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Abstract: This paper presents a polynomial fuzzy method approach to stabilize the nonlinear large-scale system. Unlike
conventional T-S fuzzy system, polynomial fuzzy system contains polynomial matrix. Since polynomial fuzzy system
has polynomial matrix, this system has less IF-THEN rules than T-S fuzzy system. Based on the proposed method,
stabilization condtiion is derived in the form of polynomial and solved by sum-of-square method. Finally, some examples
demonstrate that the proposed condition is adoptable in modeling and stabilization for the nonlinear large-scale system.

Keywords: Large-scale system, Polynomial fuzzy system, Sum-of-squares, polynomial Lyapunov function.

1. INTRODUCTION

Takagi-Sugeno (T-S) fuzzy system represents nonlin-
ear system by fuzzy blending of fuzzy set and linear sys-
tem with respect to consequence part of IF-THEN rule.
For a quite general class of nonlinear systems, a system-
atic modeling methodology is available to exactly trans-
form them into the so-called T-S fuzzy system [1]. This
methodology is known as sector-nonlinearity [4]. Thus,
we can apply linear control theory to T-S fuzzy system,
because it represents the nonlinear system to several lin-
ear consequence parts, that is the reason why various
researches are progressed [1] - [7]. In the previous re-
searches, stability and stabilization condition for the T-
S fuzzy system is presented by linear matrix inequalities
(LMIs) [2]. However, LMI condition cannot contain state
variables and have conservative results.

Large-scale system means the interconnected system
of several sub-systems. Each sub-system influences each
other. Complicated system can be decentralized into in-
terconnected systems to easily design the controller. That
is the merits, so various researches have been progressed
on developing stabilization method for T-S fuzzy large-
scale systems [5]- [6]. However, there still exist a large
number of design problems that the stability and stabi-
lization condition obtained through LMIs are too conser-
vative.

Recently, to relax the conservativeness of stability and
stabilization condition for T-S fuzzy systems in terms of
LMIs, some authors proposed sum-of-square (SOS) ap-
proach [8] - [10]. Polynomial fuzzy system which is sim-
ilar to T-S fuzzy system has polynomial system matrices
and input matrices in the consequence part of [F-THEN
rules. Moreover, stability and stabilization condition of
polynomial fuzzy system are derived from polynomial
Lyapunov function which can be solved by SOSTOOLS,
and this result is more relaxed condition than traditional
T-S fuzzy system appraoch. The new concept is a gener-
alization of T-S fuzzy system and has less IF-THEN rule
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than T-S fuzzy case in some nonlinear systems. Since it
has aforementioned merits, polynomial fuzzy method is
adopted in this paper. To the best of our knowledge, this
paper represents the first attempt to apply SOS techniques
to stabilization and modeling of polynomial fuzzy large-
scale system.

2. POLYNOMIAL FUZZY
LARGE-SCALE SYSTEM

From sector nonlinearity concept, the nonlinear large-
scale system can be exactly converted to polynomial
fuzzy large-scale system. Consider a polynomial fuzzy
large-scale system (.5) which consist of [V subsystems .S;
(i = 1,2,---,N). The i*" polynomial fuzzy subsys-
tem S; is described by the following polynomial fuzzy
IF-THEN rules:

i'" sub-plant rule k:

IF 2, (t) is M;,, and - - - and 2; () is M;

kp

N
+) Al (0)E(zt) (D)
=1, j#i
where z;(t) is state vector, z; (t) (¢ = 1,2,---,p)

is premise variable of it" subsystem, M, (k
1,2,-+-,ry) is fuzzy set, A;x(x;(t)) and Bjx(x;(t))
are system matrix and input matrix, respectively, and
Aijr(z(t)) is k'™ rule of interconnection rate with re-
spect to i subsystem to j** subsystem, &;(z;(t)) is col-
umn vector whose entries are monomials in z;(t), and
u;(t) is input vector.

Stability and stabilization conditions of polynomial
fuzzy system is derived from polynomial Lyapunov func-
tion [8]. Polynomial Lyapunov function is represented as
follows.

Vilwi(t)) = & (2 () Pi(&:) 24 (:(t)) 2



where P;(Z;(t)) is polynomial matrix in Z;(¢). The infor-
mation of Z; is obtainable in the next section.
Polynomial fuzzy large-scale system can be stabilized
by following controller using parallel distributed com-
pensation method. Controller of i*" subsystem is repre-
sented following polynomial fuzzy IF-THEN rules:

it" controller rule k:

IF 2;, (t) is M;,, and - - - and z;, (t) is M;,

THEN uz( ) = — Zk(acl(t)):f:l(t) (3)
where Ky (z;(t)) is the controller gain of i‘" controller

with respect to k" rule.

From now on, for notation simplicity, the notation with
respect to time will be omitted. ¢. Using above controller
(3) and applying singleton fuzzifier, product inference en-
gine, and center-average defuzzifier to subsystem (1), the
defuzzified output of i*" fuzzy subsystem is described as
follows:

@ZEéXyMam(m{@muﬂ—BMm)

k=1m=1
N
xKim(ﬂ%))fi(xi)Jr > Aijk(xz‘)ffj(lfj)}
j=1,5#

“4)

where hy(z;) and h,,(z;) are fuzzy weighting function
such that following conditions are satisfied.

®)

hi(z;) > 0, th(zi) =1
k=1

To prove our main result, the following lemmas are
needed.
Lemma 1 ([11]) For some scalar ¢ > 0, and arbitrary
matrix X and Y with proper dimension, following in-
equality is always satisfied.

1
XTy +vTX <eXTX +-YTY (6)
€

Lemma 2 ([9]) (Schur’s complements) Given symmet-
ric matrices IV, L, and positive definite matrix O, follow-
ing two inequalities are equivalent.

N+ LTOL <0 (7
N LT
[L _0_1] =<0 (8

3. MAIN RESULT

The main result on the global asymptotic stabilization
of the closed-loop polynomial fuzzy large-scale system is
summarized in the following theorem.

Theorem 1: The overall system consisted of each sub-
system (4) is globally asymptotically stabilizable if there

exist a symmetric polynomial matrix X;(z;) = P; (i)
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and a polynomial matrix N, (x;) satisfying following
SOS conditions. Where €1,;(x;) > 0 and € (z;) > 0
are positive polynomials in all z.

vl (Xi(#;) — eni(z) vy is SOS ©)

- U2 (’szm(xz) + ’Yzmk(xz) + 62zkm( Z)I) vy is SOS
fork <m (10)

where,

|G m(xz) + (N_ nI X( )61 (xz)
une) = | kﬁzk (XG5 )

Qimk xz + l)I X( )/8 (xz)

Yimk (Ti) = Bim xz) 2( ) 7 :|7
Qi (25) = Xi(T4 szm( )TT(xZ) + Ti(25) Gimn (4)
x X;(Z;) — ElieLi (8Xi T /8901»”) Zk(x)fc(m),
Girem (i) = A (25) — Bir(xi) Kim (),
Bi@) = [Ti@)Ar(z:) Ti(w:) Aise(s)]

AL () is the I'" row of Ay (z;),

L; = {l;1,l;2,- - -, liyy} denote the row indices of B;(z;)
whose corresponding row is equal to zero, and define
Ty =[xy, 71, ,21,], v1 and vy are column vectors
whose entries are monomials regardless of x;,

0w, OTin,;
Ti(x;) = : : ;
8£ini (I) 8£ini (I)
ox;1 OZin,
i

where n; is number of state variables.

If X;(&;) and N, (x;) hold (9) and (10), we can ob-
tain a stabilizing feedback gain K, (z) from below rela-
tionship.

Proof: The proof is omitted due to lack of the paper.
|

4. NUMERICAL EXAPMLE

4.1 Example 1

To prove suitability of our proposed method, we de-
sign the controller for the following numerial system with

T, = [mil xig}T, and initial conditions are x1(0) =
(1.5 —1]", 2,(0) = [-0.5 0.5]", and x3(0) =
(0.7 —03]"
Subsystem 1:

_[24a2n+zn 3
Anl@)=| = 5 —2.2} ’

o _—2+{E11 +.’L‘12 3
Arz(z) = i 1.5 —2.2} :

[0.15 0.6

Bule) = _0.1} Bua(2) = {0.4] :

5 0. 01 0.2
Arn(e) = {0.4 0.4} A (@) = {0.15 0.2} ’
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Fig. 1 State response of polynomial fuzzy large-scale
system (example 1). (a) x1; (dotted line), x5 (solid
line). (b) xo; (dotted line), xo5 (solid line). (¢) x31
(dotted line), x35 (solid line).

0.3 0.2 02 0.5
A (2) = {0.3 0.1} A (@) = [0.1 0.3}

Subsystem 2:
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Aon () = :—445—x21 13] ’

Ay(a) = 3 Jg T2 _(1).3] :

By (x) = gé] , Baa(z) = {8;} ’

Agni(z) = [8% 8;} » Ana(2) = [8% 82} ’
o) = [0 03] i = [0 0]
Subsystem 3:

Ay () = [—5 + :vil + 232 12} 7

Ao () = i—7—|— x;l + x32 _11} 7

Bu(a) = | Buto) =[]

Az (z) = [8? 8(71 , As1a (@) = [8(13 82’1 ’
An@) = 05 0] Awmio) = [0 03

Fuzzy weighting functions of each subsystems are
given by

—x11 +1 r11 +1

hyy =L, T
11 5 12 5

—z21 + 1 To1 +1

hoy =— 2L T2 g, =TT
21 5 22 5

—x31 +1 31 +1

h3) =———, hgy = .
31 5 32 5

By applying theorem 1 to our system, controller gain
is obtained as follows:

Kun(ey) = [10.2 + 4.7522, + 0.52z11 715 + 4.5502,] "
M 110.8 + 5.022%) + 055311212 + 4.81a%,|

Kiaey) = [2.58 + 2.3222, + 0.01z1y 715 + 1.7422,] "
P T 12.72 + 24422, + 0.013y 212 + 1.842%, |

Ko (z3) = [2.15 + 1.1122, + 1.0522,] "
201,68 4 0.8623, + 0.8223, |

Kon(ea) = [5.42 + 1.4322, + 1.4922,]"
2T 424 4+ 11223, + 11723, |

Ko (a) = [0.49 + 0.3422, + 0.2423123 + 0.3422,]"
SIS 0,35 4 0.2423; + 0.1723,232 + 0.2423, |

Kag(ea) = [050+0:6823, +0.1523125 +0.68%, g
B80T 0.57 4 0.4823; + 0.1123, 232 + 0.4873,
Fig. 1 shows state responses of polynomial fuzzy

large-scale system (4). As shown in Fig. 1, we can know
that proposed method can stabilize polynomial fuzzy
large-scale system.



4.2 Example 2

This example shows the modeling method and its sta-
bilization progress. Nonlinear system is presented as

. 9 3 —sinzy
T, =—Tx —x2+x3+x4+fu1
To = —2x1 — xa + (Sinwq)xy + x4 8in x4
14 3sinz;
e —— ]
5 1
3
T3 =— 311 — xi + x1cosxs + %uz
Ty =x1 + To — 4wz — 314 + (COSI3)Z’3
1+ 3cos
_ wu? (12)

Above nonlinear system (12) can be represented as poly-
nomial fuzzy large-scale system, given in,

Subsystem 1:

= |75

e

But) = [}] Bute) = [ 1]

Mm@ = [y 4| Am@ = g ]
Subsystem 2:

aa0 = |73 7]

Aule) = |73 4.

Ba(o) = 1] Bate) = [ 1]

tan() = [ ] Am = |}

N I N
xr1 = , Ly =
T2

Fuzzy weighting functions are derived as

1 —sinxy 1+ sinxy
hit=——,hjpo = ——,
11 5 12 5

1—cosx 1+ coszx
ha1 :%, hag = %

By applying proposed Theorem 1 to (12) which is repre-
sented as polynomial fuzzy large-scale system, each con-
troller gains are obtained as

Ky = [-1.552 —1.683],
Kip = [-1.849 —2.005],
Ko = [-1.603 —1.786]
Koo = [-1.922 —2.142].
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*11 %12

25 3
time [sec]

(a)

o1 ¥ag

75 3
time [sec]
(b)
Fig. 2 State response of polynomial fuzzy large-scale
system (12). (a) z;1 (dotted line), x5 (solid line). (b)
x3 (dotted line), x4 (solid line).

Note that controller gains of the polynomial fuzzy large-
scale system can be constant term. Fig. 2 shows that
polynomial fuzzy large-scale system (12) is asymptot-
ically stable. It is evident that our proposed method
properly represents nonlinear system as polynomial fuzzy
large-scale system, effectively.

S. CONCLUSION

In this paper, we have proposed the modeling method
and stabilization condition for polynomial fuzzy large-
scale system. Stabilization condition of polynomial fuzzy
large-scale system is derieved as SOS condition by using
polynomial Lyapunov function. Finally, numerical ex-
amples have presented to prove reasonability of proposed
method.
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