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Abstract deformed and transitional rareearth nuclei are considered in 
Section 2.1. The regimes of collective and single-particle rotation 
Obtained by cranking Of the Nilsson and Woods-Saxon sin@e- 
partick potentials are surveyed in Section 2.2. Here it is found 

Collective properties at  low and high spin for nuclei with Z 2 64 and 
N 2 82 are calculated on the basis of deformed single-particle potentials. 
m e  calculations are confronted with the available experimental data 
like low-lying octupole bands, rotational bands of transitional nuclei 
with N 2 90 and evidence for collectivity in high-spin single-particle 
spectra. In the latter collective triaxiality and collective rotation perpen- 
dicular to the aligned spin are investigated by cranking and RF'A. Predicted 
regimes of different shapes and shape transitions at high spins are pre- 
sented. In a gamma cascade calculation, it is shown how the calculated 
regimes for '$*Dy are consistent with the measured inclusive spectrum. 

1. Introduction 

The present interest attached to the neutron-deficient A - 150 
region of nuclei was initiated in 1977 by the finding of high-spin 
yrast isomers for Z = 64-71 andN = 82-88 nuclei [l]. Indeed, 
in a preceding theoretical study by Sven Gosta Nilsson and 
collaborators [2], where a large number of heavy nuclei were 
considered, th is  region was predicted as the most favourable 
one for the existence of yrast isomers. In subsequent studies, 
it has been possible to identify the yrast spectra of some nuclei 
in this region up to spin values close to 40, presently the highest 
observed discrete spin values for any nucleus [3]. The comp- 
lementary finding that proton number 64 show many of the 
properties expected for a closed shell came quite much as a 
surprise in view of the fact that the Gd-isotopes with neutron 
number N Z  90 are since long known to be well-deformed. 
However, the semi-magic properties of '%Gdsz are now quite 
well established [4]. 

In a contribution to this conference, the yrast spectra of 
some nuclei with 2 Z 64 and N 2 82 are calculated and com- 
pared to experiment [5]. For N B 88, these spectra are known 
to be of single-particle type. In the present study, the attention 
is focused on collective properties of these and slightly heavier 
nuclei, and particularly on the interplay between collective and 
single-particle properties. The single-particle levels of spherical, 
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that the collective rotation of prolate superdeformed shapes 
may compete in forming the yrast line at very high spins. The 
softness of the potential to octupole deformation is studied in 
Section 2.3. It is shown in Section 3 that lower-lying bands have 
all the properties of collective rotation from neutron numbers 
around 90. States with more or less collective character could 
also be mixed into an yrast spectrum of single-particle character. 
The collectivity could be of octupole (Section 2.3) or quadrupole 
(Section 4) nature, for example. The gamma or Y,, mode at 
high spin is studied in RF'A (Section 4.1) and cranking (Section 
4.2). The RPA calculations are also applied to examine the 
possibility of collective rotations built on high-spin states of 
single-particle character. In Section 5 the predicted shape 
changes for *'*Dy are used as input in a composite statistical- 
collective-discrete gamma cascade calculation. 

The output can be compared directly with the experimental 
data and analyzed with respect to collective effects. 

2. Regimes of different shapes 
2.1. Deformed and spherical single-particle schemes 
The single-particle parameters of the deformed shell model were 
adjusted by Nilsson et al. [6] in 1969 to the experimental 
levels in the well-deformed rare-earth nuclei around A = 165, 
and the corresponding positions of the spherical j-shells are 
shown by the level schemes to the left in Figs. l(a) and l(b). 
However, the spectroscopic information now available on the 
more neutron-deficient spherical or nearly spherical isotopes 
around '46Gdi~ better accounted for by a modified level scheme. 
The set of phenomenological single-particle levels suggested in 
[5] is shown to the right in Figs. l(a) and l(b). The main dif- 
ference is the position of the proton hl1,, shell above the 
Z =  64 subshell closure. For the neutrons, the slI2 and d3,, 
shells come further up in the N =  82 gap. These differences 
improve the description of one-particle and one-hole states 
around 146Gd, and also lead for example to a five-quasiparticle 
isomeric configuration in 14'Gd whose quadrupole moment 
agrees with experiment. 

A modified set of Nilsson model single-particle parameters is 
most easily obtained by adjusting the values of K and I.( for the 
proton N = 5 shell and the neutron N = 4 shell, while leaving 
the A = 165 parameters unaffected for the other shells. Such a 
level scheme, appropriate for the "A = 146" region of spherical 
nuclei, is shown in Fig. 1. The proton h,,,, shell is lifted up 
1 MeV relative to the "A = 165 deformed" scheme, while the 
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2 -  

I 1 I I 
P r o t o n s  N e u t r o n s  

A.165 A.146 ‘46Gd A.165 A.146 146Gd 
def .  sph. phen. d e f .  sph. phen. 

- 1 1 3 / 2  - 
,- . - - 6 - hglZ ____-,*‘ 

l13/2 ____- 
- hg/2----- - f 7 / 2  -.- 

I ,- I I I 

Fig, 1. Single-particle levels at spherical shape. The “A = 165 deformed” 
set is for the Nilsson model with the parameters fitted to oddquasiparticle 
spectra in deformed rareearth nuclei by Nilsson et al. [6]  in 1969. The 
“146Gd phenomenological” levels have been suggested [ 5 ]  on the basis 
of spectroscopic information in the nuclei around 14$Gd. The “A = 146 
spherical” levels correspond to an alternative set of Nilsson model par- 
ameters in this paper. 

h,, shell remains at the same position, which implies that 

K~ = 0.0515 pp = 0.6 forN = 5 

K~ = 0.0637 yp = 0.6 forN # 5. 

The neutron sl/, and d3/2 shells are also lifted about 1 MeV, 
whence 

K, = 0.0761 yn = 0.468 forN = 4, 

K, = 0.0637 y, = 0.42 forN # 4. 

Having established a set of “A = 146 spherical” parameters, 
it is interesting to see how valid they would be for the deformed 
isotopes with neutron numbers well above 82. 

We have calculated ground-state deformations for the whole 
rareearth region and compared them with the values [6] given 
by the “A = 165 deformed” set of parameters. In general the 
“A = 146 spherical” set gives smaller ground-state deformations, 
especially for the lighter nuclei around Z = 64, which reflects 
the greater magicity of l‘Gd. Mostly, however, the difference 
in the deformation is small, and experimental measurements of 
ground-state deformations could hardly be used to determine 
whether one set of parameters is better than the other. 

A more crucial test is provided by the o d d 4  quasiparticle 
spectra. The different positions of the neutron sl/, and d,,, 
shells do not have a significant effect on the Nilsson orbitals 
near the Fermi level in the well-deformed region. The 1 MeV 
change of the proton h,,,, shell does make a difference, how- 
ever, and an example is shown in Fig. 2 for 165H067. From 
Fig. 2 it is apparent that the hll,, shell of the “A = 146 spheri- 
cal” single-particle scheme comes too high, so that the exper- 
imental ground-state orbital [523 7/21 is lifted above the 
[411 1/21 orbital, which is thus the calculated ground state. 
Also [532 5/21, undetected by experiment, comes very close 
to the Fermi level. From this study it is clear that the orbitals 
from the proton hll,, shell are much better reproduced by the 
“A = 165 deformed” set of parameters in the well-deformed 
rare-earth nuclei. Consequently, it appears difficult to find a 
satisfactory set of parameters to use throughout the A 5 150 
transition region. 

165 
61 H 0 9 a  

I I 
Ho le  
States A 4 6 5  pornmeterr E ~ P  Spherical A.146 parameters 

E = 0 , 2 7 1  E = O  2 5 1  t = O  271 
6,=0,009 €,=0,01 E h =  0,009 

Fig. 2. Experimental and Nilsson model quasiproton spectra for the 
welldeformed rareearth nucleus lS5H0. The theoretical spectra from 
left to right are for the “A = 165 deformed” set of parameters, the 
“A = 146 spherical” parameters, both at their respective equilibrium 
deformations, and finally the “A = 146 spherical” ones at the slightly 
larger equilibrium deformation obtained in the “A = 165 deformed” 
scheme. The small difference in deformation is seen to have very little 
effect on the calculated quasiparticle spectra. Note that after the shift 
of the h,,,, shell to higher energy in the “A = 146 spherical” scheme 
the Fermi level lies between the 5/2- and 7/2- Nilsson orbitals instead 
of being at the 7/2-. 

The nuclei with N = 90 in the intermediate region appear to 
require an intermediate set of parameters. Rotational quasi- 
particle diagrams calculated with the “A = 165 deformed”par- 
ameters are shown for protons in 1 5 3 E ~  by Fig. 3 and for 
neutrons in 153Gd by Fig. 4. Experimental Routhians wil l  be 
obtained in Section 3 below whose slopes are in quite good 
agreement, but the relative positions of the levels are in poor 
agreement for both neutrons and protons (see for example Figs. 
13 and 14 below). Another indication is found in Section 3.3 

E2z.212 E4=-.034 Az.120 Xz5.674 7.~63 N= 90 

k . 
L11 3121 , 

/ 

0 /U, 

Fig. 3. Quasiparticle energy diagram for protons in Is3Eu, calculated as 
a function of the rotational frequency with the “A = 165 deformed” 
Nilsson model parameters. The equilibrium deformation and pair field 
of the ground state are used throughout. Solid lines show levels with 
positive parity and signature cy = 1/2, short dashed lines positive parity 
and cy = - 1/2, long dashed lines negative parity and a = - 1/2 and dot- 
dashed lines negative parity and cy = 1/2. 
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80 - 
7 0 .  
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20.  
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U. zu 

0.15 

0.10 

0.05 

.$ 0 . 0 0  
3. 

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 
/w. 

Rg. 4. Same as Fig. 3 but for neutrons in ‘”Gd. 

where it is pointed out that 156Dy, contrary to previous 
interpretations, most probably must have a sharp second back- 
bend. This can in fact be obtained if the hll,,-shell is raised by 
about 0.5 MeV, i.e. half as much as for the A m 146 parameters. 
It should however be noted that this is not the only way of 
getting a sharp backbend in 15aDy. For example if the defor- 
mation of the S-band turns out to be somewhat smaller (Ae m 
0.05) than the calculated ground state deformation, we will get 
the same result, 

2.2. Shape transitions at high spins 
The collective and single-particle properties depend on the 
nuclear shape in the “cold” intrinsic configuration, and the 
regimes of different shapes along the nuclear yrast line have 

80 

70 

60 

I 5c 

4c 

30 

20 

6LGd W - S  

_ _ _ _  
s o  t- 

_ _  
N 

80 

70 

60 

I 50 

LO 

30 

20 

therefore been studied in a number of theoretical investigations. 
Liquid-drop calculations give a classical path for the equilibrium 
in deformation space: starting from spherical it leads out along 
the oblate axis with increasing spin, and then, when the spin is 
high enough, there is a smooth transition through triaxial shapes 
to a large prolate deformation and finally fission [7]. The 
additional effects of quantal shell structure on the liquid-drop 
picture have been studied for the light rare-earth nuclei in a 
variety of cranking model calculations [2, 8-20] which have 
given qualitatively similar results. 

A survey of theoretical yrast deformations in the region 

64GZG70;  8 2 G N G 9 8  

is presented in Fig. 5 .  The letters indicating different regimes 
of deformation are explained in Fig. 6 .  The shell corrections 
are calculated in two different ways, which gives a measure of 
the uncertainty in this procedure. Let us briefly mention the 
technicalities of the calculations. The liquid drop is the same 
in both cases, and it is minimized with respect to e4 defor- 
mation, while the shell effects are only calculated for the 
ellipsoidal shapes with e4 = O .  The set of diagrams marked 
M.O. in Fig. 5 are constructed from the Nilsson modified 
oscillator results described in [17]. The A = 165 deformed 
parameters have been used. The effect of not taking e4 into 
account for the shell energy can be seen for large prolate defor- 
mations by comparing with a plot for the Er isotopes in [20] 
which is similar to the one in Fig. 5. At E = 0.6 the shell correc- 
tion is less negative for the positive e4 values favoured by the 
liquid drop, so the superdeformed minimum becomes yrast 
at a somewhat higher spin in the calculation of [20]. For the 
diagrams marked W-S in Fig. 5 the shell corrections are taken 
from the Woods-Saxon calculation of [ 151 and the renormaliz- 
ation method is that of [lo]. 

In Fig. 5 the overall effects of shell structure are seen to 

80 

60 

I 50 

40 

30 

t- 
0 

- -  

82 86 90 94 98 
N 

66’y W - S  anEr W - S  7 0 Y b  W - S  

30 

2o 82 86 90 94 98 
N 

Fig. 5. Calculated equilibrium shapes for nuclei in the region 64 4 Z 4 70, 
82 G N G 98. The shapes correspond to deformation regions depicted in 
Fig. 6.  M.O. denotes the modified oscillator Nilsson model calculations 
and W-S the Woods-Saxon ones. In both cases the liquid drop energies 
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have been minimized with respect to E* while the shell energies are cal- 
culated at e4 = 0. The full lines correspond to shape transitions involving 
the crossing of a barrier 2 1 MeV, while the broken lines correspond to 
transitions with less or no barrier. 
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E Po” 

\ \ 
\ 

-1X’ 

Fig. 6. Key to the deformation regions in the p ,  y plane, identified in 
Fig. 5 by the initial letter of “spherical”, “oblate”, “prolate” or “tri- 
axial”. Capital or small letters are used for large or small deformation 
regimes. The subscript in t -  signifies a negative y .  

depend very much on neutron number, and to a lesser degree 
on proton number, in a way that is very similar for the Nilsson 
and Woods-Saxon schemes (cf. [ 151). The differences occur 
when there are two or more competing minima at almost the 
same energy. For instance a large oblate deformation, 0 in 
Fig. 5, is more competitive for the position as yrast in the 
Woods-Saxon scheme. An earlier Woods-Saxon calculation 
[ 131 without E4-minimization of the liquid-drop energy was 
even more favourable to this shape. At spins below 40-50 the 
deformation is predicted to be roughly spherical for N = 82 and 
then move out to larger deformations with increasing N.  Between 
N = 84 and N =  88 the shape is actually very soft against 
y-deformations which explains the differences in predicted 
deformation between W-S and M.O. in this region. At N = 90 
the shape starts to get stiffer and moves closer towards the 
prolate axis, which it even crosses at N = 96, so that N = 96 
and 98 has a triaxial deformation with y a - 7’ up to spins 
about 50. The Yb-isotopes with neutron number 96 and 98 do 
not go very far in on the negative y side, however. 

Some special behaviour of certain nuclei can also be noted 
in Fig. 5.  For example, the nucleus ”*DySs (see Fig. 19 below), 
on which much of the present research is concentrated, is 
predicted to be triaxial up to spins about 30 though the 
deformation-energy surface is very soft towards y = 60’. Also 
‘s6Er88 undertakes an excursion from the oblate axis into 
triaxial shapes and back again at spins 30-50 in both models. 
It is interesting to note that a triaxial regime with y>Oo is 
generally less stable than a prolate or oblate one. Thus the 
triaxial shapes for N -  88-92 occur during a continuous tran- 
sition from prolate to oblate shape, and similarly in the heavier 
isotopes there may be triaxial shapes with a steadily increasing 
value of y. 

At spins above 50 a transition to “superdeformed” shapes 
takes place. Actually, nuclei with N >  92 do not reach the 
regime of strongly deformed prolate shapes in these calculations. 
Instead a triaxial shape at E S 0.4-0.5 is the ending point for 
most nuclei in this region, at an upper limit of about I =  80 

where the valence angular momentum is more or less exhausted 
[21]. The nuclei with N <  92 assume a superdeformed prolate 
shape with E - 0.6 at sufficiently high spins [9, lo] ,  not only 
due to the liquid-drop trend but also because of a collaboration 
between proton and neutron shell structure for Z - 6 6  and 
N -  86. It reflects the general affinity for shell structure at a 
2 :  1 deformation, well known as the origin of fission isomerism 
in the actinides and further discussed in [22] of these pro- 
ceedings. For all the nuclei with neutron numbers 82 to 86 or 
88 the “superbackbend” along the yrast line is expected to 
occur around I = 55. In many cases it is expected to be a phase 
transition between two minima in the deformationenergy 
surface [ lo ,  141, but for N = 82 the barrier is low, especially 
for the heavier isotones. In ‘s2Yb82 the superbackbend proceeds 
through triaxial deformations over a wide region of spin. 

2.3. The octupole degree of  freedom 
In another contribution to this conference [23] it is shown that 
the octupole degree of freedom plays an important role in the 
yrast region of the neutron deficient A 2 150 nuclei. The 
octupole excitations are observed both at low and high spins, 
and as a first step it is then interesting to find out if the energy 
of the lowest octupole excitations is correlated to the stiffness 
of calculated I = 0 potentialenergy surfaces. For this purpose, 
potential-energy surfaces in the (E, e3)-plane have been cal- 
culated for the nuclei with proton numbers Z = 60,64,68 and 
72 combined with neutron numbers N = 78,82,86,90 and 94. 
The calculations are similar to the ones made for the actinide 
nuclei in [24]. For the macroscopic energy, both the liquid 
drop model of Myers and Swiatecki [25] and the modified 
version of Krappe and Nix [26] are used. In the present appli- 
cation, the main difference is that the potentialenergy surfaces 
calculated with the Krappe-Nix formula are softer towards P3 
distortions than those calculated with the Myers-Swiatecki 
formula. The numerical results presented below are obtained 
with the Krappe-Nix formula. 

A quantity C3 which expresses the stiffness of the potential 
energy with respect to P3 deformation is defined by the relation 

where Eo is the lowest energy at e3 = 0 and C3 is obtained from 
the lowest energy at e3 = 0.08. The N = 78 nuclei are oblate, 
the N = 82 nuclei are spherical, and for larger neutron numbers 
the nuclear ground states are prolate. The calculated values of 
C 3  are compared with the measured energy, E3-, of the lowest 
3- states [27] in Fig. 7. A positive correlation is certainly 
observed. For example, for the N = 90 isotones both C3 and 
E3- decrease with decreasing proton number to a minimum for 
‘z:Ndw. A similar trend is present for the N = 94 isotones. It 
may be mentioned that the nucleus lsoNd has a negative value 
of C3, which means that the potentialenergy minimum occurs 
for a reflection-asymmetric shape, although it is very shallow. 
From the results of Fig. 7 it may be concluded that some basic 
features of the octupole mode are contained in the Nilsson 
scheme, which may therefore be useful as a basis for more 
complete theoretical investigations. 

The results of the present calculation of C3 values is shown 
for all the nuclei investigated in Fig. 8, where the trends with 
particle number can be seen, more clearly than in Fig. 7. The 
fluctuation of the one-dimensional potential parameter C3 does 
not by itself determine the variation of E3- (cf. [28-29]), 
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Fig. 7. Calculated stiffness towards octupole deformation C, vs. the 
excitation energy E ,  - of the lowest measured 3- states. 

but to the extent that it has some relevance, Fig. 8 suggests for 
the N >  82 deformed nuclei that lower E3- can be expected 
for 60Nd than for @Gd, which latter nucleus in turn should have 
lower E3- than asEr. 

3. Rotational band structure in prolate nuclei 
3.1. Some general considerations 
In the theoretical calculations of Section 2 above there is a 
transition from spherical to well deformed shapes when the 
neutron number reaches 88 or 90. It is connected with the 
filling of the lowest, strongly deformation driving levels of the 
neutron i13,*-shell, a shell which plays an important role in the 
spectroscopy of this region. The experimental ground-state 

I 

150 t \ ' 1  

78 82 86 90 94 

N 
Fig. 8. Calculated stiffness towards octupole deformation. All neutron- 
deficient A - 150 nuclei, for which calculations of potential energy sur- 
faces in the (E, €,)-plane have been made, are included in the plot. 
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Fig. 9. A conventional backbending plot, showing the moment of 
inertia J'') = I x / w  as a function of hzwz for some Gd-isotopes. The 
first point for each isotope corresponds to the 2+ -+ Ot transition. 

bands also reveal this shape transition clearly, as can be seen 
in Fig. 9. While 152Gdgs is still quite vibrational-like, with a 
moment of inertia that tends towards a vertical line, the next 
isotope '"GdW is more similar to the well-deformed nuclei 
ls6Gd= and lS8Gdw. 

In this section we shall concentrate on nuclei with mass 
numbers between 150 and 160, which have well developed 
rotational bands. The highest observed states have an angular 
momentum somewhere between 20h and 30h. This means that 
all the spectroscopic information lies in the region of angular 
momentum where the pair correlations are still important and 
have to be included in any realistic calculation. This is done in 
the cranked HFB-model, on which the followhg discussion is 
based. 

The results of the HFB calculations relating to the interplay 
between collective and single-particle degrees of freedom can 
be displayed in a very condensed form as quasiparticle energy 
diagrams (cf. Figs. 3 and 4). These diagrams, which can be 
considered as a generalization of the familiar Nilsson diagrams, 
have been discussed in detail in [30]. They have turned out to 
be very useful for the understanding and classification of the 
observed rotational bands and their mutual interaction, as 
manifested for example in the backbending phenomenon. 

The diagrams describe the response of individual quasi- 
particles to collective rotation, and can be used for calculating 
the difference in energy, angular momentum, etc., between 
bands with different quasiparticle configurations. They do not, 
however, give any information about the total energy or the 
total angular momentum, and therefore can not be directly 
compared to experimental quantities. The latter, however, can 
be decomposed into two parts. The first part comes from a 
small number of excited quasiparticles, maximally four in the 
observed bands, and relates to the information contained in the 
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3- 

diagrams. The second part is of a collective nature, and has to be 
subtracted out of the experimental data. 

In principle the collective part could also be calculated by a 
self-consistent CHFB calculation, which is very time-consuming 
however. Therefore, there do not at present exist any systematic 
calculations covering a whole sequence of isotopes. In the 
following it will be shown how certain information about the 
collective properties can instead be extracted directly from 
experiment. 

3.2. The fitting procedure for the V M  parameters 
The properties of individual quasiparticles can be derived from 
the experimental rotational bands by subtracting the contri- 
bution of the collective reference core [30]. Since the core 
properties are often badly known, the resulting Routhians and 
aligned angular momenta may then contain significant errors, 
and in many cases [31] they do not agree very well with the 
theoretical values. In certain cases there is, however, the possi- 
bility of turning the problem around, i.e. to extract single- 
particle alignments without knowledge of the core properties 
and thence to derive the latter. Figure 4 shows how some q.p. 
levels have a practically constant slope, or a constant value of 
( j , ) ,  over a relatively large interval in w. This is the case for the 
two lowest i13/2-levels, marked a and b. Configurations which 
have the excited particles in these levels, i.e. the [i ly2; 
a = k 1/21 configurations in odd N-nuclei and the S-band in 
eveneven nuclei, would therefore be expected to have a con- 
stant aligned angular momentum i,. Their total angular momen- 
tum can be written 

I,(w) = ~~w + ~~w~ + i, 
which is just the VMI expression for the reference core plus a 
constant term. The parameters Jo , J1 and i, can now be deter- 
mined by a fit to the experimental data. Notably, an individual 
fit car1 be made for each nucleus and rotational band. Indeed, 
there exists evidence that the reference configuration for an 
odd nucleus might be rather different from the one determined 
from neighbouring even-even nuclei [32]. Such differences 
are essential when extracting the aligned angular momentum i, 
for comparison with the theoretical quasiparticle energy 
diagrams. 

In practice, two kinds of difficulties arise in fitting the par- 
ameters J o ,  J1 and i,. The first concerns the highest spins 
observed in a band corresponding to a given configuration. 
Sooner or later any configuration reaches a frequency where it 
crosses with another more aligned configuration of the same 
parity and signature. In the vicinity of the crossing point the 
properties of the pure configurations are perturbed more or 
less strongly depending on the strength of the interaction. In 
the [i13,2 ; a = 1/21 -band the first crossing frequency is the one 
marked o2 in Fig. 4, where the configuration [a] interacts 
with the configuration [a, b, c] while the g-band interacts with 
the S-band (conf. [a, b ] )  at frequency al .  For cases of weak 
interaction it is normally straightforward to decide which 
points in a band can be included in the fit, but in cases of strong 
interaction the perturbation sets on so gradually that it may not 
be possible to distinguish certain points which can be considered 
as unperturbed. 

A second difficulty at low spins is that the condition of full 
alignment and constant slope may be reached gradually. For 
example, for the level starting out as [532 5/21 in Fig. 3, a con- 
stant slope is not reached until o / w o  = 0.02 (hw = 0.15 MeV). 

+ 1 5 6 ~ ~  r-bond 
. 0 Er 

QY X 1 5 2 ~ "  l h 1 3 / 2 , ( Y ~ l h l n  lhnh,(Y=-l/21 
d Gd - g-bond . e Sm [ i 1 ~ / 2 , ( Y = 1 / 2 ] - b o n d  * 1 5 3 E u l h l l / 2 , U ~ - 1 / 2 1  

A least squares fit of the parameters to the experimental 
data turns out to be sensitive to the selection of points included 
in the fit. The dependence on a subjective judgement can, how- 
ever, be reduced considerably by imposing the further condition 
that 

&(a) = I,(w) -Jaw -J1w3 

must be an increasing function, as predicted by the diagrams. 
Here, let us consider four specific cases, which also illustrate 

the main properties of the proposed fitting procedure: 
(i) The [i13/2 ; a = 1/21 -bandin 'zGdss. This is a very favour- 

able case, as can be seen from the diagram in Fig. 4, where the 
level [a] has a constant slope giving i, = 5.5A. The first inter- 
action for this band is predicted at w2 = 0.335 MeV, just above 
the last observed point (cf. Fig, 10) which could therefore be 
perturbed. It is also doubtful whether the lowest state having 
I = 9/2h should be included in the fit since it obviously does 
not have full alignment. The exclusion of the first (I = 9/2h)  
and the last (I= 33/2h) points in the fit gives Jo = 19.53 
MeV-' h 2 ,  J1 = 146.3 MeV3 h4 and i, = 5 . 5 8 h .  These are the 
adopted parameter values in Fig. 11. To test the fit, i,(w) = 
I,(w)-Jow-J1w3 has been calculated and is shown in 
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Fig. 10. The values of i, for the points used in the fit vary 
within a narrow interval, 5.57-5.59h, which furthermore agrees 
with the value (i, = 5.5h) estimated from the q.p. diagram of 
Fig. 4. The situation is similar in 'ziSmss (Fig. 10). With 
increasing neutron number, however, the Fermi level comes 
higher in the i13/2 shell and full alignment is reached more 
gradually. The assumption of a constant alignment then becomes 
doubtful. We estimate that the limit for a reliable fit lies around 
N = 95, when the Fermi surface is around the 5/2 level of 
the ilJI2 shell. 

(ii) The [h,,, ,;a =- 1/21 band in 'Z;Euw. In the proton 
system the h,,,, shell plays a role equivalent to that of the 
i,3/2 shell in the neutron system. At the bottom of the shell 
the [hll12] -bands have a constant alignment. When the deformed 
region is reached for Z = 62 we are however already near the 
5/2 level, and the possibilities of getting a good fit are limited. 
Figure 3 shows that the [5325/2]-levels of the h,,,, shell 
attain a constant alignment at w/oo  = 0.02 ( h a  = 0.15 MeV). 
The experimental data provide three points above this frequency 
for each of the two signatures, and a fit would in principle be 
possible. Although the uncertainties are considerable we venture 
to make the following statements: The a = - 1/2 signature is 
approaching a maximal alignment which lies between 3h  and 
3.5 A ,  while theory (Fig, 3) predicts the somewhat higher value 
-4A. The signature splitting lies between 0.6h and 0.7h, 
while the theory predicts 0.7h-0.8h. The parameter J1 is 
definitely smaller than for the near-lying doubly even nuclei, 
but larger than for the [i,,,,]-band of the odd Gd- and Sm- 
isotopes. If more states were known in the [h,,/,]-bands they 
could probably not be used to improve the fit because of the 
neutron backbending. The nucleus 15,Eu has the same neutron 
system as 154Gd, in which backbending is observed at hw = 0.3 1 
MeV (Fig. 9). The next points in the [h,,,, ; a = T 1/21 -bands, 
29/2h and 31/2A respectively, are therefore likely to be per- 
turbed. 

(iii) The [i13,2 ; a = 1/21 [h, , , ,  ; a = - 1/21 ,-band in '"Eu. 
This 2q.p. configuration is a combination of the two 1 q.p. 
configurations discussed in points (i) and (ii). Its aligned angular 
momentum is therefore expected to be the sum from the 
[i,,,, ; a  = 1/21 -bandin lS3Gd (5.6h) and the [h,,,, ; a  = - 1/21 
band in I5,Eu (3.3h), which makes = 8.9A. The quasiparticle 
in the [h,,,, ; a = - 1/21 -level is not expected to be fully aligned 
for hw 5 0.15 MeV and the points there are less reliable for the 
fit. At higher spins the quasineutron in the lowest [i13/2 ; a = 
1/21 -level blocks the fust backbend at wl, so the first band 
crossing comes at a,. In Fig. 10 it is seen that the last point has 
about the same frequency as the last point in '"Gd and 151Sm. 
It may be affected by the interaction at w,, which in fact is 
confirmed by the plot of i,(o). With these restrictions only three 
good points remain for the fit which givesJo = 21.5 MeV-' h 2 ,  
J1 = 103 MeV-' h4 and i, = 9.3h. The inclusion of the last 
point would not change these parameters very much. The align- 
ment is somewhat higher than the sum from 15,Gd and 153E~.  
This could mean that the alignment in 1 5 3 E ~  was underesti- 
mated above, certainly it came below the theoretical value 
- 4 h .  However differences in the pairing gap and the defor- 
mation might also explain a difference of this order. 

(iv) The g-band in doubly even nuclei. The alignment i, is 
zero in the g-band and only two parameters have to be fitted, 
which simplifies the procedure. Nevertheless the interaction in 
the backbending region can introduce large errors in Jl . Thus 
for non-backbenders, like at N = 98, J1 can hardly be fitted 
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with a reasonable accuracy. Also, at low frequencies some of the 
points may not lie on a perfectly straight line, like in the N = 90 
isotopes (Fig. 9). 

3.3. Systematics of the moment of inertia parameters 
The parameters Jo and J1 have been fitted for the g-band in 
doubly even nuclei and for the [i13/, ; a = 1/21 -band in odd& 
nuclei in the region 89 < N < 96 and 62 < Z G 68. The data are 
shown in Fig. 1 1 ,  and some complementary data can be found 
in [32]. Here we shall summarize the main results. 

(i)Jo is strongly correlated to the ground state deformation 
as predicted by the Nilsson model (cf. Fig. 9 in [32]). 

(ii) For light rare earth nuclei (89 G N  2 93) Jo is larger for 
the [i13/2 ; a = 1/21 -band of odd-N nuclei than the average value 
of Jo calculated from the g-bands of the near-lying doubly even 
isotopes. The difference is such that it could be related to the 
difference in deformation at w = 0 (cf. Figs. 7-9 in [32]). 

(iii) J1 is, at least for 89 G N  S 94, decreasing with increasing 
alignment. For the [i13,2 ; a  = 1/21 -band, which has a value of 
i, around 5 A ,  J1 is only about one half of J1 for the g-band 
with i, = 0 (Fig. 11). For the [hllI2 ; a = - 1/21 -band of 15,Eu, 
with i, * 3 A ,  J1 has an intermediate value, while for the more 
aligned bands [i13/2 ; a = 1/21 [h,,,, ; a = - 1/21 in "'Eu 
(i, = 9h) and the S-band in 1 5 ~ D y  (i, = 10.5 h )  J1 is much 
smaller than it is for the [i13/2 ; a  = 1/21 -band. Similar con- 
clusions are reached by Riedinger [33] for the light Yb-isotopes. 
It should also be noted that J1 decreases with increasing neutron 
number, reflecting the fact that the more neutron rich nuclei 
are stiffer rotors. 

(iv) For a given configuration in Fig. 11, J1 is a decreasing 
function of Jo within each isotope series. In most cases it can 
be approximated by a straight line whose slope depends, how- 
ever, on the proton number. A similar observation has been 
made by May [34] for the W and Os isotopes. Most of the 
lines in Fig. 11 converge towards the region Jo = 35 MeV-' hZ, 
J1 = 90 MeV-' h4 when N approaches 96. 

(v) If J1 is plotted against the neutron number for the 
g-band and the [i13/2 ; a = 1/21 -band, a difference AJ,  may be 
defined for eachneutron number as the vertical distance between 
the corresponding curves. The value of AJ, , for all Sm, Gd, Dy 

0 0 05 0 10 0 15 0 20 

Fig. 12. The moment of inertia J(') = dI,/dw. The straight lines are 
calculated as J,, + 3waJ, from the moment of inertia parametersJ, and 
J, extracted from experiment. 
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and Er isotopes where it can be determined, is plotted vs. the 
neutron number in the insert of Fig. 1 1, where the bars connect 
the highest and the lowest value for each neutron number. 
They lie around a straight line and converge at N = 96. From 
the work of Dracoulis 1311 it may, however, be concluded that 
A J l  has to increase again at higher neutron numbers, possibly 
as a consequence of decreasing deformation. 

J&?,~(w) = I,(w)/w = J~ +J'o' + i,(o)/w 

where the contribution from the reference configuration is 

Jklf)(w) = Jo +J1w2 

The moment of inertia for a band may be defined as 

Another definition of the in-band moment of inertia, which is 
closely related to the reference contribution, is [21, 35, 361 

J'"(o) = dl,(w)/dw 

Namely, if i,(w) is constant, 

.!(')(U) = Jo -k 3JlW2 

The values of J(') obtained from experimental levels in a few 
bands are plotted in Fig. 12. The straight lines in the same figure 
represent Jo + 3Jlw2,  where J o  and J1 are taken from the 
previous fits. The agreement is seen to be good even for the 
difficult case of lS3Eu. We do however prefer the 3-parameter 
fit outlined before, since it keeps an explicit control on i,(w) 
and avoids the use of the second differences of the experimental 
data necessary for calculating dZJdo. Figure 12 also shows how 
sensitive J ( z ) ( o )  is to the onset of increasing alignment in the 
last point of lS3Gd. It may be noted that the S-band of lS6Dy, 
on the other hand, forms a perfectly straight line. This contra- 
dicts the interpretation of lS6Dy as a non-backbender at the 
second band crossing, because if it were a non-backbender there 
would be a strong interaction which would cause a deviation 
from the straight line in Fig. 12. 

Once the inertia parameters of the reference configuration 
have been determined it is possible to construct a Routhian for 
each band [30]. In Figs. 13 and 14 experimental Routhians 
for the [i13/Z;a= 1/21, [ 5 2 1 3 / 2 ; a = +  1/21 and [505 11/2, 
a = f 1/21 bands of ls3Gd and for the [532 5/2; a = f 1/21, 
[4113/2; a = f 1/21 and [413 5/2; a = f 1/21 bands of lS3Eu 
are given. For the non-aligned configurations the reference 
configuration can not be fitted directly to experiment. From 
the systematics we have, however, made the estimate JO = 25.0 
MeV-' h 2 ,  J1 = 234 MeV3 A4 for [4113/2] and [413 5/21 
and J o  = 25,OMeV-' A' ,  J1 = 200MeV3 A4 for [SO5 11/21 
and [5213/2]. The high values chosen for J1 is due to the small 
alignment of these configurations. It is interesting to observe 
that the experimental Routhians for the doubly odd nucleus 
'52E~,wherethetwobands [i13/2]n[532 5/21, and [SO5 11/21, 
[413 5/21 , have been seen, do agree with the relevant sums of 
the lS3Gd and lS3Eu Routhians (cf. [37], Figs. 10 and 11). 

4. Collectivity in single-particle spectra at very high spin 

In a spin region where the minimum of the potentialenergy 
surface corresponds to oblate shape and rotation around the 
symmetry axis, the yrast states are viewed as few-particle-hole 
excitations with respect to the non-rotating system [2, 5 ,  381. 
The angular momentum in this regime is thus of pure single- 
particle character and the rotation is noncollective. However, 
physical mechanisms which disturb the simple picture may 
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Fig. 13. Experimental Routhians for some bands in Is3Eu. 

introduce correlations into the yrast states and enhance the 
transition strengths, 

Collective modes carrying an angular momentum which adds 
constructively to the single-particle spin are most likely to be 
near the yrast line, and two basic modes with this character can 
be visualized in the rotational model [36,39]. Firstly, there can 
be a collective core contribution along the axis of single-particle 
alignment if the rotational symmetry of the core around this 
axis is broken. The appropriate quadrupole component to 
generate such gamma vibrations or deformations is Y z z .  
Secondly, there is rotation of the core perpendicular to the 
single-particle spin. In the intrinsic frame the quadrupole 
component corresponding to rotation is Yzl  . 

In a microscopic description collective excitations are gener- 
ated selfconsistently by the individual nucleons, and in a 
spectrum of predominantly single-particle character the nature 
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Fig. 14. Experimental Routhians for some bands in lS3Gd. The constant 
slope of the i,,,, Routhian indicates that the Fermi level is close to the 
bottom of the i,,,, shell, cf. Fig. 4.  
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of the collective admixtures is closely coupled to the nature of 
the lowest single-particle excitations. Calculations are carried 
out below in two different representations, which give insight 
from different angles. One is the RPA description, based on 
pure single-particle states, and the other is the cranking model 
where the basic frame of reference follows the collective motion 
as it evolves. 

4.1. Collective excitations by RPA 
4.1 .l. The RPA method. First let us briefly review those basic 
concepts of the random phase approximation, or RPA, that will 
be used to discuss the results below. In the present applications, 
in principle any high-K single-particle configuration of the 
deformed shell model can be chosen for the uncorrelated 
“ground state” although only optimal configurations are con- 
sidered here. The single-particle operator that corresponds to a 
change of the single-particle potential in the direction of the 
collective motion connects the uncorrelated ground state with 
specific particle-hole excitations. Their energies, which may 
be negative, are the poles, and the matrix elements are the 
single-particle strengths. These quantities enter into a dispersion 
equation, whose roots include a new set of excitation energies 
where the possibility of collective motion is taken into account 
self-consistently. Further the creation modes of the field oper- 
ator also couple to the annihilation mode of the hermitian 
conjugate operator (e.g., AK = + v creation modes mix with 
the AK = - v annihilation modes). 

The “Collective strength’’ of any state is the matrix element 
of the single-particle operator mentioned above between that 
state and the correlated ground state. The total strength is not 
conserved in RPA as it is in Tamm-Dancoff, and generally it 
increases considerably because a correlated ground state is used. 
A superposition of many single-particle components can give a 
low-lying, strongly collective state which is then interpreted as 
the first excited member of a band. When there are only weakly 
collective solutions it is relevant to consider the repeatability, 
a quantity defined [40] so as to range from an upper limit of 
unity to zero for a single-particle excitation, which cannot be 
repeated due to the Pauli principle. 

There is furthermore a field coupling constant in the disper- 
sion relation which scales the single-particle strengths. For the 
U,, field, which generates AK = 1 single-particle excitations 
that may combine into a collective rotation perpendicular to 
the symmetry axis, with I = K + 1, the coupling constant is 
uniquely determined by the physical requirement of M- 
degeneracy. Namely, a root corresponding to a reorientation in 
space of the I = K  state should lie at zero energy. No such 
physical requirement fuces the coupling constant of the Y,, 
field, which generates AK = 2 single-particle excitations that 
may combine into a collective gamma-vibrational phonon 
aligned with the symmetry axis to give I =  K + 2. However, 
a unique choice is made in the present work through the assump- 
tion that the same coupling constant is valid for Yz2 as for 
Yzl. This is strictly only true in the spherical limit, but the 
difference in the effect from deformation, and also from 
truncation of the single-particle space, is assumed to be small. 
For Y z ~  the dependence on the deformation e is a second order 

effect, while for Yzz there is a linear term in E with a positive 
sign. Thus the gamma coupling constant should if anything be 
somewhat reduced at oblate deformations. In [41], where the 
RPA approach to gamma vibrations on high-K levels is described 
in more detail, similar values of the coupling constant were 
estimated at the critical spins for instability of the calculated 
potentialenergy minima toward gamma-deformation. The RPA 
technique for studying the Y2, mode on high-K levels was 
introduced later in [40], A more important difference than the 
choice of coupling constant between the present calculations 
and those of [41] is the choice of single-particle levels. The 
“A = 165 deformed’’ Nilsson parameters were employed in 
[41], while the RPA results given below are for the “A = 146 
spherical” set, which should be more relevant at any rate in 
14’Gd (Section 2.1). It may also be mentioned that there is 
a difference compared to the results of another recent RPA 
calculation for the Y2, mode by Bottges and Faessler [42], 
which is based on a different single-particle scheme. 

4.1.2. Fragmentation of collectivity in a simple model. It 
has been generally apprcciated that the RPA for an attractive 
residual interaction has the effect of collecting strength from 
unperturbed particle-hole states into a few low-lying collective 
states, leaving the others with much weaker strength. This is 
the microscopic equivalent of the macroscopic collective model 
results. In the present situation, however, where collective and 
single-particle states compete in energy along the yrast line, it 
will be seen that RPA may in fact have a different effect 
andlead to an increased spreading or fragmentation of a strength 
function that originally was concentrated to only a few single- 
particle poles. Before proceeding to numerical results for 
specific nuclei, it may be valuable to study the mechanism in a 
simple analytical model. 

Consider the two-pole model of [40]. Here we assume a- 
degenerate AK = - 1 excitations of energy €- and a+ degenerate 
AK = + 1 excitations of energy E + .  The matrix elements have 
the same value Fi-  = F- for all the transitions E -  and Fi+ = F+ 
for all excitations e+. Further, introduce 

Y = --la+IF+IZ 

6 = -$Sl-lF-12 

and fl = E - / € + .  Then the solutions are 

S -Yo2 
6 + ro o+ = E + -  

and o- = 0 with the condition 

1 + r/c+ - &/e -  = 0 

for a zero root [40]. 
We now introduce a further AK = + 1 pole, corresponding to 

a weak particle-hole excitation of energy fph and strength fph. 

We define 
2 e = - 4  Klfphl 

= eph/E+ 

and 0 Q y, 8 < 6. The RF’A equations can still be solved analyti- 
cally. The nonzero roots are: 
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Fig. 15. A plot of the dispersion function in the RPA equation for the 
case of an analytical model, where the collectivity comes from the 
possibility of many single-particle excitations of equal and rather high 
energy, represented by the two outer poles in the plot. The low-energy 

Figure 15 displays graphically the dispersion relation 

The collective strengths are given by 

where w may be any of the three roots. Now as the strengths 
y and 6 correspond to degenerate single-particle excitations, 
they should be relatively large. These two poles alone then lead 
to one highly collective root in addition to the zeroenergy root 
[40], at a positive energy well below E + .  The intermediate 
pole, with a relatively small strength 0 ,  may or may not lie very 
close to the collective root from the high-energy poles. In the 
latter case the two low-energy roots are distinctly single-particle 

Table I. The single-particle excitations, or poles, and the RPA 
solutions for two different cases of  the analytical model in 
Section 4.1.2. The first  case corresponds to the graph in Fig. 15. 
Then both positive roots are seen to have significant collective 
strength 

Poles Single-particle RPA roots Collective 
( E + ,  Eph, - E - )  strengths (U*, w l ,  w o )  strengths 

( Y , ~ , Q  (F2,  F ,  , Fo) 

3 1 1.909 1.382 
1 0.1 0.500 3.903 

-1.5 1 0. 5.186 
3 1 1.500 2.998 
1 0.00002 0.998 0.002 

-1.5 1 0. 3.000 

- - - - - - - - _ -  - - - _ _ _  _ _ - - _ _  _ _ - - -  

single-particle excitation represented by the intermediate pole has a small 
collective strength. Nevertheless it gives rise to a second positive root, 
and from the large displacement of the roots from the poles it can be 
seen that both positive roots have a significant collective strength. 

and collective, respectively, but in the case shown by Fig. 15 the 
collectivity is fragmented by the low-energy pole onto both the 
positive roots. This is suggested in Fig. 15 by the relatively large 
displacement of the roots from the poles, and it is confirmed 
by the numerical values in Table I, where the first case corre- 
sponds to Fig. 15. Although 0 is an order of magnitude weaker 
than y and 6 ,  the collectivity is fragmented onto both the 
positive roots. Also it gives a significant contribution to the 
total collective strength, as can be seen by comparison with 
the second case in Table I, where 6 is almost four orders of 
magnitude weaker still. Then there is only one collective root, 
and the other positive root can be identified both by energy 
and strength as the single-particle excitation. Nevertheless 
collective “dressing” enhances the strength of the single- 
particle state by two orders of magnitude. In a realistic case 
there may be several low-lying poles of varying strength, and 
the spectrum is correspondingly complex. 

4.1.3. The RPA results for ‘47Gd and lS2Dy. Numerical 
calculations of aK = 1 and M = 2 single-particle and correlated 
excitations have been carried out for the two nuclei 147Gd and 
lS2Dy. The uncorrelated “ground states” employed are optimal 
high-K configurations at their individual equilibrium defor- 
mations along the oblate axis [ 5 ] .  The RPA excitation spectra 
built on the optimal yrast states of 147Gd are shown in Fig. 16, 
while Figs. 17 and 18 show the spectra on some of the near- 
spherical and more deformed optimal configurations, respect- 
ively, in ‘”Dy. For each case the spin I = K and the oblate 
deformation of the “ground state” is indicated. The position of 
the staples along the abscissa of the lefthand diagram corre- 
sponds to the spectrum of levels with I = K + 1 generated by 
the Y Z l  mode, while the righthand diagram is for the I = K + 2 
spectrum from Y22.  An arrow below the abscissa marks the 
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position of the lowest pole, so it is possible to read out the 
correlation energy gain of the lowest excitation. The height 
of a staple indicates the collectivity of the level in single-particle 
units, while the number between zero and one above the staple 
is a measure of the repeatability of the excitation. The I = K + 2 
states, obtained by repeating the AK = 1 excitations to obtain 
second excited band members, are of course not the same as the 
I = K + 2 states in the righthand diagram obtained from the 
AK = 2 excitations. It may also be clarifying to remark that K 
here refers to the frame of reference of the uncorrelated "ground 
state", and for example a highly collective AK = 1 excitation 
here would be considered to belong to a rotational band with 
fixed K in the terminology of the rotational model, where the 
frame of reference follows the collective motion. 

From the lefthand diagrams in Fig. 16 it is seen that no such 
collective rotational states are predicted to exist on high-K 
yrast levels in 147Gd. It is only for the weakly deformed I=  
21/2 yrast level that the lowest AK = 1 excitation is also the 
most collective one. However, although the excitation has a 
collectivity of - 9 single-particle units and a correlation-energy 
gain by a factor of two relative to the lowest pure single-particle 
excitation, it has a very low repeatability and must therefore 
be regarded as a "dressed" single-particle excitation. It is very 
interesting to see how the collectivity is distributed above the 
I = 49/2 isomer, where a much larger deformation is exper- 
imentally established [43] and rotational bands would seem 
more likely. The lefthand diagrams for I = 49/2 and 53/2 in 
Fig. 16 both have around four collective I +  1 levels in an 
energy range up to around 2 MeV, indicating that a low-lying 
collective mode does exist but is subject to fragmentation as 
discussed in the previous subsection. 

The diagrams to the right in Fig. 16 indicate the absence of 
a low-lying gamma excitation mode on the high-K levels in 
147Gd. Actually the I = 49/2 level is found to be unstable with 
respect to the Y2,  mode, but this is due to a single low-lying 
pole with a large strength. It originates from a transition within 
the proton d5/2 shell which is allowed in this particular case. 

The diagrams in Fig. 17 for the weakly deformed con- 
figurations of lS2Dy are quite similar in character to the lower 
diagrams in Fig. 16, which correspond to equally small defor- 
mations in 147Gd. There is no significant collectivity. The more 
deformed configurations of lS2Dy are also stiff toward the 
gamma mode in the present calculation, which is shown by the 
diagrams to the right in Fig. 18. The lefthand diagrams in 
Fig. 18, however, indicate the presence of rotational-like collec- 
tive bands built on the more deformed configurations of lS2Dy. 
The deformation of these configurations is not as large as for 
the higher-spin states of 147Gd, but there is less fragmentation 
of the available strength and a relatively large collectivity in 
the lowest root. The reason is that low-lying single-particle 
excitations within the proton d5/2 shell, which cause frag- 
mentation in 147Gd, are blocked by the two extra protons in 
152Dy. 

4.2. Collective bands by cranking 
A non-perturbative description of the collective modes can be 
obtained by cranking. However, it is not quite straightforward 
to apply the cranking model to study the incipient collectivity 
in a spectrum where many yrast states correspond to single- 
particle rotation around a symmetry axis. Thus, for example, 
when the RPA approach indicates that collectivity arises self- 
consistently from the Y,, single-particle mode, it should be 
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Fig. 16. Collective structure of excitation spectra relative to optimal 
yrast configurations in I4'Gd, obtained from M A  calculations. The 
staples represent correlated states, with the energy in MeV on the abscissa, 
the collectivity in single-particle units on the ordinate and a repeatability 
coefficient between 0 and 1 written above each staple. The field corre- 
sponding to the correlations is Y,, for the level spectra to  the left and 
Y,, for the spectra to the right. High collectivity and repeatability would 
suggest the existence of a collective band, whose higher members would 
not appear explicitly in the RPA spectrum. These requirements are not 
fulfilled by any Y,,  excitations, and for Y,, the collectivity is fragmented 
onto several states. The arrow below the abscissa marks the position of 
the lowest pole. 

possible to generate a whole band by imposing a cranking 
constraint around an axis perpendicular to the symmetry axis. 
The total angular momentum must then be obtained from the 
single-particle contribution along the symmetry axis combined 
with the perpendicular collective contribution in some approxi- 
mate way [MI. It has been suggested as an interesting problem 
to see how the single-particle spin and the shape of the nucleus 
would respond to a non-perturbative collective rotation in for 
example lS2Dy [45]. 

The analogue of the Y,, mode above should in principle 
be evidenced by any cranking calculation which allows for self- 
consistent deviations away from axial symmetry and into the 
gamma plane. A well-known difficulty in the cranking model, 
however, is that there is not always a one-to-one correspondence 
between frequency and angular momentum, and in order to 
construct all the spin states along the yrast line it may be 
necessary to consider configurations which are particle-hole 
excitations in the cranking representation [2,46]. In most cal- 
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cr2Y,,) cr2Y12) polation is usually sufficient. The case when the interpolated 
spin values are connected with largest errors, is when the rotation 
axis is a symmetry axis. Then no rotational bands are formed 
and only discrete spins, typically with jumps of 5 units of A, 

that the yrast state corresponds to rotation around the symmetry 
axis, the actual single-particle configuration that has the given 
spin value might energetically be so unfavourable that a gamma 
deformed collective state is yrast. The change of character for 
the yrast line in such a more accurate calculation, is of course 
more probable if the restoring force against gamma defor- 

mum in the potentialenergy surface based on the optimal 
configurations corresponds to single-particle rotation around 
a symmetry axis, the energy difference between oblate and 
prolate deformations is only about 1 MeV in Fig. 19, drawn for 
I = 40. Some of the non-optimal configurations which generate 
the intermediate spins could thus be triaxially deformed, so 

10 

5 
are obtained. Thus, even if the process of interpolation gives 

IO 

5 
mations is weak. For ”’Dy at very high spins, where the mini- 

Fig. 1 7. 
ations in 

Same as Fig. 16, but for two very weakly deformed configur- 
‘’‘Dy. 

culations of potentialenergy surfaces only the lowest or optimal 
[2] cranking model configurations are taken into account, and 
the potential energy for intermediate spins is obtained by inter- 
polation. An exception can be found in another contribution 
[47] to these proceedings, where high-spin potentialenergy 
surfaces of light nuclei are calculated for specific configurations, 
which may in general have different equilibrium deformations. 

For the heavier nuclei considered here, the process of inter- 

that the yrast line between the single-particle aligned optimal 
states could consist of more or less collective band segments. 
Such triaxial band segments are expected to be different from 
the low-spin bands, due to the large amount of aligned spin. 

The FWA calculations above, based on the “A = 146 spheri- 
cal” single-particle parameters, indicate that this is not the 
case. However, the choice of single-particle levels seems to be 
crucial in this situation and an RPA calculation based on the 
“A = 165 deformed” single-particle scheme gives a significant 
energy gain due to Yzz correlations for the non-optimal states. 
The potentialenergy surface in Fig. 19 for lszDy is obtained 
with the “A = 165 deformed” single-particle parameters. In 
a previous cranking calculation [20] it has been shown that 

Fig. 18. Same as Fig. 16, but for three oblate configurations in IS2Dy. 
In this case the lowest Y,,  excitation acquires some collective strength 

and repeatability. In the rotational model this state would be described 
as the first excited member of a high-K rotational band. 
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152 

I =  

60' 

- 120 
Fig. 19. Potentialenergy surface calculated for lazDy at I = 40 with the 
"A = 165 deformed" Nilsson model parameters. The separation between 
the lines is 1 MeV. The minimum is found for a small oblate deformation, 
where the rotation takes place around the symmetry axis (y = 60"). Note 
the flatness of the minimum; the energy difference from oblate to 
prolate deformation (7 = 0") is only about 1 MeV. In Figs. 20 and 21 
deformations along the minimum valley marked by a dashed line are 
considered. 

triaxial configurations come lower in energy at I = 36 and 37 
than particle-hole excitations based on the oblate optimal 
configurations at I = 34 and 38. More detailed results of the 
calculation are presented in Fig. 20, where solutions at a fmed 
triaxial deformation are compared with solutions at oblate 
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Fig. 20. The plus and minus signs indicate the lowest single-particle 
states calculated at oblate deformation E = 0.12, 7 = 60" in ls2Dy for 
spin values I = 3 3 4 2 .  If a lower energy can be found for another oblate 
deformation it is also given, in parentheses. Ckcles indicate optimal 
configurations. In addition two favourable solutions at the fiied triaxial 
deformation E = 0.13, y = 37' are represented by lines which are full 
or dashed depending on whether the configuration is optimal or a particle- 
hole excitation in the rotating frame of reference. Note that triaxiality 
lowers the energy in certain spin intervals, 
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deformation for both parities. For a small triaxial deformation 
close to y = 60°, a fairly large variation in o only generates a 
short interval in spin. This interval is generally larger if the 
deformation is taken further away from y = 60" which means 
that the rotation is more collective. If, at the triaxial deformation 
e = 0.13, y = 37", the rotational frequency is varied over the 
fairly large interval o/h0 = 0.03-0.08, only the solid lines in 
Fig. 20 are obtained. The dashed continuation of the lines is 
obtained by particle hole excitations in the rotating system. 
Already at o = 0.0, the alignment of the states is very high; 33 
for the positive parity configuration and 32 for the negative 
parity configuration. In Fig. 20, it can be seen that the triaxial 
solution at e=0.13, 7 =  37" lies lower in energy than the 
oblate solution for I = 36, 37 and 41. Furthermore, if we 
consider the different parities separately, the same is true for 
positive parity atZ = 35 and for negative parity at I = 39 and 40. 

A more accurate determination of the selfconsistent deviation 
from axial symmetry and the associated energy gain is shown in 
Fig. 21, where a definite parity, here negative, is used to identify 
the configuration to be minimized with respect to deformation. 
Potential-energy curves along the path in deformation space 
indicated by the straight line in Fig. 19 are drawn for integer 
spins from I = 37 to 41, and for each spin a minimal defor- 
mation is found. It is interesting to note how the "in-band" 
deviation from axial symmetry has a maximum at I = 40 and 
decreases as the oblate I = 37 single-particle configuration is 
approached. However, the triaxial configuration corresponding 
to the minima for I = 4 1 - ,  40- and 39- (Fig. 21) is more 
likely to be associated with the oblate 39- state. Even though 
this identification is difficult to make, as the triaxiality mixes 
states with different K ,  the structure of the oblate 37- state 
is certainly different from that of the triaxial states at higher 
spin. 

Thus, we have shown that with a straightforward extension 
of the cranked Nilsson model it is possible to get an yrast line 
that partly is of single-particle character and partly of collective 
character. The collectivity is caused by triaxial bands and there 
might also be a continuation of enhanced transitions going away 
from the yrast line. Experimentally, in addition to the many 
single-particle transitions, some collective yrast transitions are 
observed in 15'Dy and also in 154Er, Both these nuclei have very 
flat calculated minima at y=60° (Fig. 19 and [48]). On the 
other hand, no such collective segments are observed around 
'O*Pb, and indeed, the calculations for these nuclei give much 
deeper minima in the potential-energy surfaces at y = 60" 
(ory=-12O0) [17]. 

5. The inclusive gamma-ray spectrum of 15'Dy 

The theoretical picture of the A - 150 region in this paper has 
many implications and predictions which are not readily checked 
against experimental findings. In [21] of these proceedings it 
is emphasized that large-scale computerized cascade calculations, 
although hard to see through and ultimately able to give back 
only what is put in, nevertheless are useful to confront a many- 
faceted theoretical framework with a likewise many-faceted 
experimental reality. Below, a calculation along these lines is 
carried out for the nucleus "'Dy. Gama-ray spectra following 
heavy-ion reactions are simulated in a calculation where the 
nucleus goes through a sequence of unresolved statistical and 
collective transitions prior to the discrete transitions along the 
yrast line. The assumed nature of the collective bands at dif- 



Survey of Collective and Single-Particle Features in the Yrast Domain of the A - 150 Nuclei 279 

1 0 '  

9 1  

- 
5 
5 
Y 

8 1  

71 A- 

0 I6 013 0 12 0 13 0 1 6  C 

Fig. 21. The potential energy of lsnDy calculated for negative parity 
along the dashed line in Fig. 19, here also reflected through they  = 60" 
axis. Note how the minimum changes from triaxial deformation at 
In = 40-, corresponding to a collective rotation, to oblate deformation 
at In = 37- ,  where the angular momentum is built by pure single-particle 
excitations. 

ferent spins is chosen on the basis of the shape regimes cal- 
culated in Section 2.2. 

5.1. Details of the cascade calculation 
The cascades following the formation of "'Dy at  very high 
spins are obtained from the Monte Carlo program GAMBLE 
[21]. The non-yrast transitions result in a continuous spectrum 
which may include correlated sequences of stretched collective 
E2 transitions in addition to statistical El ,  M1 and E2 transitions 
which are not necessarily stretched. The probability for an in- 
band collective E2 transition to take place instead of a statistical 
transition is governed, as in [49, 501, by an effective reduced 
transition rate gcoll. Here it is assigned different values, 
depending on the spin interval where the in-band sequence of 
transitions is initiated, as suggested by the cranking model 
results on the nature of the yrast line. In the following, 
numerical values of gColl are given in the E2 single-particle 
unit that was estimated empirically for 16'Er in [21]. The 
known yrast levels [3] enter explicitly, and transitions between 
them give rise to discrete lines. The unobserved yrast states 
below I = 38 are assigned the same energy and parity as the 
nearest observed level of higher spin, and thus become only 
weakly populated. The yrast line from I = 38 to 55 is taken 
from the rotating liquid drop curve [7], which is normalized 
and rescaled by a factor 0.92 so as to fit the experimental 
yrast line at I =  17 and 37. Above I =  55, the yrast energies 
follow the parabola E = A(I -0' + eJ,  where the parameter 
values A =0.006131 and J=4 .17  are obtained from the 
cranked Nilsson potential at deformation E = 0.6. The value of 
eJ is chosen so as to make the superdeformed shape yrast 
above I =  55. The level density is calculated to be low near 
this part of the yrast line [21], due to the superdeformed shell 

closure, which is approximately taken into account by using 
the liquid drop curve throughout in the level density formula. 
The supercollective bands are taken to have gcoll = 400, and 
A and J within 10% of the values quoted above. A cascade 
going down such a band may continue to spins below 55 (cf. 
Fig. 24 of [20]), but collective transitions or sequences of 
transitions initiated at lower spins enter the calculations on a 
different footing. For I = 28-55, where rotation around a 
symmetry axis is predicted to be the predominant yrast mode, 
gc0ll is taken to be 5. The precise value was actually treated 
as the only free parameter and was adjusted to the side-feeding 
data. For these weakly collective trajectories, an irregular 
sequence of transition energies is obtained by taking values 
within 10% of the corresponding AZ = 2 energy differences 
along the yrast line. Below I =  28 the side feeding does not 
depend significantly on the collective modes, and somewhat 
arbitrarily the non-yrast collective bands at lower spins are 
taken to follow the rotating liquid drop in energy, with 
(coll = 25. Three thousand cascades are generated for each of 
three different entry distributions, which may be taken to 
correspond to three different reaction energies. The maximum 
spin is I,, = 45, 55 and 65, respectively, below which the 
entry distribution in spin is taken to be an isosceles triangle 
with the peak at I = I,, - 10. The energy in most entry 
states is 8-9 MeV above the yrast line. 

5.2. Results and comparison with experiment 
The experimental information about "'Dy is reviewed in 
[3, 511. A sequence of discrete levels can be populated up to 
I = 37, but when more angular momentum is put into the 
system the yrast population saturates. The present calculation 
reproduces this feature. The population going through the 
I = 36 level is obtained as 1% for I,, = 45, 8% for I,= = 55 
and again 8% for I,, = 65. The percentage measured in [3] is 
obtained here as the saturation value by an appropriate choice 
of the collectivity parameter for bands entered at intermediately 
high spins. The fitted value mentioned in Section 5.1 above is 
small, but larger than the single-particle unit. The fact that 
the population saturates is partly due to this collectivity, and 
partly to the presence of highly collective bands which may be 
entered above spin 55 and followed down to considerably lower 
spins. Additional mechanisms for the saturation, which may be 
investigated in future calculations, are suggested in other contri- 
butions to the present proceedings [3,5]. 

Let us now turn to the total unresolved gamma-ray spectrum. 
Experimentally a broad E2 bump is seen to grow upward with 
increasing angular momentum input. It is centered around 
E, - 1.3-1.4 MeV and does not seem to move toward higher 
energies. There is also a bump which does not grow at gamma- 
ray energies about half as large. The spectrum from the cascade 
calculation (Fig. 22), has the same general structure as just 
described for experiment. The discrete lines superposed on the 
continuum spectrum are of course also similar since the popu- 
lation of the discrete levels is similar. The contribution to the 
total spectrum coming specifically from collective E2 transitions 
is plotted in Fig. 23. The high-energy edge of the bump comes 
from weakly collective transitions roughly parallel to the steep 
portion of the yrast line between I = 37 and 55, and it is not 
sensitive to the variations of the input angular momentum 
distribution. The growth of the E2 bump is due partly to an 
increased flow through the near yrast region just above I =  37, 
where the energy factors are more favourable to the weakly 
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collective E2 transitions, and partly to the population of highly 
collective bands at spins above the superbackbend. Both contri- 
butions come at energies below the highenergy edge of the 
bump. Figure 23 shows that the theoretical E2 bump comes at 
a somewhat lower energy than the experimental value mentioned 
above, indicating that at any rate the weakly collective transitions 
have an average energy which is larger than that along the 
extrapolated yrast line. 

Figure 24 shows a gamma transitionenergy correlation plot 
[52] obtained from the theoretical cascade calculation with 
I,, = 65. The corresponding experimental plot has not yet 
been made. The structure on the lower left in Fig. 24 comes 
mostly from the discrete lines. In particular, at the lowest spins 
of '"Dy there is a sequence of vibrational-like transitions with 
energies around 640keV, marked A on the diagonal of the 

ENERGY t f l t V )  

Fig. 23. Same as Fig. 22, but only stretched, collective E2 transitions are 
included. They are seen to be responsible for the growth of the bump in 
Fig. 22. The highenergy edge of the E2 bump is almost independent of 
the angular momentum input. 
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figure. The peak marked B arises from coincidences between 
the two transitions of highest energy in the known yrast cascade. 
It may be mentioned that it is easier to find contours to display 
the collective structure, underlying the bump in Figs. 22 and 23, 
if the discrete lines are subtracted out before construction of 
the correlation plot. Above 1 MeV there are no discrete lines 
for lS2Dy, and the correlations which emerge in Fig. 24 are 
from the continuum, The supercollective bands give rise to a 
pair of ridges surrounding a narrow valley along the diagonal. 
The peak C lies only three channels from the diagonal, reflecting 
the size of the moment of inertia which is about 50% above the 
rigid-sphere value. As a general remark on the correlation-plot 
technique for analyzing data, it may be noted that even the 
a priori perfectly regular supercollective bands give rise to 
structures in Fig. 24 with some of the overall irregularity 
characterizing most available experimental plots. 

6 .  Summary and conclusions 

The single-particle character of the neutron-deficient rareearth 
nuclei with A - 150, observable in some cases up to very high 
spins, has attracted great interest in recent years. However, 
the single-particle features in these nuclei are also intertwined 
with collective features. The purpose of the present work is 
to extend the overall theoretical understanding of the collective 
modes and their connections with the single-particle structure. 
The basis is provided by the deformed shell model. 

It is well known that the ground-state deformation varies 
rapidly with neutron number. A study of single-particle levels 
in spherical, transitional and deformed nuclei indicates that 
deformation alone is unable to account for the position of 
particularly the proton hi l l z  shell, whose energy seems to 
increase when the neutron number and the deformation decrease. 
Two parallel studies of the deformation as a function of spin, 
using both the Nilsson and Woods-Saxon models so as to even 
out the uncertainties, give a coherent picture of the regimes 
predicted by theory for the different nuclei. The prospects of 
finding not only high-spin single-particle states but also high- 
spin superdeformed bands appear to be better in the lighter 
isotopes. In fact the absence of other strongly collective bands 
makes it possible to detect even weakly populated superbands 
in a gamma correlation plot. The stability of the ground state 
with respect to octupole deformation is also investigated, and 
systematic trends are related to experiment. 

Nuclei with neutron number 90 or even lower have low-lying 
collective bands, and it is shown that they can be analyzed in 
terms of a cranked deformed single-particle potential. The 
collective inertia parameters are derived phenomenologically 
for each band and systematic trends are pointed out. Once the 
core properties are known, it is found possible to extract 
experimental Routhians and aligned angular momenta with a 
reasonable behaviour and partly in agreement with the calculated 
ones. 

Incipient collectivity in the region of observed spins for still 
lighter isotopes is investigated by RPA and cranking. Rotation 
perpendicular to the axis of single-particle alignment is a collec- 
tive mode which seems to be inextricably mixed with single- 
particle modes at the small deformations involved. The RPA 
calculations for 14'Gd indicate that collectivity is fragmented 
onto many levels, so the single-particle character of the spectrum 
is preserved although many transitions are somewhat enhanced 
above the single-particle rate. More pure, but still weakly 
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Fig. 24. A gamma transitionenergy correlation plot, obtained from the 
cascade calculation for 152Dy that corresponds to the case of largest 
angular momentum input in Figs. 22 and 23.  The energy bins are 15 keV 
wide and the contour lines are drawn at four levels whose spacing is one 
order of magnitude. The structures around A are largely from transitions 

collective, rotational states are predicted in lS2Dy. The existence 
of a collective triaxial mode depends on the detailed choice 
of parameters in the calculations. A cranking calculation is made 
where triaxial equilibrium deformations are found for some 
spins but not others in lSzDy. An example is provided where the 
locus of the potentialenergy minimum for given parity changes 
gradually from triaxial to oblate with decreasing spin. In con- 
clusion there may be collective levels or even band segments 
along the yrast line between the oblate optimal aligned con- 
figurations. These collective bands may also give rise to an 
enhanced non-yrast feeding. It would be an important step to 
establish whether or not the absence of experimental high-spin 
isomers [53-551 in the N = 86 nuclei lsoCd and lS4Er can be 
,interpreted in this way. In 15'Dya weak but non-zero collectivity 
is needed in a cascade calculation to account simultaneously 
for the observed yrast feeding and the growth of the experimen- 
tal E2 bump in the unresolved gamma spectrum [3]. The 
energy at the bump does not grow with increasing angular- 
momentum input, which is found to be consistent with the 
assumption of a superbackband around I = 55. 

We will always be grateful to Sven Costa Nilsson, to the 
memory of whom this symposium has been arranged. Being 
his colleagues and friends, and in many cases also his students, 
we all learnt to know the enthusiasm and physical intuition 
with which he attacked various physical problems. Especially 
he encouraged us to take part in a broad and active collaboration 
between different institutes and groups of physicists. The 
work presented in this paper has to all its parts been done in 
this spirit. 
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in the vibrational-like ground band, B marks the highestenergy peak 
from coincidences between discrete transitions and C shows the rotational 
ridge-valley structure resulting from transitions within supercollective 
bands. 
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