we denote this
distribution by TW).

We want to prove that the law of the rescaled largest eigenvalue tends to
the Tracy—Widom law in a strong sense. As we only focus on the upper tail,
we can consider truncated laws, supported on an interval [a,+00) for some
real a. Let A% be the probability measure with tail function defined by

P (AM) = 24207 2/3)  if 2 > a,
¢A%(I)_{1 if x < a.

Similarly, let TW* be the truncated Tracy—Widom law defined by

Yo (2) = {11/JTW (z) ifz>a,

if z < a.

We are going to show that for any a, A% tends to TW* with respect to
the distance defined through a mass transportation problem in its Monge—
Kantorovich formulation (see [12]).

A mass transportation problem is the question of optimizing the trans-
shipment from a measure to another with respect to a given cost. More pre-
cisely, let © and v be two probability measures on the same space X, and
¢: X xX — Ry a symmetric function vanishing on the diagonal (c¢(z,y)
represent the price to pay to transfer a unit of mass from x to y). Ways to
carry p onto v are represented through probability measures 7 on the square
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space X x X having 1 and v as marginals (this means that for any measur-
able subset A of X, (A x X) = p(A) and 7(X x A) = v(A)). We denote by
II(p, v) the space of such 7.

The Wasserstein distance associated with the problem is the “minimum
cost to pay”, defined by

d(p,v) = inf /C(r,y)dﬂ(r,y)-
el (p,v) ) x2

We are going to consider a very special case of this problem. Let us suppose
that X = R and that the cost ¢ is defined as follows

L L () dt‘ (3)

c(x,y) =

where w is a positive function.
We can now state the main result of this note

Theorem 1. Let w(x) := exp(yz®/?) and let d be the Wasserstein distance
associated with the cost induced by w via the formula (8). Then, for any fized
a € R, if v >0 is small enough, AS tends to TW® for the distance d:

lim d(A®, TW?) = 0.

n—oo

2 The Small Deviation Inequality

The simplest idea to get concentration inequalities for the largest eigenvalue of
a GUE random matrix is to use Gaussian concentration; it is a straightforward
consequence of the measure concentration phenomenon in the Gaussian space

(see [1]) that
Vvt >0, Vn, B, ()\1 (A(")) > M, + t) < exp(—nt2/2) (4)

where M,, is the median of A\;(A™) with respect to the probability measure
P,. One has the same upper estimate if the median M, is replaced by the
expected value E, A\ (A(™).

The value of M,, can be controlled: for example we have M,, < 2+ ¢//n.
This will be a consequence of our Proposition. Plugging this into the equation
(4), we get the following result, where C' is a universal constant

V>0, Vo,  B(M(A™) >2+1) < Cexp(—nt?/2). (5)

We ask the question whether in fact both IEn)\l(A(")) and M, are smaller
than 2. Note that since the function \; is convex, its median with respect to
B, does not exceed its expected value ([7]). A positive answer to this question
would imply that one could choose C' =1 in the inequality (5). The answer
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to the analogous question is known to be positive for the GOE (Gaussian
Orthogonal Ensemble), an ensemble of real symmetric matrices defined in a
similar way as GUE (see [10] for a precise definition). The argument, due
to Gordon, uses a result about comparison of the supremum of Gaussian
processes known as Slepian’s lemma (see [1]) and doesn’t carry over to the
complex setting.

There are similar though not as simple results for B, (A (A™) < 2 —t),
but in this paper we will concentrate on the “upper tail” estimates.

The result of Tracy and Widom (1) shows that the majoration (5) is not
optimal for very small values of ¢. If for example ¢ is equal to zn~2/? for a
fixed x, then the right-hand side in concentration inequality (5) tends to 1
when n grows to co, whereas the left-hand side tends to ., (z), which can
be very small.

We would like to derive from our Theorem a deviation inequality which
would improve the inequality (5) for small values of ¢. For this purpose, the
uniform convergence in (1) (which, by Dini’s theorem, follows formally from
the pointwise convergence) is not enough. But we will prove in this section
that our Theorem implies the following Proposition:

Proposition 1. There exist positive universal constants C and ¢ such that
for every positive t and any integer n

B, ()\1 (A(”)) > 24+ t) < Cexp(—cnt3/2). (6)

Of course, by symmetry of the law P,, similar results are true for the
smallest eigenvalue ), (A™)

P (An(AM™) < =2 — 1) < Cexp(—cnt®?). (7)

Using the fact that for a Hermitian matrix A, the norm equals the maxi-
mum absolute value of an eigenvalue, we get a similar estimate for ||A™ ||

Pn(HA(")H >2 —l—t) < Cexp(—cnt3/2). (8)

We need the following lemma to prove the proposition, which will help us
to explicitly compute Wasserstein distance

Lemma 1. Suppose that the measures p and v are defined on R, and that
the cost ¢ is defined by an integral, as in (3). If p and v are reqular enough,
for exzample if 1, and 1, are piecewise C*, then the Wasserstein distance
for the cost ¢ equals

o) = [ T w0 u(t) — (1) d. (9)

Proof. In fact, this transportation problem is explicitly solvable. For a one-
dimensional problem with a cost satisfying the Monge condition (which is
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always the case when the cost is defined using an integral as in (3)), the
optimal transshipment is achieved through the map T defined as follows (see

[12], chapter 3.1)
x T(z)
/ du :/ dv.

Thus, we can compute the value of d(u, v)

d(p,v) = / (7 (u), 7 (u)) du.

Let us consider first the particular case when v, < 1,. This allows us to drop
the absolute values in the definition of ¢ (see (3)) and unfold the calculations.
Using the appropriate changes of variables, we come to the equality (9).

For general p and v, define A v and p V v using their tail functions

’(/}u/\l/(x) = min(¢u($)> ’(/}V(x)) and ’(/JMVV(x) = max(i/}u@% QZ}V(LL'))

We easily check that ¥, < Yuve, AWy, ¥u) = d(Yurv, Yuve) and that the
value of the r.h.s. of (9) does not change if we replace ¥, and 1, by A, and
Y. This yields the conclusion for the general case. a

Using this lemma, we get from our theorem (with a = 0), using the upper
bound (2) for 1, the uniform estimate

/ w(z)P, ()\1 (A("))Z 2+ zn72/3) de <C
0

which implies immediately for > 1 (keep in mind that 1, is decreasing)
Un(z) < Cexp(—y(z — 1)*?)< C exp(—y'2*?). (10)

This is, up to the rescaling t = zn~2/3, the content of the proposition.

Now we can also easily show that our theorem implies the Tracy—Widom
limit (1): using the uniform bound (10) and Lebesgue’s convergence theorem,
we get from the Theorem that ., is the pointwise limit of the ,’s on
[a, +00), and thus on the whole real line if we let a go to —oc.

It should be emphasized that recently (independently from and slightly
preceding this work), this small deviation result has been proved by Ledoux
in [8] using an argument based on the Harer—Zagier recurrence formula (see [5]
for a simple proof of this formula). The same paper by Ledoux contains an-
other proof based on hypercontractivity which gives the result up to a polyno-
mial factor; this method works also for the Laguerre Unitary Ensemble (see [8]
for the definition). However, the existence of a Tracy—Widom limit does not
follow from this approach. More generally, many contributions to this and
related topics either address the limit behaviour or provide dimension-free
bounds, rarely combining the two. Our technique captures both phenomena
in a single “stroke”.
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3 Relation to Determinants

The remainder of this note is devoted to the proof of the main theorem. For
simplicity, we will prove only the case a = 0, and drop all the superscripts.
The proof for a general a requires only routine modifications.

We are first going to express all involved quantities in terms of determi-
nants of certain operators. This is quite classical work due to Gaudin and
Mehta (see [10]). Part of the calculations done here are present, at least im-
plicitly, in the paper by Tracy and Widom ([17]).

We need new notation. Let (H,,) be the Hermite polynomials, which are
defined by

d\n
H,(t) == (—=1)"exp(t*) <E) exp(—t?).

They are orthogonal for the measure on R of density exp(—2?) with respect
to Lebesgue measure. Then we note
1
Vdn

where d,, := [, Hy(x)* dz = 2"n!\/7. The family (¢,) is therefore orthonor-
mal in L?*(R). We introduce

bn(t) := H,(t) exp(—t*/2) (11)

n—1
kn(2,y) =Y 6(2)0;(y).
=0

We can associate to k, an integral operator K,, acting on the Hilbert space
L?(R) in the following way

(Ko f)(z) = / (2, 9) £ () dy. (12)

R

This operator K, is nothing but the orthogonal projection in L?(R) onto
the subspace spanned by (¢;)i1<j<n-

This is a very general setting: if we have a measure space (X, u) and a
“kernel” k € L*(X x X), we can define an operator K on L?(X) using a
formula similar to (12). From now on, all kernels are assumed to belong to
L?(X x X) and are denoted by small letters; associated integral operators are
denoted by the corresponding capital letter.

It is straightforward to prove that Hilbert—Schmidt operators on L?(X) are
exactly integral operators with a L? kernel. Moreover, the Hilbert-Schmidt
norm of the operator and the L? norm of the kernel coincide. This fact is
proved in [3], which is a good reference for a reader who wants more detail on
integral operators. Let us just quote the formula for compositions of operators:
if k and [ are two kernels on the same space (X, i), then the operator KL is
an integral operator with kernel (kl):
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(kD)(o9) = [ o200 o). (13)
X

The tail function of A\;(A™) can now be expressed using the kernel k,.
The key formula is the following (see [10])

n
vteR, P, (% A (AM) < t> = det (Id - K,). (14)

In the formula (14), the right-hand side must be understood as the de-
terminant of the operator K,, acting on the space L?([t,00)) (or equivalently
of the operator with kernel equal to is the restriction of k, to [t,c0)?). This
restricted operator is denoted Kr[f].

It may not be immediately obvious how to define such a determinant,
as the operator involved acts on an infinite-dimensional space. However, the
operator K, that we consider here has a finite rank, hence we can define its
determinant as if it were acting on a finite-dimensional space.

A problem will arise when we want to consider limits of such operators,
which might fail to have a finite rank. Fortunately, a whole theory of deter-
minants (and traces) of integral operators exists (so-called “Fredholm” deter-
minants). In fact, there are several possible ways to extend these concepts
to the infinite-dimensional case. We will focus on a more algebraic approach,
due to Grothendieck (see [4] or [13] for a complete exposition), which defines
determinants of a nuclear (= trace class) perturbation of identity in terms of
traces of its exterior powers (here N is a nuclear operator, for which trace is
well-defined):

o0
det(Id + N) := 14 Y tr(A%(N)).
k=1

Of course, this definition coincides with the usual one in the finite-
dimensional case.

The presence of the factor \/n/v/2 in equation (14) requires an explana-
tion. It arose because there are several possible normalizations. We chose to
define the GUE so that the first eigenvalue is about 2, while other authors,
as Tracy and Widom in [17], prefer to locate it around v/2n (there are still
other normalizations but an exhaustive list would be too long). As we kept
their notation for the kernels k,, a scaling factor will appear when we pass
from a normalization to the other one.

To get a nontrivial limit, we must replace the ¢ in formula (14) by the
following rescaling, as for the Tracy—Widom limit (1)

t=1n(z) = % (24—#).

Let also I;:n be the rescaled kernel
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kn(z,y) = m ky, (Tn(x),Tn(y))

We can see using a change of variable that f(,[f] and K,[LT"(E)] have the same
eigenvalues. More precisely, if f is an eigenfunction of f(y[f;], then for, !isan
eigenfunction of K 7[:"@)], with the same eigenvalue.

Plugging these renormalizations into the formula (14), we obtain

P (M (AM) <2+ 2n72/3) = et )(Id - K,). (15)
x,+00

Using the previous definition for the tail function 1,,, we can write for a
positive s ~
Un(s) =1 —det(Id — KI).

The following result was known before Tracy and Widom’s work (see for
example [2]) 3
lim ky (2,y) = k(z,y) (16)
uniformly on compact subsets in x and y.
Here k is the kernel, often called Airy kernel, defined by

() = Ai(x) Ai’(y:z : yAi'(a:) Ai(y). (17)

The kernel k is extended by continuity to the diagonal. The function Ai
is called the Airy function. It is very useful in physics and can be defined by
several means. One of them is the following integral representation

Ai(z) := L /OO exp(i(zt +t%/3)) dt.

2 J_ o
It can also be written as a combination of Bessel functions. It satisfies the
Airy ODE
82
() = (o). (13)

The asymptotic behavior of Ai is well-known, for example [16] contains
the following formula, valid when x tends to +oo

: Loija = —1/a 2 32
Ai(x) ~ 3 3 NZx" exp(—mx ) (19)
The function 1., can be defined using this Airy kernel
Yoy (2) == 1 — det(Id — K. (20)

In [17] Tracy and Widom found another expression for ¢,. Let ¢ be the
solution of the Painlevé II ODE
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32

() = wq(x) + 2q(o)’

which is determined by the asymptotics ¢(x) ~ Ai(x) for z close to +00. Then
we have the representation

bowle) = 1= exp(— [T (= )a7 ). (21)

It is easy to get from (19) and (21) the bounds (2) for the asymptotic
behavior of v..,. However, as we do not really need all the depth of Tracy
and Widom’s results and connections to Painlevé functions, we will reprove
this fact in a more elementary way at the end of this note.

4 Convergence of the Operators

The convergence in (16) as determined in the existing literature is rather
weak; in particular, it does not imply convergence of the associated integral
operators in the Hilbert-Schmidt norm or even in the operator norm on LZ2.
In particular, we are not a priori allowed to exchange limit and determinant
in (15) when n tends to infinity.

Our main step will be to show that K, tends to K with respect to the
nuclear (trace class) norm. To that end we need several lemmas.

Lemma 2. The following equality holds

(% + a%)kn@, y) = —@ (¢n(@)bn-1(y) + bn1(2)n(y))-

Proof. We start with the Christoffel-Darboux formula (see [16])
z—y

Then we apply the operator 9/0xz+ d/0dy to each term. We use the formula
(11) and the following identities (those which are not obvious are shown in
[16])

o) = - 2L
HY () = 20 H, 1 (x) — Ho(a),
H! (z) = 2nH,_1(z).

(Hy, () — xHy(2)),

We obtain exactly the expected result. a
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Lemma 3. The following integral representation holds

nl/ﬁ 00

kn(2,y) = sz ) o (7o (z + 2)) dn—1 (Tnly + 2)) (22)
+ Gn1(Ta(@ + 2)) b (Ta (y + 2)) dz.

Proof. If we apply the operator 9/0x + /0y to the right-hand side of (22)
(there is no trouble with interchanging the operations “0/0x 4+ 0/dy” and
“ fooo” since all the functions involved are Schwartz functions), we get after
standard calculations

nl/6

22

Lemma 2 asserts that we obtain exactly the same expression when we
apply the operator §/0x + 0/0y to the left member of (22). Thus, the two
members of the equation are equal modulo a function (say, «) which only
depends on x —y. But both members tend to zero when z et y tend to infinity
in an independent way. Therefore the function « has to vanish identically and
the lemma is proved. a

(60 (7)) 601 (7a®)) + 601 (72 @) (0 w)) ).

Let us introduce some extra notation. The following kernels are defined on
[s,+00)2, where s is any positive number

nl/12
(@) = S dn(m(z +y = 9),

nl/12
bk] ($7 y) = W On—1 (Tn(x +y - S)),
all(z,y) = Ai(z +y — s).

The equality (22) can be translated in terms of operators (this is just a
consequence of the formula (13) for the composition of kernels)

~ 1
e ) (23)

A similar equality for the operator K is proved (exactly in the same way)

in [17]
KU = (AlIY (24)
We shall subsequently show that (for a fixed s) the operators A[Tf I and BT[LS ]

tend to Al*! with respect to the Hilbert-Schmidt norm. To that end, we need
estimates for ¢,, contained in two lemmas that follow.

Lemma 4. The functions ¢, after rescaling, converge to Ai, uniformly on
compact subsets in y:

bn(Ta(y)) 27012 = Ai(y) and g1 (a(y)) 27/ 40" — Ai(y). (25)
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Proof. This is an immediate consequence of the following asymptotic formulae
for Hermite polynomials due to Plancherel and Rotach. They can be found,
in a slightly different presentation, in the book by Szego ([16])

fr=v2n+1+ L, then ¢, (z) = 21/4p=1/12 (Ai(y) + O(n73/4)).
\/2nl1/6

The O holds when n tends to 400, uniformly in y on compact subsets. O

Lemma 5. We have a bound for ¢, which is uniform in n: there exists a
positive constant ¢ such that for any y > 0 and any integer n

n 2y (1a(y))
0260 (Tn-1(y))

Proof. Let us sketch a proof of the first inequality in (26). We will use the
following result, which is an exercise on page 403 of [11]. It is valid for « > 1

C’exp(—cy3/2 ,

Cexp(—cy®/?). (26)

<
<

H,(vx) < 1.13 \/2_7Texp(—u2/4)u(3”271)/6 exp(u2x2/2)< ¢ 1)1/4 Ai(u4/3C)

z2 —

where v := v/2n + 1 and
2/3
3 3
(= (Z V2 —1-— ZAIgCh:L‘) .

Using the definition of ¢,, given in formula (11) and Stirling’s formula to
estimate d,,, we obtain

1/12 ¢ e 4/3
n' 2o, (vax) < C R Ai(v*°().

We deduce from (19) a bound for Ai, and we also use the inequality ¢ >
c(x —1) to get

n'/ 126, (Van+ 1z) < On~V/° exp(—c(2n +1)(x — 1)*/2). (27)

(z— 1)1/

We now return to our notation through the change of variable v/2n + 1z =
Tn(y). We can estimate z in the following way

& Yy
R S—
n o \2nl/6/2n +1

For y large enough, we even have

r>1-—

x>1+c#. (28)
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Combining (27) and (28) yields

n1/12¢n (Tn(y)) <C y1—1/4 eXp(_Cy3/2).

The factor y~'/* can be deleted if ¢ is made small enough. This inequality

is only true for y large enough, but we keep in mind that convergence in (25)
was uniform on compact subsets, so we can extend it to all positive y, and the
inequality is proved. The same scheme of demonstration works for the second
inequality, with 7,_1 instead of 7,. a

We are now ready to prove our main theorem.

Proof of Theorem 1. We denote by || .| gs the Hilbert—Schmidt norm and by
v the nuclear norm.
We are first going to estimate the quantity |1, (s) — ¥ (s)| = | det(Id —

~£f]) — det(Id — K*)|. To reach this goal, we will use the following estimate
(see [4]), valid for any two nuclear operators A and B

| det(Id + A) — det(Id + B)| < v(A — B) el tv(A)Fv(B), (29)

It will be useful to notice that lemma 5 implies in particular the following
remark: there is a positive C such that for any s > 0 and any integer n, all the

quantities ||A£f]\|HS, HBT[;S]HHS and ||A| zs are bounded by C (remember
that the Hilbert-Schmidt norm is just the L?-norm of the kernel). Using
inequalities (23), (24) and the noncommutative Hélder inequality, we get that

v(KP¥) and v(K 7[15]) are also bounded by the constant. Hence we can drop the
exponential factor in formula (29)

[1n(5) = W (8)] < Ov (KT — K1),
We need to estimate the quantity u(f(,[f] — K¥l). The key to do this is to
use the equalities (23) et (24) to get
KU Rl = i((ALs] A (Bl 4 4B 1 (Al 4 AT (Bl — A1)
+ (B Al (Al — Al 4+ (B — Al (Al A[S])).

The non-commutative Holder inequality yields

~ 1
(RED = K1) < 5llA80 = Ay B + AT )

s
1 S S S S
AL AV B - 4]
The factors with a “+” are easy to get rid of: we can use the triangle

inequality to write HALf] + Al s < ||A£f] s + | A | g5, which is uniformly
bounded according to the remark following formula (29). We obtain
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”(f(v[zs] - K[S]) S C(HALf] - A[S]HHS + HB,[LS] - A[S]HHS)'

We can now calculate the Wasserstein distance from A,, to TW, using the
expression given by lemma 1

d(A,, TW) = /000 exp(fysS/Q) [tn(8) — Pp (s)] ds

< [ explo )7 = Ay + 15— A1)
0

First deal with the term ||A£f] — Al)|| zg. Using the definition of AP and
Al we get

/ exp(vs?’/z) HALf] — Al HHS ds (31)
0

0 0 / 2 1/2
= \/5/ exp(ys3/2) (/ z((n;l—/lj gbnOTn—Ai)(z—i—s)) dz) ds.
0 0

Fix an € > 0 and use the uniform bound of lemma 5: we get that for ~
small enough, S large enough and any n

oo 4/ oo nl/12 2 \1/2
\/5/5 exp(’ys / )(/0 z((mgbn 0Ty — Ai)(z + s)) dz) ds < e.

Similarly, for Z large enough, any s smaller than S and any n

s nl/12 . 2 \1/2 c
([ (Cmomem-m)eraos) < ot

Now we can split the integral in (31) into three terms to get (remember
that the convergence in lemma 4 is uniform on compact subsets):

/0 exp(753/2)||A£f] — Al ||HS ds < 3¢ for n large enough.

We can write a similar estimate with B,, instead of A,,. We finally deduce
that, for n large enough, d(A,,,TW) < 6Ce. Hence A,, tends to TW in the
Wasserstein sense. This is the announced result. O

5 An Elementary Proof of Asymptotics for v,
To prove our theorem, we needed the upper asymptotics (2) for ¢, . It is

possible to derive them from the representation (21): keeping in mind that
q ~ Ai, we get from (19)
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oo
/ (t —x)g* () dt < Cexp(—cx3/2).
xT

Hence, (21) yields
Yoy (7) < 1 — exp(—Cexp(—cz®/?)) < C” exp(—cz®/?).

However, for sake of completeness, we are going to derive in this section
this last result in a more elementary way, i.e. without using the Painlevé
representation. To do this, we need some facts about integral operators. Of
course, a general integral operator can fail to be nuclear (for example, any
Hilbert—Schmidt operator from L?(X) into itself can be written as an integral
operator). Nevertheless, there exist several “nuclearity tests”, criteria ensuring
that under some conditions, kernels generate nuclear operators ([3],[4]). The
main result in this topic is Mercer’s theorem, which enables us to expand
a continuous self-adjoint kernel (i.e. the associated operator is self-adjoint)
as a series of eigenfunctions of the operator. Unfortunately, these results are
usually stated when dealing with a compact space of finite measure, and we
have to consider half-infinite intervals [s, +00). However, the standard proofs
work also in this setting with only slight modifications.

A result which fits the present context is the following

Lemma 6. Let X = [s,400), equipped with the Lebesgue measure, and k be
a kernel on X x X which satisfies the following conditions:

1. ke L2(X x X)

2. k is jointly continuous

3. K is positive self-adjoint as an operator on L?(X)

4. There exists a continous positive function o in L*(X) such that |k(z,y)| <
o(z)oly) for every x, y in X.

Then the operator K is nuclear and the trace formula holds

tr(K) = /00 k(x,z)dx. (32)

Proof. We are going to derive our result from the classical finite-measure case
using a change of density trick. Let p be the measure on X with density o?
with respect to Lebesgue measure; we have u(X) < co. If we (isometrically)
identify L?(X,dx) with L?(X, u) sending f to f/o, the integral operator K
viewed from L?(X, ) into itself has kernel k(x,y)/o(z)o(y). To get the result
we simply apply to the new kernel the following version of Mercer’s theorem
(it can be proved adapting straightforward the classical proof from [14]): if  is
a finite Borel measure on X and k a continuous bounded positive self-adjoint
kernel, then the associated operator K is nuclear and its trace is equal to the
integral of the kernel along the diagonal. a
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Lemma 7. The following estimation holds
iC, ¢>0, Vs>D0, Yow (8) < Cexp(—csS/Q).
Proof. By definition (see [13]), we have

Urw(8) = D (=1 (4" (K1),

k=1
Using the fact that tr(A%(K¥)) < tr(K)k/k!, we get
(e ()] < exp(tr K1) -

Actually, formula (20) shows that 1), is positive since we have 0 < K[ <
1. In the end, the convexity of the exponential function on [0, tr K [O]] yields
fors >0
Yo (5) < Ctr K
It is not hard to check that the kernel k[*! satisfies the hypotheses of
lemma 6; to check condition 4 we can cook up a function ¢ using Ai and its

derivative.
Thus we can rewrite the trace of K[* as an integral

Ury () <C [ (@) 2 i) (33)

The value of K on the diagonal comes from (17) and the Airy ODE (18).
Using (19), we can write

AC, ¢>0, Vs=0 Ai(s) < C’exp(—cs?’/Q). (34)

A similar majoration holds for Ai’: we only need to write Ai'(s) =
J° Ai"(x) dz and to use formulae (18) and (34)

3C,¢>0, Vs>0  Ai'(s) < Cexp(—es¥/?). (35)

The conclusion comes when combining formulae (33), (34) and (35). O

Possible Generalizations

Of course, we expect the inequalities analogous to (6) to be true in a much
more general setting. Basically, each time a Tracy—Widom-like behavior has
been proved or is suspected, we can ask whether such a uniform estimate
holds.

The most natural extension would be the setting of general Wigner ma-
trices, for which universality of Tracy—Widom limit has been proved by Sosh-
nikov ([15]). However, the bounds on moments he obtained do not suffice to
derive the small deviation inequality.
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Tracy and Widom proved results similar to (1), involving a different limit
law, for the matrix ensembles GOE and GSE (the real orthogonal and the
symplectic cases) in [18].

Several authors investigated the behavior of the largest s-number (also
called singular value) of a rectangular m x n matrix with independent entries,
when the ratio m/n tends to a limit in (0,1). The paper [6] contains a result
analogous to (1) for the Gaussian case (the so-called Wishart ensemble). There
is strong numerical evidence indicating that a convergence on the scale n=2/3
as in Tracy—Widom behavior occurs also universally in this case, for the largest
s-number, but also for the smallest one.

Another quantity of interest is the norm of a n X m random matrix as a
operator from £ to (. Concentration results have been recently obtain in
this case by Meckes (cf [9]).

In all these cases, we know concentration inequalities similar to (5), it
would be interesting to prove the corresponding small deviation result.
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Summary. The goal of this article is to understand geometrically the asymptotic
expansion of stochastic flows. Precisely, we show that a hypoelliptic diffusion can be
pathwise approximated at each (normal) point by the lift of a Brownian motion in
a graded nilpotent group with dilations. This group, called a Carnot group, appears
as a tangent space in Gromov-Hausdorfl’s sense. We then apply this geometrical
point of view in different domains:

e the study of the spectrum of regular sub-Laplacians;
e the study of Riemannian Brownian motions.

Keywords: Carnot groups, Chen expansion, Gromov-Hausdorff tangent space, Hor-
izontal Laplacian, Hypoelliptic diffusions, Sub-Laplacian.
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1 Introduction

In a famous paper, K.T. Chen [8] has shown how to deeply generalize the
Baker—Campbell-Hausdorff formula in a context which can be used in the
theory of flows of deterministic differential equations. The use of this Chen
formal expansion of a flow is illustrated in the paper of R.S. Strichartz [28].
It has then been discovered, in particular by Ben Arous [2] and [3], that
this expansion could also be applied in the theory of stochastic differential
equations. Using this expansion, Ben Arous was for instance able to derive,
after Rotschild and Stein [27], the asymptotic expansion of a hypoelliptic
kernel on the diagonal.

In this paper, we would like to present how to use some ideas from sub-
Riemannian geometry and some ideas from the Gromov metric geometry to

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 338-362, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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describe the geometrical content of this Chen expansion of a stochastic flow.
More precisely, consider stochastic differential equations on R™ of the type

d t
X7 = o +Z/ Vi(Xg)edBl, >0, @
i=170

where:

1. g € R";

2. Vi,..., Vg are C* bounded vector fields on R";

3. o denotes Stratonovich integration;

4. (B},...,Bdo<i<r is a d-dimensional standard Brownian motion.

Since (X;°)o<i<r is a strong solution of (1), we know from the general theory
of stochastic differential equations that X*0 is a predictable functional of B.
If we want to better understand this pathwise representation, the best tool is
certainly the Chen expansion of the stochastic flow associated with the SDE.
Indeed, through the Chen expansion, the [t6 map

7:¢([0,7,RY) — ([0, T],R"), B+ X,
established by the SDE can be formally factorized in the following manner
Z=FoH.

The map
H:¢([0,T],R%) — €([0,T], exp(ga,00) )

is a horizontal lift in exp(ga,0o) Where gq oo is the free Lie algebra with d
generators. And F' is simply a map exp(g4,00) — R".

This factorization can be made totally rigorous in the case where the vec-
tor fields V; generate a nilpotent Lie algebra. Therefore, in this nilpotent case,
the geometry of this It0 map stems directly from the geometry of a finite
dimensional quotient of exp(ga,o0). In the case where the V; do not generate
a nilpotent Lie algebra anymore but satisfy the strong Héormander condition,
then Gromov’s notion of tangent space shows that it is still possible to ap-
proximate locally the geometry of the It6 map by the geometry of a finite
dimensional quotient of exp(gq4,00)- From this point of view, the geometry of
finite dimensional quotients of exp(gq,oc) is thus of particular interest. The
study of these quotients can be reduced to the study of the so-called free
Carnot groups. They are graded nilpotent groups with dilations. Their geom-
etry is not Riemannian but sub-Riemannian.

In the first part of the paper, we develop precisely this point of view. The
second part of paper focusses on two applications:

e the study of the spectrum of regular sub-Laplacians;
e the study of Riemannian Brownian motions.
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2 Motivation: Taylor and Chen Expansion of Stochastic
Flows

Let f: R™ — R be a smooth function and denote by (X;°):>0 the solution of
(1) with initial condition zy € R™. First, by It6’s formula, we have

d t
JOXT) = fleo) + 0 /0 Vi) (X7) 0 dBl, 130,
=1

Now, if apply It6’s formula to V; f(X7Z), we obtain
d . d t S . .
FOXE) = Flao) + SN @B+ 3 [ [ (Vv 0 dBg oL,
; o Jo

i=1 ij=1

We can continue this procedure to get after N steps

N
) = Flan)+ >0 3 (i Vu)oo) [ odBT 4+ Rx(t),
k=1 I=(i1,...,ix) AF[0,t]
for some remainder term Ry, where we used the notations:

1.
AR08 = {(t1,...,tx) € [0,t]", t1 < --- <t}

2. If I = (i1,...,ix) € {1,...,d}" is a word with length F,

/ odBI:/ odBj' o+ 0dB}*.
A*[0,1] 0Kt < oSt <t

If we dangerously do not care about convergence questions (these questions
are widely discussed in Ben Arous [3], see also the end of this section), it is
tempting to let N — +o00 and to assume that Ry — 0. We are thus led to
the nice (but formal!) formula

+oo
o\ — T iy - Vig X o I.
EREFEOED DD SENIARR O ENY NCLEANC

k=1TI=(i1,...,ix)

We can rewrite this formula in a more convenient way. Let @; be the stochastic
flow associated with the SDE (1). There is a natural action of @; on smooth
functions: the pull-back action given by

(@7 f)(wo) = (f o i) (wo) = f(XF°).

Formula (2) shows then that we have the following formal expansion for this
action
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+oo
ety Y Vv [ eant
k=1T1=(i1,...,ix) AF[0,t]

Though this formula does not make sense from an analytical point of view, at
least, it shows that the probabilistic information contained in the stochastic
flow is given by the set of Stratonovich chaos [ AR[0,4° dBT. What is a priori
much less clear is that the algebraic information which is relevant for the study
of &} is given by the structure of the Lie algebra spanned by the V;. This
is the content of Chen’s expansion theorem which we now present. Denote
by R[[X1,...,X4]] the non-commutative algebra of formal series with d
indeterminates.

Definition 1. The signature of the Brownian motion (By)i>o is the element
of R[[X1,...,X4]] defined by

+oo
sBr=1+% % XX/ odB!, 130
k=1I=(i1,...,ix) Ak[0,t]

Remark 1. Observe that the signature hence defined is the solution of the
formal stochastic differential equation

d t
S(B); =1+ Z/ S(B).X;odB!, t>0.
i=1"0

Remark 2. The element of R[[X1, ..., X4]] defined by
+oo
P=1+) > X, XIE(/ odBI>, t>0.
k=11=(iy,...,ix) AF[0,2]

is called the expectation of the signature of the Brownian motion (B;)i>o. It
is a pleasant exercise to show that

d
1
P, = exp<§t;Xi2>.
Observe that the semigroup property of P;, that is
Pt+s = PtPs>

stems directly from the fact that the increments of (B;);>¢ are independent
and stationary.

The bracket between two elements U and V of R[[X7,..., Xg4]] is simply
given by
U, V]=UV-VU,
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and it is easily checked that this bracket endows R[[X1,..., X4]] with a Lie
algebra structure. We denote by £(X7y,...,X4) the Lie sub-algebra spanned
by Xi,...,Xq4. The following theorem, which is a restatement of a result of
K.T. Chen [8] and R.S. Strichartz [28], can be seen as a deep generalization of
the Baker—Campbell-Hausdorff formula. Before we give this theorem, here is
some notation. If I = (iy,...,ix) € {1,...,d}* is a word, we denote by |I| = k
its length and by X; the commutator defined by

Xr=[Xip, [Xigs o) [Xip 0 Xa] -]

The group of permutations of the index set {1,...,k} is denoted by &j. If
o € 6y, we denote by e(o) the cardinality of the set

{je{l,....k=1},0() >0+ 1)}
Moreover for o € &, we denote by o - I the word (ig(1y, .. ,ie(k))-
Theorem 1 (Chen—Strichartz formula). We have
S(B); = exp (Z > AI(B)tXI>,
k21 T=(i1,...,ix)

where:

€6y k2

(=1)<) / -~
Ar(B)y = _— dB° .
1(B)i= Y (k—l) Ak[wo

e(o)

Remark 3. The first terms of the Chen—Strichartz expansion are:

1.
d
> AB)Xr =) BiX;
k=1

I=(i1)

1 ! i j j i
> Ar(B) X1 = 5 > [X,»,Xj]/OBsong—Bgost.

I=(i1,i2) 1<i<j<d

Thus, thanks to this theorem, the formal expansion of the stochastic flow @
acting on functions reads now

gpj;_exp<z Z AI(B)tVI>'
k=1 I=(i1,...,ix)

This heuristic discussion can actually be made rigorous and leads to the fol-
lowing result of Castell [7], which is an improvement of Ben Arous [3]:
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Proposition 1. Let (X;°)i>0 be the solution of (1) associated with the initial
condition Xi° = xzo. Then for all integer N > 2,

N-1
X[ = [exp(Z Z AI(B)tVI>

k=1 I=(i1,...,ix)

(z0) + tN/QRN(t), t>0,

where the remainder term Ry s bounded in probability when t — 0. More
precisely, 3 «, ¢ > 0 such that ¥V A > c,

limP( sup sN/?Ry(s)] > AtN/Q) < exp(——).
c

=0 \ogs<t

All this clearly shows how the Lie algebra £ = Lie(Vi,...,Vy) which is
generated by the vector fields V; comes naturally into the study of X*o. If we
want now to understand more deeply how the properties of this Lie algebra
determine the geometry of X0, it is wiser to begin with the simplest cases.
In a way, the simplest Lie algebras are the nilpotent ones. In that case, i.e. if
£ is nilpotent, then the sum

Z Z Ar(B)Vi

k>1I=(i1,....ix)

is actually finite and we are going to show that the solutions of equation (1)
can be represented from the lift of the Brownian motion (B;);>o in a graded
free nilpotent Lie group with dilations. These groups called the free Carnot
groups are now introduced and their geometries are discussed.

3 Carnot Groups and Nilpotent SDE’s

We introduce now the notion of Carnot group. Carnot groups are to sub-
Riemannian geometry what Euclidean spaces are to Riemannian geometry.
Numerous papers and some books are devoted to the analysis of these groups
(see for example [11] and [15]).

Definition 2. A Carnot group of depth N is a simply connected Lie group G
whose Lie algebra can be written

Vi@ ® VN,

where
Vi, Vil = Viy;

and

Vs =0, s> N;
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We consider in all this section a Lie group G which satisfies the hypothesis
of the above definition. Notice that the vector space V1, which is called the ba-
sis of the Carnot group G, Lie-generates g, where g denotes the Lie algebra of
G. Since G is nilpotent and simply connected, the exponential map is a diffeo-
morphism and the Baker—Campbell-Hausdorff formula therefore completely
characterizes the group law of G because for U, V € g,

expUexpV = exp(P(U,V))

for some universal Lie polynomial P. On g we can consider the family of linear
operators 6; : g — g, t > 0 which act by scalar multiplication t* on V;. These
operators are Lie algebra automorphisms due to the grading. The maps d;
induce Lie group automorphisms A; : G — G which are called the canonical
dilations of G.

Ezample 1 (Heisenberg Group). The Heisenberg group H can be represented
as the set of 3 x 3 matrices:

lxz
0Oly |, z,y,2 € R.
001

The Lie algebra of H is generated by the matrices

010 000 001
Di=(000]|, Dy=|001], Ds;=]000],
000 000 000

for which the following equalities hold
[D1, Do) = D3, [D1, Ds] = [Ds, D3] = 0.

Thus
h~R* & [R,R],
and, therefore, H is a (free) two-step Carnot group.
Now take a basis Uy, . .., Uy of the vector space V. The vectors U; can be

seen as left invariant vector fields on G so that we can consider the following
stochastic differential equation on G:

d t
dB, = Z/ U;(Bs)odB:,  t>0, (3)
i=170

which is easily seen to have a unique (strong) solution (B;);>¢ associated with
the initial condition By = Og.

Definition 3. The process (Bt)t>0 1s called the lift of the standard Brownian
motion (Bi)i>o in the group G with respect to the basis (U,...,Uq).
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Notice that (B;)¢>0 is a Markov process with generator z Zle UZ. This
second-order differential operator is, by construction, left-invariant and hy-
poelliptic. As a direct consequence of the Chen—Strichartz formula expansion,

Proposition 2. We have

N
Bt:eXI)(Z Z A[(B)tU1>, tZO.

k=1T=(i1,...,ix)
Remark 4. We have the following scaling property, for every ¢ > 0,

law

(Bct)t>o = (Aﬁét)@o’

which stems from the elementary fact

1
(A1(B)at) 5y = (M1241(B)) _ .
2 >0
This scaling property leads directly to the following property of the density
py of By with respect to any Haar measure of G:

C
p:(0g) = D72 t>0,

where C >0 and D = YV | idimV;.

We now turn to the geometry of G. The Lie algebra g can be identified
with the set of left-invariant vector fields on G. From this identification and
from the decomposition

g=V1 & - dVn,

we deduce a decomposition of the tangent space T,G to G at x:
T.G =Vi(z) & - & Vn(z),

where V;(z) is the fibre at « of the left-invariant distribution spanned by V.
This decomposition endows naturally G with a left-invariant (0, 2)-tensor g.
Precisely, for x € G, we define g, as being the scalar product on T,G such
that:

1. The vectors Uy (z),...,Uq(z) form an orthonormal basis;
2. Gulvi(@)xv;(z) = 0, if i or j is different from 1.

An absolutely continuous curve ¢ : [0,1] — G is called horizontal if for almost
every s € [0,1] we have ¢’(s) € Vi(c(s)). The length of a horizontal curve ¢
with respect to g is defined by

Il(c) = /01 \/ 9e(s) (¢ (5), ¢/ (5)) ds.

We can now state the basic result on the geometry of Carnot groups: Chow’s
theorem.
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Theorem 2. Given two points x and y € G, there is at least one horizontal
absolutely continuous curve ¢ : [0,1] — G such that ¢(0) = z and c(1) = y.

Proof. Denote by G the subgroup of diffeomorphisms G — G generated by
the one-parameter subgroups corresponding to Uj,...,Us. The Lie algebra
of G can be identified with the Lie algebra generated by Ui,...,Uy, i.e. g.
We deduce that G can be identified with G itself, so that it acts transitively
on G. It means that for every z € G, the map G — G, g — g(z) is surjective.
Thus, every two points in G can be joined by a piecewise smooth horizontal
curve where each piece is a segment of an integral curve of one of the vector
fields U;. O

Remark 5. In the above proof, the horizontal curve constructed to join two
points is not smooth. Nevertheless, it can be shown that it is always possible
to connect two points with a smooth horizontal curve (see Gromov [16] p. 120).

The Carnot—Carathéodory distance between z and y and denoted by
dgy(z,y) is defined as being the infimum of the lengths of all the horizon-
tal curves joining x and y. It is easily checked that this distance satisfies
dg(Acz, Acy) = cdg(x,y), for every ¢ > 0, z, y € G.

Remark 6. The distance d, depends on the choice of a basis for V;. Neverthe-
less, it can be shown that all the Carnot—Carathéodory distances that can be
constructed are bi-Lipschitz equivalent.

A horizontal curve with length d,(x, y) is called a sub-Riemannian geodesic
joining x and y. The topology of the metric space (G, d,) is really of interest.
Indeed, though the topology given by the distance d, is compatible with the
natural topology of the Lie group G,

Proposition 3. The Hausdorff dimension of the metric space (G,dy) is

equal to
N

D =Y jdimV;.

j=1

We conclude now our short presentation of the Carnot groups with the
free Carnot groups. The Carnot group G is said to be free if g is free. In that
case, dim V; is the number of Hall words of length j in the free algebra with
d generators. We thus have, according to Bourbaki [6] (see also Reutenauer
[26] p. 96):

1 .
dimV; = =Y p(@)d’,  j<N,
i
where g is the Mobius function. We easily deduce from this that when N —

+00,
dN
dimg ~ —.

N
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An important algebraic point is that there are many algebraically non isomor-
phic Carnot groups having the same dimension (even uncountably many for
n > 6), but up to isomorphism there is one and only one free Carnot with a
given depth and a given dimension for the basis. Actually, as in the theory of
vector spaces, we can reduce the study of the free Carnot groups to standard
numerical models. Set m = dim G. Choose now a Hall family and consider the
R™-valued process (B;);>0 obtained by writing the components of (In(B)):>o
in the corresponding Hall basis of g. It is easily seen that (B})¢>o solves a
stochastic differential equation that can be written

d t
B =Y [ D)oL,
i=1"0

where the D; are polynomial vector fields on R™ (for an explicit form of
the D;, which depend of the choice of the Hall basis, we refer to Vershik—
Gershkovich [13], p. 27). With these notations, we have the following propo-
sition which stems from our very construction.

Proposition 4. On R™, there exists a unique group law ® which makes the
vector fields D1, ..., Dy left invariant. This group law s unimodular!, poly-
nomial of degree N and we have moreover

(R™, ®) ~ G.

The group (R™,®) is called the free Carnot group of step N over Re. It will
be denoted by Gy (R?). The process B* will be called the lift of B in Gx(R9).

Remark 7. Notice that, by construction, Gy (R?) is endowed with the basis

of vector fields (Dq,...,Dg). These vector fields agree at the origin with
(0/0x1,...,0/0xq).

The universality of Gy (R?) is the following. If G; and G5 are two Carnot
groups, a Lie group morphism ¢ : G; — Go is said to be a Carnot group
morphism if for any ¢t > 0, g € Gy,

¢(A7"g) = AP olg),
where A®! (resp. A®2) denote the canonical dilations on G; (resp. Gz).

Proposition 5. Let G be a Carnot group. There exists a surjective morphism
of Carnot groups 7 : Gn(R?Y) — G, where d is the dimension of the basis of
G and N its depth.

1 A group law on R™ is said to be unimodular if the translations leave the Lebesgue
measure invariant.
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Proof. Let Uy, ...,Uq be a basis of the basis of G. Since G (R?) is free, there
exists a unique surjective morphism of Lie algebras dr : gn(R?) — g such
that dm(D;) = U;, i = 1,...,d. We can now define a surjective morphism of
Carnot groups 7 : Gx(R?) — G by 7(e?) = eI™9) g € gn(R?). Observe that
it defines 7 in a unique way because in Carnot groups the exponential map is
a diffeomorphism. O

After this quite long digression on Carnot groups, we now come back to
the study of the SDE (1) and assume that the Lie algebra £ = Lie(V4, ..., Vq)
is nilpotent of depth N, i.e., that every commutator constructed from the V;
with length greater than N is 0.

Theorem 3. There exists a smooth map
F:R" x Gy(RY) — R”
such that, for xo € R™, the solution (X[ °)ogi<r of the SDE (1) can be written
X7 = F(xo, BY),
where B* is the lift of B in the group Gy (R9).
Proof. An iteration of It6’s formula shows that the process

[exp (ZN: > AI(B)tVI>

k=11=(iy,...,ix)

(1170),

solves the equation (1) (for further details, we refer to Castell [7] or Strichartz
[28]). We deduce hence by pathwise uniqueness property that

N
X7 = lexp(Z Z AI(B)tVI>

k=1T=(i1,...,ix)

(z0)-

The definition of Gy (R?) shows that we can therefore write
X[° = F(xo, By). O

The above theorem shows the universal property of Gy (R?) in theory of
nilpotent stochastic flows. Here is its counterpart in the theory of second order
hypoelliptic operators (this property is implicitly pointed out in the seminal
work of Rotschild and Stein [27]).

Proposition 6. Let
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be a second order differential operator on R™. Assume that the Lie algebra £ =
Lie(V4, ..., Vq) which is generated by the vector fields V; admits a stratification

E1D - DEN,

with & = span(Vi,...,Vy), [£1,&] = Eir1 and [E1,EN]) = 0. Then, there
exists a submersion map 7 : R™ — R™, with m = dim Gy (R?) such that for
every smooth f:R"™ — R,

Agywey(fom)=(Lf)om,

where Ag ray = Y;_q D?, is the canonical sub-Laplacian on Gy (RY).

4 Nilpotentization of a differential System and canonical
Approximation of a hypoelliptic Diffusion

The previous section has shown the fundamental role played by the Lie algebra
£ = Lie(V4,...,Vy) in the study of the solution X*°. In particular, if £ is
nilpotent, we have represented X*° from the lift of B in a free Carnot whose
depth is the degree of nilpotence of £. In this section we show how to extend
these results when £ is not nilpotent anymore. To make this extension possible
we shall assume in the sequel that the following assumption is satisfied:

Strong Hormander Condition. For every x € R™, we have:

Span{VI(x), e Jq,.. .,d}k} =R".

k>1

We recall that if I = (iy,...,i) € {1,...,d}* is a word, we denote by V;
the commutator defined by

Vi= Vi, Vigs oo, Vi s Vi -1

Let us mention that in the sub-Riemannian litterature, the strong Hérmander
condition is more often refered to as Chow’s condition or bracket generating
condition. In that case, in some sense made precise later it is possible to
approzimate £ at each (regular) point by a nilpotent Lie algebra. Therefore,
by using the results of the previous chapter, this approximation leads to a
canonical pathwise approximation of X9 in small times.

First, we have to introduce some concepts of differential geometry. The set
of linear combinations with smooth coefficients of the vector fields Vi,...,Vy
is called the differential system (or sheaf) generated by these vector fields. Tt
will be denoted by D in the sequel. Notice that D is naturally endowed with
a structure of Coo (R™, R)-module. For z € R™, we put
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D(z) = {X(z),X € D}.

If the integer dim D(z) does not depend on x, then D is said to be a distri-
bution. Observe that the Lie bracket of two distributions is not necessarily a
distribution, so that we really have to work with differential systems. The Lie
brackets of vector fields in D generates a flag of differential systems,

DcD*c.-..cDFc-.-,
where D* is recursively defined by the formula
DF = D1 4 [D, D1

As a module, D* is generated by the set of vector fields V7, where I describes
the set of words with length k. Moreover, due to the Jacobi identity, we have
[Di, DJ] C DI, This flag is called the canonical flag associated with the
differential system D. Hormander’s strong condition, which we supposed to
hold, states that for each x € R™, there is a smallest integer r(x) such that
Dr(®) = R". This integer is called the degree of non holonomy at z. Notice
that r is an upper continuous function, that is, r(y) < r(x) for y near z. For
each x € R”, the canonical flag induces a flag of vector subspaces,

D(x) C D*(z) C --- C D"@(z) = R".

The integer list (dim Dk(x))lgkgr(m
The point x is said to be a regular point of D if the growth vector is constant
in a neighborhood of x. Otherwise, we say that x is a singular point. On a
Carnot group, due to the homogeneity, all points are regular.

We are now able to define in a purely algebraic manner what will be
relevant for us: the nilpotentization and the tangent space of D at a regular
point. Later, we shall see that this tangent space also can be constructed in
a purely metric manner. Let V; = D!/D'"! denote the quotient differential
systems, and define

) is called the growth vector of D at x.

ND)=Vi&--dVp@®--

The Lie bracket of vector fields induces a bilinear map on N (D) which re-
spects the grading: [V;, V;] C Viy;. Actually, V(D) inherits the structure of a
sheaf of Lie algebras. Moreover, if x is a regular point of D, then this bracket
induces a 7(x)-step nilpotent graded Lie algebra structure on N'(D)(z). Ob-
serve that the dimension of N'(D)(z) is equal to n and that from the definition,
(Vi(z),...,Va(x)) Lie-generates N (D)(z).

Definition 4. If x is a reqular point of D, the r(x)-step nilpotent graded Lie
algebra N (D)(x) is called the nilpotentization of D at x. This Lie algebra is
the Lie algebra of a unique Carnot group which will be written Gr(D)(x) and
called the tangent space to D at x.

Remark 8. The notation Gr is for Gromov.
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Definition 5. If x is a regular point of D, we say that x is a normal point
D if there exists a neighborhood U of x such that:

1. for every y € U, y is a reqular point of D;
2. for everyy € U, there exists a Carnot algebra isomorphism ¢ : N (D)(x) —
N(D)(y), such that ¥(Vi()) = Vi(y), i = 1,...,d.

Let us mention that it may happen that N (D)(z) is not constant in a
neighborhood of x even if z is regular (see [32]). At this point, it may be
useful to give several examples.

Example 2. Let G be a Carnot group with Lie algebra g and consider for D the
left invariant differential system which is generated by the basis of G. Then,
D satisfies the strong Hormander condition and it is immediate that for every
z € @G,

N(D)(x) =g,

Gr(D)(z) = G.

Ezxample 3. Let Ml be a manifold of dimension d. Assume that there ex-
ists on M a family of vector fields (V4,...,Vy) such that for every = € M,
(Vi(x),...,Va(x)) is a basis of the tangent space at = . Denote by D the dif-
ferential system generated by (Vi,. .., Vy) (it is actually a distribution). Then,
D satisfies the strong Hérmander condition and for every x € M|

Ezample 4. Consider the Lie group SO(3), i.e., the group of 3 x 3, real, or-
thogonal matrices of determinant 1. Its Lie algebra so(3) consists of 3 x 3,
real, skew-adjoint matrices of trace 0. A basis of s0(3) is formed by

010 000 001
Vi=[-100], Vo=(1001], Vs=1| 000
000 0-10 -100
Observe that the following commutation relations hold
[Vly‘/ﬂ:‘/& [V27‘/3]:V17 [‘/3,‘/1]:‘/2,

so that the differential system D which is generated by Vi and V3 satisfies the
strong Hérmander condition. The group SO(3) can be seen as the orthonormal
frame bundle of the unit sphere S? and, via this identification, D is generated
by the horizontal lifts of vector fields on S2. Therefore, in a way, the sub-
Riemannian geometry associated with D is the geometry of the holonomy on
S2. This example will be generalized in this paper; actually many interesting
examples of sub-Riemannian geometries arise from principal bundles. In that
case, it is easily checked that for every x € SO(3),
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N(D)(z) = g2(R?),
Gr(D)(z) = Go(R?).

Ezample 5. Consider the Lie group SU(2), i.e., the group of 2 x 2, complex,
unitary matrices of determinant 1. Its Lie algebra su(2) consists of 2 x 2,
complex, skew-adjoint matrices of trace 0. A basis of su(2) is formed by

1/i0 1/01 1/03
V1_§<0—z’>’ VQ_§(—10>’ ‘/3_5(2’0)'

Note the commutation relations
V1, V] = Vs, [Va, V3] = V1, V3, V1] = V4,

so that the differential system D which is generated by Vi and Va satisfies
the strong Hormander condition. Let us mention that there exists an explicit
homomorphism SU(2) — SO(3) which exhibits SU(2) as a double cover of
SO(3), so that this example is actually a consequence of the previous one.
Therefore, for every x € SU(2),

N(D)(z) = ga2(R?),
Gr(D)(z) = Go(R?).

A really striking fact is that the tangent space Gr(D)(z) at a regular
point is not only a differential invariant but also a purely metric invariant.
Actually Gromov discovered that it is possible, in a very general way, to define
a notion of tangent space to an abstract metric space. This point of view is
widely developed in [16] and [17], and is the starting point of the so-called
metric geometry.

The Gromov-Hausdorff distance between two metric spaces M; and M is
defined as follows: dgr(M;,My) is the infimum of real numbers p for which
there exists isometric embeddings of Ml; and My in a same metric space Mg,
say i1 : Mj — M3 and is : My — Mg, such that the Hausdorff distance of
i1(M1) and i2(M3) as subsets of My is lower than p. Thanks to this distance,
we have now a convenient notion of limit of a sequence metric spaces.

Definition 6. A sequence of pointed metric spaces (M,,,x,) is said to Gro-
mov—Hausdorff converge to the pointed metric space (M, x) if for any positive
R
lim 6GH (BMn (:L‘n, R), BM(:E, R)) = 0,
n—-+oo
where By, (xn,, R) is the open ball centered at x, with radius R in M,,. In
that case we shall write

lim (M, z,) = (M, z).

n—-+oo
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If M is a metric space and A > 0, we denote by A -M the new metric space
obtained by multiplying all distances by .

Definition 7. Let M be a metric space and xo € M. If the Gromov-Hausdorff
limat
lim (n-M, z)

n—-+oo

exists, then this limit is called the tangent space to M at xy.

To apply now this concept of tangent space in our context, we first con-
struct a Carnot—Carathéodory distance associated with our differential system
D. This can be done using Chow’s theorem in its full generality (see chapter
2 of Montgomery [23]).

Theorem 4. Let (x,y) € R™ x R™. There exists at least one absolutely con-
tinuous curve c: [0,1] — R™ such that:

1. For almost all s € 0,1], ¢/(s) € span(Vi(c(s)),. .., Va(c(s)));
2.¢(0) =z and ¢(1) = y.

Thanks to this theorem, it is possible, as we did it in the case of Carnot
groups, to define a distance on R™. The starting point of Gromov’s metric
geometry is then the following question: What can be said about the geometry
of the differential system D by using only this Carnot—Carathéodory distance?

For instance, we have the following theorem due to Mitchell [22] (see also
Pansu [24]).

Theorem 5. Let xg € R™ be a regular point of D, then the tangent space at
xo in the Gromov-Hausdorff sense exists and is equal to Gr(D)(zo).

Actually, even if xg is not a regular point of D, the tangent space in the
Gromov—Hausdorff sense exists. Therefore, from this theorem, it is possible to
define Gr(D)(z() at any point of D. Nevertheless, if z( is not a regular point,
then Gr(D)(xp) is not a Lie group (see [1]).

Example 6. Consider in R2, the two vector fields

0 0
Vi=— d Vo=o—.
1 oz’ an 2 T ay
These vector fields span R? everywhere, except along the line = 0, where

adding
Vi Vel = 2
1, V2] — ay
is needed. So, the distribution D generated by V7 and V5 satisfies the strong
Hoérmander condition. The sub-Riemannian geometry associated with D is

called the geometry of the Grusin plane. In that case, for every (z,y) € R?,
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Gr(D)(z,y) = R?,

if  # 0, whereas
Gr(D)(z,y) = Go(R?)/ exp(RV3),

ifx=0.
We now apply the concepts introduced above to study the SDE (1).

Theorem 6. Let x € R™ be a normal point of D. Let (X[)i>o0 denote the
solution of (1) with initial condition x. There exist a surjective Carnot group
morphism

Ty Gr(w)(Rd) — Gr(D)(z)

and a local diffeomorphism
Yy : U C Gr(D)(z) — R"

such that
r(x)+1

XP =, (m:Bf) +t~ 2 R(t), 0<t<T

where:

1. U is an open neighborhood of the identity element of Gr(D)(x);
2. B* is the lift of B in the free Carnot group G,(;)(R?);

3. T is an almost surely non negative stopping time;

4. R is bounded in probability when t — 0.

Proof. From Castell’s result [7],

r(z)
X' = [exp (Z Z AI(B)tVI>

k=1I=(i1,...,ix)

r(z)+1
2

() +t" 2 R(), t>0,

where the remainder term R is bounded in probability when ¢ — 0. Now,
since x is a normal point of D, we can write

r(z)
[exp <Z Z AI(B)tVI>

k=1 TI=(i1,...,i1)

(1‘) = d’r(Bt)v t<T,

where

L. ¢, : U C Gr(D)(x) — R™ is a local diffeomorphism;

2. B is the lift of B in the Carnot group Gr(D)(z), with respect to the family
(Vi(z),...,Va(z)) (recall that by construction, this family Lie-generates
N(D)(x)) ;

3. T is an almost surely non negative stopping time.
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Now, since gr(z)(Rd) is free, there exists a unique Lie algebra surjective ho-
momorphism ag : @) (R?) — N(D)(x) such that oy (D;) = V;(z). Since
Carnot groups are simply connected nilpotent groups for which the exponen-
tial map is a diffeomorphism, there exists a unique Carnot group morphism
Ty + Gr(z) — Gr(D)(z) such that dm, = a, (see also proposition 5). We have
7 (Bf) = B, which concludes the proof. O

Remark 9. Observe that 7, B is a lift of B in the Carnot group Gr(D)(x).

Remark 10. We stress that theorem (6) is not true in general if x is not a
normal point of D. Indeed, let us assume that the nilpotentization N (D)(z)
is not constant in a neighborhood of z and that there exists a bi-Lipschitz
map ¢, : U C Gr(D)(z) — R™. In that case a sub-Riemannian extension
extension of Rademacher’s theorem due to [21] would imply that ¢, is almost
everywhere Pansu differentiable and the derivatives would provide Carnot
group morphisms between groups which are not isomorphic.

An immediate corollary of this theorem is the behaviour in small times
of a hypoelliptic heat kernel on the diagonal. This behaviour, first discovered
by Rotschild and Stein [27] using the parametrix method (see also [31]), has
then been understood in a probabilistic way by Ben Arous [2] and Léandre
[18], [19].

Corollary 1. Let z¢ be a normal point of D. Let p;, t > 0, denote the density
of X™° with respect to the Lebesque measure. We have,

C(zo)
pt(Io) t:0 tD(wo)/z )

where C(xzg) is a non negative constant depending smoothly of xo and D(z¢)
the Hausdorff dimension of the tangent space Gr(D)(xo).

Remark 11. At a regular point, even if N'(D)(zg) is not constant in a neigh-
borhood of xg, the previous asymptotic development holds.

5 Regular self-adjoint sub-Laplacians on compact
manifolds

Let M be a connected compact smooth manifold. We consider on M a second
order differential operator

which satisfies the strong Hérmander condition. Let D denote the differential
system generated by V7, ..., V;. We assume that there exists a Carnot group
G such that for every x € M
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Gr(D)(z) =G.

If the above assumptions are satisfied, then £ will be said to be regular. Since
the manifold M is assumed to be compact, it is possible to develop a spectral
theory for £ which is similar to the spectral theory of elliptic operators. More
precisely, if we denote by X the diffusion associated with £, by using Bony’s
strong maximal principle for hypoelliptic operators (see [5]), it is possible to
show that X is Harris recurrent. That is, there is a Borel measure m on M
which is invariant for X such that for every Borel set A C M:

1. m(A) > 0 implies that for any « € M, and ¢ > 0,
PEs>t X, € A| Xo=2x) = 1;

/ P(X; € A| Xo = 2)m(dz) = m(4),  t>0.
M
Observe that m is a solution of the equation

Lm =0,

so that, by Hormander’s theorem, it admits a smooth density. We shall now
assume furthermore that L is self-adjoint with respect to m, i.e., for any
smooth functions f, g : M — R

/Mg(ﬁf)dm:/M(cg)fdm.

In that case, e is a compact selfadjoint operator in L2(M, m). We deduce
that £ has a discrete spectrum tending to —oco. Denote by Sp(L) the set of
eigenvalues of L repeated according to multiplicity.

Theorem 7. For X > 0, let
N(\) = Card(Sp(ﬁ) N[=X,0]).

L

We have

NQ) |~ CLL M)AP/2,

where C(L,M) is a non negative constant and D the Hausdorff dimension of

G.

Proof. The asymptotic expansion of the heat semigroup e** on the diagonal
leads to

K
Tr(etﬁ) — /Mpt(a:,m) m(dx) t:O 7Dz

where K is a non negative constant. On the other hand,

“+oo
Tr(ew) = Z Ny e #rt,
k=0

where
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1. {—px} is the set of eigenvalues of L;
2. N = dim{f | [,f = —/J,kf}.

Therefore,
—+oo

K
—prt
ZNke t—0 {D/2 "
k=0

The result follows then from the following theorem of Karamata: if p is a
Borel measure on [0, ), a € (0,400), then

+oo 1
ey ~
0

xT ':l:a
d ~N —
/0 p(dA) T—+00 F(l + a)

implies

O

Remark 12. We believe that the constant C'(£,M) is an interesting invariant
of the sub-Riemannian geometry that £ induces on M (recall that in the
Riemannian case, it is simply, up to scale, the Riemannian volume of the
manifold). For instance, it would be interesting to know if C'(£,M) is the
Hausdorff measure of M.

To conclude this section, it may be interesting to study carefully an exam-
ple. Consider the Lie group SU(2). As already seen, a basis of su(2) is formed

by
iea(0%) mea(he) wea(i)

and the commutation relations hold

[Vi, Vo] = V3, [V2, V5] = V4, Vs, Va] = Va. (4)
We want to study the regular sub-Laplacian

L=Vy+ V5
Actually, we shall study the following family of operators defined for € € [0, 1],
Lf=eVP+ Vi + Vi

Observe that each L£° is self-adjoint with respect to the normalized Haar
measure of SU(2). For € > 0, L¢ is elliptic so that

ChnﬂSpr)ﬂ[—&ODA*i CN3/2,

whereas

Card(Sp(£) N[-A0])  ~ CX.

Therefore, this is interesting to understand the spectrum when ¢ — 0.
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Proposition 7. Let ¢ € [0,1). The set of eigenvalues of L is the set

{=X ,.,neN 0<m<n},

n,m?

where

2
Ao = 5% + g —(1—g)m?+ (1 —e)mn.

€
n,m

Moreover, the multiplicity of A 18 equal to n + 1.

Proof. We use the theory of representations of SU(2); for a detailed account
on it, we refer to Taylor [29], chapter 2. Let ¢ € [0,1). Thanks to the relations
(4), note that £ commutes with £! = Vi + Vi# + V2. Therefore £ acts on
each eigenspace of £1. We can examine the spectrum of £ by decomposing
L? (SU(2)) into eigenspaces of £, which is equivalent to decomposing it into
subspaces irreducible for the regular action of SU(2) x SU(2) given by

((9.h)- f)(@) = f(g'wh),  [eL*(SUQ), g, h aecSUQ).

Now, it is known (see for instance Taylor [29]) that, up to equivalence, for
every k € N, there exists one and only one irreducible representation 7y :
SU(2) — C*+1. Thus, by the Peter-Weyl theorem, the irreducible spaces of
L? (SU(2)) for the regular action are precisely the spaces of the form

Vi = span{ﬂ',i’j7 1<4,j <k+1},

where 7,7 denotes the components of the representation 7% in a chosen or-

thonormal basis of C*¥*1. Observe now that each space Vj is an eigenspace
of £!. The associated eigenvalue is —k(k + 2)/4. If we consider now the left
regular representation

(9-f)x)=flg7'x),  feL?(SUQ), g,2e8U@),

then Vj, is a direct sum of k + 1 irreducible representations of SU(2), each

equivalent to my:
E+1

Vi = EB Vi1,
=1

where Vi, = Span{ﬁz’l, 1 <i < k+1}. Each Vi splits into one-dimensional
eigenspaces for V7:
Vi = @Vk,m,
m

where,

and on Vg .,
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Since £5 = L' — (1 — )V}, we have

== (M ),

on Vk7l,u~ O

From this, we deduce immediately:

Card(Sp(£%) N[, 0]) N 2 VEN2,

whereas

Card(Sp(£) N [=A,0]) Nt 202,

6 Application to the study of Brownian motions on
Riemannian manifolds

To conclude the paper, we provide a very general and natural geometric frame-
work in which regular hypoelliptic operators appear.

Let (M, g) be a d dimensional connected compact Riemannian manifold.
We assume that the Riemannian curvature tensor on (M, g) is nowhere de-
generate. We denote by A the Laplace—Beltrami operator on M (for us A
is negative). The tangent bundle to M is denoted by TM and T,,M is the
tangent space at m: We have hence TM = |J,, T,M. The orthonormal frame
bundle of M is denoted by O (M). Therefore, (O (M), M, O4 (R)) is a principal
bundle on M with structure group the group Oy (R) of d x d orthogonal ma-
trices. We denote by 7 the canonical surjection O (M) — M. The horizontal
fundamental vector fields of O (M) are denoted by (H;) 4 - The Bochner
horizontal Laplacian, i.e. the lift of A, is then given by

i=1,...,

d
Aoawy = »_H?.
i=1

We denote by D the differential system on O (M) generated by the horizontal
vector fields Hy, ..., Hg, that is, the horizontal distribution for the Levi-Civita
connection on M. We have the following proposition (compare to Chernyakov’s
theorem, see [13] p. 22):

Proposition 8. The distribution D satisfies the strong Hormander condition.
Moreover, any point o € OM) is a regular point of D and Gr(D)(zg) =
Ga(R9).

Proof. From Cartan’s formula, we get

O([H;, H;]) = H;0(H;) — H;0(H;) — dO(H,;, H}),
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where O is the tautological one-form on O(M). Now, from the first structural
equation, we have
dO =-0Aw

where w is the Levi-Civita connection form. This implies,
O([H;, H;]) = 0.

Thus, the commutator of two fundamental vector fields is vertical. Using the
second structure equation

dw=—-wAw+ 1,

where {2 is the curvature form, we obtain in a similar way with Cartan’s
formula
w([H;, Hj]) = —02(H;, Hj).

This ensures that for any xy € O(M) the family (H;(zo), [H;, Hx](z0)) is
always a basis of the tangent space because of the assumed non-degenerence
of 2. O

By applying theorem 6 and using the identification Go(R?) ~ R x
RAU4=1/2 we get hence

Corollary 2. Let (B:)i>0 be a Brownian motion on M. There exist a local
diffeomorphism
¥ : U c RYx RU-D/2 o)

and a standard linear Brownian motion (B¢)i>0 on RY, such that for any
smooth function f:M — R,

f(Ba—f(wow(ﬂt,( [ pas - s dﬂé) d))+t3/2R<t,f>,
1<i<j<

for 0 <t < T, where:

1. U is an open neighborhood of 0 in R% x R(d=1)/2.
2. 7: OM) — M is the bundle projection;

3. T is an almost surely non negative stopping time;
4. R is bounded in probability when t — 0.

Remark 13. We believe that the same analysis can be performed in other
bundles than orthonormal bundles. More precisely, we have in mind spinor
bundles. In that case, an analogue of the above approximation theorem seems
closely related to Bismut’s proof of the Atiyah—Singer theorems (see [4]).
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7 Conclusion and Comments

Let us mention that the geometry of the Chen expansion is also of par-
ticular importance in the “rough paths” theory of T. Lyons [20]. Indeed,
Lyons’ fundamental theorem shows that for any It6 map B — X, coming
from a hypoelliptic system or not, there exists a continuous (in a convenient
topology) map F : C([0,T], G2(R%)) — C([0, T], R™) such that X = F(B*),
where B* is the lift of B in the free two-step Carnot group G(R9).

As a conclusion, we would like to say that we think that many ideas of
Gromov’s metric geometry could be applied in probability theory.
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Summary. We present a result of homogenization for a class of second order
parabolic partial differential equations with locally periodic coefficients, and highly
oscillating potential. Our method of proof is mainly probabilistic. We deduce the
homogenization result from weak convergence for a class of diffusion processes.

1 Introduction

In this paper we deal with the problem of the homogenization property of
the following singular parabolic PDE in R® with locally periodic coefficients,
understood in the strong sense of Gilbarg and Trudinger [6] chapter 9, with
a Cauchy type boundary condition u®(0,z) = g(x), for all £ > 0,

Bl (t,x) = LEus(t,x) + N (z g)ua(t,x), (1)
where
1= 3000 8) e 13 D))

and \°(z) = e te(x,z/e) + f(z,x/e). The matrix a(z,y) is assumed to be
symmetric, for all z, 5y € R%, and all the coefficients are periodic with respect
to the second variable with period one in each direction in R?. The latter is
called the fast variable as opposed to the first slow component. The operator
L¢ is supposed to be uniformly elliptic. That is 33 strictly positive and finite
s.t. for all z, y and € in RY,

BlEN* < (ale, )€, €)- (3)

In studying homogenization, it is required to find the form of the limit
operator L, if any, to the sequence L + A\°I whereby the real sequence u¢(t, z)
also converges to the solution u(t, z) of

M. Emery, M. Ledoux, and M. Yor (Eds.): LNM 1857, pp. 363-392, 2005.
(© Springer-Verlag Berlin Heidelberg 2005
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ou(t,z)/0t = Lu(t, x),

subject to the same Cauchy initial boundary condition «(0, z) = g(z). That L
is also a differential operator is well accounted for in, for example, Allaire [1].
Homogenization thus appears as a kind of a reverse process to standard ap-
proximation technics in functional analysis. We intend here to substantially
weaken the known regularity constraints on the coefficients a;;(x,y), bi(x,y),
ci(z,y), e(x,y), f(z,y), for z and y in R% and 4,j = 1,...,d, that were ob-
served to ensure the validity of the homogenization property. In Bensoussan
and al. [2], for example, it was assumed that all the coefficients were twice
continuously differentiable with bounded partial derivatives, including those
of order zero.

1.1 Probabilistic approach

After the pioneer work of Freidlin [4], the probabilistic way of handling the
problem has been exposed in Chapter 3 of Bensoussan, Lions and Papanico-
laou [2]. Pardoux [8] used that approach in order to solve the fully periodic
case with a highly oscillating potential. For the same approach applied to ran-
dom homogenization, we refer the reader to the survey of Olla [7]. The idea of
the probabilistic approach is to build on some probability space (2, F,F;, By,
X¢,P), where By is under P an F; Brownian motion, the diffusions X§ in R?
solutions to the stochastic differential equations for 0 <t < T,

t

t
Xf::c—l—/ (e7'B(XE, XS /e) + (X2, XS Je)) ds—l—/ o(X:,X:/e)dBs, (4)
0 0

where the matrix o satisfies co*(z,y) = a(z,y), whenever sufficient regular-
ity conditions are exhibited. The operator L® turns out to be the generator of
the Markov process X;. Conditions for relative compactness of the laws Px-
in C[0,T] are looked for. Uniqueness of the limit point P° follows from weak
uniqueness of the associated SDE, see Stroock and Varadhan [11]. The gen-
erator L? that corresponds to the law P is considered to be the limit of the
sequence L. To finish off, a Girsanov argument coupled to the Feynman—Kac
formula, which yields an effective (probabilistic) formula for u®(t,z), deals
with the perturbation due to A*I. In the totally periodic case, a crucial idea
due to Freidlin [4], see Pardoux [8] page 499, is to transform, by means of the
scaling property of the Brownian motion, the short space scale into a long time
behaviour of a diffusion on the compact torus T¢. By the works of Doob in
the forties concerning ergodic theory, a limit at ¢ = co does exist, irrespective
of the starting point x/e. Unfortunately, it is not obvious how to extend this
argument to the locally periodic case and a different approach is called for. At
this stage, we give a few comments on the method of [2] for the convenience
of the reader and for later reference. The ideas pertaining to ergodic theory
are obviously still in force. The idea is to freeze the slow component in (2)
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and consider the family of operators on the compact torus T¢, indexed by x
and acting on ¥,

d d

Ley(.) = % > aii(@y) 0y, () + Y bi(2.y) 9y, (). (5)

ij=1 i=1

The coeflicient ¢, though present in the limit, plays no asymptotic role as
far as ergodicity is concerned and the leading term is b, that is why the coef-
ficient ¢ does not appear in (5). To these operators correspond the following
diffusions parametrized by x, with transition densities pi(x,y, '),

t t
Y = y+/ b(z,YF) ds—|—/ o(x,Y?)dBs.
0 0

In fact they may be thought of as diffusions on the torus T¢, i.e.,

t t
Y?:yJF/ b(z, YY) ds+/ o(z, V) dB;,
0 0

with transition densities

d
pt(xa Y, y/) = Z Dt (I, Y, y/ + Z kiei)7

ki...kq i=1

e; being the canonical basis of R? and k; integers. In what follows we shall drop
the dots when no ambiguity arises. As already pointed out, these diffusions
possess invariant probability measures p(x,dy) with densities po(x,y). By
standard elementary mechanisms of ergodic theory, to hope for a convergence
as € — 0, we need the following centering condition on the singular coefficient
b, which is rather reminiscent of “passing through the eye of a hurricane”, for
all x,

[, v ) =0 ()

We can then solve the Poisson equation

Layb(z,y) = —b(z,y). (7)

Given enough regularity on the coefficients, for example so as to make
classical calculations, see [2], a solution b(x,y) exists and is also periodic in y.
Moreover the b Ito formula can be simultanuously applied to both the slow
and the fast variables. As a result of this, the singularity e~! is not only
lifted (by (7)) but the process X°¢ itself is recovered “unthorned”, at the small
cost of introducing asymptotically small terms. This is in essence the method
of Freidlin [4]. A martingale problem method now leads to the identification
of the unique limit point law P° that was seen to exist by tightness. The
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crucial point here is the need for a locally periodic version of the totally
periodic ergodic theorem of Pardoux [8], Proposition 2.4. This is carried out
again by means of the It6 formula applied in the obvious way, though with
less intuition. Our point is that even if we have less regularity, the freezing
procedure above can be pushed further to effectively stop the slow component
on sufficiently small time intervals At. We can achieve this thanks to tightness.
In other words, we fall back, loosely speeking, to the totally periodic case
which needs a single variable and hence less regularity. Our fundamental task
therefore is to assume enough regularity to ensure tightness. Our technical
manipulations on b and related functions are based on those of Pardoux and
Veretennikov [10] who considered ergodic properties on the whole of R? for a
similar two-component homogenization problem. However, a lot of additional
work is needed, since our regularity assumptions are much weaker than those
in [10].

In Section 2 we state our conditions on the coefficients and prove tightness
by means of an auxiliary technical Lemma which we prove in Section 4. In
Section 3 the limit generator LY is identified within a technical Lemma left to
Section 5. The convergence of u®(t, z) to u(t,x) is treated in Section 6.

1.2 Notation

Let & denote any component of a coefficient a, b, ¢, e, f. Expressions like
&(X¢E, X5 /e) will appear many times below. For the sake of clarity, we shall
systematically write instead £(s,t). There should be no confusion between
&(s,t) meaning the above quantity, and £(z,y), since we use different letters
for space and time variables. Moreover we shall systematically write

Astf(.)

to denote the difference
f@) = f(s).

The space of k times continuously differentiable functions (k < co) on an open
domain D of R? is designated by C¥(D) and those with compact support in
D by C% (D). The linear space of R? valued continuous functions on [0, 7] is
denoted by C[0,T]. If u(z) is a function of = in R%, we shall write d,u(z) to
denote the d-dimensional vector whose i-th coordinate is 0,,u(x) ; similarly
02?u(x) will denote a d x d matrix and so on. The integral part of real number
x is denoted by [z]. The letters R and 7, with possibly subscripts and su-
perscripts, are reserved to indicate unimportant remainder quantities against
leading terms. Unimportant constants will invariably be designated by c the
value of which may vary from line to line while proofs are in process but when
there are many constants within a string of relations, we will use ¢, ¢/, ...
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2 Tightness

We first have to get rid of the singularity e ! in (4). The function 3(37, y) need
not behave regularly in the couple (z, y) so that the joint b Ité formula cannot
be applied a priori and the method outlined in the Introduction will not carry
over. However, thanks to the regularity theory exhibited by elliptic equations,
the Poisson equation (7) is apt to yield enough regularity for the use of the
It6 formula on the fast variable, given sufficient regularity of the coefficients
a and b.

2.1 Assumptions on the coefficients
Our standing assumptions are, next to (3), in which § is fixed, and (6),

Condition 1. Global Lipschitz condition : there exists a constant c s.t. for
any € =a, b, c and e,

1€(z,y) — &(=",9)]

The function f is continuous and for some p > d and all x € R, f(z,.) €
WLP(T?), and moreover there exists c(p) < oo such that

e =o' +ly=y'l). Voo’ €RYyy €T

< ¢

N

1 (@, wreray < ep)-

Condition 2. The partial derivatives 0,&(x,y) as well as the mized deriva-
tives 8%y§(x,y) exist and are continuous, £ = a, b and ¢, z € R, y € T?,

Condition 3. The coefficients are bounded, i.e. there exists a constant c s.t.
forany E=a, b, c, e and f,

||f($7y)|| <e, S Rd, ES Td.

2.2 Removing the singularity
We have to control the highly oscillating terms. We have

Lemma 1. Let h(x,y) be a continuous bounded function on R x T? such
that for all x € R?,

/ hz,y) p(z,dy) = 0.
'JI‘d

Then we have

t t
571/ h(r,r)dr:eil/ (Asmh(.,r)—|—ASVTL,7Th(5,r)) dr
b . ~ (8)
—|—/ Oyh(s,r)c(r,r) dr+/ Oyh(s,r)o(r,r)dB, + e sh(s, .).
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Proof. Let T denote the solution of the Poisson equation (see Lemma 7 below).
From the It6—Krylov formula (see the Appendix in [9]) we have

EAS,J;(S, )= Eﬁ(s,t) — aﬁ(s, s)

¢
2671/ Ly, h(s,r)dr

S

+/ 5;,%(8,7’)(0(7’,7‘) dr +o(r,r) dBT).

It follows from (7) that
t t t
571/ h(r,r)dr = 671/ h(r,r)dr — 571/ h(s,r)dr
S S . - S
- 6_1/ L h(s,r)dr.

S

The Lemma follows, by adding these two identities.

Let us take a fine enough equidistant subdivision, ultimately depending
on ¢, of the interval [0,7] by means of the points ¢;,: = 0,...,[T/At] = N
where tg = 0, At; = t;11 —t;. We denote by t, the largest ¢; below ¢, by t* the
least t; above t and by N; the integer [t/At], for t < T. Applying the preceding
lemma to b(z, y) on each At; we can derive a representation of X7 in which the
singularity is removed by introducing a multiplicative small corrector term.
That is, we use the idea of freezing the slow component that was alluded to in
the Introduction. Indeed, removing the singularity e =1 amounts to introducing
a partition ¢; of [0,7] and a sort of localization procedure. This reduction
phenomenon lies at the root of any asymptotic manipulation on X; which
has to be carried out by controlling the out-flow At;. Let us first define, for
0<s< T,

RO’E( ) S4,8 b(., )+As*, L. b(s*, )
FO¢(s,,8) = (I + dyb(s.,5))c(s, s)
G (s (I—G—@Z(s*,s) (s,8)

and state

Corollary 1. With the notations above, we have for 0 <t < T

t t b
X, =x+ / F%¢(s,,5)ds + / G (s4,5)dBs +e7* / R%¢(s4,5)ds
0 0 0

N¢—1

+ e Z Ati+1,tig(tia )

i=0
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Before establishing tightness, we need estimates on the growth of the func-
tions b(x,y), Ozb(x,y), Oyb(x,y), 92b(x,y) and 02,b(x,y) for z in R? and y in
T<. We will see in Section 3 that these functions arise from the last term in
the decompostion of X above, quite like in the case where b(z,y) exhibits
more joint regularity, see the Introduction and [2].

Lemma 2. Under the conditions above, there exists a constant ¢ > 0 s.t. for
all x in R and y in T¢

Bl + 10560 + 0,562, )] + 380 )] + 02,3, <
and these derivatives are continuous.

The proof of this Lemma will be postponed till section 4. For now suppose
it is true.

2.3 Establishing tightness
Let us first prove the

Lemma 3. There exists a constant ¢ s.t. for all e >0 and 0 < s <t < T,

E( sup || X — X§||4) <cl(t—s)?+¢t.

s<ukt
Proof. Let t; be as in corollary 1 and 0 < s < v <t <7, we can write

X5 = XSl < 1X5, = X5+ 157 = X5, + [1X5 = X5,

We need to provide a bound on E(sup, ¢,<, [| X5 — X7 ||) for 0 <r < T.
By Lemma 1 and Lemma 2,

1XE - X2 < (/ 1X5 = X2 [l dut (v—r.)

"

/ G (r,,u)dB,

+ €> .
Therefore by Holder and convexity,

5= X < e g X X - !

4
+54>.

"

/ G (r,,u)dB,

5

Hence
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B( swp 15 X211 < et [ B( s - X2

U T« SUSU

+(r—r)t 4 (r—r.)? +54].

By the Gronwall-Bellman lemma,

E( sup | X5 —

T SUKT

4) ce((r=r)?+(r—r)'+ 64)60/574“_”)4. (9)
We now choose At; = 2. With this choice

E( sup || X5 —Xf*||4) < et

T KULKT

Since from Lemma 2 the function

Z( ,y) is Lipschitz on R? uniformly in
y € T?, we have by convexity for s <v <t

<

4 Ni—1 4
(s T A bt )eer( X - xi)
s<UKt i=N.+1 i=Ng+1
t—s5\* 4
e,
C( Al )
Hence
N,—1
E sup Z Ay, ltb ,ti) éc(t—s)4.
s<vt No+1

These estimates clearly yield by corollary 1

E sup ||X; — X;, H4 < c((t* — s*)4 + (te — s*)2 + 54),

s<ukt
which implies the result, provided t — s < T
We can now state the

Theorem 1. Under our assumptions on the coefficients, the family of pro-
cesses {X¢, 0 <e < 1} is tight in C[0,T].

Proof. By theorem 8.3 in Billingsley [3], it suffices to check that for any o and
§ > 0, there exist 0 < eg < 1 and 0 < 6 < T such that

0_1P< sup || X: — X2 > 5) <o
s<v<s+0

for all s < T — 0 and e < gg. This follows easily from Chebychev’s inequality
and the last Lemma.
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3 Identification of the limit

As pointed out in the Introduction, we can recover our process as a main term,
which converges in law, plus asymptotically small terms, thanks to tightness.
We will proceed to the decompostion of our process X; by degrees starting
from Corollary 1. Let us take again a subdivision ¢; depending on . We know
by Corollary 1 that

ta N 28 ~
X, == +/ (I+0yb(ss,s))c(s,s)ds —|—/ (I + 9yb(ss,s))o(s,s)dBs
0 0
Ni—1 Ni;—1

+e€ Z Atl+1;t1 iy . Z N At“ . —‘y—At“ . /b\(tz,S)) ds.
t;

Denote by F,*°(s) the process (I—l—ayg(s*, s))c(s, ), by G*#(s) the process
(I 4 Oyb(ss, s))o(s,s) and define

Nt 1
RJl\’t6 = et /At (A sb( -, 8) + A, L b(ti,s)) ds. (10)

Let us first deal with the last but one sum in X; above. We have

Nl N1
S[lvf—&‘ Z Atl+17t b Z, . _5 Z Atl 1,75@ )
i=0
+2(b(0,0) = b(tn,—1,tne))-
Define
Ni—1 ~
SIQVZS =& Z Ati—l,tib(wti)
i=1
Ry = 2(D(0,0) = b(tn, —1,tn,))- 1)

We clearly have by Lemma 2

N¢—1

52 —5Z/<86X€ FOAG L XEXE ), Ay XE)

Ny—1 N¢—1

Z/ 3611, ssds—|—52/ 3b21,)(ss)ds
Ne—1 .
—l—EZ@b io1,t / o(s,s)dBs

N¢—1

+sZ/abX€ F A 0 XS XE ) — Oub(ti, t), A,y 0, XE) AL
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Let us denote by F7°(s) the process defined on ]t;_1,t;] by 8, b(ti_y1,t;)
b(s, s) and define

N;—1
R?\/’f —52/ 3 b )(E +€At _1,t XE XE/E) 3 b( i—1, ),Ati717tiX,E>df

N¢—1

ti R
+e Z /75 Ob(ti—1,t;)c(s, s)ds
; i—1

R351+R352
= Ry, .

(12)
Put
Ne—1 £
Sy =¢ Z awb(ti—lyti)/ o(s,s)dBs,
i=1 ti—1
then look at the stochastic term
12
Siffl £ 0ub(ti 1.t )/ o(s,s)dB,
ti—1
~ t; t;
= Ay, ,4,0:0(ti-1, )/ o(s,s)dB, +¢ 9ub(ti—1,ti—1)0(s,s) dB,.
tima ti—1

We have again by Lemma 2
£(0ubltim1,t0) = Dubl(tim1,tim1)) = D5, bltim1,tim1) Ay, 1, X5

+ / (92, B0X7 o (X5, + 00 X5)/2) = 2Bt ti)) v, 0 X5,
0

Let us set U = 8% E(ti_l,ti_l),

N¢—1

Sj*vf—Z/ U’ssdB/
Ne—1 .
et Z U’ b(s,s ds/ o(s,s)dBs
ti—1 ti—1
Nt 1 ti
/ Ul c(s, s ds/ o(s,s)dBs
ti—1 ti—1
and
Ne—1 "
R?Vf_ Z/ Afaiy Ay, XEdl o(s,s)dBs
ti—1

N¢—1

ti -
+e€ Z /t awb(ti_l,ti_l)()'(&s) dB;
i—1 Jti—1

_ pdel 4,e,2
=Ry, + Ry,
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where
A2 b =02 b(X5 (X5 + 00, 1, X5E)/e) — D2 bt tis).

The third part of the drift of the It6 main process in X{ is now lurking
in the background. Indeed the first term in S%° N, induces us to write F3 “(s) =
Tr 8%yba(s, s). We now define Ry’ = Ry + Ry, where

N¢—1

R?Vfl— -1 Z/ U'b(s, s ds/ o(s,s)dBs

1
N1 (14)

R?sz Z / U'c(s, s) ds/ o(s,s)dBs.

1

Before gathering all the main terms and remainders so far obtained over three
steps above, let us smooth out the irregularities in the construction of the main
parts Flzs(s) and F215(s) Note that for the sake of clarity the level at which
a quantity appears is recorded in the superscript and that step zero served
only to derive tightness. Indeed, let us write the following definition

F(z,y) = (830319 + (I + 31/@0 + ’Iiragyga) (z,v) (15)
= (Fl + 5 + Fg)(.’[:, y)

and
G(a,y) = (I +9,b)o)(x,y). (16)

Note that F' and G are continuous.
These operations involve the extra rests

N¢—1

Ry = Z (0ub(ti—1,t;) — Byb(s, 5))b(s, 5) ds, (17)

tzl

e " b(ss, 8))c(s, s)ds — - b(s,5))c(s, s) ds
RNt—/O (I +9yb(s.,5))e(s, 5)d /0(1+8yb<7))(7)d7 (18)

Nt 1 t ta
Ry = / Uto(s,s)dBs (s,s) dBs (Tr02,ba) (s, s) ds
ti—1 ti—1
(19)
and

RY = /t* (I +yb(s.,5))o(s,s)dBs — /t* (I + 8,b(s,s))o(s,s)dB,. (20)
0 0

We have thus proved the
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Lemma 4. For any subdivision t; with constant step At; we have
€
Xi =X, +RYy,,

where . t
X, = +/ F(s,s)ds +/ G(s,s)dBs,
0 0

and the remainder Ry, is the sum of the residual quantities, i.e.

9
e __ § : 1,€
Ny — RNt'
=1

We can now state the following theorem, which deals with the order of
magnitude of the remainder R, . The proof is defered to section 5.

Theorem 2. With the notations above, we have the decomposition
Xi=X,+R, t>0,

where Yi s the Ito process
. t t
X, :x—i—/ F(s,s)ds+/ G(s,s)dBs,
0 0
and the remainder term R; satisfies
P<sup | R;|| > 5> — 0, V6 > 0.
t<T

Therefore, in order to identify the limit points of Px-, it suffices to do
so for those of Px-. We use a martingale problem approach. Let ¢(z) be a
function in C3°(R%) and apply the It6 formula, we have for ¢ > tg

¢
o) = 9(X2) = [ 0up(T) (PIXE X3 f2) dr + GUXE X3 /2) B,
1/ —
by [ moRe(T)(G67) X X )
Now let @, (. ), to < T, be a bounded continuous functional on the Wiener

space C[0,T] which depends only on the past up to ty. Define GG* = A. We
have

| (80 (X) - (000 (%5) Pl +2 T 20 (X)) ar)an()] =0,

to
(21)
Let us now homogenize F' and A by setting
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Fo) = [ Pl uta,dy)
S (22)
Aw) = [ M) )

The relation (21) becomes

B[ (20,00(F) - [ (0 (TIT O +5 10026 (VKD ) ), )

to
‘ —e 1 —e
- EK/ (000 (X2 ) (r:7) + 5 Tr 020 (X, ) ha(r, 7)) dr) iy (. )}, (23)
to
where hp(x,y) = F(z,y) — F(z) and hu(z,y = A(z,y) — A(z). Now observe
that
Lemma 5. If x, — x, then fiy, = .

Proof. The collection of probability measures {p(zy,, . ), n = 1,2,...} on the
compact set T is tight. Then there exists a subsequence, still denoted {z,,},
and a probability measure pg on TY, s. t. p(z,, .) = po-

For any ¢ € C(T?), t > 0,

/w(y)u(xn,dy):/ EY[o(Y"™)] w2y, dy),
Td Td
hence

/w(y)ﬂ(rmdy):/ EY[p(Y)] p(an, dy)
Td Td (24)
+ [ B — 0] e ).

But since p(zy, . ) has a density which is bounded uniformly with respect to
n, see e.g. [§],

[ e —sO(Yf)]u(xmdy)’ <o [ Bl — o)) v
T Td

which tends to zero, as n — co. Consequently, passing to the limit in (24), we
obtain the identity

/ o()o(dy) = / EY[o(Y) o (dy),

for all ¢ and all ¢ > 0. Hence pp = p(z, .), and the whole sequence {pu(zp, .)}
converges to u(zx, .).

Lemma 6. The functions F(.) and G(.) are continuous.
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Proof. Let x,, — xo. We have

/ F(@n,y) p1(n, dy) = / (F(@n,y) — F(z0,9)) plan, dy)
'H‘d

’]I‘d
+ / F(zo,y) p(wn, dy).
’]I‘d

Now

which converges to zero when x,, — z¢. On the other hand it follows from the
previous Lemma that

[P = Fo.) .t < sup 1 (@9) = Flao ),

y€eTd

/ F(20,) p(en, dy) — / F(z0,) (o, dy),
T Td

and the continuity of F' follows. The same argument yields the continuity of G.

We need now a locally periodic ergodic theorem to deal with the expected
value on the right in (23).

Theorem 3. Let h(z,y) be a continuous bounded function on R x T¢ such
that for all x € R?,

/ h(z,y) p(z, dy) =0,
Td

h(z,.) € WHP(T9) for some p > d, and moreover there exists c¢(p) < oo such
that

IRz, )llwiemaey < c(p)-
Suppose moreover that ¢ € C3(R®). Then

HE () = / o (X)h(X2, X2/e) ds

converges to zero in L*(£2) for any 0 <t < T.

Proof. Let us take yet again a subdivision {¢;} with At; = ¢ and write, by
virtue of Lemma 1,

/ w(yz)h(ti,s) ds :/ ap(Y;)At,i7sL.7sﬁ(ti,s) ds
At; At;

+ 5/ ap(YZ)ayﬁ(ti,s)c(s,s) ds —|—5/ w(Yi)ayﬁ(ti,s)a(s,s) dB;
At A

tq
+ €2Ati+1,ti@(yii)ﬁ(ti7 . )

On the other hand for ¢t < T we can write
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t
He(t) = / @(Yi)h(s*, s)ds + Ry,
0
where

N¢—1

Z /A tzys)ds—/ttw(ff*)h(t*,s)ds.

*

We first have

ta
E/ w(yz*)h(s*,s)ds
0

Ny—1

<c Z (E/ |A, s X5||(sup|8yj7yk (t;, s) |+sup|3 h tz,s)|) ds
i=0

ayﬁ(ti, s)e(s, s)ds
At;

%ﬁ(ti, s)o(s,s)dBs

+ EE’
Ati

+EE‘

+ 52 E‘Atwhti/ﬁ(ti’ ) ‘) .

By Lemma 15 below (whose proof is easily adapted to our h here) and
Lemma 3, the first term in the right hand side of the inequality above is
bounded by

N¢—1

CZ/ E|[|A; X5 ds < ¢ ((At)Y2 &) = (V2 +¢).

The second term is easier to render small. The third term which involves a
stochastic integral is treated by the Burkholder—Davis—Gundy inequality and
is bounded by ce'/2. The last term is easy given €2 in front and the choice of
At; = e. It remains to deal with R%;. We have for s in |¢;,t;41]

@(Yi)h(s, s) — @(Yi)h(ti, s) = @(Yi)Ati,sh( 58+ Ati,S@(Y?)h(s, s).

It suffices to prove that R% converges to zero in probability, since it is
bounded. Now let § > 0 and a > 0. If we denote by 7° the first exit time
of the process X; from the ball B(0, M), where M is large enough so that
M > ||z||, then by virtue of tightness, M can be chosen s.t. for all sufficiently
small €,

Pr*<T)<a«

Now

P(|R3| >90) < <Z|¢ |/ Ay, 5h ds>6/2>
+P<; /AtiyAti,sgp(Y?)h(s,s)y ds > 5/2).
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As _(a: y) is continuous, it possesses a modulus of continuity denoted by
on B(0, M) x T¢. We have

P(iy |/t Ay, sh d8>6/2)
<r (3,
<

P(ct VM(sup sup | A, XE||) > 5/2) +a

i SEA

c sup Y (| A s XE|)AL; > §/2 and T < ) +a

ct*sup sup ya(||Ae, s X)) > 6/2)

i SEAL;

As the function s is continuous the probability above is < 2a. On the
other hand,

P(i / 180, (T (s, 9)| s > 5/2)
(Zc sup [[ A, X H/ (s, s ds>6/2)

EAL;
<P(c sup sup HAtz X H/ (s,s) |ds>6/2)

for all sufficiently small e.
We finally have the

Corollary 2. There is only one limit point of the family X© as € — 0, namely
X0, the Ité process solution of the SDE

t t
X0 :x—|—/ F(Xg)ds+/ 177 (x%) dB,,
0 0
where F(x) and A(z) are defined in (22) (see also (15), (16)).

Proof. Since F(x) and A(x) are continuous, it suffices, in order to be able to
apply Stroock and Varadhan’s uniqueness theorem (see Stroock and Varadhan
[11]), to show that for each x € R?, the matrix A(z) is positive definite.
Suppose this is not the case. Then there exists x € R% and ¢ € R\ {0} s.t.

(A(z)€,€) =0.
But



Diffusion with locally periodic coefficients 379
(Ww)e.6) = [ (@l +0,8) '€ (1+0,8)" ) a.n) ula )
> ﬂ/TdH (1+0y0)"¢|)* (2, ) p(w, dy).

Our assumption implies that (I + @,@)*f(z, y) = 0 y a.e., or in other words
for all 1 <7 < d, and almost all y,

ayi </l;> §>($7 y) = _fi-

But there exists 1 < @ < d such that §; # 0, and this contradicts the periodicity
of the mapping y — (b, &) (z, y).

4 Proof of lemma 2

The following result, adapted to our needs here, has already been proved in
Pardoux and Veretennikov [9].

Lemma 7. Consider the Poisson equation for the operator L, ., on the torus
T with parameter x

szyﬁ(l‘7 y) = —h(l'7 y)a

where h(x, .) is continuous and satisfies

/ h(z,y) p(z,dy) = 0.
Td

Then for all © the Poisson equation has a solution h(x, .) in Nys1 WP (T9).
The solution is unique in each W2P(T4), if we impose that

/ Iz, y) ple, dy) = 0.
’]I‘d

E(l‘7y) :/ dt/ h(x7yl)pt('ray7y/) dy/
0 Td

We need to trace up the dependence of 3, and its derivatives, on x. For
some fixed £y > 0, we should expect

Moreover

R t() t(]
%ww:/a 3%w%&wdﬂ@ﬁ/&/b@w%MWdﬂd
0 Ta 0 Ta

—|—/ dt 3b(x,y')(pt(x,y,y/) —Poo(Ly/)) dy’

to

Td
+/ th b(%y/)a(pt(%yyy/) _Poo($7y/)) dy,?
to d
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where 0 stands for derivatives with respect to x, y. We are led to investigate
the asymptotic behaviour of the derivatives of orders zero and one of the
difference inside the third and fourth integral through a few lemmas. There
is no point rewriting the proof of corollary 2.3 on p. 502 of Pardoux [8] which
gives an exponential bound on the semi-group of the diffusion Y¥,* on T?. Note
that this estimate has already been derived by Doob in the forties by different
methods. We have the so called spectral gap Lemma.

Lemma 8. There are positive constants ¢ and ¢ s.t. for all t > 0,

HEny?ﬁ—lAdf@UpmtmyUdy

< || fll poe(raye™?,
Loo(T4)

where f is any bounded measurable function on the torus.

Due to the boundedness condition on the coeflicients, it is easily seen that
the constants ¢ and ¢ can be chosen independent of x. Hence the above can
be rewritten as

Lemma 9. There are positive constants ¢ and o s.t. for all t > 0 and x € RY,
y €T,
[ 9.9 = p )l < et
T
On the other hand the method of Friedman [5] chap.1 and chap.9.4. theo-
rem 2 gives the following estimates on the derivatives of the transition densities
of Y considered on the whole of R (the estimate on the derivatives with

respect to the starting point requires the coefficients a and b to satisfy at least
a Lipschitz condition on y)

Lemma 10. For n = 0,1 and t < T, there are constants ¢ and ¢ s.t. for
all x

_ _ ’_ 2
|3;L/pt(l’,y,y/)| < et~ (A 2= lly'—yll7/t
_ _ ’_ 2
’a;pt(%y,y/)‘ <ct (n+d)/25=<"lly" —yl"/t
and these derivatives are continuous.
We deduce from this the fundamental estimate

Lemma 11. Let n = 0,1, then there exists a constant ¢ s.t. for all x
sup|0y (2, 4, y') — 0)pos (2,y)| < ce™ .
Y

Proof. By the Chapman—Kolmogorov identity

"

a@?’pt (377 Y, y/) = /d pt—l(x7 Y, y//)a;l/pl (377 y//> y/) dy
T

%%mwzf

[ Poo(a, y" )0y (z,y",y') dy”,
T
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therefore
|At,ooag'p-('r’ y7 y/)| g / |At*1700p‘ (Ia y7 y”)| |ag’p1('ra y//a y/)| dy”a
Td

and the Lemma follows from Lemma 9 and Lemma 10.

The following exponential estimate on the derivative with respect to the
starting point of the transition densities makes matters easier to deal with
than in the case of the R? ergodic theory considered in [10].

Lemma 12. We have for some ¢ and all z, y, t > 1,
|8ypt('ra y7y/)| g Ce_gt~

Proof. Clearly

/d Oyp1(z,y,y") (pe—1(2, ¥, y) — Poc(z,y')) dy”
T

—ot
< ce .

|aypt(x7 Y, y/)| =

Now, we are in the position to prove the

Lemma 13. There exists a constant c s.t. for all x, y
el <

Proof. We have for any t, fixed

bla,y) = /OOO dt /Td b(@,y") (pe(@,9,1) — poo(,y")) dy.
By Lemma 9 and the boundedness of b(z, y) we arrive at the desired result.
Returning to the study of db(z,y) we can state
Lemma 14. For some constant ¢, we have for all =, y
H&,@(:&y)” <e

Proof. The result follows from Lemma 12 and
0,5(e.0) = [ at [ Moo vy
0 T

Consider now the second partial derivatives 833(:107 Y).
Lemma 15. For some constant ¢ we have for all x, vy,

|ogbte ]| < e
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Proof. As the coeflicients a and b are Lipschitz with repect to y, we have from
(7)
L ,0yb(z,y) = —0,b(x,y) — Oy Ly bz, y).
It then follows from a variant of Lemma 9.17 in [6] that there exists ¢ s.t.
for all z € R% and p > 1,

SuPHay Yj yk Z, ‘)HLP(Td) se

3

Since we can choose p > d, we have from the Sobolev embedding theorem
that for some c,

SupH@ilng(% y)HLoo(RQd) <ec

J
Let us now deal with the partial derivatives of 3(:& y) with respect to z.
Lemma 16. We have for some constant ¢ and all x, vy,
102b(z, )| < ¢
Proof. We should have

Bub(x,y) = /0 3 b(z,y )pe(z,y,y") dy’

to
/ dt/ b(x,y")0upi(z,y,y") dy’
0 Td
+ / dt /
to

+/ dt/T b(z,y") (Oupe(w,y,y') — Fuboo(,y)) dy’

=1 (z,y) + I2(z,y) + I (@,y) + 1293 (z,y).

We will use now an explicit formula for the derivative of the transition densities
with respect to z, which is denoted g:(x,y, y'), that was established in Pardoux
and Veretennikov [10]. Indeed, by writing Ap:(.,y,y’) as the solution of a
parabolic PDE, ¢ (z,y,y’) can be directly represented by the well known
formula for the solutions for a Cauchy initial boundary condition ; namely
we have

9:b(z,y") (pe(2, 4, y') — Poo(z,9)) dy’

t
a(z,y,y") :/ dS/ Ou Ly ipe—s(x,y,y" )ps(x, 9",y ) dy”. (25)
0 Td
Now we pass on to

Lemma 17. Consider the full transition densities pi(z,v,y’) on R?. Then
for any T > 0, there exist constants ¢ and ¢ such that for all 0 <t < T,
z,y,y € RY,
’ ’ 2
gt (2, y,y)| < et 2emc v —vl/t

and these derivatives are continuous.
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Proof. We have obviously

—1/228@ aij(z,)0y, ( Zal (),

1,

where b;(x,y) = bi(z,y) — %Z] 0y, aij(x,y). Therefore
a(2,y.y')
t
- [ as / 123 e Wgricsarn Byt
— Jo Td - 7 *

+Z/ ds (@, 9" )pe—s (@, 5,y )Oyrps(x,y" y') dy”.

By standard properties of independent Gaussian laws, the Lemma follows
easily.

The relevant bounds on I!(z,y), I2(x,y) and I3 (z,y) are now straight-
forward.

We carry on with

Lemma 18. Given the same hypotheses as in the previous Lemma, we have

1) qoo(@,y') = limy oo g1 (2,4, Y') = Oapoc (@, 1)
2) for some ¢ we have |qi(x,y,y") — goo(z,y')| < (c + t)e 2.

Proof. The first point is in [10] theorem 6. On the other hand, we want an
estimate on q:(z,v,y") — ¢oo(,y’) as a function of ¢, which is small enough
to allow for a further integral convergence when we come to derivatives of
b(x,y) expressed by the Pardoux—Veretennikov formula in Lemma 7 above.
We therefore have to consider the following two parts

t
A rq.(z,y,y") = / ds | 0Ly Booi—sp. (., Y ps(z,y",y") dy”
0 T
oo
- / ds [ 0uL} npoo(x,y" )ps(z,y",y") dy”.
t T4
Let us consider the first term on the right hand side above. We have

t
/ Tda o Ly Doot—sp- (@, 4,y )ps (2, 9", y') dy”
0

= —Z/ ds/ 1/2Z@xaij(:ﬁ,y”)ay/,/Aoo7t_sp.(x7y,y”)
— Jo Td r !

"

X Oyrps(x,y",y') dy

+Z/ ds 8 bi(,y") Ao t—sp- (2, 4,y ) Oyrps (2, y) Ay,
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hence, this term is bounded in absolute value by
t
c/ e 0t=8) =05 dg = cte 9t
0

To consider the second term we need to write

81!”p00($’ y//) = /

T

/

poo(@y )0y (") dy
We note that

|0y oo (2, y")| < /Td Poo(@,4)|0yrpr (2,9, y")| dy’ < c.
Therefore

> / ds / 1/2 " 020 (2, y")0yrpoo (,y")0yrps(2,y" ) dy”
- t Td 3 J °
i J

oo
—o0s ! _—ot
gc/ e % ds=ce .
t

The other integration by parts gives the same result. Consequently, the
bound on I2°?(z,y) follows.

In the end, we look at the mixed derivatives.
Lemma 19. We have for some constant ¢ and all x, vy,
||83y3(x7y)|| <e.

Proof. Let us write
0uble) = [ dt [ 0uble)0ypilauy) df
0 T
+/ dt/ b(‘ray/)ayqt('ray7yl) dy/
0 Td

00,1 00,2
:Iwy (:my)—i—]wy (:my)

As in the case of ayg(x,y), the integral I39! (x,y) is easily seen to be
bounded by c. In order to estimate the other term, we write

Oyaqr(z,v,y)

t
= / ds /d azL;7y” ypt,s(l‘, Y, y//)ps (I, y//7 y/) dy/l
0 T

t
= - E / dS / 1/2 E aa:au (377 y//)agy’/pt—s(x7 Y, y//)ay,'-'ps (:I;7 y//7 y/) dy//
— Jo Td » I ’
i J

t
+Y [ ds | Oubi(w,y")Oypi—s(@,y,y")Dyrps(,y” ) dy”
—Jo Td

(26)
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and remark that
02 ipr—s(z,y,y") = /Td Oypit—s—1(x,y,y")0yrpr(x,y',y") dy'.
It now follows from Lemma 12 that
|0ypi—s—1(z,y,9")| <
‘8//psxy ,Y) ‘gce o8
Oypi—s(z,y,y")| <
Replacing this into (26), we see that
|0y (x,y, y')| < cte™?,
so that the bound on I79?(z,y) follows immediately.

Note that the above considerations show that under our conditions, all our
partial derivatives are continuous.

5 Proof of theorem 2

Fix § > 0 and t < T. Let us choose the optimal subdivision At; = £2. Now
let @ > 0. Let again 7¢ be the exit time from the ball B(0, M) by the process
X;. There exists an M so large that for all 0 <e < 1,

P <T)<a«

The fundamental subdivision above will serve as a lever that controls the
new subdivisions A;, t = £2/k, k being a natural number which depends on «
and is to be chosen below. In this way we can effectlvely control R; in which
there is a wild discrepancy between the behaviour of RN in (10) and R?\rf in
(12). In what follows, manipulations with respect to the finer subdivision ¢;, ,
ir =0,1,2,..., will be specified by a subscript k. In particular, Ny, = [kt/e?].
We have from Lemma 4

€

?Vt = th* o Yi* = (Xti - thk*) + (ka,* _Yt*)
On the other hand
thk,* = ?Vk ot +th )
hence
P([|[R%, || > 0) < P(|XF — X5, [ > /3)
+P(|[X5, . — X[ > 6/3) + P(| &%, | > 9/3).



386 Abdellatif Benchérif-Madani and Etienne Pardoux

By tightness, the first term of the right hand side of the last inequality
is dominated by c¢d~'e. Since F and G are bounded, the second term is also
dominated by cd~!e. Let us turn to

9
P(|[ Ry, || > 6/3) < 3_P(IRx, ]| > ).
i=1
Let us begin with the critical probabilities. The estimate (9), which is fine
enough for tightness, is however insufficient here and we need the
Lemma 20. For some ¢ > 0, we have for any 0 <r < T
E|X: - X: | <cle'(r=r)+r—ri+(r— r*)l/z].

Proof. Due to the boundedness of the integrands, it is an immediate conse-
quence of (4).

We have
th 1
P(|RY | > ) <67t Y / B, X7 ds
Zk =0

N

0 (72 A, + s—lAtik +e M (AL, )1?)
5 (kT ek 4 k)

Q,

N

provided € < 1 and k is large enough but fixed, which we assume from now
on. On the other hand

P(HR?VitlH > cf) < (HRS“H >cdand T < 7°) + a.

We clearly have

Nk,tfl
2

ip=1
where v, 3 is a modulus of continuity of dyb on B(0, M) x T?. Now put

Bega =k sup, 5 (11X, — X5 L)
23

tip—1

and
Nk,tfl

Be k2 = k™12 Z HAtik—latikX-EH'

in=1

We obviously have
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36,1
RN | < Bekt X Be2:
Now by Cauchy—Schwarz,
E(BE k 2) X C
and B, ;1 tends to zero in probability, as € — 0, hence we can choose 0 <
€0 < 1 such that for all 0 < e < &g,
3,1
P([[Ryy, || > c0) < ca
The other remainders are treated similarly because no new fundamental
asymptotic phenomenon arises. Indeed, the rests R?\}E Rf\}i’Q nd R;L\}i’Q are

easily treated. The quantity R% Etl and R5 =1 bhehave exactly as Rl - does.
Indeed we use the following equation obtalned clearly from (7)

Lx,yawg(a:, y) = —0b(z,y) — &;Lwﬂg(:my),

which garanties a Lipschitz condition on the function 33?43(1”, .).
The term RS’E’? is simple. The remaining rests on the list are R?\}‘Z , to

R?\,i , which clearly tend to zero in probability, as € tends to zero.
Obv10usly, all the above estimates are uniform in ¢t < 7.

6 Convergence of u®(t,x) to u(t,x)

For us, the solution u® (¢, z) to equation (1) subject to the Cauchy initial value
problem u?(0, z) = g(x), for all e > 0, where g(z) is supposed to be continuous
with at most polynomial growth at infinity is given by the Feynman-Kac
formula

W (t,z) = E g(XE) exp ( /0 t Ao (s, 5) ds>. (27)

Clearly, e(x,y) must be centered, i.e. we assume that
/ e(z,y) ple,dy) =0, Vo eR™ (28)
Td

Let us first define a few items. Set Y = fg A%(s,s)ds and recall that the
functions F'(z,y) and G(z,y) were defined in (15) and (16). Furthermore put

F.(z,y) = (0,€b+ O éc + Tr 33y€a) (z,y)

and
Ge(xa y) = (8y§0)(z, y)
Fix t < T and z in R%. Tt follows from Corollary 1 and Theorem 2 that
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X: =X, +R;,
Ye =Y, 41,

where

t t
Yi:x—i—/ F(s,s)ds—i—/ G(s,s)dBs,
0 0

?i = /()t(f+Fe)(575) d5+/0t Ge(s’s)dB37

and both Rf and r{ converge to zero in probability (uniformly in ¢ < T), as
e —0.

We now use a Girsanov transform to get rid of the stochastic integral in
the argument of the exponential in (27) above. Indeed, let P denote a new
probability measure s.t. (with the notation A, = G.G¥)

dﬁ t t
— —exp</ Ge(s,s)st—l/Q/ Ae(s,s)ds).
T 0 0

Then (27) becomes

ue(t,x) = E|:g(Yi + Rf)exp(/ot(f + F. +1/2A.)(s,s)ds + rfﬂ, (29)

where
X, == +/ (F—l— (I—i—ayb)aay@*)(s,s) ds +/ G(s, s)dBs,
0 0

in which (B, t > 0) is a P Brownian motion. The stochastic integrals and
finite variation processes inside R; and r§ undergo similar changes. It is clear

that under 13, these remainders converge to zero in probability. Moreover,
define

fle,y) = (f + Fo + 1/24.) (2, ),
/fry (z,dy),

/fssds-/C )ds + 7%,

?f:/ (f(s,s)—C(Xg))d5+/ (C(X3) = O(XY)) ds.
o 0

and let us write

where

Clearly, 75 converges to zero in probability (under 15) Now we are able to
state the
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Theorem 4. Let t <T and x in Rd, then
ut(t, ) — u(t, ),

as € — 0, and the limiting PDE is the following equation

d d
opu(t, ) =1/2 Z Aij(2) 92, ult, ) + Z Bi(z) 8y, u(t, z) + C(x)u(t, z),
where
A(z) = /W (I—|— 3y/b\)a(l—|— 3y/b\)*(x,y),u(x,dy)
and

B(z) = /W (F +(I+ 3y3)a8y€*)(a:,y)u(a:,dy).

Proof. Tt suffices to check that the family of random variables given by
¢ = Q(Xt + Rf) exp(/ f(s,s)ds + rf)
0

is P uniformly integrable for 0 < € < 1. Since f is bounded and g grows at
most polynomially at infinity, the required uniform integrability follows from
the following three Lemmas:

Lemma 21. For any t < T and p > 0, there exists a constant c s.t. for all
>0,

=€

E|X;[]" <e

Lemma 22. For any t < T and p > 0, there exists a constant c s.t. for all
e>0, _
E[|R;[]” < c.

Lemma 23. For any t < T and o > 0, there exists a constant c s.t. for all
e >0, _
Eexp(orf) < c.

Since R° and r° have similar forms, Lemma 23 is strictly more difficult to
establish than Lemma 22. Hence we will prove only Lemma 21 and Lemma 23.

Proof of Lemma 21. Since F and G are bounded, it suffices to apply the
Cauchy—Schwarz (resp. the Burkholder-Davis—-Gundy) inequality to the Lebes-
gue (resp. the stochastic) integral term in the expression of X, to yield the
desired result.
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Proof of Lemma 23. The only estimates which are not straightforward are
those that exhibit the behaviour of

Nt—l
rllvf = g1 /At At e )"’Ati,sL-,sg(ths)) ds,

with At; = 2. Hence, in the spirit of section 5, if we can show that for any
0>0,t>0,

sup sup Eexp(— X5 — XEH) < 0. (30)
e>0 0<s<t

Then we would write

t
* d
“<ee [Cxs-xz) £
0 12

hence we deduce from Jensen’s inequality that
ds
ST

< sup Besp(“ Xz - x2|)
0<s<t

t

_ . t

Eexp(grtl’s) </ Eexp(CQ *
0

< o0,

where we have used (30) for the last line.
It thus remains to prove (30). Since s — s, < €
and all s <,

2. we have for some ¢ > 0

)

(1—ce) sup || X;—X || < c(5+5 + sup

S« KUK 5« SUKS

/ G*% (s, u) dB,

Choosing ¢ small enough, we deduce

/!
SIXE- XLl <+ sup =

S« SUKLS

/ G (54, u) dB,

Sx

Hence our result will follow from the

Lemma 24. Let {M;, t > 0} be a d-dimensional continuous martingale of
the form

t
M, :/ ¢, dB,,
0

where {Bi,t > 0} is a k-dimensional standard Brownian motion, and
{ot,t = 0} is a d x k-dimensional adapted stochastic process, such that
leill < K, a.s., for all t > 0. Then there exists a constant ¢ depending
only on the dzmension d such that

Eexp( sup || Ms |> cexp(cK?t ).

0<s<t
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Proof. We have

d

s, 10 Lo )
Oss<t =1
d

0<s<t
H[e ( sup M, ) —|—exp( sup (—M;))}
pale} 0<s<t 0<s<t

Consequently

d ) CLd\l/d
E(es‘lpogsgt HMsH) < <HE(esupogs<tM; _‘_esupogsgt(*wfsl)) >

i=1

d _ NYZ!
1(H(Eedsup0<5<t]ﬂ; +Eedsup0<s<t(JVI;))> )
i=1
(31)

It thus remains to estimate E exp(dsupg¢,<; M) when M is one-dimensional.
In that case,

t
Mt = / (ps st = Wjot ‘Ws|2d37
0

where {W;, t > 0} is a standard one-dimensional Brownian motion. Let T' =
K?t. We have
sup My < sup W,.

0<s<t 0<r<T

But supg¢,<7 W; has the same law as [Wr|. Hence,

Eexp(d sup Wt) = Eexp(d|Wr|)

0<r<T

d*T d*K?t
< 2Eexp(dWr) = 2exp(7) 2 xp( 5 ) (32)
The result follows from (31) and (32).
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