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AbstractÐThe deformation of NiTi shape memory single crystals are reported under compression loading
for selected crystal orientations and two di�erent Ti3Ni4 precipitate sizes. For the [148] orientation, selected
for highest recoverable strains, the peak aging treatment decreased the transformation stress from austenite
to martensite. At the same time, peak aging raised the ¯ow stress of both the austenite and martensite
compared to the overaged case by increasing the resistance of the material to dislocation motion. The
transformation proceeds beyond the stress plateau region and extends until martensite yielding occurs. This
results in recoverable strain levels equivalent to the theoretical estimate of 6.4%. The [112] orientation was
chosen to produce two variant formations and in this case, the transformation proceeded over an ascend-
ing stress±strain curve compared to the nearly plateau response for the [148] case. Since the austenite and
martensite yield levels are reached at a smaller strain level in this case, the maximum recoverable strain
was limited to 3.5% even though the theoretical estimates are near 5.1%. The theoretical estimates of
transformation strains were established for Type I and Type II twinning cases to cover all possible habit
plane and twin systems. TEM investigations support that slip in austenite occurs concomitant with increas-
ing transformation strains. In the [001] orientation, the unfavorable slip systems for dislocation motion in
the austenite inhibit slip and permit recoverable strains similar to the theoretical estimates (nearly 4.2%).
The [001] orientation exhibits a continuous increase of ¯ow stress with temperature beyond 360 K unlike
any other orientation. The results point out that in order to optimize the material performance, close atten-
tion must be paid to the selection of the crystallographic orientation, and the precipitate size through heat
treatment. 7 2000 Acta Metallurgica Inc. Published by Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

The Nitinol (NiTi) alloys are the most widely used

shape memory alloys (SMAs) with superior mech-
anical properties compared to Cu- and Fe-based
SMAs [1]. These alloys are often used in aged con-

dition because aging increases the Ms temperature
(martensite start temperature) and also raises the
slip resistance of austenite and martensite phases
while it lowers the critical stress required for trans-

formation from the austenite to martensite. A clear
understanding of the role of precipitates has not
emerged and the present work is aimed at ful®lling

this need.
Both peak aging and overaging treatments have

been considered in this study, which produce coher-

ent and semi-coherent Ti3Ni4 precipitates in NiTi,
respectively. In the aged specimens, recoverable

strains for [148], [112], [100] and [111] orientations
are determined experimentally and discussed in view
of the theoretical estimates. The theoretical results

are based on the Phenomenological Theory of
Martensite Transformation [2, 3], the Lattice
Deformation Theory [4] and the Energy

Minimization Theory [5]. More focus is placed on
the ``Energy Minimization Theory'' because it per-
mits the evaluation of multiple twin types (Types I
and II). Type I twinning refers to a twin plane with

rational indices, while Type II twinning has an ir-
rational twin plane normal. The theoretical esti-
mates represent an upper bound on the

transformation (recoverable) strain levels as the
yielding of austenite and martensite phases curtail
the recoverability. To thoroughly test the orien-

tation dependence of the models, several orien-
tations of single crystals of NiTi were chosen. The
[148] orientation represents a crystal orientation
with near maximum recoverable strain in com-

pression and the highest resolved shear stress factor
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(RSSF) of 0.513, while [112], [100] and [111] rep-

resent lower RSSF factors (0.44, 0.39 and 0.25, re-
spectively).
The critical stress levels (0.002 strain o�set), and

the critical resolved shear stress (CRSS), required to
trigger the transformation for di�erent orientations,
are also determined in the present work. The lower-

ing of CRSS in the peak-aged samples is partially
due to the strong local stress ®eld generated by the

coherent Ti3Ni4 [6, 7] precipitates and also to the
lowering of the Ni concentration in the matrix.
Previous experiments [8] on NiTi single crystals

have been con®ned to moderate strain levels tension
and compression loadings (<5%). Hence, the mar-
tensite yielding regime was not reached. All the ex-

periments in this study are conducted under large
strain compression (of the order of 9%) to closely

study the interaction between martensite transform-
ation and slip of austenite and martensite domains.
Previous work [8] has not considered incremental

cycling and did not study the evolution of recover-
able strains with deformation. In our previous work
[8] the focus was on orientations [001], [110], and

[111]. In this work we consider [112] and [148] as
well. The aging treatments in the previous work

(673 K, 1.5 h and 773 K, 15 h) are also di�erent
than the aging treatments in this work.
The strains in compression were incrementally

increased to 9% (with nearly 1% increments) with
unloading to zero stress after each cycle. Since
strains as large as 9% in compression were explored

the samples underwent nearly 10 cycles. First, elas-
tic deformation of the austenite, and then trans-

formation to martensite occurred. We make the
interesting observation that the recoverable strains
continue to increase during Stage II, which is the

region of deformation above the transformation
stress and extends to the martensite yield stress.
Once martensite yielding occurred the recoverable

strains decreased with further straining. Because the
experiments were conducted under cyclic loading
conditions, considerable strengthening was observed

when multiple variants or slip systems were acti-
vated. As the local pile up of dislocations become

pronounced, the transformation slope increased
dramatically, and the plateau region characteristic
of transformation disappeared. Because of the pre-

sence of precipitates, the transformation is highly
nonhomogenous with untransformed regions
around precipitates [6±10] and also localized slip

near precipitates. With increasing number of cycles,
the slip deformation at the precipitates accumulates,

which in turn limits the reversibility of the trans-
formation. Due to the internal stresses, the reversed
stress±strain behavior is highly non-linear. Only

when the alloy is deformed to large strains and the
deformation becomes homogenous, a more distinct
reversed transformation stress can be identi®ed.

Also, orientations that lie on the symmetry bound-
ary ([111], [001] and [112]) have more than one

favorable martensite plate, while the orientation
[148] inside the stereographic triangle produces a

single martensite plate. The strain hardening is
expected to be higher for the symmetric orientations
consistent with experimental ®ndings.

Because the experiments were conducted under
compression, it was possible to study the yielding of
the martensite at high strains following austenite to

martensite transformation. The Schmid factors for
yielding of the austenitic and martensitic phases
were determined and utilized for interpretation of

the experimental results. The results also con®rm
that the martensite yield levels are higher for the
case of peak-aged coherent precipitates compared
to the over-aged case. A key ®nding is that large

transformation strains can only be realized if the
critical stress for both austenite and martensite slip
is much higher than the austenite to martensite

transformation stress.
The aging treatments studied in this work di�er

compared to the previous work of the authors [6±

9]. The work includes complete Clasius±Clapeyron
curves (approximately 80 tests) and the austenite
yield behavior for all four crystal orientations, two

aging treatments with experiments in the tempera-
ture range 200±440 K. These results will clearly
show that [001] crystal orientation exhibits an
increased ¯ow stress with increasing temperature

beyond the pseudoelasticity regime.

2. EXPERIMENTAL PROCEDURE

Single crystal Ti±50.8at.%Ni samples were pre-

pared from a single material batch. The single crys-
tal samples were grown by the Bridgman technique
in an inert gas atmosphere. The orientation of

single crystal specimens was determined by using
electron back-scatter di�raction patterns.
Solutionizing of the specimens was conducted at

Fig. 1. Two beam bright-®eld TEM micrograph of NiTi
specimen oriented in [148] direction in the peak-aged con-

dition.
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1273 K for 2 h in an inert gas atmosphere. Then,
one set of specimens were aged at 723 K for 1.5 h

and another set of specimens were aged at 823 K
for 1.5 h. The ®rst treatment is termed as the
``peak-aged'' treatment, while the second treatment

is the ``over-aged'' treatment. A Perkins-Elmer
di�erential scanning calorimeter (DSC) was used to
determine the transformation temperatures. The

DSC analysis shows that the austenite start tem-
perature, As, for over-aged and peak-aged samples
are 280 K and 288 K, respectively, while the Ms,

martensite start temperature, is approximately the
same and equals 240 K. The peak-aged and over-
aged microstructures are shown in Figs 1 and 2, re-
spectively. In the peak-aged case the average pre-

cipitate size is 90 nm while in the over-aged case it
is 300 nm.
The specimen cross-section was square, 4 mm

wide and 8 mm high. In the experiments, the loads
were measured with a load cell, and strains were
measured with a miniature MTS (Materials Test

Systems) extensometer with 3 mm gage length. The
use of the miniature extensometer circumvents the
end e�ects associated with stroke measurements.

To gain insight into the results, the critical stress
for transformation as a function of temperature has
been determined with a series of deformation exper-
iments. The results are summarized in Figs 3 and 4.

In Fig. 3 the results are shown for the over-aged
treatment, while in Fig. 4 the results are given for
the peak-aged case. The Ms is obtained by extrapol-

ation of the stress±temperature relation to zero
stress as 240 K. The slope of the stress-temperature
relation in the pseudoelasticity regime is linear and

this region is described with the Clausius±
Clapeyron relation [1]. The slope of the Clasius±
Clapeyron curve (A4M region) is in the range 4±
8 MPa/8C depending on the crystal orientation. The

results also show the magnitudes of stress required

for austenite slip, the martensite deformation and
reorientation region (M4M, martensite to marten-
site) and the Md temperature. The Md temperature
is the transition temperature from the Clasius±

Clapeyron curve to austenite slip; it is de®ned as
the maximum temperature below which pseudoelas-
tic deformation occurs. Note that the Md tempera-

ture is higher for the peak-aged case. The most
signi®cant ®nding from these experiments is that for
the [001] orientation the yield stress continues to

increase with temperature and slip deformation is
curtailed. Theoretically, the austenite yield stress
corresponds to cleavage stress of the material in the

[001] direction. In other orientations, it is clear that
the peak-aging treatment produces austenite yield
levels exceeding 1000 MPa, while the over-aged case
produces critical stress levels below 1000 MPa.

3. AUSTENITE TO MARTENSITE
TRANSFORMATION

The results of austenite to martensite transform-
ation can be best understood with the aid of Fig. 5.
This ®gure depicts NiTi deformation behavior in

compression at temperatures above the austenite
start temperature (As). Di�erent stages of defor-
mation in shape memory alloys are presented in
this ®gure. After elastic deformation of the austeni-

tic phase (Stage I), a stress-induced martensitic

Fig. 3. Transformation stress (0.2% o�set) as a function
of temperature; over-aged case.

Fig. 4. Transformation stress (0.2% o�set) as a function
of temperature; peak-aged case.

Fig. 2. Two-beam bright-®eld TEM micrograph showing
the microstructure of a [112] oriented NiTi specimen in

over-aged condition.
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transformation initiates at a critical stress, sA4M
cr .

In Stage II, at small strains, the austenite to mar-

tensite transformation occurs (A 4 M ), at a zero
slope or small slope. The transformation slope
depends on the number of CVPs (correspondent

variant pairs) activated for the single crystal or the
texture of the material for polycrystals. A CVP,
correspondent variant pair, is a formal term for

two twin related martensite variants. During Stage
II elastic deformation of the martensite and some
slip of austenite initiates at a critical stress level,

sA
cr, depending on the crystal orientation and aging

treatment. Crystal orientations that are not favor-
able to slip or ®ne precipitates produce higher aus-
tenite strength levels. The austenite yield stress

levels can be ascertained from Figs 3 and 4. If the
material is cycled in Stage II, rapid cyclic harden-
ing develops which indicates dislocation activity in

the NiTi. We assert that dislocation activity devel-
ops in austenite since the critical stress for marten-
site yielding is 60% higher than the austenite yield

strength. This is seen in a later section. When the
critical stress for martensite yield, sM

cr , is reached,
the stress±strain curve exhibits downward curva-

ture (Stage III). The slip of martensite proceeds
until either the specimen fractures or gross defor-
mation occurs.
Upon unloading the martensitic single crystal

undergoes elastic deformation (with elastic mod-
ulus Em) followed by pseudo-elastic behavior. In
the pseudoelastic regime, reversed transformation

(martensite to austenite) occurs. At zero stress,
further strain can be recovered upon heating to
Af+80 K where Af is the austenite ®nish tempera-

ture. If the applied strains were large, inelastic de-
formation remains at zero stress even after heating
and cannot be recovered. The amount of inelastic
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Fig. 5. A schematic of the deformation mechanisms and
the strain de®nitions in single crystals. Deformation is in

compression and the test temperature T>As.
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deformation depends on the maximum strain
reached in the loading portion of the cycle. The

recoverable strain in Fig. 5 is de®ned as the sum of
the pseudoelastic strain and the SME (shape mem-
ory e�ect) strain.

4. CALCULATION OF RECOVERABLE STRAINS

4.1. Phenomenological theory

The orientation dependence of recoverable strains

for a single crystal NiTi can be evaluated from the
phenomenological theory of martensitic transform-
ations (PTMT) [2, 3]. There are a total of 12 lattice

correspondent variants in the cubic to monoclinic
transformation of NiTi. These lattice variants are
listed in Table 1 as 1±12. The austenite phase is
designated as the parent phase. A CVP is a formal

term for two twin related martensite variants and
stands for ``correspondent variant pair'' [such as (9,
12)]. A schematic of the variant ]9 in the parent

and martensitic states are shown in Fig. 6. Each
martensite CVP is described by a unique habit
plane normal, m, and transformation shear, b (see

Fig. 7 for a schematic). In the parent phase coordi-
nate system (B2), the base crystallographic par-
ameters for solutionized NiTi are: m={ÿ0.8684,
0.2688, 0.4138} and b/vbv=h0.4580, 0.7706, 0.4432i
[11]. The habit plane solution above is obtained
using [011] Type II twinning which is consistent
with the dominant mode experimentally observed.

In Type II twinning, the twin plane normal is ir-
rational, while in Type I the twin plane normal is
rational. The schematic given in Fig. 7 demon-

strates the relevant vectors, internally twinned mar-
tensite and the single crystal austenite. The vectors
a and n represent the lattice invariant shear (twin

shear) and the twin plane, respectively. The shear
strain magnitude for the transformation is j b j�
0:13 which is the same for all 24 CVPs.

When the resolved shear stress on the most favor-
ably oriented martensite CVP reaches a critical
resolved shear stress, the transformation proceeds

on that CVP. Notably, the transformation is uni-
directional, so the resolved shear stress must be in

the prescribed transformation direction in order to
trigger the transformation. The results for [001] and
[111] orientations were given in Ref. [8], in this

paper we consider [112] and [148] orientations as
well.
According to the Buchheit±Wert model [3], the

detwinning strain can be added to determine the
total transformation strain. Detwinning is the
growth of one variant within a CVP at the expense

of the other. Under compression, the detwinning
strains are typically small but not negligible. We
note that the calculations made by Wert assumed
small strain formulation, orthogonal m and b/vbv
vectors and Type II-1 twinning cases. We present a
more general solution below under the ``Energy
Minimization Theory''.

4.2. Energy minimization theory

The main di�erence between this theory and the
phenomenological theory is that in the phenomeno-
logical theory the lattice invariant shear (twinning

shear or slip shear) should be known a priori from
experimental observations (e.g., this lattice invariant
shear was selected as h011i Type II twin for NiTi in

phenomenological theory); while in the energy mini-
mization theory no prior assumptions are necessary.
The twinning system and the habit planes are an
outcome of the solution [5]. Solutions are obtained

for both Type I and Type II twinning resulting in a
larger number of possible habit planes (192 planes
in total). Once the planes are established it is poss-

ible to determine the RSSF (resolved shear stress
factor) and the recoverable strains associated with
the transformation. These results are in agreement

Fig. 7. Twin (n) and habit (m) planes, and twin shear (a)
and macroscopic shear (b) of martensite.Fig. 6. A schematic description of the variant ]9.
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with the phenomenological theory for h011i Type II
twinning with two modi®cations. The theory was

utilized to determine the additional detwinning
strain for compression cases and a large strain de®-
nition was used in the present work.

We now consider the application of energy mini-
mization theory [5] to NiTi with the extensions
noted above. Using the 12 independent lattice cor-

respondences in Table 1, the deformation gradient
matrix, F, and its symmetric part, U, were deter-
mined in the cubic reference frame. There are 12 de-

formation gradient matrices with each one a
function of the lattice parameters of the cubic and
monoclinic phases. An example of F and U for var-
iant 1 in Table 1 is:

F1 �

266666664
a

g cos y���
2
p g cos y���

2
p

0
b� g sin y

2

ÿb� g sin y
2

0
ÿb� g sin y

2

b� g sin y
2

377777775,

U1 �
24D1 f f
f D2 c
f c D2

35
�1�

where a=a/a0, b � b=
���
2
p

a0, g � c=
���
2
p

a0, a0, a, b, c
are, respectively, the lattice parameters of austenite
and martensite; y is the monoclinic angle between b

and c in the martensitic lattice; and

D1 � a 2 � ag sin y�����������������������������������������
a 2 � g 2 � 2ag sin y

p ,

D2 � 1

2

 
g 2 � ag sin y�����������������������������������������

a 2 � g 2 � 2ag sin y
p � b

!
,

�2�

f � ag cos y�����������������������������������������������
2�a 2 � g 2 � 2ag sin y�

p ,

c � 1

2

 
g 2 � ag sin y�����������������������������������������

a 2 � g 2 � 2ag sin y
p ÿ b

! �3�

The other independent symmetric transformation
strains U2, . . . , UN can be generated from QTU1Q,

where Q is one of the 24 rotations in austenite
point group (between lattice correspondent var-
iants). The number N equals 12 in the transform-
ation from cubic to monoclinic.

The symmetric deformation gradient matrix U

can be obtained from the polar decomposition of F,

F � R � U �4�

where R represents a rigid body rotation and U is
the symmetric part of F. U and R can be obtained
by

U �
������������
FT � F

p
, R � F � Uÿ1 �5�

where FT is the transpose of F.

There are two kinds of invariant (undistorted)
plane in the twinned martensite. One is the twin
plane (interface between the two lattice correspon-
dence variants), the other is the habit plane [inter-

face between twinned martensite and parent phase
(see Fig. 7 for a schematic)]. Using the ®rst con-
dition, the kinematic compatibility between the two

correspondence variants in the twin across the twin
plane requires

RijUj ÿ Ui � a
 n �6�

where Ui and Uj are two lattice correspondence var-
iants which form the twin, Rij is an orthogonal ten-

sor (of rank 2) satisfying RT
ij � Rij � I (I is second

rank identity tensor). The Rij represents the relative
rotation between the two variants, n is the twinning

plane normal, a is the twinning shear direction. The
subscript i, j in equation (6) represent di�erent
choices of the integers {1, 2, . . . , 12} and there is

no summation of the index. The
 represents a dya-
dic product. One hundred and thirty-two possible
pairs of (Ui, Uj) can be formed from the 12 lattice
correspondent variants, so there are 132 equations

in equation (6). The unknowns in equation (6) are
a, n and Rij for a given pair of Ui and Uj. These
values can be obtained as follows [5].

Equation (6) is post-multiplied by Uÿ1i ,

RijUjU
ÿ1
i � I� a
 �nUÿ1i � �no summation� �7�

A symmetric matrix C is formed as

C � �RijUjU
ÿ1
i �T � �RijUjU

ÿ1
i � � Uÿ1i � U 2

j � Uÿ1i �8�

where the superscript T and 2, respectively, rep-
resent the transpose and square of a tensor. The
su�cient and necessary condition of equation (6)

having solutions is that C has ordered eigenvalues
of l1Rl2 � 1Rl3: Under this case, C can be writ-
ten as

C � �I� n 0 
 a 0 � � �I� a 0 
 n 0 � �9�

where

a 0 � a, n 0 � Uÿ1i � n �10�

The vectors a ' and n ' are solved as [5],

a 0 � r

0@ ������������������������
l3�l2 ÿ l1�
l3 ÿ l1

s
e1 � k

������������������������
l1�l3 ÿ l2�
l3 ÿ l1

s
e3

1A �11�

n 0 � rÿ1
 �����

l3
p ÿ �����

l1
p���������������

l3 ÿ l1
p

!
�ÿ

���������������
l2 ÿ l1

p
e1

� k
���������������
l3 ÿ l2

p
e3� �12�
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where e1, e2 and e3 are the three eigenvectors of
matrix C corresponding to l1, l2 and l3, respect-

ively. The constant r represents an invariant scaling
of the solution and will be used to choose unit nor-
mal vector n. The constant k can take the value21.

We denote the solution of (Rij, a, n) with k=+1 as
(R+

ij , a
+, n+) and k=ÿ1 as (Rÿij , a

ÿ, nÿ). The re-
lationship between the twinning elements and a, n

in the parent phase basis are respectively [12],

�K�1 , Z�1 , K�2 , Z
�
2 �k�n�, Uÿ1i a�, nÿ, Uÿ1i aÿ�

and

�Kÿ1 , Zÿ1 , Kÿ2 , Z
ÿ
2 �k�nÿ, Uÿ1i aÿ, n�, Uÿ1i a��

where K1 is normal of the ®rst undistorted plane in
the twin (usually referred to as twinning plane), K2

is the normal of the second undistorted plane (or

conjugate twinning plane), Z1 is the shear direction
which lies in the twinning plane and Z2 another
undistorted direction in the K2 plane.

Substituting the above 132 possible pairs of (Ui,
Uj) into equation (6), 84 of them yield solutions.
Furthermore, only 42 are independent since the pair
(Ui, Uj) is equivalent to (Uj, Ui). For each equation

we obtain two solutions because of k= 2 1.
Therefore, there are 84 possible twins. These 84
twins can be divided into seven groups as:

{100}h011i compound twins, {100}h0, 0.7864, 1
-i

Type I twins, {1 1
-
0}h1 1 0.3230i Type I twins, {1 1

-

0}h1 1 2.7008i Type I twins, {0.7205, 0, 1
-
}h010i

Type II twins, {1
-
, 1, 0.4953}h110i Type II twins and

{1, 1, 3.0495}h1-10i Type II twins. Each group has
12 twins, respectively. Note that all the indexes are
presented in parent phase basis.

In the above development, we have determined
all the possible twins (number of twins, twin plane
normal n and twinning shear vector a) by using the

invariant plane condition of twinning plane. The
second invariant plane condition of habit plane will
be used to determine the habit plane normal and

transformation strain. The kinematic compatibility
between the martensite and austenite across the
habit plane requires

FM ÿ I � b
m �13�

where I is the identity tensor, m is the habit plane
normal and b is the shear of the martensite, and FM

is the average deformation gradient of the twinned
martensite. For a stack of thin twin layers, FM

satis®es [5],

FM � Rh� fRijUj � �1ÿ f �Ui � �14�

where Ui and Uj are the two lattice correspondence

variants in the twin, and (1ÿf ) and f are their
volume fractions, and Rh is the relative rotation
between the twinned martensite and the parent
phase. The Rh and f are unknown and will be deter-

mined as follows. Upon substituting equation (6)
and equation (14) into equation (13),

Rh�Ui � fa
 n� � I� b
m �15�

There are 84 equations in equation (15) since there
are 84 possible pairs of (a, n). Following the pro-

cedure of solving equation (6), we form matrix
C( f ) as

C� f � � �Ui � fn
 a��Ui � fa
 n� �16�

Again the su�cient and necessary condition for
equation (15) having solutions is that C( f ) has
ordered eigenvalues of l1Rl2 � 1Rl3: So the

volume fraction f can be obtained by

det�C� f � ÿ I� � 0 �17�

where det( � ) is the determinant of a matrix.

Substituting the above 84 possible twins into
equations (16) and (17), the following four groups
of twins have solutions of f and ordered eigenvalues
of l1Rl2 � 1Rl3: Type I-1{100}h0, 0.7864, 1

-i,
Type I-2{1 1

-
0}h1 1 2.7008i and Type II-1 {0.7205,

0, 1
-
}h010i, Type II-2 {1, 1, 3.0495}h1-10i. The corre-

sponding solutions of b and m in equation (15) are

b � r

0@ ������������������������
l3�l2 ÿ l1�
l3 ÿ l1

s
e1 � k

������������������������
l1�l3 ÿ l2�
l3 ÿ l1

s
e3

1A �18�

m � rÿ1
 �����

l3
p ÿ �����

l1
p���������������

l3 ÿ l1
p

!
�ÿ

���������������
l2 ÿ l1

p
e1

� k
���������������
l3 ÿ l2

p
e3� �19�

The de®nitions of the parameters in equations (18)

and (19) are similar to those in equations (11) and
(12), only r is used to make m as a unit normal vec-
tor. Equations (18) and (19) also represent two sets

of (b, m) because of k=21.
Proposition 5 of Ref. [5] gives det�C� f � ÿ I� �

det�C�1ÿ f � ÿ I�, that is, if f is a solution of
equation (17), 1ÿf is also a solution of equation

(17). Generally matrices C( f ) and C(1ÿf ) have
di�erent eigenvalues and eigenvectors. Therefore,
for each twin (corresponding to a pair of (a, n)) we

get two solutions of f from equation (17). For each
volume fraction f, two sets of (b, m) are obtained
from equation (18) and equation (19) for k=2 1.

So the total number of habit plane variants are 48
� 2 � 2=192. For the Type II-1 case, the b, m vec-
tors are h0.0568, 0.0637, 0.0991i and {0.8889,

0.4044, 0.2152}, respectively.
Once the habit plane orientations and the trans-

formation strains are determined, it is possible to
establish the transformation strain as,
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Fig. 8. (a) Equivalent transformation strain contours under compressive loading for the four twin
types. (b) The resolved shear stress factor contours for four twinning types in compression.
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e � 1

2
�FT

M � FM ÿ I�

� 1

2
�b
m�m
 b� �b � b�m
m� �20�

In equations (18) and (20), b is not a unit vector

and includes the shear magnitude, vbv. Note that
equation (20) di�ers from the small strain formu-
lation which is given as

e � 1

2
�FM � FT

M� ÿ I � 1

2
�b
m�m
 b�: �21�

The small deformation theory produces recoverable

strains which are approximately 10% higher (for
compression) than the large deformation theory
(Green strain) used in equation (20). The trans-
formation strain results of the energy minimization

theory are given in Fig. 8(a) using equation (20).
The equivalent transformation strain contours are
shown for all possible solutions on a standard (001)

stereographic triangle. The contours are placed in
0.25% strain increments. We note that the trans-
formation strain results obtained for the Type II-1

and Type I-1 twinning cases are not identical.
The detwinning strain (conversion of the small

volume fraction variant to the large one within the

CVP) can be determined as follows. From equation
(14), variant Uj converts to Ui if volume fraction f
< 0.5, and the deformation after detwinning is (by
setting f=0)

Fdt
M � RhUi �22�

If the volume fraction f is greater than 0.5, variant
Ui converts to Uj and the transformation including

detwinning is given by setting f=1 as

Fdt
M � RhRijUj � Rh � �Ui � a
 n�: �23�

Once Fdt
M is known the transformation strain

(including CVP formation and detwinning) can be
determined similar to equation (20) with FM

replaced by Fdt
M. The results for CVP strains (in the

absence of detwinning) and those with detwinning
are presented in Table 2 for the orientations studied

in this paper. The detwinning strain is as high as
0.6% in the h111i orientation. The focus is on the
four orientations studied in this work. The active
CVPs for each orientation are also provided in

Table 2 as well as the resolved shear stress factor
(RSSF) for all twinning types.

The resolved shear stress factor, RSSF, is simply

de®ned as,

RSSF � �b � e��m � e�= j b j �24�

where e denotes the crystallographic direction of

interest. The contour plots for the RSSFs in com-
pression are provided in Fig. 8(b). We note that the
location of the maximum resolved shear stress fac-
tor changes depending on the type of twinning. To
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our knowledge, this is the ®rst time where such a
complete representation of theoretical results is pro-

vided for the NiTi alloy system.

4.3. Lattice deformation theory

Another approach, the so-called lattice defor-
mation model, calculates the recoverable strain

levels by directly considering the 12 lattice corre-
spondences between the martensite and the auste-
nite phase [4, 8]. The model assumes that the parent

phase transforms into a single crystal of martensite
without ®rst forming a plate containing two twin-
related martensite crystals (a CVP). To calculate the

recoverable strain levels, the model ®rst determines
the local deformation gradient. Using calculations
based on the correspondent variants, the maximum

recoverable strain for the nickel±titanium alloy is
then predicted. The parent phase of nickel±titanium
is a B2 structure, which can be transformed into
martensite with a B19 ' structure.
The di�erences between this model and the ®rst

two presented above are as follows: the lattice de-
formation theory does not utilize the notion of

habit plane and transformation shears: it uses a
di�erent rotation tensor and also does not account
for the existence of an internal twin structure. The

recoverable strains obtained from this theory are
listed in Table 4 and also previously in Ref. [8] for
the [001] and [111] orientations.

5. EXPERIMENTALLY DETERMINED
RECOVERABLE STRAINS AND CRITICAL

STRESSES

A large experimental program is undertaken
examining four orientations and two heat treat-

ments per orientation. A number of tests were
repeated with consistent ®ndings. The experimen-
tally obtained stress±strain curves for [112] and

[148] orientations are shown in Figs 9±10 and 11±
12, respectively. For each orientation the stress±

strain curve is accompanied by the recoverable
strain as a function of increasing strain (shown with

data points). We ®rst discuss the behavior of [112]
crystal in the over-aged condition. The strain in
compression was increased from 2% to 7.5% in

seven cycles (cycles 1±7 are marked on the ®gure).
The specimen was heated after each cycle at zero
stress to a temperature above Af to realize the

maximum recoverable strain before proceeding with
the next cycle. The recoverable strain has two com-
ponents: pseudoelastic strain and the shape memory
strain. The pseudoelastic strain is associated with

the reverse transformation (martensite to austenite)
during unloading to zero stress (the PE e�ect). The
shape memory strain is the further transformation

of remaining austenite to martensite upon heating
above Af at zero stress (the SME e�ect). The reco-
verable strain is obtained from the total strain by

removing the elastic and inelastic strain components
(see Fig. 5).
The results in Fig. 9 exhibit three di�erent

regimes of deformation consistent with Fig. 5. The
recoverable strains are shown with the data points
in Fig. 9. It is worthwhile to note that the recover-
able strain increases with increasing applied strain

during Stage II. During Stage II the material can be

Fig. 10. The stress±strain response and recoverable strains
(data points) for h112i case in the peak-aged condition.

Fig. 11. The stress±strain response and recoverable strains
(data points) for h148i case in the over-aged condition.

Fig. 9. The stress±strain response and recoverable strains
(data points) for h112i case in the over-aged condition.

Open symbols indicate recoverable strains.
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treated as a dual phase structure with additional
hardening due to interaction of CVPs and block-

age of further transformation by existing marten-
site boundaries. Hence the stress required to
continue the transformation rises. In Stage III

plastic deformation of martensite occurs producing
a decrease in the stress±strain slopes. Martensite
yielding can be estimated as the point of transition

of the stress±strain slope form one of upward to
downward curvature. In this case, martensite yield-
ing occurred near 1700 MPa. The additional hard-

ening of the martensite with cycling is consistent
with the plastic deformation of the martensite and
the build-up of dislocation structure.
Several observations are noteworthy on the reco-

verability of the strains. At small strains (<2%)
the transformation is purely pseudoelastic.
However, as the applied strain increases the speci-

men was heated to 350 K (under zero stress) to
allow unconstrained recovery of the strains (the
SME e�ect). The RSSF factor for transformation

have been determined and are summarized in
Table 3. The RSSF factor corresponds to the CVP
which will ®rst undergo transformation. The theor-

etical results (Table 2) showed that more than one
CVP exhibits the same RSSF factor in some of the
orientations. The CRSS in Table 3 are determined
as the product of RSSF factor and the critical

transformation stress (0.2% o�set). We note from
Table 3 that the CRSS values for the over-aged
case are consistently higher than the peak-aged

case and the CRSS values are also orientation
dependent. For the over-aged case the CRSS varies
from 170 to 301 and the variation is 132±226 MPa

for the peak-aged case.
The summary of theoretical predictions of the

transformation strain and the experimentally
measured recoverable strains are compared in

Table 4. The recoverable strain observed in the ex-
periments are consistently lower than the theoreti-
cal predictions. Only in the [148] and [001] cases

the experimental recoverable strains approach the
theoretical values.
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Fig. 12. The stress±strain response and recoverable strains
(data points) for h148i case in the peak-aged condition.
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The stress±strain response for the [112] orien-
tation that have undergone peak-aging treatment is

shown in Fig. 10. The coherent stress ®elds of the
precipitates reduce the transformation stress from
685 MPa to 514 MPa. The martensite yield stress is

higher compared to the over-aged case, while the
recoverable strains are comparable to the over-aged
case. The increase in martensite yield stress is due

to barriers to slip deformation by the precipitates
and in this case the ®ne precipitates produce a
higher resistance to slip.

The results of incremental unidirectional strain
experiments for the [148] orientation in the over-
aged and peak-aged condition are given in Figs 11
and 12, respectively. This orientation was chosen

because it has a high RSSF factor (nearly 0.513)
which implies that the transformation stresses
would be low and the recoverable strains would be

high (since the vectors b and m are not exactly or-
thogonal and RSSF larger than 0.5 is possible).
Indeed, the transformation stresses are 283 MPa

and 334 MPa and the recoverable strains are 6.5%
and 5.6% for the peak-aged and over-aged cases,
respectively. We note that in the case of [148] orien-

tation the number of CVPs that are activated is 1
(see Table 2), and this limits the interaction of
di�erent variants and the transformation occurs at
nearly constant stress.

The results of incremental strain experiments for
the [111] and [001] crystal orientations are given in
Figs 13±16, respectively. The [111] orientation exhi-

bits rather low transformation strains (1.8% for
peak-aged case and 2.5% for over-aged case) com-
pared to the theoretical estimates (3.6%). The main

reason for this di�erence is attributed to the fact
that this orientation has six CVPs and consequently
signi®cant hardening. The hardening results in early
yielding of the austenite and martensite phases,

thereby limiting the transformation. We note that
the [111] peak-aged case test is repeated on compa-
nion specimens producing almost identical results

(circle and triangular data points in Fig. 14).
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Fig. 13. The stress±strain response and recoverable strains
(data points) for h111i case in the over-aged condition.
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The results for the [001] cases are presented in
Figs 15 and 16 for the over-aged and peak-aged
conditions, respectively. For each condition two

tests have been conducted to check for repeatability
of the results. In Fig. 15, the triangular data points
and the circle data points are obtained from compa-

nion specimens. Figure 16 depicts the stress±strain
and recoverable strain behavior of the [100] orien-
tation in the peak-aged case. After austenite to mar-

tensite transformation, the austenite±martensite two
phase microstructure behaves elastically with reco-
verable strain increasing during Stage II. In this
orientation when the stress level reaches a critical

level, fracture occurred. Again, the repeatability of
the experimental results (the shape of the stress±
strain curve, the recoverable strains, and the frac-

ture ductility) is remarkable. To complete the in-
terpretation of the results, the austenite yield levels
in compression at room temperature are determined

from Figs 3 and 4 and are listed in Table 5. The
austenite yield levels are higher for the peak-aged
case compared to the over-aged case. As expected,
the austenite yield occurs in Stage II of the defor-

mation. The Schmid factors for austenite slip are
also listed in Table 5 (using {110}h100i systems

[13]) as well as the number of active slip systems.
To gain further insight into the results, the slip

Schmid factors for the martensite that forms from

austenite have been calculated. Since the orien-
tations of the martensite CVPs are known with
respect to the cubic axis the slip systems {110}h111i
were used to evaluate the Schmid factors. The
Schmid factor for slip in the di�erent CVPs that
form are determined to be similar except for the

[001] case. The results are summarized in Table 6.
The number of slip systems in the [148] orientation
is only 1, hence the single system produces very low
levels of strain hardening in the martensite. The

number of active slip systems for the [112] case is 2
with a Schmid factor of 0.47. In this case once mar-
tensite yielding occurs the stress±strain response

exhibits considerable hardening. The results tabu-
lated show that the martensite yield levels are nearly
2100 MPa in the peak-aged case, while they are ap-

proximately 1700 MPa for the over-aged case.

6. DISCUSSION OF RESULTS

The results show that the end of the stress pla-

teau in the [148] orientation is not the end of the
stress induced phase transformations in com-
pression. The increase in the unloading modulus
with deformation in Stage II lends further proof

that the martensite volume fraction is increasing
during the ascending portion of the stress±strain
curve. Since the martensite modulus is higher than

the austenite elastic modulus by a factor of two, the
results correlate well with transformation during
Stage II. The transformation also proceeds past the

austenite yield stress (as determined from the stress-
temperature plots, Figs 3 and 4). One reason why
the transformation continues even after apparent

yielding of austenite is that there exist residual aus-
tenite regions in the material. Bataillard et al. [10]
have observed the nonhomogenous nature of the
phase transformation at the local level by in-situ

Fig. 14. The stress±strain response and recoverable strains
for h111i case in the peak-aged condition. Open triangles
and circles show recoverable strains on companion speci-
mens, which were run in order to check repeatability of

the tests.

Fig. 15. The stress±strain response and recoverable strains
(data points) for h100i case in the over-aged condition.

The recoverable strain data are denoted by symbols.
Fig. 16. The stress±strain response and recoverable strains
(data points) for h001i case in the peak-aged condition.
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transmission electron microscopy. Also, previous
calculations [6, 7] show that selective transform-
ation occurs near precipitates at locations where the

applied shear stresses and the local shear stresses
resolved on the most favorably oriented CVP reach
a critical value. Only after yielding of martensite in
Stage III, which is internally twinned in NiTi alloys,

did the recoverable strains decrease with further de-
formation (Figs 9±16, Stage III). Apparently, the
martensite structure is deformed enough where it

cannot revert back to the austenite.
Although the stress±strain curves for the [148]

orientation indicate a ``Luders'' type transformation

propagation, there are many transformation inter-
faces forming in the precipitated crystals due to the
very inhomogeneous microstructure. As the speci-

men strain is increased, new martensite plates are
nucleated near precipitates. The presence of slip
pile-ups at precipitates have been also observed.
The presence of pile-ups have the role of increasing

the slip resistance, hence hardening the matrix, at
the same time generating considerable internal stres-
ses. Precipitates prevent small local areas of the spe-

cimen from transforming back to the parent phase.
The generation of more defects and the increase of
local pile-up stresses leads to the observed increase

in the transformation stress±strain slope during the
deformation. Since local dislocation pile-ups are
observed in TEM study of the samples (Fig. 2), the

internal stresses from the pile-ups are believed to
contribute to the nonlinear unloading response. The
nonlinearity upon unloading is most pronounced in
Stage II where the material is a two phase mixture

of austenite and martensite and signi®cant internal
stresses are present. The role of the internal stresses
is to limit the damping capacity (hence hysteresis)

in these alloys.

The decrease in transformation stress upon peak-
aging can be readily linked to the coherent stress
®elds (Table 3). When coherent or semi-coherent

precipitates are formed a strong local stress ®eld is
developed in the NiTi matrix due to the mismatch
in lattice parameters of the precipitates vs the
matrix. The local stress ®elds result in local resolved

shear stresses on the martensite CVPs, and thus cre-
ate preferential nucleation sites for the martensitic
transformation. To estimate the e�ect of the local

stresses on the martensitic transformation, the local
stress ®elds outside of the precipitate are resolved
onto the 24 martensite correspondence variant pairs

(CVPs). The local resolved shear stresses are extre-
mely large on some CVPs and negligible on others.
Calculations of such stress ®elds con®rmed that the

critical resolved shear stresses resolved into the
most favorable CVP were in the range 50±150 MPa
[6, 7] consistent with the results shown in Table 3.
This di�erence in local stress readily explains the

variation in critical transformation stress levels in
Table 3.
The primary di�erence between the [148] and

other orientations is that the other orientations
lie on a symmetry boundary, while the [148]
orientation lies within the stereographic triangle.

Because of this, the [148] has one CVP favored
for transformation (Table 2). The multiplicity of
martensite CVPs leads to more drastic e�ects in

incremental loading in the [112], [001] and [111]
orientations. Speci®cally, the interaction of mul-
tiple slip systems and martensite plates leads to a
quicker generation of damaging defects. The var-

iant±variant interaction e�ect has been modeled
in the past through an interaction matrix and is
similar to latent hardening in slip induced defor-

mation [9, 14]. The role of the multiple CVP in-

Table 5. Schmid factors for the austenite and the experimentally determined yield stress levels for the four orientations (this study)

Crystal orientation Schmid factorÐAustenite {100}h110i # of slip systems Experimental, austenite yield stress
(MPa) based on Figs 3 and 4

Peak-aged Over-aged

[100] 0 ± a a

[111] 0.47 2 1250 900
[112] 0.47 2 1200 950
[148] 0.35 2 1100 850

a Austenite yielding is ruled out.

Table 6. Calculated Schmid factors, number of slip systems for the martensite formed and the experimental yield values for the martensite
(this study)

Crystal orientation Schmid factor martensite # of slip systems Experimental, martensite yield stress (MPa)+approx. values

Peak-aged Over-aged

[100] 0.40 8 Brittle fracture 1700
[111] 0.47 2 2100 1700
[112] 0.47 2 2100 1700
[148] 0.48 1 2000 1500
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teractions is to produce an ascending stress±strain

curve rather than a stress plateau typically ident-
i®ed with SMA alloys.
The strength of the martensitic structure

achieved at the conclusion of the transformation
is strongly dependent on the precipitate size and
spacing. Peak-aging produces strength levels

nearly 500 MPa higher than the over-aged case.
The increased martensite yield stress is bene®cial

in extending the regime where austenite to mar-
tensite transformation proceeds (Stage II). Van
Humbeeck and colleagues [15, 16] found that

under tension of martensite structure (T < Mf )
two accommodating variants change to one variant
favorable to stress. This results in reorientation of

martensite as further detwinning develops. In this
case martensite plates containing h011i Type II

twins are twin related with a junction plane h001i
which migrates under tensile deformation. In con-
trast, under compression, this mechanism was not

favored and deformation occurred through gener-
ation of high density of dislocations both inside the
martensite twins and the junction planes [15, 16].

The calculations for the Schmid factors of the
austenite and martensite phases were useful

(Tables 5 and 6) as they pointed out the lowest
Schmid factors for the [001] case resulting in
increased recoverable strains in this orientation.

Austenite yielding is not expected in this orien-
tation due to the prevailing h100i{110} slip sys-
tem [13]. The yield stress vs temperature results

given in Figs 3 and 4 con®rm the remarkable re-
sistance to slip in the [001] direction. In the

incremental strain experiments, the maximum
recoverable strain coincided with the critical
stress for martensite yielding. Once the stresses

exceed this critical stress, the recoverable strains
decrease with increasing strain. Therefore, any
treatments that increase the martensite ¯ow stress

would increase the transformation strain.
The yield stress results for the B2 phase at high

temperatures were used to determine the yield stress
of austenite for slip at lower temperatures. At room
temperature, this is done by linear extrapolation of

the high temperature results. It was found that the
yield strength for slip for the h112i case and h148i
case are comparable (Table 5), but the slip of auste-

nite occurs at much higher strains for the h148i case
compared to the h112i case. This behavior is

expected because the critical stress for A4M trans-
formation is substantially lower for the [148] case
(Table 3). These results can be used to note why the

recoverable strains are considerably higher for the
h148i case compared to the h112i case. Another im-
portant observation is that peak-aging increases the

Md temperature by nearly 60 K compared with
over-aged crystals. Therefore, the deformation tem-
perature relative to the Md temperature is an im-

portant consideration in interpretation of the
results. Thermomechanical treatments such as aus-

forming have been suggested to increase the
strength of the austenite phase thereby extending

the region of transformation.

7. CONCLUSIONS

The work supports the following conclusions:

1. The end of the stress plateau is not the end of
the austenite to martensite transformation. The

austenite to martensite transformation continues
beyond the stress plateau and during the ascend-
ing portion of the stress±strain curves until the
yield strength of martensite is reached. TEM ob-

servations were made to support that the defor-
mation patterns around the precipitates are not
homogenous resulting in local untransformed

areas which gradually transform with increasing
remote strain.

2. In two of the orientations studied ([112], [111])

multiple CVPs are activated leading to rapid
hardening in the stress±strain response. The out-
come of the higher hardening rates is to reach
austenite and martensite critical stresses for slip,

thereby limiting the overall transformation strain.
Only in the [148] case a single CVP is activated
and transformation occurs over a plateau stress

with recoverable strains reaching theoretical
values. In the [001] case, the austenite exhibits no
plastic ¯ow allowing high transformation strains

prior to brittle fracture.
3. The theoretical calculations for the transform-

ation strains were made using the energy mini-

mization theory modi®ed to account for
detwinning e�ects and large strain deformation.
The predictions presented here are more com-
plete and accurate than previous work by the

authors which relied on the phenomenological
and lattice deformation theories. These compari-
sons are provided in the paper for completeness.

Type II-1 twinning produces the highest trans-
formation strains in compression with the Type
I-1 twinning solution producing slightly smaller

transformation strains. The model correctly pre-
dicts that in compression the [148] orientation
produces the highest transformation strains,
while the [111] orientation delivers the smallest

transformation strains.
4. The results point out that any treatments or

orientation control that increase the strength of

austenite and martensite phases will delay slip
and permit the recoverable strains to reach theor-
etical values. Since the slip in B2 phase is

strongly orientation dependent, the [001] and
[148] orientations with the lowest Schmid factors
for austenite slip produced the highest recover-

able strains. In addition, the increase in austenite
strength via peak-aging has been measured
through the increase in the Md temperature.
Therefore, processes such as ausforming for
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strengthening the austenite can be utilized to
raise the recoverable strain levels.

5. The [001] orientation, which is least favorably
oriented for slip, exhibits a dramatic increase in
yield stress with increasing temperature. This

orientation also displays the smallest inelastic
strains with deformation as shown in this work.
This results in experimental transformation strain

levels similar to the theoretical prediction of
4.4%.
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