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Tracking Multiple Particles in Fluorescence
Time-Lapse Microscopy Images via Probabilistic

Data Association
William J. Godinez* Member, IEEE, and Karl Rohr

Abstract—Tracking subcellular structures as well as viral
structures displayed as ‘particles’ in fluorescence microscopy im-
ages yields quantitative information on the underlying dynamical
processes. We have developed an approach for tracking multiple
fluorescent particles based on probabilistic data association. The
approach combines a localization scheme that uses a bottom-up
strategy based on the spot-enhancing filter as well as a top-down
strategy based on an ellipsoidal sampling scheme that uses the
Gaussian probability distributions computed by a Kalman filter.
The localization scheme yields multiple measurements that are
incorporated into the Kalman filter via a combined innovation,
where the association probabilities are interpreted as weights
calculated using an image likelihood. To track objects in close
proximity, we compute the support of each image position relative
to the neighboring objects of a tracked object and use this
support to re-calculate the weights. To cope with multiple motion
models, we integrated the interacting multiple model algorithm.
The approach has been successfully applied to synthetic 2D and
3D images as well as to real 2D and 3D microscopy images, and
the performance has been quantified. In addition, the approach
was successfully applied to the 2D and 3D image data of the
recent Particle Tracking Challenge at the IEEE International
Symposium on Biomedical Imaging (ISBI) 2012.

Index Terms—Biomedical imaging, microscopy images, track-
ing, virus particles.

I. INTRODUCTION

The dynamical behavior of subcellular as well as viral
structures is the subject of intensive research. In time-lapse
fluorescence microscopy, these structures are tagged with a
fluorescent label. Since the optical system of typical micro-
scopes has a limited spatial resolution, these small structures
cannot be spatially resolved and instead the structures appear
as ‘particles’ in the microscopy images. By tracking these
particles we can extract detailed quantitative characterizations
of the spatial-temporal processes. Since tracking should be
performed for a large number of particles to obtain statistically
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sound conclusions, automatic tracking approaches must be
robust and efficient.

In previous work for tracking fluorescent particles, deter-

ministic approaches consisting of a localization step and a
motion correspondence step have been proposed (e.g., [1]–[8]).
Other deterministic schemes find minimal cost paths in the vol-
ume entailed by space and time (e.g., [9], [10]). Fitting spatial-
temporal models is also a common approach (e.g., [11], [12]).
While efficient, deterministic approaches ignore the spatial
and temporal uncertainties involved in particle localization and
position estimation over time. Thus, the approaches typically
have problems dealing with challenging tracking scenarios
(e.g., low signal-to-noise ratio, high object density). Proba-

bilistic approaches formulated within a Bayesian framework
cope with the spatial and temporal uncertainties by defining
a posterior distribution on the variables describing the objects
given a series of image-derived measurements. For probabilis-
tic schemes that take into account the spatial uncertainty but
not the temporal uncertainty see, for example, [13], [14]. For
probabilistic schemes that take into account both the spatial
and temporal uncertainty, the spatial-temporal posterior can
be resolved via a Kalman filter or a particle filter. Approaches
based on the Kalman filter (e.g., [15]–[18]) incorporate only
the measurements computed by a bottom-up localization algo-
rithm; thus localization and position estimation over time are
uncoupled. Also, the Kalman filter typically considers only a
single measurement (image position) per object. In contrast,
the particle filter [19]–[24] queries directly multiple image
positions (represented by random samples) to determine the
location of an object (e.g. [25], [26]). The filter performs both
localization and position estimation over time and achieves
more accurate results (e.g., [21]). Because of the random
nature of its top-down localization scheme, the filter uses a
relatively large number of samples. This introduces a high
computational cost because an image likelihood is evaluated
for each sample. While one can improve the efficiency of
the particle filter, (e.g., by exploring hierarchically the feature
space, e.g., [19], [27], by biasing the samples towards regions
with high likelihoods [28], or by marginalization, e.g., [29],
[30]), several hundred samples are still required to ensure
convergence. Probabilistic approaches have also been proposed
for addressing the uncertainty involved in the task of motion

correspondence [31]. These include approaches based on the
joint probabilistic data association filter (JPDAF, e.g., [32]–
[34]), the multiple hypothesis tracking algorithm (MHT, e.g.,
[35], [36]) as well as approaches sampling correspondences via
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Monte Carlo schemes (e.g., [37]). These approaches explore
thoroughly the space of correspondences over two or multiple
time steps, which entails a high computational cost when
tracking a very large number of objects.

In this work, based on our previous work in [38], we
introduce an efficient and robust approach for tracking multiple
fluorescent particles based on probabilistic data association
(PDA). We propose a localization scheme that combines
bottom-up and top-down strategies. The bottom-up strategy
relies on the spot-enhancing filter [39] while the top-down
strategy generates measurements via an ellipsoidal sampling
scheme based on the Gaussian probabilities calculated by the
Kalman filter. Since we use an elliptical sampling scheme
we refer to our approach as PDAE. The localization scheme
generates multiple measurements which are integrated into the
Kalman filter using the principle of a combined innovation
as proposed in the PDA algorithm (e.g., [40], [41]). Unlike
the standard PDA algorithm, our PDAE approach interprets
the association probabilities of each measurement as weights
relative to the image likelihood of the object. To calculate the
weights, we synthesize hypotheses on the possible appearance
and location of the object and test the hypotheses against
the information found in the images. Thus, rather than using
the combined innovation for addressing the correspondence
problem, we use the combined innovation as a localization
mechanism based on a recognition-by-synthesis scheme. Since
the image likelihood considers only one object, an image
region may support the measurements of multiple neighboring
objects. Thus, multiple filters may converge towards the same
image regions. To discourage this, we calculate the support of
each image position relative to the neighboring objects of a
tracked object and use this relative support to re-calculate the
probabilities of each measurement of the tracked object. To
incorporate multiple motion models, we combine our PDAE
approach with the interacting multiple model (IMM) algorithm
(e.g., [15], [42]). Analogous to the particle filter (e.g., [19]),
our approach capitalizes on multiple measurements, uses the
image data directly, and performs both localization and po-
sition estimation over time. Unlike previous linear schemes
(e.g., [43], [44] for microtubuli) or radial schemes (e.g., [45]
for white blood cells, or [46] for C. elegans worms) for
localization in biological imaging, our ellipsoidal sampling
scheme for generating measurements takes into consideration
the directions along which the main deviations from the
predicted position are expected. Also, the size of the ellipsoid
is automatically determined. Moreover, our approach can be
used for 2D and 3D images. In contrast to previous approaches
using the standard PDA algorithm, our approach does not rely
exclusively on bottom-up measurements (e.g., [33], [34]) nor
does it rely on random sampling (e.g., [32], [41]). In contrast
to approaches based on multiple hypothesis tracking (e.g.,
[35], [36]), the computational cost when dealing with multiple
objects is at most quadratic relative to the number of objects
(compared to exponential costs). In comparison to approaches
based on the IMM algorithm (e.g., [15], [17], [34]), our
approach uses a top-down localization strategy, and to compute
the likelihood of the motion models, our approach does not
assume Gaussian densities. Compared to our previous work

in [38], where measurements were generated only along the
main axes of the ellipsoids, here measurements are generated
along the contours of concentric ellipsoids, which yields better
results; additionally we here use a different image likelihood as
well as a different scheme for calculating the support relative
to the neighboring objects, and we quantitatively evaluated
the approach using synthetic images and 3D real image data.
Based on synthetic 2D and 3D image sequences we have
studied the performance as a function of the image noise and
the object density. Our approach has been also successfully ap-
plied to 2D and 3D real images displaying HIV-1 particles. To
the best of our knowledge, this is the first time that a tracking
approach based on the PDA algorithm using a recognition-
by-synthesis scheme underpinned by an ellipsoidal sampling
scheme is introduced for tracking multiple fluorescent particles
in 2D and 3D microscopy image sequences. Our approach
generates bottom-up as well as top-down measurements for
particle localization and operates in conjunction with either the
Kalman filter or the IMM algorithm for position estimation.

This paper is organized as follows. In Section II we outline
the probabilistic framework underpinning our approach and
briefly recall the standard Kalman filter. Section III presents
the proposed localization scheme. The approach used for
dealing with multiple objects is presented in Section IV. Sec-
tion V describes the strategy for integrating multiple motion
models. The models used for tracking are described in Section
VI. Section VII presents the experimental results, and the
conclusions are drawn in Section VIII.

II. PROBABILISTIC TRACKING APPROACH

A. Bayesian Framework

In our approach, tracking is formulated as a Bayesian
sequential estimation problem. Within a one-body state space,
it is assumed that a fluorescent particle is represented by a state
vector xt and that a noisy measurement yt reflects the true
state of xt. At time step t, the aim is to estimate the state xt of
a fluorescent particle given a sequence of measurements y1:t.
By modeling the temporal evolution using a dynamical model

p(xt|xt−1) and incorporating measurements derived from the
images via a measurement model p(yt|xt), a Bayesian filter
estimates the posterior distribution p(xt|y1:t) via stochastic
propagation and Bayes’ theorem:

p(xt|y1:t−1) =

∫

p(xt|xt−1) p(xt−1|y1:t−1) dxt−1 (1)

p(xt|y1:t) ∝ p(yt|xt) p(xt|y1:t−1). (2)

An estimate of xt can be obtained from the posterior
p(xt|y1:t). For linear and Gaussian models, one can resolve
analytically the posterior using a Kalman filter; for non-linear
and/or non-parametric models, the particle filter provides a
numerical solution. For reasons of efficiency and robustness,
we use the Kalman filter with multiple measurements.

B. Kalman filter

The Kalman filter (e.g., [47], [48]) represents the poste-
rior p(xt|y1:t) via a Gaussian probability distribution that is
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parametrized by its mean vector mt and its covariance matrix
Pt:

p(xt|y1:t) = N (·;mt,Pt), (3)

where N (·;µ,Σ) represents a Gaussian distribution with
mean vector µ and covariance matrix Σ. The Kalman filter
also assumes that the dynamical model p(xt|xt−1) as well as
the measurement model p(yt|xt) are linear and Gaussian:

p(xt|xt−1) = N (xt;Fxt−1,Q) (4)

p(yt|xt) = N (yt;Hxt,R), (5)

where the transition matrix F and the measurement matrix H

are known matrices. The covariance matrices Q and R encode
the uncertainty about the prediction and the measurement,
respectively. Given a posterior p(xt−1|y1:t−1), the posterior at
time step t can be computed by first carrying out a prediction
on the state vector as well as on the associated covariance
matrix:

m̂ = Fmt−1 (6)

P̂ = FPt−1F
T +Q. (7)

To improve the readability we omit the time step t index in the
following. The predicted state vector m̂ can be transformed
onto the measurement space to obtain a predicted measurement
ŷ:

ŷ = Hm̂. (8)

The predicted errors as encoded by the predicted covariance
matrix P̂ can also be propagated onto the measurement space
to obtain a predicted measurement covariance S, which also
takes into account the measurement noise process as encoded
by R:

S = HP̂HT +R. (9)

Once a measurement y is derived from the image at time
step t, the difference between the actual measurement and the
predicted measurement, i.e., the innovation ν, is calculated:

ν = y − ŷ. (10)

The Kalman gain K is computed as follows:

K = P̂HTS−1. (11)

An estimate for the mean vector m is finally calculated by
correcting the prediction m̂ with the innovation ν, where the
correction is regulated by the Kalman gain K:

m = m̂+Kν. (12)

The covariance matrix P can also be calculated by updating
the predicted covariance matrix P̂ with the Kalman gain K:

P = (I−KH)P̂, (13)

where I is the identity matrix.

III. MEASUREMENT PROCESS

A. Overview

In biological imaging, tracking approaches based on the
Kalman filter typically use only a single measurement y in
(10) to update each filter (e.g., [15], [16], [35], [49]). In
contrast, we consider multiple measurements (e.g., [32], [33])
to update each Kalman filter. These measurements are obtained
by considering the image data (i.e., bottom-up localization) as
well as by using a localization scheme that takes into account
the predicted measurement ŷ (i.e., top-down localization).
The measurements are assimilated by the Kalman filter via
the combined innovation principle of the probabilistic data
association (PDA) algorithm. Below we describe our schemes
for bottom-up and top-down localization as well as the scheme
for measurement integration via the PDA algorithm. In the fol-
lowing, we describe the measurement process considering only
a single particle. The case of multiple particles is considered
in Section IV below.

B. Bottom-up localization via the Spot-Enhancing Filter

For detecting and localizing a particle based on the image
data only, any spot detection scheme may be used (see [50],
[51] for an evaluation of spot detection schemes in fluores-
cence microscopy). In our case, we use an approach based on
the spot-enhancing filter [39]. Briefly, this approach consists
in first applying a Laplacian-of-Gaussian (LoG) filter, which
is parametrized by the standard deviations σLoG,xy and σLoG,z ,
followed by applying a threshold to the filtered image to detect
the particle. The threshold is automatically determined based
on the mean intensity of the filtered image plus a factor c

times the standard deviation of the filtered image intensities.
Applying the spot detection scheme to the image ideally yields
a single measurement ySEF that corresponds to the tracked
particle. Note that this approach does not take into account the
predicted measurement ŷ and instead exhaustively examines
each position of the image to localize the particle.

C. Top-down localization via Ellipsoidal Measurements

Instead of exhaustively examining each position, the top-
down localization scheme in our approach generates measure-
ments in a neighborhood around the predicted measurement
ŷ ∈ Y . In biological imaging (e.g., [15], [30], [33], [52]), typ-
ically the measurement space Y includes variables describing
the position p of the particle in the image as well as variables
describing the appearance (e.g., the peak intensity Imax of the
particle). Certainly, one could generate measurements in the
neighborhood of ŷ over all dimensions of the space Y . For
efficiency reasons, in our approach we only generate position
measurements p close to the predicted position p̂ within the
position space P defined by the image. The predicted position
p̂ can be obtained by projecting the predicted measurement ŷ
to P via Φ:

p̂ = Φŷ. (14)

To define a neighborhood around p̂, first we define a submatrix
Sp by transforming S onto P:

Sp = ΦSΦT . (15)
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Our approach generates measurements based on the predicted
position distribution N (·; p̂,Sp). The neighborhood about p̂

is described by the following ellipsoidal validation region
Vp̂,Sp

(γp):

Vp̂,Sp
(γp) ≡ {p | (p− p̂)TS−1

p (p− p̂) ≤ γ2
p}. (16)

Within this region Vp̂,Sp
(γp) one finds position measurements

p that entail a Mahalanobis distance to p̂ less than or equal
to γ2

p .
Top-down position measurements within the ellipsoidal re-

gion Vp̂,Sp
(γp) can be generated via, for instance, proposing

split measurements (e.g., [53]), or performing random sam-
pling (e.g., [32], [41]). In our case we generate measurements
by first diagonalizing Sp thus obtaining the semi-axes of the
ellipsoidal region Vp̂,Sp

(γp) as:

ri = γp
√

λiei, (17)

where λi and ei are the eigenvalues and eigenvectors of
Sp, respectively. The ellipsoid Ep̂,Sp

is explicitly described
by its centroid p̂ and its semi-axes ri. The measurements
are generated by taking positions pj,c along Nc concentric
ellipsoidal contours centered at p̂:

pj,c = p̂+
c

Nc

Auj , (18)

where uj is a position along an ellipsoid Ecanon
0,Sp

in canonical
position whose semi-axes have the same magnitude as the
semi-axes of Ep̂,Sp

, A is a rotation matrix describing the
orientation of Ep̂,Sp

, and c = 1, 2, . . . , Nc is the concentric
index. In 2D images, along a single ellipsoidal contour,
we take Nj ellipsoidal positions uj that take the following
parametric form:

uj =

(

|r0| cos
2πj
Nj

|r1| sin
2πj
Nj

)

, (19)

where |r0| ≥ |r1|, and j = 1, 2, . . . , Nj . The rotation matrix
A is a matrix whose columns are given by the eigenvectors
ei:

A ≡
(

e0 e1
)

, (20)

where for the corresponding eigenvalues we have λ0 ≥ λ1. In
3D images, the measurements pj,k,c are additionally indexed
by the parameter k, and are defined as follows:

pj,k,c = p̂+
c

Nc

Auj,k. (21)

Here we take NjNk ellipsoidal positions uj,k which are
defined as follows:

uj,k =







|r0| cos
2πj
Nj

sin πk
Nk

|r1| sin
2πj
Nj

sin πk
Nk

|r2| cos
πk
Nk






, (22)

where |r0| ≥ |r1| ≥ |r2|, j = 1, 2, . . . , Nj , and k =
1, 2, . . . , Nk. The rotation matrix A is given as follows:

A ≡
(

e0 e1 e2
)

, (23)

where λ0 ≥ λ1 ≥ λ2. Since the measurements are gener-
ated along ellipsoidal contours we refer to these measure-
ments as ellipsoidal measurements. Our scheme thus generates

Fig. 1. Elliptical measurements (dots) for a 2D anisotropic Gaussian
distribution. Brighter intensities for the Gaussian distribution correspond to
higher probabilities. Using γp = 3, Nc = 4, and Nj = 16, 64 measurements
are generated.

Fig. 2. Ellipsoidal measurements (dots) for a 3D anisotropic Gaussian
distribution. Brighter intensities for the Gaussian distribution correspond to
higher probabilities. Using γp = 3, Nc = 1, Nj = 16, and Nk = 8, 128
measurements are generated.

NcNjNk (in 2D, Nk = 1) measurements based on N (·; p̂,Sp)
within the position space P . As an example, Figures 1 and
2 show the ellipsoidal measurements obtained for sample 2D
and 3D Gaussian distributions, respectively. The Kalman filter,
however, expects measurements y within Y . For this reason
we map the position measurements back to Y . Each i-th
measurement pi is embedded into Y via the pseudoinverse
Φ+:

yi,p = Φ+pi. (24)

The vector yi,p only includes the position information and
must be supplemented with the additional variables (e.g.,
appearance variables) in Y . We extract these variables from
the predicted measurement ŷ via a selection matrix Ψ and
add them to the embedded vector yi,p to obtain measurement
yi:

yi = yi,p +Ψŷ. (25)

Together with the predicted measurement ŷ the top-down
localization strategy yields NcNjNk+1 measurements in total.

D. Ellipsoidal Measurements For Bottom-up Measurement

The prediction generated at time step t by the Kalman
filter does not take into account the image data of time
step t (latest image data). Thus the ellipsoidal measurements
based on the predicted position distribution N (·; p̂,Sp) do not
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take into account the latest image data. The latest bottom-
up measurement ySEF encodes information about the latest
image data. To take into account the latest image data, we
generate ellipsoidal measurements based on the measurement
distribution N (·;pSEF,Rp), where pSEF = ΦySEF includes the
position variables of the bottom-up measurement ySEF and
Rp = ΦRΦT is a submatrix derived from the covariance
matrix R that regulates the measurement noise process. For
embedding the position measurements into the measurement
space, we use the bottom-up measurement ySEF instead of the
predicted measurement ŷ in (25). Thus, for N (·;pSEF,Rp),
together with the bottom-up measurement ySEF, we gener-
ate NcNjNk + 1 additional measurements. Taking into ac-
count the previous NcNjNk + 1 measurements generated for
N (·; p̂,Sp), our measurement process yields up to Nm =
2NcNjNk+2 measurements in total. Note that if the bottom-
up measurement ySEF is missing (e.g., due to image noise),
N (·;pSEF,Rp) is undefined and the corresponding ellipsoidal
measurements cannot be determined. In that case only half the
number of measurements is generated. Thus, regardless of the
performance of the bottom-up particle localization scheme, our
measurement process supplies the Kalman filter with at least
Nm = NcNjNk + 1 measurements at each time step.

E. Measurement Integration via Probabilistic Data Associa-

tion

The probabilistic data association algorithm (e.g., [31], [40])
is an approach for solving the problem of motion correspon-
dence, which entails determining one-to-one correspondences
between the tracked object and the set of measurements
Yt , {y1,y2, . . . ,yNm

} found within the validation region
Vŷ,S(γ) (cf. (16)). A standard approach for solving this
task is to select the measurement yi that is closest to the
predicted measurement ŷ. This local nearest neighbor strategy
may lead to incorrect correspondences in difficult tracking
scenarios (e.g., low SNR), where the set Yt may miss the true
measurement corresponding to the tracked object, and/or may
include false measurements. Instead of committing to a single
measurement (i.e., hard association), the probabilistic data
association algorithm computes an association probability βi

to quantify the degree of correspondence between the tracked
object and measurement yi. To take into account all measure-
ments within the validation region (i.e., soft association), a
combined innovation νcomb is computed:

νcomb =

Nm
∑

i=1

βiνi (26)

with νi = yi−ŷ and
∑Nm

i=0 βi = 1, where β0 is the probability
that none of the measurements corresponds to the tracked
object. The combined innovation νcomb is used to perform the
update of the prediction in the Kalman filter (see (12)). To
compute the association probabilities βi, the standard PDA
algorithm assumes that at most one measurement within Yt

represents the true measurement corresponding to the tracked
object and that all other measurements are false measurements.
It is also assumed that the false measurements are independent
and identically distributed (i.i.d.) and that they arise from

a uniform distribution over the validation region Vŷ,S(γ).
Additionally, the number of false measurements is assumed
to follow a Poisson distribution. The exact formula for the
association probabilities βi as used in the standard PDA
algorithm is given in [40] (see also Appendix).

In our case, because of our ellipsoidal sampling scheme
for localization (cf. Section III-C), some of these fundamental
assumptions of the PDA algorithm are not satisfied. For ex-
ample, taking Yt as the set of measurements generated by our
measurement process, the ‘false’ measurements in Yt do not
follow a uniform distribution. In addition, since we generate
measurements based on either the predicted measurement
ŷ or based on the bottom-up measurement ySEF, the two
respective sets of ellipsoidal measurements do not follow
the same distribution. Also, the number of measurements
generated by our scheme is constant and predictable, so the
number of false measurements does not follow a Poisson
distribution. A final consideration is that in the standard PDA
algorithm the association probabilities only take into account
the Mahalanobis distance between each measurement yi and
the predicted measurement ŷ, i.e., the image data is not
directly used in the computation of βi. For these reasons,
we adopt a different strategy for computing βi. Instead of
treating βi as association probabilities, we interpret them as
weights that quantify the probability that the image intensities
z conform to the Kalman-based prediction, as represented by
the measurements raised with our measurement process. To
compute the weights, we query the image likelihood p(z|x),
and thus βi , p(z|x = xi), where xi = Ξ(yi) and the
function Ξ(·) transforms its argument (measurement y) onto
the state space X . Given the image intensities z within a
region-of-interest (ROI) about the position encoded in x, the
image likelihood p(z|x) is defined by the ratio:

p(z|x) ,
po(z|x)

pb(z|b)
. (27)

Here the image likelihood po(z|x) relative to the object is
defined as:

po(z|x) ∝ exp

(

−
D(z,g(x))2

2σ2
n

)

, (28)

where g(·) represents the image intensities synthesized via
a parametric appearance model g(·), D(·) is the Euclidean
distance, and σn describes the expected degree of noise. The
image likelihood pb(z|b) relative to the background intensity
is given as:

pb(z|b) ∝ exp

(

−
D(z,b)2

2σ2
n

)

, (29)

where each element of b takes the value of the background
intensity Ib. Note that a similar image likelihood is also used
to compute the weights of samples in tracking approaches
based on particle filters (e.g., [19], [21]). Once all weights have
been evaluated with the image likelihood p(z|x), the weights
βi, i = 1, . . . , Nm are normalized so that they sum to unity.
Since in our approach the variables βi are computed using the
principle of recognition-by-synthesis, the combined innovation
is not used for the problem of motion correspondence (as in
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the standard PDA algorithm) but rather assimilates multiple
measurements into the Kalman filter taking into account the
image information directly, i.e., segmentation of a particle is
not necessarily required for estimating the position over time.

IV. TRACKING MULTIPLE FLUORESCENT PARTICLES

To track multiple objects, we instantiate one Kalman filter
per object. The measurement process as outlined in Section
III considers only one object and therefore must be adjusted
to accommodate the task of tracking multiple fluorescent
particles. Concretely, two aspects of the measurement process
need additional steps: first, for the bottom-up localization
step in Section III-B, we assume that only one bottom-up
measurement is generated by the spot detection scheme. This
assumption is not satisfied within the context of tracking mul-
tiple fluorescent particles, and thus a motion correspondence
step is required (see Section IV-A below). Second, we assume
that modes in the image likelihood p(z|x) used to evaluate
the probabilities β in the measurement integration step in
Section III-E are caused by the tracked object only. Within the
context of tracking multiple fluorescent particles, such modes
may actually be caused by neighboring objects with a similar
appearance. To minimize the influence of modes induced by
other objects, we calculate the support of an image position
relative to the neighboring objects of each tracked object (see
Section IV-B).

Note that since we use the combined innovation principle
of PDA in our measurement process, it would be conceivable
that the task of tracking multiple objects could be addressed
via the joint probabilistic data association (JPDA) algorithm
(e.g., [31], [32], [33]). In the JPDA algorithm, each asso-
ciation probability β is calculated over all possible global

association hypotheses between the tracked objects and the
measurements. This requires deterministically enumerating all
possible global association hypotheses. Since our measurement
scheme generates a large number of measurements, the JPDA
algorithm would entail a high computational cost. Addition-
ally, in the JPDA algorithm, the same assumptions concerning
false measurements are made as in the PDA algorithm. As
mentioned above, in our measurement process such funda-
mental assumptions are not met (cf. Section III-E). The JPDA
algorithm also assumes a one-to-one correspondence between
the tracked objects and the measurements. However, in our
measurement process, the measurements generated with our
ellipsoidal sampling scheme are already associated to the
corresponding object (filter) and thus we have a many-to-one
correspondence. Finally, we do not interpret the weight β as an
association probability but rather as a weight computed based
on an image likelihood. For these reasons, the JPDA algorithm
is not well suited to deal with the task of tracking multiple
particles within the context of our measurement process.

A. Motion Correspondence

When applied to an image displaying multiple fluorescent
particles, the spot detection scheme yields a set YSEF ,

{ySEF,1,ySEF,2, . . . ,ySEF,Nm,SEF} of Nm,SEF measurements. In
our bottom-up localization scheme, we assume that the spot

detection scheme yields a single measurement per tracked
object. To assign a single measurement to each filter, we
find one-to-one correspondences between the set of bottom-
up measurements YSEF and the set Ŷ , {ŷ1, ŷ2, . . . , ŷNobj} of
Nobj predicted measurements generated by Nobj Kalman filters.
To solve this correspondence problem, we use a global nearest
neighbor (GNN) approach [1] based on a graph-theoretical
approach for the transportation problem. After finding one-
to-one correspondences, predicted measurements (i.e., filters)
in Ŷ may remain unmatched. In this case, the measurement
process of that filter generates only measurements based on the
predicted measurement. Also, if the filter remains unmatched
for Nd consecutive time steps, the corresponding trajectory
is terminated. Analogously, unmatched measurements in YSEF

are used to initialize trajectories.

B. Image Support Relative To Neighbors

In our measurement process, the probabilities β are calcu-
lated by querying the image likelihood p(z|x). This likelihood
is constructed under the assumption that only one object is
visible in the image, i.e., independently from other objects.
Under this assumption, a mode (or peak) in the image likeli-
hood corresponds to the tracked object. Within the context of
tracking multiple objects, a peak in the image likelihood may
correspond to a neighboring object with a similar appearance.
Thus there is a risk that a peak originating from a neighboring
object may strongly influence the estimates of the Kalman
filter, eventually leading the filter to converge on neighboring
objects. To prevent this, the calculation of the probabilities
β needs to also take into consideration the probabilities β

of the neighboring filters. After calculating the corresponding
image likelihoods of all filters, each filter j is associated with
a set of weighted position measurements {pj

k = Φy
j
k, β

j
k}

Nm

k=1.
Likewise, the neighboring filters Nb(j) around filter j allow
constructing a set of measurements ∪i∈Nb(j){p

i
k, β

i
k}. By

considering all positions p up to pixel accuracy we define
a neighborhood map:

MNb(j)(p) =
∑

i∈Nb(j)

∑

l∈Ki
p

βi
l , (30)

where Ki
p = {k |pi

k = p} is the set of indices of mea-
surements in ∪i∈Nb(j){p

i
k, β

i
k} located at p. The map MNb(j)

describes the support of each image position to neighboring
filters. The support provided to neighboring objects Nb(j)
directly influences the support provided to the j-th tracked
object: the higher the support to the neighbors, the lower
the support to the j-th tracked object. Thus each position p

allows for a relative support Sj(p) = exp(−MNb(j)(p)) for
object j. For reasons of robustness, we also take into account
neighboring positions p′ around a given position p that entail a
distance D(p,p′) smaller than a certain value δp. The support
Sj(p) at a given position p is defined as:

Sj(p) = exp





∑

p′

MNb(j)(p
′) log(θ(p,p′))



 (31)
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where θ(p,p′) describes the spatial dependency between two
image positions in general and is defined as follows [54]:

θ(p,p′) = 1− exp

(

−
D(p,p′)2

σ2
p

)

. (32)

In (31), log(θ(p,p′)) acts as a weighting factor over the
neighboring positions. The parameter σp regulates the strength
of the contribution of neighboring positions towards the calcu-
lation of the support. Since p′ takes positions over a neighbor-
hood around p, and at some point it takes the same position as
p, i.e., p = p′, we have in such a case that θ(p,p′) = 0 and
thus log(θ(p,p′)) = −∞. For numerical reasons, we use a
constant value of −5 instead for the logarithm in this case. The
probability β̂

j
k for a measurement yj

k of object j is computed
as:

β̂
j
k = p(z|x = Ξ(yj

k))Sj(Φy
j
k). (33)

The weights β̂
j
k are subsequently normalized so that they

sum to unity. This process is performed for all objects. Since
the probabilities β̂ of the neighbors are eventually different
from the original probabilities β that were used to calculate
the support, we recalculate the neighborhood map using the
new weights β̂ and recalculate the probabilities. We perform
this process (i.e., recalculating the neighborhood map and
calculating the probabilities) a certain number of times. In
practice we found that the values of the weights become
relatively stable after five iterations over all objects. If two
objects are at the same position, i.e., the prediction for the two
objects is the same p̂1 = p̂2, the resulting support depends for
either object to a large extent on the position of the elliptical
samples as well as on the behavior of the image likelihood
p(z|x) of each object. Often the object with the larger values
for the image likelihood gets larger values for the image
support. However, if the image likelihood of the two objects
is very similar, the scheme also allows, in principle, for the
two objects to share the same position.

V. MULTIPLE MOTION MODELS

To better describe the motion of particles that alternate be-
tween distinct motion patterns, we use the interacting multiple
model (IMM) algorithm (e.g., [42], [55], [15]). In the IMM
algorithm, the motion of a particle is described by a finite set
Ω of NΩ motion models. One Kalman filter is instantiated
per motion model ω ∈ Ω. It is assumed that the dynamical
model of a particle is governed by a Markov chain with
transition matrix Π. The IMM algorithm recursively computes
a model-conditioned posterior density p(xt|ωt,y1:t) as well as
a posterior model probability P (ωt|y1:t) (for details see, e.g.,
[55]).

In the standard IMM algorithm, a single measurement yt is
used to update all NΩ filters. Here, we use the PDAE approach
to feed multiple measurements to each filter: each i-th Kalman
filter corresponding to the i-th motion model, i ∈ Ω, raises
its own set {yk, βk, ωk = i}Nm

k=1 of ellipsoidal measurements.
Note that each measurement is associated with the motion
model ωk = i that led to such a measurement. To calculate
the likelihood p(yt|ωt = i,y1:t−1) of each i-th model, we take
the unnormalized values of the weights βk of each i-th filter

and normalize them with respect to the sum of all weights of
all NΩ filters:

β′
k =

βk
∑NΩ

c

∑

j∈Υc
βj

, k ∈ Υi (34)

where Υi = {j |βj , ωj = i} indexes the weights of the mea-
surements of the i-th filter. The likelihood p(yt|ωt = i,y1:t−1)
is given as the sum over its normalized weights β′

k:

p(yt|ωt = i,y1:t−1) =
∑

j∈Υi

β′
j (35)

For motion correspondence, we select for each object the
filter with the highest predicted probability. This strategy leads
to Nobj predicted measurements and so the correspondence
scheme described in Section IV-A above is still applicable. For
the calculation of the image support (see Section IV-B), we
treat all NΩNobj filters as independent filters. This allows the
NΩ filters of a certain object to compete for image positions
among themselves, which helps to select the best motion
model among all NΩ motion models relative to the predicted
positions of neighboring objects.

VI. MODEL DEFINITIONS

In this section, we define models for tracking fluorescent
particles. Since in our application we deal with virus particles,
we define models suitable for such particles.

A. Appearance Model

In our approach the intensities of each particle are rep-
resented by a 2D or 3D Gaussian function. The Gaussian
function is parametrized by the position p = (xp, yp)

T or
p = (xp, yp, zp)

T of the particle in a 2D or 3D image,
respectively, by the peak intensity Imax, as well as by the
standard deviations σxy (2D case) or σxy, σz (3D case). For
position estimation, we consider the velocity vector ṗ =
(ẋ, ẏ)T or ṗ = (ẋ, ẏ, ż)T . These parameters are encoded
in the state vector x = (x0, ẋ, y0, ẏ, Imax, σxy)

T (2D case)
or x = (x0, ẋ, y0, ẏ, z0, ż, Imax, σxy, σz)

T (3D case). For 2D
images, the appearance model of a single particle is given by:

gGauss2D(x, y;x) = Ib+

(Imax − Ib) exp

(

−
(x− xp)

2 + (y − yp)
2

2σ2
xy

)

, (36)

where Ib denotes the background intensity. For 3D images,
the appearance model is described by:

gGauss3D(x, y, z;x) = Ib+

(Imax − Ib) exp

(

−
(x− xp)

2 + (y − yp)
2

2σ2
xy

−
(z − zp)

2

2σ2
z

)

.

(37)
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B. Motion Model

We use a random walk model as well as a directed
motion model with constant velocity to describe the mo-
tion of a single particle (NΩ = 2). For both mod-
els, we assume that the appearance parameters Imax, σxy

(2D case) or Imax, σxy, σz (3D case) follow Gaussian ran-
dom walks with small perturbations. For the random walk
model (ω = 1), the dynamical model is given in 2D by
F1 = diag(1, 1, 1, 1, 1, 1) and the covariance matrix Q1 =
diag(qx, qẋ, qy, qẏ, qImax , qσxy

). In 3D, the dynamical model is
defined as F1 = diag(1, 1, 1, 1, 1, 1, 1, 1, 1) and the covariance
matrix is Q1 = diag(qx, qẋ, qy, qẏ, qz, qż, qImax , qσxy

, qσz
). For

the directed motion model (ω = 2), the dynamical model in
2D is defined as:

F2 =

















1 ∆t 0 0 0 0
0 1 0 0 0 0
0 0 1 ∆t 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

















, (38)

while the covariance matrix takes the following form:

Q2 =



















qCV∆t3

3
qCV∆t2

2 0 0 0 0
qCV∆t2

2 qCV∆t 0 0 0 0

0 0 qCV∆t3

3
qCV∆t2

2 0 0

0 0 qCV∆t2

2 qCV∆t 0 0
0 0 0 0 qImax 0
0 0 0 0 0 qσxy



















.

(39)
The dynamical model for directed motion in 3D is defined
analogously.

C. Measurement Model

We have measurements y = (x′, y′, I ′max, σ
′
xy)

T (2D case)
or y = (x′, y′, z′, I ′max, σ

′
xy, σ

′
z)

T (3D case). For both models,
the measurement matrix is given in 2D by:

H =









1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1









. (40)

The uncertainties of the measurements in 2D are defined by
R = diag(rx, ry, rImax , rσxy

). In 3D, H and R are defined
analogously.

The function Ξ(·) is given by:

Ξ(y) = H+y (41)

where H+ = HT . The matrix Φ used to project a 2D
measurement y onto a 2D position space is defined as:

Φ =

(

1 0 0 0
0 1 0 0

)

(42)

with the pseudoinverse Φ+ = ΦT . In 3D, the projection
matrix is given by:

Φ =





1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0



 . (43)

The selection matrix Ψ in the 2D case is given by Ψ =
diag(0, 0, 1, 1) while in 3D we have Ψ = diag(0, 0, 0, 1, 1, 1).
The transition matrix Π is given by:

Π =

(

0.75 0.36
0.25 0.64

)

. (44)

The initial probabilities for the motion models are set to
P (ω) = [ 0.6 0.4 ]

T . We use the Lucas-Kanade optical
flow approach [56] to initialize the values of the velocity
components.

VII. EXPERIMENTAL RESULTS

We have evaluated the proposed PDAE approach using
synthetic as well as real image sequences displaying virus
particles.

A. Experimental Procedures

We compare experimentally the proposed PDAE approach
with a standard Kalman filter as well as with an approach
based on independent particle filters (IPF) [21]. The Kalman
filter as well as the IPF use a random walk model in 2D
and 3D (see [21] for details). For the PDAE approach we
also use a random walk model or a random walk model as
well as a directed motion model. The Kalman filter is updated
with a single bottom-up measurement as computed by the
approach based on the spot-enhancing filter (SEF) (cf. Section
III-B) and uses a global nearest neighbor (GNN) scheme for
motion correspondence (cf. Section IV-A). For the IPF, the
measurement model is defined by the likelihood p(z|x) (27).
As in the PDAE approach, the appearance model used by the
IPF is also given by a 2D or 3D Gaussian function, cf. (36) and
(37), respectively. Within the IPF approach, each independent
particle filter uses a bottom-up measurement computed by
the SEF approach to generate samples [26], in which case
the proposal distribution q(·) of the particle filter is defined
by the dynamical model and a Gaussian centered at the
bottom-up detection with a covariance matrix. The bottom-
up measurement is assigned using the same global nearest
neighbor scheme for motion correspondence. For numerical
stability, we use Ns = 1000 (2D case) or Ns = 8000 (3D case)
samples for each independent particle filter. As a comparison,
for the PDAE approach, we use Nc = 4 concentric contours
and Nj = 16 positions along each elliptical contour. In
3D we additionally evaluate concentric elliptical contours at
Nk = 8 positions in z-direction. Together with the ellipsoidal
measurements generated using the bottom-up measurement we
have Nm = 130 measurements (samples) per filter in total
(2D case) or Nm = 1026 measurements (3D case). Table I
summarizes the evaluated approaches and their properties.

To quantitatively evaluate the performance of the tracking
approaches, we computed the tracking accuracy Ptrack:

Ptrack =
ntrack,correct

ntrack,total
, (45)

where ntrack,correct is the number of correctly computed trajec-
tories and ntrack,total represents the number of true trajectories.
Note that Ptrack ∈ [0, 1]. We determine correspondences be-
tween true and computed trajectories using a nearest neighbor
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TABLE I
SUMMARY OF THE EVALUATED APPROACHES.

Kalman filter IPF PDAE

Bottom-up detection SEF SEF SEF
Motion correspondence GNN GNN GNN
Number of measurements 1 Ns Nm

Measurement source SEF q(·) N (·; p̂,Sp), N (·;pSEF,Rp)
Search strategy Exhaustive Random Ellipsoidal
Measurement evaluation – p(z|x) p(z|x)

approach that starts at the position of the first time step of
a true trajectory and finds the closest position of a computed
trajectory at the same time step. The maximum distance is set
to 5 pixels. If no such computed position exists, the search is
carried out in subsequent time steps until a matching position
is found. If this is the case, it is assumed that there is a
correspondence between the true and the computed trajectory.
Then the number of time steps is counted where the error
between the corresponding true and computed positions is
below the maximum distance. If this condition does not hold,
the computed trajectory no longer matches the true trajectory.
The true trajectory may be subsequently matched to another
computed trajectory and the count for the number of time
steps for which the true trajectory was correctly matched is
resumed. Based on this count, for each true trajectory the
percentage of correctly computed time steps is calculated,
which is given by the number of time steps for which the
true trajectory was correctly matched divided by the total
number of time steps within the true trajectory. Ideally each
true trajectory is matched by a single computed trajectory. If
a true trajectory is matched with more than one computed
trajectory, the percentage of correctly computed time steps
is multiplied by a weight following a Gaussian function: the
larger the number of broken trajectories, the lower the weight.
The expected number of matching trajectories is 1, so the mean
of the Gaussian function is set to 1. The deviation from the
expected number of matching trajectories is expected to be
low, so the standard deviation of the Gaussian function is set
to 1. The number of correctly computed trajectories ntrack,correct

is given as the sum over all weighted percentages of correctly
computed time steps. A computed trajectory may be matched
at most once with a ground truth trajectory (see also [21]).

To evaluate the localization accuracy, we also calculated the
root mean square error (RMSE) between the computed posi-
tions pt,comp and the true positions pt,true of a true trajectory
whose positions are indexed in time by T = {. . . , t− 1, t, t+
1, . . .} spanning |T | = Nsteps,true time steps:

RMSE =

√

1

Nsteps,true

∑

t∈T

|pt,comp − pt,true|2 (46)

B. Evaluation on Synthetic Images

We evaluate the performance of the PDAE approach using
synthetic image sequences and consider two experimental
scenarios. In the first scenario, we evaluate the localization
accuracy of the PDAE approach as a function of the image

noise. In the second scenario, we evaluate the tracking accu-
racy of the approach as a function of the density of the objects.
In the synthetic images we render each object using either a
2D Gaussian function (36) or a 3D Gaussian function (37) as
the appearance model of the rendered objects.

1) First Synthetic Scenario: In this scenario we evaluate the
localization accuracy of the approaches as a function of the
image noise. We evaluate two noise models: a Poisson noise
model and an EMCCD noise model.

a) Poisson Noise Model: Here we assume a Poisson
distribution for the noise model. The image noise is reflected
by the signal-to-noise ratio (SNR), which is defined as the
difference between the peak intensity Imax of an object and
the intensity of the background Ib, divided by the standard
deviation of the noise level σn ([57]). We set the background
intensity to Ib = 10 and vary the peak intensity Imax to explore
different SNR levels. We explore the following SNR levels:
11.6, 8.8, 6.5, 4.6, 3.5, 2.8, 2, and 1.3. For each level we
generate 30 image sequences. In 2D, each image sequence
has 50 time steps. The image dimensions are 64×64 pixels.
In 3D, each image sequence has 30 time steps and the im-
age dimensions are 64×64×32 voxels. Each image sequence
displays one object. The object is initially positioned at the
center of the image and is visible throughout the entire image
sequence. The motion of the object is governed by random
walk, where the expected magnitude of the displacement over
two time steps is set to 1.3 pixels. The true trajectory of
the object is the same over all SNR levels. Thus for each
SNR level only the (random) noise configuration varies over
the corresponding 30 image sequences. For the appearance
model, we use a value of σxy = 2 pixels and a value of
σz = 1 pixel. The parameters of the tracking approaches
are empirically defined as follows. For the detection scheme
based on the SEF, we adjust the factor c according to the
SNR level and use a standard deviation of σLoG,xy = 1.5
pixels in 2D and a standard deviation of σLoG,z = 1.5 voxels
in 3D. For all tracking approaches we use a random motion
model. The expected deviations for the position variables are
fixed to qx = qy = qz = 4 pixels2. For the appearance
variables, we use the following values: qImax = 1 intensity level
unit2, qσxy

= qσz
= 0.01 pixels2. Values for these parameters

may be also obtained via, e.g., maximum likelihood estimates
(MLE) from sample trajectories. The measurement errors take
the following values: rx = ry = rz = 0.01 pixels2, rImax = 1
intensity level unit2, qσxy

= qσz
= 0.36 pixels2. The threshold

for the validation region is set to γ2
p = 5.99 in 2D and
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γ2
p = 7.82 in 3D. The expected degree of noise σn is set

according to the SNR level.
In this scenario we examine the performance of the PDAE

approach in comparison to the IPF approach using the same
number of samples Ns as the number of measurements Nm

in the PDAE approach, viz. Ns = 130 in 2D and Ns = 1026
in 3D. We refer to these approaches as IPF-130 (2D case) and
IPF-1026 (3D case), respectively; we refer to the approaches
with higher number of samples as IPF-1000 (2D case) and
IPF-8000 (3D case). We also examine the performance of
the Kalman filter using 2D Gaussian fitting [58] for particle
localization. In this scenario (but only in this one), for each
approach a single trajectory is initialized throughout the image
sequence. The initial position is the true position of the particle
at the first time step of the image sequence. This is done to
ensure that all approaches have the same initial conditions
and also to prevent the influence of erroneous initializations
caused by erroneous detections, especially at the lower SNR
levels. In this scenario (but only in this one), the trajectory
of each approach is terminated at the final time step of the
image sequence. This allows quantifying how far away the
computed trajectories are from the true positions over time.
Thus the number of time steps for the computed trajectories
of all approaches is the same as the number of time steps
in the ground truth trajectory. In this scenario only, we allow
the distances between the true and computed positions to be
arbitrarily large. Sample results for all approaches at SNR
= 1.3 are shown in Figure 3 and Figure 4 for 2D and 3D
images, respectively. It can be seen that the accuracy of the
PDAE approach is superior to that of the Kalman filter at
this challenging SNR level. The performance of the PDAE
approach is quite similar to that of the particle filter using a
large number of samples. Figures 5 and 7 show the results of
all evaluated approaches in terms of their RMSE as a function
of the SNR level. The mean values of the RMSE computed
over 30 image sequences corresponding to each SNR level
are shown. The standard Kalman filter using Gaussian fitting
obtains good results at the lower SNR levels, since it can
better discriminate between true and false detections. For
both 2D and 3D images, the PDAE approach outperforms
generally the standard Kalman filter using either the spot-
enhancing filter or 2D Gaussian fitting for localization. The
bottom-up detection schemes rely solely on the information
found in a single image to localize the object. In comparison,
the PDAE measurement process is based on a probability
distribution computed sequentially over consecutive images by
a spatial-temporal filter. Since the PDAE measurement process
exploits the spatial-temporal information encoded in the image
sequence, it yields improved results in comparison to using
bottom-up particle localization schemes only. For the approach
based on standard Kalman filters and using the spot-enhancing
filter for bottom-up localization, the performance is influenced
by the factor c used for calculating the detection threshold (cf.
Section III-B). To investigate the influence of this parameter
on the tracking performance, we lower the parameter value
used originally for calculating the performance in Figure 5
by a certain percentage u = 10, 25, 50%. Figure 6 shows
the results. It can be seen that for u = 10% the performance

is nearly unchanged. For u = 25% the error for SNR = 2
is slightly lower, however, at lower SNR levels the error is
higher because of the larger number of false detections (due
to the lower threshold). For u = 50% the performance is
significantly worse. Thus c should be chosen conservatively
so that the number of false detections is not too large.

For both 2D and 3D images, the PDAE approach outper-
forms the particle filter using the same number of samples
(Ns = 130 in 2D and Ns = 1026 in 3D). This indicates that
for the IPF a relatively low number of samples is not sufficient
to obtain an accurate numerical approximation of the posterior
probabilities. The PDAE approach is not subject to such
numerical issues since the posterior probabilities are repre-
sented analytically via the underlying Kalman filter. Improved
results are obtained for the IPF by using a larger number
of samples (i.e., Ns = 1000 in 2D or Ns = 8000 in 3D).
At the higher SNR levels, the PDAE approach outperforms
the IPF with a larger number of samples. A reason for this
is that the proposed ellipsoidal sampling scheme explores
the position space systematically while the IPF explores this
space randomly. The systematic approach yields a comparable
performance relative to that of the random scheme with a
large number of samples at the lower SNR levels. Since both
approaches query the same image likelihood, the computation
time of both approaches is linearly dependent on the number of
samples (measurements). Thus the computational cost entailed
by the PDAE approach is ca. 7.7 times lower than that of
the IPF. This is particularly beneficial when tracking a large
number of objects.

b) EMCCD Noise Model: We have also evaluated the
approaches based on synthetic images generated using an
EMCCD noise model [59], [60]. Here, the shot noise follows
a Poisson distribution while the excess noise follows a Gaus-
sian distribution. The two noise contributions are sequentially
embedded into the images. We used the same variance for the
two distributions. Then the noise variance σ2

n that determines
the SNR is given by the sum of the variances of the two dis-
tributions. Otherwise, the 2D image sequences are generated
analogously as in Section VII-B1a above. To cope with the
additional noise contribution, the expected variance σ2

n used
in the image likelihood (27) is increased according to the sum
of the variances of the two noise distributions. Otherwise the
parameters of the tracking approaches are the same as those
in Section VII-B1a. We compared the PDAE approach with
the standard Kalman filter approach as well as the different
particle filter approaches. The results in terms of the RMSE
as a function of the SNR levels 8.2, 6.3, 4.6, 3.2 are shown
in Figure 8. It can be seen that the performance is similar
to the results for the synthetic data generated with a Poisson
noise model only (cf. Figure 5 and note the different ranges
of the SNR levels). Thus, also for EMCCD noise the PDAE
approach yields a better result than the other approaches.

2) Second Synthetic Scenario: We evaluate here the per-
formance of the PDAE approach as a function of the object
density. The object density dobj is given by the ratio between
the number of objects Nobj and the size (area) of the image
Simage. Each object occupies a certain area Sobj. The definition
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Original image t = 34 Original image t = 35 Original image t = 36

Ground truth t = 34 Ground truth t = 35 Ground truth t = 36

Kalman t = 34 Kalman t = 35 Kalman t = 36

Kalman (GaussFit)
t = 34

Kalman (GaussFit)
t = 35

Kalman (GaussFit)
t = 36

IPF-130 t = 34 IPF-130 t = 35 IPF-130 t = 36

IPF-1000 t = 34 IPF-1000 t = 35 IPF-1000 t = 36

PDAE t = 34 PDAE t = 35 PDAE t = 36

Fig. 3. Original image, ground truth, and tracking results for the evaluated
approaches on synthetic images generated using a Poisson noise model. The
SNR is 1.3 and the time steps are t = 34, 35, 36. The arrows show the
direction of the displacement vector relative to the position at the previous
time step. The tip of the arrow indicates the current position. A dot is shown
instead of an arrow if the position over two consecutive time steps is the
same. Image intensities have been inverted.

Original image Ground truth

Kalman IPF-1026

IPF-8000 PDAE

Fig. 4. Original image, ground truth, and tracking results for the evaluated
approaches on synthetic 3D images generated using a Poisson noise model.
The SNR is 1.3 and the time step is t = 12. A z-slice (z = 13) of the
original volume image as well as the ground truth are shown. Trajectories are
rendered as spheres (positions) and sticks (displacement vectors); the cube
shows the current position.
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Fig. 5. Tracking accuracy (RMSE) as a function of the SNR for 2D synthetic
image sequences generated using a Poisson noise model. The mean values
computed over 30 image sequences at each SNR level are shown.
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Fig. 6. Tracking accuracy (RMSE) as a function of the SNR for 2D synthetic
image sequences generated using a Poisson noise model. The mean values
computed over 30 image sequences at each SNR level are shown for the
approach using Kalman filters. The detection parameter c is lowered by a
certain percentage u.
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Fig. 7. Tracking accuracy (RMSE) as a function of the SNR for 3D synthetic
image sequences using a Poisson noise model. The mean values computed
over 30 image sequences at each SNR level are shown.
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Fig. 8. Tracking accuracy (RMSE) as a function of the SNR for 2D synthetic
image sequences generated using an EMCCD noise model. The mean values
computed over 30 image sequences at each SNR level are shown.

of dobj, however, does not take into account Sobj. To take into
account the area occupied by each object, we calculate the
probability of overlap poverlap [13], which is defined as:

poverlap =
NobjSobj

Simage
. (47)

Thus the higher the number of objects, the higher the prob-
ability of overlap among objects, and therefore the more
tracking errors occur. In this scenario we generate 2D image
sequences consisting of 30 time steps. The images have
dimensions 100×100 pixels (16-bit) and thus Simage = 10000
pixels2. We use the following number of objects: Nobj =
10, 20, 30, 40, 50, 75, and 100. We use the same appearance
parameters as in the first scenario for rendering all objects.
Assuming that each Gaussian object with σxy = 2 pixels can
be described by a 2D disk with radius r = 1.5σxy = 3 pixels,
the area of each object is given by Sobj = r2π = 28 pixels2

and thus we explore the following values for the probability
of overlap poverlap: 0.03, 0.06, 0.08, 0.11, 0.14, 0.21, 0.28.
The SNR is 11.6. The initial image position of each object
is random and the motion is governed by random walk. The
expected deviation for the displacement takes values of up
to 1.3 pixels. For each number of objects Nobj , we generate
30 image sequences. The factor c for the detection scheme
based on the SEF is adjusted according to the number of
objects, since the image statistics (mean intensity and standard
deviation) vary with the number of objects. For all tracking
approaches, the expected deviations for the position variables
are fixed to qx = qy = qz = 0.56 pixels2. Trajectories are
initialized only at the first time step (only in this scenario).
All other parameters are the same as in the first synthetic
scenario.

Results for all approaches at a probability of overlap
poverlap = 0.11 (number of objects Nobj = 40) are presented in
Figure 9. The results show that the PDAE approach preserves
the identity of neighboring objects relatively well. The perfor-
mance of the approaches in terms of Ptrack is shown in Figure
10. The performance follows approximately the theoretical
detection performance 1−poverlap [13]. To further examine the
performance, we also calculate the Jaccard similarity measure
[35] for the positions. The results are shown in Figure 11.
For both measures, it can be seen that the PDAE approach
consistently outperforms the other approaches. This shows
the viability of the image support scheme that computes the
support at each image position for tracking multiple objects.
We also measured the computation time of each approach.
All approaches were implemented in Java within our software
ViroTracker [21] which was executed on an Intel Xeon X5650
(6 cores at 2.6 GHz) machine running Linux. Figure 12 shows
the computation time as a function of the number of objects
(mean computation time over 30 2D image sequences with 30
time steps each.) The approach with the lowest computation
time is the Kalman filter. For the IPF approach and the PDAE
approach, the computational cost is linearly dependent on the
number of samples (measurements) per object. In comparison
to the Kalman filter, the PDAE approach is computationally
somewhat more expensive (approximately a factor of 3). In
comparison to the IPF with 1000 samples, the PDAE approach
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Ground truth Kalman

IPF-1000 PDAE

Fig. 9. Ground truth and tracking results for all evaluated approaches on
synthetic images. The probability of overlap of the objects is poverlap = 0.11
and the time step is t = 27. The numbers label each trajectory. Insets show the
tracking results of the region enclosed with a rectangle at a higher resolution.
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Fig. 10. Tracking accuracy (Ptrack) as a function of the probability of overlap
of the objects poverlap. The mean values computed over 30 image sequences
for each probability of overlap are shown.

using 130 measurements is about 7.7 times faster, as expected.
For example, for Nobj = 40, the PDAE approach entails a
mean computation time of 2.5s while the IPF requires about
20s. Thus, in comparison to the Kalman filter, the PDAE
approach yields a superior performance at the expense of a
somewhat higher computational cost. In comparison to the
IPF, the PDAE approach delivers also a better performance
in terms of Ptrack at a significantly lower computational cost.

C. Evaluation on Real Microscopy Images

1) 2D Images: We have applied our approach to real mi-
croscopy 2D image sequences displaying fluorescently labeled
HIV-1 particles. The HIV-1 particles are double labeled with
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Fig. 11. Tracking accuracy (Jaccard similarity) as a function of the probability
of overlap of the objects poverlap. The mean values computed over 30 image
sequences for each probability of overlap are shown.
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Fig. 12. Computation time (s) as a function of the number of objects. The
mean values computed over 30 2D image sequences consisting of 30 time
steps for each number of objects are shown.

GFP and RFP, pseudotyped with the glycoprotein of the
vesicular stomatitis virus (VSV-G), and incubated with HeLa
cells [61]. A Zeiss Axiovert 200 M microscope with a Roper
Scientific Cascade II EM-CCD was used to acquire the images.
The recording frequency is 10 Hz. The image sequences
consist of 150 up to 400 images (256×256 or 512×512 pixels;
16-bit). We consider nine image sequences. The ground truth
for the positions of the particles was determined manually
with the commercial package MetaMorph. Between 5 and
43 particles were manually tracked in each image sequence.
For the spot detection scheme we use a standard deviation
of σLoG,xy = 1.5 pixels. For the adaptive threshold, we use
a factor of c = 2.7 for the first four image sequences; for
the other image sequences we use c = 3.7. For the PDAE
approach we use a random walk model as well as a directed
motion model. For the random walk motion model, we use a
value of qx = qy = qz = 4 pixels2. For the directed motion
model, we use a value of qCV = 4 pixels2/frame3. The noise
parameter σn is adjusted based on the measured peak intensity
for the particles. Trajectories are initialized and terminated
at any time step. All other parameters are set as in the first
synthetic scenario (cf. Section VII-B1). In this scenario we
also present the results obtained with the PDAE approach
using only a random walk (RW) motion model. Additionally
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we perform a comparison with the ParticleTracker approach
[1], the uTrack approach [2], and the multiple-hypothesis
tracking (MHT) approach using Kalman filters and multiple
motion models [35] as implemented in the Icy software [62].
For all approaches, different parameter values were tested and
we apply the values which yielded the best results. For the
ParticleTracker approach, we use a radius of 2 pixels, a cutoff
of 3 and a percentile of 1 for the first four image sequences;
for the other image sequences we set the percentile to 0.3. The
linking range is set to 4 frames for the first image sequences
and 2 frames for the other image sequences; the displacement
is set to 1.73 pixels for the first four image sequences and 4
pixels for the other image sequences. For the uTrack approach
we use the scheme based on fitting a mixture of Gaussian
models for localization (σ = 1.5 pixels and α = 0.2). This
approach uses both a Brownian and a directed motion model
for position estimation. Here we set the range for the search
radius to 2-4 pixels and set the multiplication factor to 7.82.
The gap parameter is set to 12 frames. For the other parameters
we used the default values. The MHT approach uses a wavelet-
based detection scheme for particle detection and we use scale
2 with a coefficient threshold of 110. The motion covariance
values for both Brownian and directed motion models are set
to 4, 4, and 1. For the other parameters we used the default
values. Sample results for all approaches are shown in Figure
13. In this example, the particle alternates between random
motion and directed motion. Some approaches yield broken
trajectories. In comparison, the PDAE approach using multiple
motion models obtains a trajectory without gaps that is very
similar to the ground truth trajectory. For all approaches,
Table II shows the quantitative results for all nine image
sequences in terms of Ptrack. The ParticleTracker approach
yields Ptrack= 71% (standard deviation of 11%) while the
uTrack approach yields Ptrack= 71% (standard deviation of
12%). For the MHT approach, the mean tracking accuracy
is Ptrack= 82% (standard deviation of 9%). The Kalman filter
yields Ptrack= 84% (standard deviation of 9%) while the IPF
yields a mean accuracy of Ptrack= 85% (standard deviation
of 9%). The PDAE approach using only a random walk (RW)
motion model yields a mean accuracy of Ptrack= 88% (standard
deviation of 8%). The PDAE approach using multiple motion
models yields the best results with a mean accuracy of Ptrack=
89% (standard deviation of 8%). We perform a paired-sample
t-test to determine the statistical significance of the difference
in performance between two approaches. It turns out that the
difference in performance between the PDAE approach using
multiple motion models and all other approaches is significant
(p < 0.05).

2) 3D Images: We have also applied the approaches to a
real microscopy 3D image sequence. The image sequence dis-
plays budding HIV-1 particles [63]. The particles are labeled
with eGFP. Images were acquired with a Nikon TE2000-E
spinning disk confocal microscope using an Andor Technology
EM-CCD camera. The image sequence consists of 395 time
steps. For each time step, a stack of 7 images (slices) with
dimensions 255 × 512 pixels was acquired. The ground truth
for the 3D positions of the particles was obtained manually
with the Manual_Tracking plug-in of ImageJ [64]. In total, 15

Ground truth ParticleTracker

uTrack MHT

Kalman IPF-1000

PDAE (RW) PDAE

Fig. 13. Ground truth and tracking results for the evaluated approaches on
real 2D microscopy images (time step t = 400). The small rectangles along
the trajectories indicate the intermediate positions while the large rectangle
indicates the final position. Image intensities have been inverted.

particles were manually tracked. For the spot detection scheme
we use σLoG,xy = 1.5 voxels, σLoG,z = 1 voxel, and c = 5.
Trajectories are initialized and terminated at any time step.
All other parameters remain the same as for the 2D image
sequences.

The performance of all approaches is relatively good. In
terms of the tracking accuracy Ptrack, the Kalman filter yields
Ptrack=88%, the IPF yields Ptrack=90% while the PDAE ap-
proach yields Ptrack=91%. Analogous to the 2D images, the
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TABLE II
RESULTS FOR 2D REAL IMAGE SEQUENCES IN TERMS OF THE TRACKING ACCURACY PTRACK [%]. THE MEAN VALUES AND STANDARD DEVIATIONS ARE

ALSO SHOWN.

Sequence ParticleTracker uTrack MHT Kalman IPF-1000 PDAE (RW) PDAE

1 73 75 91 96 96 97 98
2 55 64 68 81 90 90 92
3 63 52 91 90 92 98 99
4 67 66 78 82 82 88 89
5 94 93 94 94 94 94 94
6 64 66 71 68 68 76 75
7 82 85 87 86 87 87 88
8 74 75 77 77 78 79 79
9 70 66 83 81 83 83 84

Mean 71 71 82 84 85 88 89
Std. Dev. 11 12 9 9 9 8 8

(a) (b)

(c) (d)

Fig. 14. Tracking results of the PDAE approach on a real 3D microscopy
image sequence (time step t = 368). Individual trajectories are shown. Z-
slices of the original volume image are displayed. Small spheres along the
trajectories represent the intermediate positions while cubes show the current
position of the particles.

proposed approach performs better than the other approaches.
In Figure 14 sample results for individual trajectories obtained
with the PDAE approach are presented. In Figure 15 all
trajectories computed by the PDAE approach are shown. It
can be seen that the approach deals successfully with a large
number of particles.

D. Evaluation on the Image Data of the ISBI’2012 Particle

Tracking Challenge

We have also applied the PDAE approach to the image
data of the first Particle Tracking Challenge held in conjunc-
tion with the IEEE International Symposium on Biomedical
Imaging (ISBI) 2012 (see [65]). The challenge comprises four
different application scenarios: vesicles, virus particles, recep-
tors, and microtubule tips. Realistic synthetic image sequences
were generated for each scenario with different levels of image
noise and object densities. For the virus particles, 3D image
data was available and for the other scenarios 2D image data.
In total, the data consists of 48 image sequences with 100 time

steps each. 14 different measures were computed to quantify
the tracking performance (e.g., RMSE and Jaccard similarity
index for the positions). For the images showing virus particles
and receptors we used both a random walk model as well as
a directed motion model. For the vesicle images we used a
random walk model while for the microtubule images we used
a directed motion model. In the challenge, 14 groups world-
wide participated with their methods. For the different cases
of the image data, the top 3 best-performing methods were
identified. It turned out that our approach was quite accurate
and yielded the highest number of top 3 occurrences.

VIII. DISCUSSION

We have introduced a new approach for tracking multiple
particles in fluorescence microscopy image sequences based
on probabilistic data association and an elliptical sampling
scheme (PDAE). We have proposed a localization approach
based on both a bottom-up strategy using the spot-enhancing
filter as well as a top-down strategy using an elliptical sam-
pling scheme for exploring the position space. The multiple
measurements generated by our localization approach are inte-
grated via the combined innovation principle of the probabilis-
tic data association algorithm. For calculating the combined
innovation, a weight is assigned to each measurement, and
this weight is obtained by querying an image likelihood. In our
case, the image likelihood considers both the predicted appear-
ance of the object as well as the observed image intensities,
and thus our approach uses the image information directly.
For tracking multiple objects, we calculate the support that
each image position provides to a tracked object relative to the
support that the position provides to its neighboring objects. To
incorporate multiple motion models, we used the interacting
multiple model (IMM) algorithm. In comparison to tracking
approaches based on the standard Kalman filter, our approach
does not rely solely on a single measurement generated by
a spot detection scheme and assigned by a motion corre-
spondence algorithm. Instead, in addition to the measurement
generated by a spot detection scheme, our approach steadily
supplies measurements to the Kalman filter via the proposed
top-down ellipsoidal sampling scheme. Thus, our approach
is robust to errors arising from the spot detection scheme
and in the correspondence algorithm. Moreover, our approach
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Fig. 15. Tracking results of the PDAE approach on a real 3D microscopy image sequence (time step t = 368). A z-slice (z = 6) of the original volume image
is shown. Small spheres along the trajectories represent the intermediate positions while cubes show the current position of the particles. For visualization
purposes, only the 50 previous intermediate positions are shown for each trajectory. Colors are used to distinguish the different trajectories.

considers the appearance of individual objects and uses the
image information directly, i.e., segmentation of a particle
is not necessarily required for estimating the position over
time. For the approach based on independent particle filters,
a relatively low number of samples (e.g., Ns = 130 in 2D) is
not sufficient to obtain an accurate numerical approximation of
the posterior probabilities. In comparison, the PDAE approach
is not subject to such numerical issues since the posterior
probabilities are represented analytically via the underlying
Kalman filter, and so the PDAE approach operates well with
a relatively low number of samples. Also, the ellipsoidal
sampling scheme explores the position space more efficiently
in comparison to the random strategy used by the particle filter.
In addition to the parameters of the standard Kalman filter
(e.g., the covariance matrices determining the noise processes)
and of the IMM algorithm (e.g., transition probabilities), the
approach is parametrized by the image noise parameter σn

as well as by the discretization parameters Nc, Nj , and Nk

that determine the number of measurements generated by
the ellipsoidal sampling scheme. The noise parameter σn

is adapted based on the measured image intensities for the
particles. For the discretization parameters we have used fixed
values for all our experiments.

We have applied our approach to synthetic images as well
to real microscopy images and carried out an experimental
comparison with approaches based on the standard Kalman
filter as well as based on independent particle filters (IPF).
Using synthetic images, we explored different levels of image
noise, and characterized the localization performance of the
approaches as a function of the SNR. For high SNR levels,
our approach outperformed the other approaches. For low
SNR levels, our approach performed better than the Kalman
filter, and yielded a similar performance as the IPF approach.
In addition, by varying the number of objects in synthetic
image sequences, we characterized the performance of the
approaches as a function of the probability of overlap between
objects. It turned out that the performance of the approaches
decreased linearly with the probability of overlap. Overall, the
proposed PDAE approach outperformed the other approaches.

We also determined the computation time of all approaches
relative to the number of objects. The Kalman filter induced
the lowest computation time, while the IPF entailed the
highest computation time. Our approach was somewhat slower
than the Kalman filter (factor of 3) but significantly faster
than the particle filter (factor of about 8). The application
of our approach to real microscopy image data showed its
suitability for tracking HIV-1 particles in 2D as well as 3D
real microscopy images. Compared to the Kalman filter and
the IPF, the PDAE approach yielded the best tracking accuracy
on average. Also in comparison with well-known methods
(viz. the ParticleTracker approach, the uTrack approach, and
MHT approach), the PDAE approach yielded a higher tracking
accuracy. Certainly, the proposed approach has limitations.
The approach currently uses the temporal information sequen-
tially. Using the temporal information from the entire image
sequence might improve the performance. The performance
for larger object overlaps could also be improved by using
a more sophisticated algorithm for motion correspondence.
Another extension would be to include the image information
of multiple channels.

ACKNOWLEDGMENTS

Support of the EU project SysPatho (FP7) and the BMBF
project ImmunoQuant (e:Bio) is gratefully acknowledged.
We thank Marko Lampe and Barbara Müller (Dept. of Vi-
rology, University of Heidelberg) for kindly providing the
used 2D real microscopy image data. Sergey Ivanchenko and
Don C. Lamb (Dept. of Chemistry and Biochemistry, LMU
Munich) have kindly provided the 3D real microscopy image
data.

APPENDIX

Association Probabilities

The probabilistic data association algorithm defines the
association probabilities βi as follows [40]:

βi =

{

ai

C
, i = 1, ..., Nm

b
C
, i = 0

(48)
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(50)
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Nm
∑

i=1

ai. (51)

Here Nm is the number of measurements, S is the predicted
measurement covariance, νi is the innovation due to the
i-th measurement, λF represents the expected number of
false measurements, PD denotes the detection probability of
true targets, and PG is the gate probability that arises from
restricting the validation region Vŷ,S(γ) with the threshold
γ2.
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