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Previous studies on the interaction of collinear acoustic waves have been devoted to waves propagating
along pure modes directions of cubic crystals. In this paper, we show that the calculations can be
readily extended to all crystal point groups. Nonlinearity parameters characterizing the nonlinear
interactions are defined here. The effective third order elastic constants involved in the parameters
can be calculated by using the method presented in this paper. Our results are very useful for the study
of elastic nonlinearity of crystals with any given symmetry. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4865271]

. INTRODUCTION

It is well known that interaction of collinear acoustic
waves will generate their harmonic waves and waves with the
sum and difference frequencies of the interacting waves. The
nonlinear effects have been used to determine the third and
higher order elastic constants of materials. Those higher order
constants characterize the anharmonicity of crystal lattice and
are important for understanding of many properties of crystals,
such as thermal transportation, temperature and pressure de-
pendence of second order elastic constants, attenuation of
high frequency phonons, etc.

The interactions of elastic waves and harmonic genera-
tions have been studied theoretically and experimentally.'”’
The third-order elastic constants (TOECs) and their tempera-
ture dependence of some cubic crystals have been determined
by using ultrasonic second harmonic generation technique.®®
Anisotropic nonlinear elastic properties of an icosahedral qua-
sicrystal were also studied.'®'" Recently, the interactions of
shear waves have been calculated and observed for cubic and
other crystals although the interaction is prohibited for ho-
mogenous isotropic solids.'*"!” Nevertheless, most of those
studies concentrate on longitudinal waves and isotropic solids
or cubic crystals to which many useful materials, especially
metals, belong to. It is known that many useful materials
developed in recent decades belong to crystal systems other
than cubic. For example, domain engineered PMN-PT single
crystals will have 2 mm, 4 mm, or 3 m macroscopic symme-
tries when poled along the direction other than their natural
polarization direction.'® Investigations on the elasticity nonli-
nearity of these new crystals are needed for high power appli-
cations but have not been done up to date.

Here, we attempt to expand previous theories on interac-
tions of collinear acoustic waves in cubic system to cover all
crystal point groups in order to facilitate further experiments
on crystals. First, the basic equations up to quadratic nonli-
nearity are given. It is known that among the 32 point
groups, 20 are piezoelectric. But in the present calculations,
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only elastic nonlinearity has been taken into account. The
nonlinear interactions of collinear acoustic waves propagat-
ing along pure mode directions of crystals are examined,
which will simplify both the calculations and experiments.
Nonlinearity parameters characterizing the interactions are
defined. Some specific TOECs or their combinations will
appear in the nonlinearity parameters, so that we can use
these nonlinearity parameters to obtain the effective TOECs.
Finally, the calculated results for tetragonal crystals (point
group 422, 4 mm, 42 m, 4/mmm) are listed as an example to
demonstrate the procedure.

Il. BASIC EQUATIONS

The basic equations involving interactions of collinear
acoustic waves have been given in the literature as briefly
described below.”!” Referring to un-deformed state, the

stress equation of motion can be written as'’
OPyj;
SimpPoliyg = ——. 1
iMPoUM day (D

Here, p, is the mass density of the crystal in its un-deformed
or natural state, d;y is a Kronecker delta employing to trans-
late from the un-deformed state to deformed state or vice
versa, Py; is the first Piola-Kirchhoff stress tensor, which is a
two-point tensor, i.e., it represents the force per unit of area
of an internal plane in un-deformed state and measured in
the deformed state

_Ox; Do 2
" day Oy
In Eq. (2), a; and x; are the positions of the same material
particle before and after the deformation, ¢ is the strain
energy density, which is invariant under allowed symmetry
operations and can be written as the function of the
Lagrangian strain tensor

1 1
P = 5 CLKLI KL + ECIJKLMN'/IIJ’/IKLWMN +-. )
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Here, the subscripts are written in capital letters to empha-
size that the quantities are evaluated in the un-deformed
state. The Lagrangian strain is defined as

1
Mg = 3 [uk.r +urx + uppupgl. 4)

Thus, up to quadratic nonlinearity, the Piola-Kirchhoff
stress tensor can be written as

1
Pji = 0y ClJKLUK L + ECIJNLéMK + cnkLOIm

1
+ 2 CIJKLMN) MKA,LMM,N} . @)

Substituting the results into stress equation of motion,
the displacement equation of motion, up to quadratic nonli-
nearity, can be written as

poii; = cykrik s + Crkimn (Uk Liumyn + uk pupng ), (62)

- 1 1
CIJKLMN = ECI.INLéMK + cnykLOm + ECUKLMN- (6b)

Here, the translation Kronecker delta is eliminated. (Note:
¢ykrmn do not have the same symmetry as cyxzyn-)

For calculation of plane wave propagation, it is often
convenient to select the coordinate system in such a way that
the direction of wave propagation is parallel to one axis of
the coordinate system. When the a-axis is selected as the
direction of wave propagation, the particle displacements are
only spatially dependent on coordinate a. In this case,

ou o . 7.17
% = 5¢ =0, Egs. (6) can be rewritten as

Polly — Vi11t111 — V214211 — V71314311
:fJ(uthau?))a (‘] =1- 3)7 (7)

where the a-axis is referred to as 1-axis. Here, coma in sub-
script means partial differential with respect to the spatial
coordinate following the comma:

fr = gnui g + gnuz1ta1 + gr3us 11131
+ gjﬁ(ul,lluz,l + M1,1M2,11) + gjs(ul,llu3,1 + ulﬁlu3.11)
+ gyaua 11uz 1 + us uz 1) (8)

and

g1 = (3711 +7111)s 82 = (3716 + Ve06), 833 = (315 + Vsss),
812 =282 = (V11 T 7166)> &13 = &35 = (V11 + V155)>

814 = 825 = 836 = V156> 815 = &31 = (V15 + V115)

816 = &21 = (V16 + 7116)>

923 = 834 = (V16 T Vs56)> 824 = 832 = (V15 + Vs66)-

Instead of ¢;; and ¢y in Eq. (7), the y;; and y,;x are used to
emphasis those constants referred to the calculation coordi-
nates. Also abbreviated indices are used. Usually, the
right-hand-side of Eq. (7) is considered as a perturbation, the
nonlinear equations can be solved by successive approxima-
tion method, i.e., let
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u = 5u§1) + (3214;11) + - 9)

Here, 0 < 1 indicates the order of magnitude of the succes-
sive terms in Eq. (9). Then, the first-order and second-order
approximate equations will be given by

. (D) (1)
iy T Ve Vis || Man
Po 1251) — | Vis Yes Vs6 Mgl)u =0, (10a)
([) A A 7
i Vis Vse Vs ué)n
.. (IT) (i)
i M1 Ve is | | M
Po ité”) — [ Vie Yes 7se M(2{11)1
i Tis se o Vss) |0
]
hy
811 812 813 14 815 Q16 i
3
= |8u &m &n &u 85 8% ||, | (10b)
4
831 832 833 &34 835 4836
hs
he
where g;; is given by Eq. (8) and
hy =), (for J=1,2,3)
hy =}y ) fforo = 4(1,0 = 2,3),
S(1,0=1,3),6(1,0 = 1,2)]. (10c)

It is seen that the first-order approximation equations are
just the unperturbed linear ones. For plane wave solutions,
the equations are the same as the Christoffel equations.”®
There are three acoustic wave modes: one quasi-longitudinal
and two quasi-shear waves, all can propagate along the
a-direction in crystals. Usually, the particle displacement
component u; includes contributions of all three quasi-
longitudinal and quasi-shear waves. That is, three displace-
ment components may be coupled to each other. Obviously,
when 7,5 = ;4 = 0, the displacement «; will not be coupled
to u, and us. In this case, the direction of wave propagation
is the first kind of pure mode direction. If the axes 2 and 3 of
calculation coordinate system are selected to be coincident
with polarization directions of two pure shear waves, then
756 = 0.°° Therefore, crystals having the first kind of
pure mode directions are those with certain symmetries for
which y;5 =74 = 75 = 0. For the second kind of pure
mode directions, the following conditions must be satis-
fied:** p15 # 0, 716 =756 =0 or 716 # 0, 715 = pss = 0.

In ultrasonic measurements, the first kind of pure mode
or simply the pure mode direction is preferred, since the
interpretation of experimental results becomes simpler.
Since there is no coupling between displacement compo-

nents, it can be assumed that uﬁl) #0, ug) = ugl) = 0 when
dealing with longitudinal waves and u<11> # 0, u<11> = uél) =0,

or ugU #0, u(11> = ug> =0 or Lth) =0, ué” #0, ug) #0
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when dealing with shear waves. Besides, it is known that the
second harmonic or waves with sum or difference frequen-
cies (it will be called mix frequency wave hereafter) can
reach the intensity strong enough to be detected in the meas-
urements only when the interaction are said to be synchro-
nous, that is, propagation velocities of the wave involved in
the interaction are the same as the freely propagating second
harmonic or mix frequency waves. Therefore, the second
harmonic or mix frequency wave of shear waves generated
through nonlinear interaction of longitudinal wave or vice
versa is not relevant in practical experiments. Ignoring the
non-synchronous interactions, the successive approximation
equations for pure mode directions can be simplified. For the
pure longitudinal wave, it is given by

. (1 I
poti = pyulh, =0, (11a)

. (I 1l 4
Po“(l )~ ”/11“(1,1)1 =GBy + V111)”5,>1

I
). (11b)
Along a pure mode direction, the velocities of the two shear
waves may or may not be the same. For the latter case, the
successive approximate equations can be written as

Poﬁgl) - V66”(2[,)11 =0 (12a)
Poi‘é”) - V66”(21,11)1 = V666“§I.)1 ”gl.)na (12b)
or
Poﬁg[) - VSSMg{)ll =0, (13a)
poiis” = ssits iy = Tsssus s (13b)

For the former case, which is often referred to degenerate
case, the self-action as well as cross-action between two shear
waves are all synchronous. Thus, the equations are written as

2(1)

Poliy” — yuz 11 =0, (14a)
poiy’ =y}, =0 (14b)

Poil'g”) - V”(2{11)1 = “/666”(21,)1”(21,)11 + Vsss”?l”gil
+ “/566(”(21,)1”&1,)11 + “21)11”51)1)7 (15a)

Poﬁéll) - ng,ll)1 Vse6“(2)1“(21,)11 + VSSSug )1”51)11
+ sso(ug sy + sy us). (156)

Here, 7 = 755 = 7¢6-

lll. GENERATIONS OF SECOND HARMONIC AND MIX
FREQUENCY WAVES

Since there is no mode coupling for pure mode direc-
tions, the second-order approximate equations can be solved
separately for longitudinal and shear waves. For example, let
the solution of Eq. (11a) be
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ugl) = Ay sin(wit — kya) + A, sin(wat — kya). (16)

Here, k7 = po; /711 (j= 1, 2). Then (11b) becomes

(1n) (1n)

. 1 )
potiy =yt =5y + Vm){k?A% sin[2(w1t — ka)]

2
+ I3 A3 sin[2(wat — kya))
+ klkz(kl + kz)A1A2 sin
X [(601 + 602)1 — (kl + kg)d]
+ kyky(ky — ky)A1A; sin
X [(601 — 602)1 — (/q — kg)d]} (17)
Equation (17) is a linear inhomogeneous differential
equation. The terms in the right-hand-side of the equation
represents the self-action and cross-action of the fundamen-
tal waves, which can be considered as the driving force for
the generation of the second harmonic and mix frequency
waves. Since Eq. (17) becomes linear, the particular solu-
tions for the second harmonic and mix frequency waves can
be written separately as

(i

uy = U,, cos[2(wt — k;a)] or
u(lm = U,,,cos[2(wat — kya)], (18a)
Uswy, = % BikiAta or Uy, = % BLkrA3a (18b)
for the second harmonic wave and
W = U, .., cosl(or=mn)t — (k, £k, )al, (18¢)
Uiy+o, = %,BLklszlAza, (18d)
for waves with sum or difference frequency. Here,
p = -2t (19)
711

is the so-called nonlinearity parameter.”’ It is seen that the
amplitude of the second harmonic or mix frequency waves
driven by the synchronous interactions will increase with
propagation distance a. So their energy will be accumulated
with propagation to reach a measurable intensity when the
sample is long enough. Both the second order elastic constants
(SOECs) and TOECs are involved in the defined nonlinearity
parameter. The former represents the contribution from the
induced nonlinearity due to the finite strain while the latter is
the contribution of the intrinsic nonlinearity of the materials.

Similar results can be obtained for shear waves. The
non-degenerate shear waves can have exactly the same solu-
tions as the longitudinal wave but with the corresponding
nonlinearity parameters given by

_ Vsss /666
Bsi = or By =
Vss Yoo

(20a,b)

For degenerated shear waves, the setup in an experiment
may be in such a way that the transducers with angular fre-
quencies w; and w, are used to generate the fundamental
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shear waves simultaneously. In this case, the solutions of the ugl) = By sin(wt — kja) + By sin(wat — kya), (21b)
first order approximate equations (14a) and (14b) can be
written as where kjy=w;21/p/7y are the wave number of the funda-

uy) = Aysin(ont — k@) + Apsin(wat —kaa),  (212)  and (15b) gives

1 .
Ek? (VessAT + 7556B7 + 2566A1B1)sin[2(w 1t — kia)]

1 .
+ Ekg(%ééA% + 755683 + 27566A2B2)sin[2(wa1 — kpa)]

(1 I
PO“% = W;.,l)l =

1 .
+ Eklkz(kl + k2)[(7666A1A2 + 7556B1B2 + 7556 (A1B2 + A2B1 ) sin[(w1 + w2)t — (ki + k2)d]

1 .
+ Eklkz(kl — k2)[(7666A142 + V556B1B2 + V556(A1B2 + A2By)Jsin[(w) — )t — (ki — k2)a],

. 1 .
Po”(3”) - ng,]l)l = Ek?(VS%A% + 555BT + 27s556A1B1)sin[2(w11 — kya)]

1 )
+ 5@()’56#‘% + 755583 + 2y556A2B2)sin[2(wat — kya)]

1 .
+ Eklkz(kl + k2)[(7566A142 + V555B1B2 + 556 (A1B2 + AzBy)]sin[(wy + w2)t — (ki + kz)a]

1 .
+ Eklkz(kl — kz)[(“/S%AlAz + Vs555B1By + VSSG(AIBZ +AzBl)]Sln[(a)1 — (Dz)l‘ — (k1 — kz)a].

In the case of two fundamental shear waves are with different amplitudes and polarizations, it may be assumed that

Ay =Acosp, By =Asinp, Ay =Bcosy, B, =Bsiny,

mental shear waves. Substituting Egs. (21) into Egs. (15a)

(22a)

(22b)

(23)

where ¢ and \ are the angles of the polarization directions of the driving transducers of the fundamental waves with the direc-
tion of displacement u, A and B the amplitudes of the shear waves with frequencies w; and w,, respectively. Then Eqgs. (22)

can be rewritten as

(1 1 1 . ) .
Po“g )~ W;& = _k? (Vess COS> @ + Vss6 SIN” @ + 7566 5in 2¢0)Asin[2(w1 7 — kia)]

2
1 . . .
+ Ekg (es6 COS™ W + 7536 SIn” Y + 7566 5in 200)Bsin[2(wat — kra)]

1 . . . .
+ aklkz(kl + k2)[(666 COS 0 COS Y + V556 SIN @ SIN Y + V556 SIN(@ + Y)]AB sin[(w; + @2)t — (ki + k2)d]

1 . . . .
+ §k1k2(k1 — k2)[ (V66 €OS @ COS Y + 7556 Sin @ SINY + Y556 sin( + Y)]AB sin[(w1 — w2)1 — (ki — k2)al,

. 1 . ) :
Po”gm - ngﬁ = Ek? (7566 COS* @ + 7555 SIN° @ + V556 Sin 200)A” sin[2( 11 — kya)]

1 . . .
+ Ekg (566 COS™ W + 7555 Sin” Y + 7556 5in 240)B?sin[2(w11 — kya)]
2

2

(24a)

1 . . . .
+ 5 kika (ki + k2) (7566 OS @ COS Y + 7555 sin @ sinyy + yssesin(¢ + Y)]AB sin[(w1 + w2)t — (ki + k2)a]

1 . . . .
+ —kika (ki — k2)[(V6g6 COS @ COS Y + Y556 SIN @ SIN Y + 556 SIN(0 + )]AB sin[(w) — wa)t — (ky — ky)al.

(24b)

It is seen that Eqgs. (24) are similar to Eq. (17). The interactions of two degenerate shear waves will generate the second
harmonic waves of each fundamental wave as well as mix frequency waves. Those waves can be expressed, respectively,

by



064909-5 Liu et al.
11
u(2 %w] = Us_zp,co8[2(w1t — kya)],
() o
2w xmy T UZ_(uliwz [
1
ug_g(u, Us_ 20)1(305[2((011‘ — kla)]
(1) o
U3 vy = U3_wliwzcos[(
where

1 1
U2—2w1 = gﬁﬁkaza, U2—2w2 = gﬁs4k%BZa’

1 1
U372w] = g ﬁSSk%Azav U372(02 = g ﬁSﬁkngav (26a'f)

1 1
U27(uliwz = Zﬁs7k1k2ABa7 U37w1iw2 = ZﬁsxklkZABaa

and

Vo6 COS” @ + Pss6 $IN° @ + 7566 5in 200

by = -
$3 5
B, = — oo €08 1) + 7556 SIN*Y + P56 510 29
S4 y )
Bos = — 566 €OS” @ + Jss5 SIN” @ + 556 5in 200 ’ (27a-)
s
Bos = V566 COS> Y + Psss SIN"Yr + 7556 Sin 24
S6 — T )
s
Bo = — V666 COS P COS Y + V556 SiN @ Sin Y/ + 7546 8in(¢ + )
S7 y )
o = — V566 COS () COS Y/ + 555 SN @ Sin Y + Y556 in(p + )
s8 = :

Y

In experiments, it is quite often that one single broadband
transducer is used to generate two fundamental shear waves
with slightly different frequencies. In this case, ¢ = s and

Yo66 €OS” @ + J556 SIN” @ + P56 5in 2¢0

Bss = Psa = Bs1 = — .

B _36_58_—VS“COSZ(/)+V5555in2(/’+3’55651n2(/)

55 = Ps¢ = Pss = '
Y

(28a,b)

Meanwhile, if one receiving transducer is used to detect one
of the second harmonic or mix frequency waves, the ampli-
tude detected by the receiving transducer may be expressed
as

U =Uj,cosf+ Ussin0, (29)

where U, and Uj represent the amplitudes of the second har-
monic or mix frequency waves along the directions of dis-
placements u, and uj, respectively, ¢ is the angle between
polarization direction of the receiving transducer and dis-
placement u,. Usually, 6 = ¢.

It is seen from Egs. (20a,b) and (27a—f) that only intrin-
sic nonlinearity of materials contributes to the quadratic non-
linear effects of pure shear waves.

U 2w, T

oS (CO] +(1)2)l — (k] +k2) ]
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) = Us_20, €O8[2(wat — kia)],

(25a-f)
(1)

Uz 200 = U372w2005[2(602f - kga)],

wz)l‘ — (kl ikz)a)],

IV. EFFECTIVE SOECS AND TOECS OF CRYSTALS

The above discussions show that the TOECs, which
characterize the quadratic nonlinear interactions of collinear
acoustic waves along pure mode directions of crystals, are
V111> V5550 Yesss V556 and Vse6. Those constants are referred to
the calculation coordinates, which may be different from the
constitutive coordinates. They can be related to constants
defined under constitutive coordinates through the following
tensor transformation:

VIKLMN = OPOLQOKROALSOMTOUNYCPORSTU » (30)

where oup is the element of coordinate transformation ma-
trix, i.e., the direction cosine of rotated A-axis with respect
to the B-axis of original coordinate. Thus, 7, v May be
just a single cjjkryn constant or a combination of several
crykLMN» SO that it is called an effective TOEC.

The pure mode directions for various crystals were
researched by Brugger.?’ The relation between the calcula-
tion and constitutive coordinates, i.e., a4 can be found in
Ref. 20 where the a-axis (or 1-axis) of the calculation coordi-
nate is always parallel to the direction of wave propagation,
that is, to the displacement direction of the pure longitudinal
mode wave. Other two axes are parallel to displacement
directions of the two pure mode shear waves, as mentioned
above.

The TOEC is a six-order tensor. There are total 729 ele-
ments, which means that there are 729 summations in Eq.
(30). But the symmetries of TOECs make the maximum in-
dependent TOECs being 56. The 56 independent TOECs can
be grouped by the possible ways for the index to permute
their positions, as shown in Table 1.

Now, for simplicity, we define the following coeffi-
cients, here the superscripts x,y,z in Aljklmn correspond to the
lower indexes of the relevant third order elastic constants

Cxyz!

TABLE L. The 56 independent TOECs (M indicates the number of the possi-
ble ways for indexes to permute their positions).

M TOECs

1 C111,€222,€333

3 Cl12, C113, €122, C1335 €223, €233

6 Cl145 C1155 C116,C2245 €225, €226,C3345 C3355 €336 C123
8 C444, €555, C666

12 C124, €125, C1265 C134, C135, C1365 €234, €235, C2365
C1445 C155, C1665> €344, €355, €366, €254 €255, €266
C145, C1465 C156> €245, C2465 C2565 €345, C3465
24 €356, C445, C446, C455 > C466, €556, C566
48 C456
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Afﬁgﬁfn = a,byc,, for cii1,c202, 0333
A%% = apbpcy + apbyc, + agbyc, for cria, c113, €122, €133, 023,233
Af,’,’f;,%)l = ayb,co + a,bpc, + agbyc, for 14, 115, Cri6, €224, €225, C226, €334, €335, C336
i = ap(byco + bocy) + ay(byco +bocy) + ag(byc, + bycy)
for 124, €125, C126, C134, €135, C136, C2345 €235; C236
Afﬁ?,,%) = apbgcg + apbpcg + agbgc,, forcias, 155, Cles, C244, €255, C2665 C344,5 €355, C366,
POR) = ay(boc + breg) + bylager + arcg) + cp(aghe + arbo) GD
for c14s, €146, C1565 €245, C246, C2565 €345, C346, C356
ASJ%%I? = apbocg + agbrco + arbgcg for cass, cass, €455, Cas6, €556, C566
,(J%%%) = agbgcg for caus, cs55, Ce6
Afjlljia = ay(bacs + bsca) + az(bics + bycy) + az(bica + bycy) forcas
Af;};f’n)n — ay4(bsce + becs) + as(bacs + beca) + ag(bsca + bacs) for cyse.
[
Here, Every Al(.j)klmn includes the summation of M times of products

ap = %ipQjp, by = 0pllip, Cp = OlpOlup,
ag = %ip%jq + Olig%jp

bQ = UpQlig + Olkg%p CQ = OlmpOlng + Omg%np

4 p,g=23
p,g=123, O,R=¢5p,qg=3,1 (32)
6p,qg=12
|
_ (AU1D (222) (112) (122)
Vijkimn = (Aijk[mn + Aiik[mn)clll + (Azjklmn + Aiiklmn
(A + Al )13 + (A + Al
(A + Al i

Obviously, the calculations of Eq. (33) can be implemented
by computer. The calculated effective TOECs for pure mode
directions of tetragonal point groups 422, 4mm, 42m, and
4/mmm are shown in Table II. Here, the symbols for pure
mode directions defined in Ref. 20 are used. For other point
groups, the formula similar to Eq. (33) can be easily obtained.
Similarly, the effective SOECs involved in above equa-
tions can be written as
Vijkl = Oip%jg %Ak OhsiCpgrs- (34)
They can be calculated by the same method as that for effec-
tive TOECs given above or through M-matrix listed by Auld
on the cover page of his book.?” The calculated results for

(33 3
ijklmn)6166 + Aljklm)lc333 + (Aijklmn + Aijklmn)c344 + Aijk

Otis 0js O Oty Lm0, Then, the summation in Eq. (30) can be
grouped into N terms, where N is equal to the number of in-
dependent TOECs of the crystals determined by the crystal
symmetry.

For example, the independent and non-zero TOECs of
tetragonal point groups 422, 4 mm, 42m, and 4/mmm are 12
and 20, respectively, i.e., 111 = 22, C112 = C122, C113 = €223,
C123,C133 = €233, Cl44 = C255, C155 = €244, Ci66 — €266, €333,
€344 = €355, €366 C456-

The TOEC under an arbitrary rotated coordinate can be
written as

(223)

113 ; 123
)cia + (Agjklm)n +Az§/klmn)0113 + 145,'k1rn)rrcl23

(155) (244)

ijklmn ) Ciag + (Aijklmn + Aijk]mn ) €155

(344) (355)

(366) (456)
Imn€366 +Aij Imn€456-

(33)

tetragonal crystals®® (point group 422, 4mm, 42m, and
4/mmm) are also shown in Table II.

V. DISCUSSION AND CONCLUSION

In this paper, interactions of collinear elastic waves
propagating along pure mode directions of crystals have
been investigated. The nonlinearity parameters describing
the interactions are given. The effective TOECs involved in
the parameters are y;;, yss5, and Y¢56 (When shear waves are
non-degenerated) or Y1, Vss5» Vess» Vss6» and Vses (When
shear waves are degenerated). A computerized method to
calculate those effective TOECs of crystals is presented. It is
found that the calculation method presented in this paper



064909-7 Liu et al.

J. Appl. Phys. 115, 064909 (2014)

TABLE II. Effective SOECs and TOECsS of tetragonal crystals (Tetragonal 422, 4 mm, 42 m, and 4/mmm).

Tlo TIS* TIn* TIy Tlk
v 1 1 4 2 0 gin? 1 1
11 Ca3 i cos’ i+ >cip cos® u+ cep cos crieos 0+20132CO§ 2()sm 0 SCu t+5C2 e
2 2 +4 c44c08*0 sin“0 2 2
+2c13 cos? psin® i 4 2¢14 cos? psin’ Ty sin®0 +c66
+cgg sin? I
Vss Caa 1C11 cos? ,usinz,u + 1C12 cos? usinz,u c11 cos20sin®0 — 2 ¢13 cos?0 sin?0 Caq C44
2 +c33 0820 sin® 0+c44c0s220
—2¢13 cos? psin® u+cs3 cos® psin’
+cg OS2 pisin pi+caqco8?2p
V66 Caa 1011 cos’u 71012 cos? 448020 + cg6c0820 71012 +lc11 Co6
2 2 2 2
+C44sin2u
Y15 0 1 3 1 3 —c11¢0830 sin 0 + ¢33 cos 0sin’0) 0 0
: ——Cyjcos”using — = ¢y cOS” i sin 33
Pt i .H P A,u% # +2 c44 cos 0 sin 0 cos20
~C66COS” (U SIN{L +C33C0S U SIN” [t +cy3 cos 0 sin 0 cos26
+2 Cy4 COS pSinpCOS2
+cj3c08 psingcos2u
Y16 0 0 0 0 0
Ys6 0 0 0 0 0
Y11 €333 1 6 3 6 ¢111€08%0 + 3cq13c0s* 0 sin?0 1 3 Ciil
—C111€08° [t + =C112C08 o -Ci1 +-C
4-m " 4-m K +12¢;55c0s*0'sin0 4 1:3 412
+3¢166c080 1 + = ¢33 cos* psin® g +3c133 cos® Osin*0 C1e6
3 2 +12 c344 cos? Osin*0
+ 3 c123cos4,u sin2y +6 01440054;1 Sinzy +c3338in°0
+6¢y55c0s* psin® i + 3 366 cost usin’
+12¢456c08* sinzu + 3cy33 cos® u sin4u
+12 c344 cos? psin® it + c333sin
b 0 1 . 3 . — 30sin’0 0 0
7555 3 w3 3 w3 cy11c0s 0 sin
——Cy11€08” usin’ j — = ¢ypc08” psin
% 111 n I % 112 n Iz 13 ¢y 13c0530sin’0
+ 701130053;1 sin3u + = 01230053u sin3u —3ci33c08°0sin’0
% 3 .3 % 3.3 +caz3cos°0sin®0
- 01330053 H Sm; H 73 Cl(’scoi s SH: H —3¢ys5 cos 0 sin 0 cos?20
T€333C087 [ SIN" L +3C366 COS™ i SIn™ +3 ¢34 cos 0 sin 0 cos220
- 50144 Cos ysinp cos? 2 — 3 C155C08 i singcos*2u
+3C344€08 1 8inp cos?2pt — 3 C456C08 i sing cos’2u
Yess 0 0 0 0 0
V556 0 0 0 0 0
y 0 1 . 1 . —C166 €080 sin 0+c356c08°0 sin O 0 0
7566 _ L 3 e - 3 166 366
it criicos usingi+ 1C”2 CoSTp syt —Cya4 cOS 0sin> O+c344 cos Osin’®6
+ 5 cos®pusing — 3 e cos® pu sinp +2c4s6 cos 0 sin 0 cos20

+ C344COS 1L sin3u +C456 COS 1L sin3y

1
+Craa| — 3 cos psin® it — cos usingcos2u

1
+Cis5 (— 5 cos usin® i -+cos using cos2u>

“These are the second kind of pure mode directions. The shear wave with particle displacement along the 2-axis is a pure one. Another shear wave is coupled

to the longitudinal wave.

will give the same results listed in Ref. 17 for cubic crystal,
which testifies the validity of our method.

It is observed that y;,; never vanishes. Thus, quadratic
nonlinear interaction of longitudinal waves is always present
regardless of the direction of wave propagation. From
Eq. (30),

Y111 = Vit = %ip%g%ir%is®%iuCpgrsiu
_ .0 6 6 35
= 0 C111 + 0C000 + y3C333 + - - (35)
It is known that c¢y11, ¢y, and c333 are never zero for

any crystal (including isotropic solids). Among «;;, «>, and
013, at least one of them is non-zero, hence, y;;; is never

zero, which is at least equal to one of ¢y;1, ¢222, and c333. But
for ys55 and 744, the situation is different

V555 = V131313 = L1p%3¢%1r%35%1:03uCporstu;

Ye66 = V121212 = %1p%2¢%1r%25001:%2uCpgrstu- (36a,b)

They involve the product of elements of the transforma-
tion matrix in different rows. If one of o;; is zero then the
products oy, 0001005001002 = 0, 0103401035010, = 0.
Besides, ¢sss and cge6 themselves are zero for some crystals
due to symmetry. Thus, the probability for 7555 and 7446 to be
zero is very high. Our calculations show that yss5 is zero for
most of pure mode directions and 7y is zero for all the
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calculated cases. The quadratic nonlinear interaction of shear
waves is still prohibited for many pure mode directions.

Our results presented in this paper provide a general
method to calculate effective TOECs, which can be used for
any symmetry systems and will be very helpful for experi-
mentally investigating the nonlinear elastic properties of
crystals.
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APPENDIX: a4, FOR TETRAGONAL CRYSTALS
Tetragonal (422, 4 mm, 42 m, 422)

1. Tl
0 0 1
a= | cos@ sinf 0| (Along[001])
—sinf cosf O

0 can have any value in the case of degenerate transverse

waves.
—COS —COS S
5COS A SCOS L sinp

—1/V2 1/V2 0

1 1
- \/;sin u o — \/;sin U Cos U
= cos 2A B = sin
\/2A B+2C B \Voa—B+2c ™M

B = c11 — 2c66 — 12,

2. TIf o=

=11 — 2044 — €13,

C=c33— 2044 — C13

u has a special value.

J. Appl. Phys. 115, 064909 (2014)

3. Tlx
cosf 0 sind
o= 0 1 0
—sinf 0 cos0
x (Along a special direction on x-z plane )t
cos=+/C/(A+C)

0 has a special value.

4. TIy
12 J/1/2 0
a=|—-,/1/2 \/1/2 0| (Alongdiagonalof x-yplane)
0 0 1
5. Tlk
1 00
ao=10 1 0
0 0 1

(Along [100] or [010]).
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