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Abstract

A hedge automaton can be used to recognize a �nite or an in�nite ungraded trees set using
string REGEX (hedges). However, the use of hedges cannot represent the parent-child relation in
trees and model merely only the horizontal link between trees. In this paper, we propose a new
rational expressions to represent all the set of trees recognizable by hedge automata.
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1 Introduction

In the last few years, tree automata start to draw attention in many �elds in applied mathematics
and computer science like in Xml Schemas [1, 2], cryptography [3, 4], term rewriting [5] etc.

Kleene theorem reports that there exists an equivalence between accepted (noted Rec(Σ)) and
rational (noted Rat(Σ)) tree languages for a set of graded symbols Σ [6, 7, 8].

However, no work deals -in our best knowledge- with rational expressions for graded tree au-
tomata.

In this paper, we describe a new rational expressions for hedge automata which are natural.
Indeed, Hedge automata are perfect data structures that present ungraded trees. String rational
expressions (REGEX) are used to denote horizontal link between tree nodes. We adapt a rational
tree expression to generalise these REGEX to the parent-child relation in trees.

2 Preliminaries

An alphabet Σ is a �nite set of symbols. The set UΣ of ungraded trees is the smallest set satisfying:

• Σ ⊂ UΣ and

• if f ∈ Σ, t1, . . . , tn ∈ UΣ, n ∈ N then f(t1 . . . tn) ∈ UΣ.

For an ungraded tree f(t1 . . . tn), the sequence t1 . . . tn is called a hedge. We note that a set of
hedges forms a string language. An ungraded tree language L is any subset of UΣ.

By the same way, one can de�ne the Hedge rational expression using rational expressions on
word to de�ne hedges or horizontal word language. However, to reach more simplicity and thus
subtract more naturally hedges for the HTA, we use a set of variables to de�ne that word rational
expressions.

Hedge automata is a model that recognizes a possibly in�nite set of ungraded tree language.
We will not address the regularity of the recognizable language of hedge automata in this paper.
Nevertheless, the proposed rational expression is used to prove the assumed regularity [7, 9].

De�nition 1 A hedge automaton H is the tuple H = (Q,Σ, Qf ,∆) where :

1. Q is a set of states,
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2. Σ is an ungraded alphabet,

3. Qf ⊆ Q is a set of �nal states and

4. ∆ ⊂ Σ× Rat(Q)×Q is a �nite set of transitions. Rat(Q) is the set of REGEX over Q.

The output function δ : UΣ → 2Q that recognizes a tree t = f(t1 . . . tn) can be de�ned as follows.

δ(t) = {q | ∃(f,E, q) ∈ ∆ and ∀ < i ≤ n, δ(t1) . . . δ(tn) ∩ [[E]] 6= ∅ (2.1)

Example 1 Let H = (Q,Σ, Qf ,∆) such that :

1. Q = {q1, q2},
2. Σ = {a, b},
3. Qf = {q2},
4. ∆ = {(a, 1, q1), (a, q∗1 , q2), (b, q1 + q2, q2)}.

The tree t = a(b, a(a, a)) is not recognized by the automaton because b cannot be used by the
transitions set. However, the tree t′ = b(b(a)) can be recognized by H using q1 to replace a and q2

to replace b(q1). Then, q2 can replace b(q2) since q2 ∈ [[q1 + q2]].

Before announcing the rational expressions for ungraded trees, we de�ne the some needed no-
tions.

Given a symbol c ∈ Σ, the c-product is the operation ·c de�ned for a tree t in U(Σ) and a tree
language L by

t ·c L =

 L if t = c,
{d} if t = d ∈ Σ \ {c},
f(t1 ·c L . . . tn ·c L) otherwise (if t = f(t1 . . . tn))

(2.2)

This c-product is extended for any two tree languages L and L′ by L ·c L′ =
⋃
t∈L t ·c L′.

We use the multiple concatenation for sake of simplicity.
let {x1, . . . , xn} be any set. Let L,L1, . . . , Ln be n ungraded languages then:

L.<x1,...,xn> < L1, . . . , Ln >= ((L.x1
L1).x2

. . . . .xn
Ln (2.3)

3 Rational expressions for ungraded tree languages

E�ectively, one can give many de�nitions of rational expressions for ungraded languages. For
instance, the word concatenation can be done using a .ε concatenation using a special symbol ε not
in Σ. However, we adopt a de�nition that exhibit the horizontal relation in trees.

Subsequently, we de�ne rational expressions for ungraded trees over an ungraded alphabet Σ
as follows.

De�nition 2 A Rational expressions for ungraded alphabet (REU) E over Σ is inductively de�ned
as follows.

E = 0, E = f(ϕ(σ)).<σ> < E1, . . . , En >,

E = E1 + E2, E = E1 ·c E2, E = E∗c1

where E1, . . . , En are REU over (Σ), ϕ(σ) is a REGEX over Σ∗, c ∈ Σ and n = [ϕ(σ)].
The semantics JEK of a REU E is de�ned as follows.

J0K = ∅,
Jf(ϕ(σ)).<σ> < E1, . . . , En >K = f(Jϕ(σ)K).<σ> < JE1K, . . . , JEnK >

JE1 + E2K = JE1K ∪ JE2K, JE1 ·c E2K = JE1K ·c JE2K, JE∗c1 K = (JE1K)∗c

In fact, the hedge notion is not distinguishable in this de�nition since concatenation symbols
for horizontal and vertical links are the same. We extend therefore this de�nition to meet this
requirement.
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De�nition 3 A Rational Hedge Expressions (RHE) E over (Σ, X), X∩Σ = ∅ is inductively de�ned
as follows.

E = 0, E = f(ϕ(X)).<X> < E1, . . . , En >,

E = E1 + E2, E = E1 ·c E2, E = E∗c1

where E1, . . . , En are REU over (Σ, X), ϕ(X) is a REGEX over X∗, c ∈ Σ and n = ||ϕ(X)||.

Now, we can prove that the semantics of a RHE such de�ned is free from X.
Consequently,

Lemma 1 Let E be a RHE over (Σ, X). Then, JEK ⊆ UΣ.

Proof The proof can be done inductively on the structure of E.

1. If E = a, a ∈ Σ then JEK ⊂ UΣ since X and Σ are disjoint.

2. If E = E1 + E2 such that E1 and E2 are free from X then by de�nition we have JEK ⊆ UΣ.

3. If E = E1.cE2 such that E1 and E2 are free from X. Then E is free from X since c 6∈ X.

4. If E = E∗c1 such that E1 is free from X then JEK does not contain any element from X.

5. If E = f(ϕ(X)).<X> < E1, . . . , En > such that E1, . . . , En does not contain any element
from X. The fact that E is free from X leads to ∀x ∈ ϕ(X) = {x1, . . . , xn}. If x′ 6∈ ϕ(X)
then f(ϕ(X)).x′Ei, 1 ≤ i ≤ n = 0. Otherwise, every element x from ϕ(X) will be replaced by
an expression Ei which is free from X.

�

We can generalize the Kleene result to ungraded trees.

Theorem 1 The class of recognizable ungraded tree languages and the class of rational ungraded
tree languages are equivalent.

This theorem can be proved by two constructions. The �rst one creates for a RHE E a hedge
automaton H such that L(H) = JEK. The second one tries to �nd a RHE E that denotes the
recognized language of a hedge automaton.

4 Conclusion

In this paper, we proposed a generalization of rational expression from trees to ungraded tree
languages. We mentioned that the hedge automata languages coincide with that of the proposed
rational expressions. This result can be used to propose generalizations of di�erent conversions
which can exist between hedge automata and rational expressions namely Thompson, derivatives
and position from one hand, Arden and Mc Naughton -Yamada transformation from the other one.
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