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Abstract 
A nonlinear model for rectangular Tuned Liquid Damper is explained. It 

utilizes the shallow water wave theory with consideration of liquid damping 
effects. The model is extended to account for effect of breaking waves; two 
empirical coefficients identified experimentally are introduced in the model. It 
was experimentally confirmed that the model can well predict the response of 
structures installed with TLD's even when breaking waves occur. 

1. INTRODUCTION 

Tuned Liquid Damper (TLD) is a passive damper, which relies on shallow 
liquid sloshing in a rigid tank to suppress the horizontal structural vibrations 
induced by wind or other dynamics loads. Dampers using liquid motion have 
been in use in space satellites and marine vessels. Recent growing interest in 
liquid dampers for application to ground structures [1,2] is attributable to 
several potential advantages, including: low costs; easy to install in existing 
structures; applicable for temporary use; non-restriction to uni-directional 
excitation; and effective even for small-amplitude vibrations. 

Modelling of TLD has been studied by several researchers [for example 1, 3 
and 4]. Simple linear or nonlinear mechanical models was proposed [3]. 
Because of strong nonlinearities of shallow liquid sloshing in TLD, these 
models do not give satisfactory results. Numerical simulations by BEM [4] can 
accurately describe nonlinear liquid sloshing, however, computational time is 
imperative. 

In this paper, a simple TLD model proposed [5] is explained. The model is 
based on the shallow water wave and the noldinear liquid sloshing inside TLD 
can be numerically simulated with satisfactory accuracy. The damping of 
liquid sloshing is taken into account in the model. Compared with BEM, the 
proposed model is much simpler and accurate enough. 

Among three basic parameters of TLD, natural frequency, damping, and 
mass ratio of liquid, which affect the TLD efficiency, the damping of liquid 
sloshing is most significant. Similar to the mechanism of TMD, the optimal 
value of damping of TLD exists [6]. Generally, the damping of liquid sloshing 
is less than the optimal value if plain water is used as liquid. Several means 
have been reported [1,7, 8 and 9] to increase damping of liquid sloshing, such 
as using high viscosity liquid, adding floating surface materials, and 
submerging nets of poles into liquid, etc. 
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Besides the means mentioned above, shallow liquid is often used to obtain 
high damping of liquid sloshing. However, waves in such a shallow-water 
TLD break in relative small base-motion. Breaking waves give higher 
damping; even sometimes the damping value may be higher than the optimal 
one. The model which assumes the smooth liquid surface (i.e., no breaking 
waves) becomes invalid when breaking waves occur. Therefore, in this paper 
the model is modified by introducing two experimentally identified coeffident~ 
in basic equations, and its valid range is extended. 

Tuned Liquid Dampers have been installed actually on a few bridges and 
structures in Japan [for example 10 and 11]. 

2. ANALYTICAL MODEL FOR TLD 

Sallow Water Wave Theory 
The shallow water wave theory was developed in coastal engineering [12], 

and it is considered that waves in the range of 1/2<h/L<1/20-1/25 are shallow 
water waves, where h is water depth and L is wave length. The ratio h / L  in 
TLD is generally in this range in order to obtain high damping of liquid 
sloshing and efficient moving mass. 

An analytical model of TLD using a rectangular tank was proposed based on 
nonlinear shallow water wave theory [5], including velocity linear proportional 
damping both due to frictions in the boundary layers near the solid boundaries 
of TLD tank and due to surface contaminations on the free surface of liquid. 

Derivation of Basic Equations 
The rigid rectangular TLD tank (Fig. I) which has a length 2a, a width b, 

and a mean liquid depth h, is subjected to a horizontal base-motion xs. The 
local Cartesian coordinate system (o-x.z) is attached to the tank, and its origin 
is placed at the center of the mean liquid surface. The discussion in this 
section is restricted to continuous surface condition (no breaking waves). The 
liquid particle motion is assumed to develop only in the x.z plane. It is also 
assumed that the liquid is incompressible, irrotational fluid, and the pressure 
is constant on the liquid free surface. 
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Figure 1. Definition sketch for liquid sloshing in rectangular. 
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The full equations describing the liquid sloshing are the continuity equation 

Du ~}w 
ax =°' 

and the two-dimensional Navier-Stokes equations 

Ou ~u Ou . 1  OP + v (~2 + ~2u ~ 
Ot + u -~x + W Dz = p ~--~ ~ ~--~,-~8, (2) 

Ow ~w aw . _1 ~P + v ¢~w O2w. 
D--[-+u-~-~x+WDz = p - ~  .~}x2 + ~-~-)-g . (3) 

u - u(x,z,t),  w - w(x,z,t) are the velocities of liquid particle (relative to the tank) 
in the x- and z-direction, respectively, g i~ the acceleration of gravity, p 
denotes the density and v the kinematic viscosity of liquid. For liquid having 
relatively small viscosity, the effect of internal  frictio~ in the fluid is 
appreciable only in the boundary layers near the solid boundaries. From this 
assumption, the liquid outside the boundary layers is considered as potential 
flow. 

Based on the shallow water wave theory, potential ~ i s  assumed as [13] 

¢b (x~,t)= F(x,t) cosh(k(h+z)), (4) 

where k is wave number. The boundary conditions are 

u = 0  
wffi0 

+ua- 
P ffi Po = constant 

on the end walls (x = +_ a ), 
on the bottom (z =- h ), 

on the free surface (z = h ), 

on the free surface (z = h), 

(5) 
(6) 

(7) 

(8) 

where 71 - rl(x,t) is the free surface elevation. 
~(x,t)  in Eq.(4) can be determined by the boundary conditions. Then with the 

aid of Eq.(4), the vertical velocity w and its differentials are expressed in terms 
of the horizontal velocity u. The governing equations are integrated with 
respect to z from bottom to free surface because the liquid depth is regarded to 
be shallow and then the basic equations are obtained as 

+ h a  o(~u(~))~ = O, 
Ot Ox 

_ ~ ~2~ ~ 
~} u(rl) + (1-T 2) u(~) + g "~x + ghaO 
~t Ox 2 ~x 

(9) 

-- ~u(~) - ~',, (10) 

where a = t a n h ( k h )  I (kh) ,  ~= tanh (k (h  + TI)) / t a n h ( k h ) ,  and T u = t a n h ( k ( h +  7?)). 

u (~ ) -u (xdT , t )  is the horizontal velocity of surface liquid particle. The 
independent variables in these basic equations are u(~) and 77. 
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D.mping of Liquid Sloshing 
The effect of damping on liquid motion is significant near resonance and 

hence must be taken into account in the modelling of the tuned liquid damper. 
A in Eq.(10) is a damping coefficient accounting for the effects of bottom, side 
wall and free surface, and is evaluated as 

A = 1 1 ~ (!+(2h/b)+S)), (11) 
(w+h) ~f~ 

where w is the angular excitation frequency. 2 h / b  in above equation is an 
equivalent coefficient of the damping effect per unit width due to the side wall 
boundary layer~ S is a "surface contamination" factor which accounts for 
damping due to stretching effect in the contaminated liquid surface. A value of 
unity for S is used in this study, which corresponds to the establishment of 
"fully contaminated surface". Miles et al. [14] and Lepelletier et al. [15] also 
used S = 1. 

The basic equations are solved using Runge-Kutta-Gill method and u(~) and 
77 are computed. Then the TLD base shear force due to liquid sloshing can be 
obtained. This model was also extended to predict the liquid sloshing in a 
rectangular TLD tank subjected to a pitching motion [16]. 

ks 

\1 Cs 

Figure 2. TLD-structure (SDOF) interaction model. 

~ - S t r u c t u r e  Interaction 
Based on the TLD model, a TLD-structure interaction model was developed 

to investigate the effectiveness of TLD [17]. The interaction model consists of a 
linear-single-degree-freedom structure and TLD (Fig.2). Two forces, namely 
an external sinusoidal force Fe and a TLD base shear force F, are exer~,ed on 
the structure. The equation of motion for the SDOF structure is, therefore, 
expressed as 

~,~ ÷ 2 ~ ~  ÷ a~x,~ = I_L. (F÷F~,~. (12) 
mS 

where ~=Vk,Jm~ and ,,~=cs (2m~,O are undamped angular  frequency and 
critical damping ratio of the structure, respectively, xs is the displacement of 
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structure, ms, ks and cs denotes the structural mass, stiffness and damping, 
respectively. Note that  the base shear force depends on xs and is computed by 
Eqs.(9) and (10). 

3. E X P E ~ N T A L  INVESTIGATIONS 

Shaking Table Experiment 
To assess the validity of the TLD model and to study the characteristics of 

liquid sloshing in TLD, a shaking table experiment was carried out. 
Horizontal and harmonic excitation was given to a rectangular  TLD by a 
shaking table (Fig. 3). A capacitance wave gage was installed to measure 
liquid surface elevation at the end wall of the tank. For measuring the base 
shear force of TLD tank, two load cells L1 and L2 were used to cancel the 
inertia force due to the TLD tank itself. Note that Mo in Fig. 3 is the mass 
which is equal to that of the tank. Output L1-L2 is the base shear force of TLD 
purely due to liquid sloshing. 

W a v e  G a g e  

Displ, 

= = : L 2 1 "  = i . . . .  L1 . . . . .  
i I 

Figure 3. Shaking table experiment set-up. 

A rectangular tank with length 2a = 59.0 cm and width b = 33.5 cm, being 
made of 0.~ cm thick acrylic plates was used. The TLD tank was partially filled 
with plain water of h = 3.0 cm, corresponding to a liquid depth ratio e = h / a  = 
0.1. Water mass mw is 5.93 kg. According to the linear shallow water wave 
theory, the fundamental natural frequency of liquid sloshing, fw, is 

f w=~-~ ~ / ~  tanh(~b- =0.458Hz, (13) 

i.e., the natural period is Tw =l/fw = 2.18 sec. In the experiment, the TLD was 
initially quiescent and was excited sinusoidally with constant amplitude. For 
four excitation amplitudes of shaking table, A = 0.1 cm~ 0.25 cm, 0.,5 cm, and 
1.0 cm, the excitation frequency f was swept. 
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(a) Frequency response of dimensionless free surface elevation crest II 'ma x and 
trough rl'minat the end wall of TLD tank. 
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(b) Frequency response of dimensionless base shear force amplitude. 
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(c) Frequency response of dimensionless energy loss per cycle. 

Figure 4. Numerical simulations and shaking table experiment results 
(excitation amplitude A-0.1 cm). 
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Figure 4 shows an example, in which the excitation amplitude, A is 0.1 cm. 
The frequency response of several dimensionless quantifies are demonstrate. 
Figure 4(a) shows the response of free surface elevation crest (maximum) 
value, W'max, and trough (minimum) value, ~*min, at the end wall of TLD tank, 
which are nondimensionalized by liquid depth, h. The response of base shear 
force amplitude Fro', nondimensionalized by mwafA  is shown in Fig.4(b). The 
energy dissipation per cycle, AE, which can be calculated from the loop area 
which is formed by the base shear force F and base displacement xs , as follows 

l 
t+T 

AE= F(t)dxs(t). (14) 

It is nondimensionalized by mw(OZ4)2/2 and its frequency response is shown in 
Fig.4(c). It can be seen in the experiment that the liquid sloshing is strongly 
nonlinear. The response curve of 7~'ma x bends to high frequency side and 
jumps down at frequency ratio of about 1.05,  indicating that the system 
possesses a hardening property. A few local peaks can be clearly observed, in 
the response curves of base shear force and energy loss. This can be explained 
as the effect of higher-harmonics of liquid sloshing [18]. The TLD model 
developed here agrees quite well with the experiments 

The cases with excitation amplitudes of A=0.25 cm and A=0.5 cm also show 
good agreements between experiments and simulation results [5]. When 
A=I.0  cm, however, the simulation results do not agree with the experimental 
ones. Splash near the end wall of TLD tank and turbulent waves on the free 
surface were also observed, indicating that breaking waves occurred already. 
The model is valid as far as the continuous free surface condition is satisfied, 
i.e., no break:at ,~aves. 

TLD-Structure Interaction Experiment 
Th~ structure model ~.-,.ed in the interaction experiment was a SDOF 

_ . . ~  . ~  . . . . .  ~ . ¶  . . . . .  platform vibrating horizontally in a s h e t ~ , - ~ . v v ~  ~,,, ,~,, , . ,  ~Fig.5) and its natural 
frequency can be adjusted by changing the mass of platfnrm or the stiffness of 
springs. TLD was mounted on the platform. The external sinusoidal force 
exerted to the structure was the inertia force of the osciflating part of an exciter 
which was also mounted on the platform. The external force amplitude was 
accordingly maintained constant by keeping constant the amplitude of 
acceleration of the oscillating part relative to the platform. Sweep of excitation 
frequency, f was done and steady-state structural response was measured. 

As shown in Fig.6, the natural frequency of structure, fs, is 0.91 Hz (natural 
period Ta = 1.10 sec), and the damping ratio of the structure model is 0.32% as 
measured from the free oscillation without TLD. The constant amplitude of 
exciting force for that frequency range, was selected such that the structure 
without TLD vibrated at the steady-state amplitude Ao of 1.0 cm at resonance. 
A commercially available rectangular tank with the size 25 cm x 32 cm z 11 cm 
(height), was used as TLD. Water depth, h, in TLD was determined to be 2.1 
cm such that the fundamental natural frequency of sloshing motion was tuned 
to the structural natural frequency. The liquid depth used in the experiments 
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was considered shallow, i.e., liquid depth ratio ~=0.17. The mass of water is 
1% of that of the structure. The experimental result shows that the structural 
response is reduced considerably by TLD and the TLD-structure interaction 
model is proved to be satisfactory. Note that breaking waves were not observed 
in the ex~oriment. 

Wave 
Oscillating 

part :=ter.  . . . .  

I Exciter 
m 

Gage Accelerom TLD 
. . . . . . . . .  

~A,vv .~-  I "Plateform 

Figure 5. TLD-structure interaction experiment set-up. 
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Figure 6. Frequency response of structure with attached TLD. 

4. MODIFIED TLD MODEL FOR BREAKING WAVE 

Modified Basic Equations 
In practice, plain water is usually used as liquid in TLD. It gives, however, 

rather low liquid damping compared with the optimal value. A few means 
were reported to increase liquid damping; among those, the utilizing of 
shallow liquid is one of the easy choices. The problem with shallow liquid, 
however, is the presence of breaking waves. 
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The TLD model proposed is not valid for wave breaking situation because of 
the assumption of free surface continuity. To account for breaking waves in 
the TLD model, the equation of motion (Eq.(10)) was modified by introducing 
two coefficients, Cda and Cfr as follows, 

~t + 2 '"~x. + C~ g -~x + gno~ ~, ~ = -Cd~XU, ..~x" bx 
-x's. (15) 

Those coefficients are unity when breaking waves do not exist. Referring to the 
definition of breaking waves in coastal engineering, the critical condition of 
breaking waves in this study is defined as that wave height is larger than 
liquid depth h. 

Coefficients Cda and Cfr and Their Identifications from Experiment 
When waves break, more energy will be dissipated on the liquid free surface, 

indicating that liquid sloshing has higher damping. Therefore, Cda was 
introduced in Eq.(15) to modify the liquid damping, and is called as a damping 
coefficient. On the other hand, wave breaking will also change 
correspondingly the wave phase velocity. So, Cfr was introduced into Eq.(15) to 
modify the phase velocity. As the change of wave phase velocity also reflects 
the shift of the natural frequency of liquid sloshing, Cfr is called as a frequency 
shift coefficient. 

Table 1 
Shaking table experiment cases for determining Cda and Cf,. 

Tank Size (cm) 
Case Name Length (2a) Width (b) Liquid depth (cm) Frequency (Hz) 

4~1 39.0 22.0 2.0 0.565 
,i1~t2 39.0 22.0 4.0 0.789 
6N1 59.0 33.5 3.0 0.458 
6N2 59.0 33.5 6.0 0.639 

~ m m  

Values of these two empirical coefficients were identified by the sweep 
harmonic shaking table experiment. Energy dissipation per cycle (Eq.(14)) can 
be computed from the measurements of experiment as discussed in Section 3. 
This quantity was chosen as a reference to identify the coefficients Cda and Cfr, 
An example is shown in Fig.7; a trial-and-error approach was adopted to 
minimize the error between experimental results and simulation results 
which are calculated by the modified TLD model Four experimental cases 
(Table 1) with various TLD tank size and liquid depth have been carried out for 
the identification of Cda and Cfr • It is found that Cda is dependent upon the 
base amplitude, A, while Cfr almost takes a constant of 1.05 for the four 
experimental cases. After nondimeri~ionalizing Eq.(15), the coefficients in the 
damping term and in the forcing term (x's) indicate the following functional 
relationship; 

• 2 C d a ~  =/-/(W~ A), (16) 
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where His a function. On this basis, value of Cda identified experimentally are 
plotted in Fig.8. The function is determined by the method of least squares and 
is obtained as 

Cda = 0.57'~/~h Ww A, 
/ 

(17) 
v v 

where ww = 2Zfw is the angular fundamental natural frequency of liquid 
sloshing. 
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Figure 7. Example of determination 
of Cda and Cfr by energy dissipation 
per cycle. 
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Figure 8. The relation between the 
damping term and the forcing term. 

TLD.Structure Interaction with Breaking Waves 
Figure 9 shows TLD-structure interaction results under large external 

forces. In these expeliments, breaking waves in TLD were clearly observed 
around th~ resonance. The TLD tank used here is 39.0 cm in length and filled 
with 3.0 cm water, which gives a frequency tuned to the structural natural 
frequency, fs=1.45 Hz. The mass ratio of TLD to the structure is 1.05 %. The 
resonant amplitude of structural response without TLD is 5.0 cm for the case 
shown in Fig.9a, and 10.0 cm for that in Fig.9b, respectively. In the Fig.9, the 
structural response predicted by the modified TLD model is also given. In the 
simulation Cfr=i.05 and Eq.(17) for Cda were used when the wave height 
exceeds the water depth h. The modiSed model improves prediction accuracy 
(Fig.9a) and satisfactory agreement between experiment and simulation can be 
seen (Fig.9a and b). 

5. ~ AND FL~URE STUDIES 

This study can be summarized as follows: 
(i) An analytical model for TLD is developed, which is based on the shallow 

water wave theory, is explained. It is shown that it can predict shallow liquid 
sloshing in TLD very well if waves are not breaking. 
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(ii) To account for breaking waves in liquid sloshing, the model is modified 
by introducing two coeffici:~nts. The empirical formulas for these two 
coefficients are obtained from the experimental data sets. 

(iii) The response of SDOF structure installed with TLD is experimentally 
studied and it is found that the TLD is very satisfactory for suppressing 
structural vibrations. The modified TLD model can predict the structural 
response ve ~v well even in the presence of breaking waves in TLD. This model 
may be useful ~or designing TLD. 
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(b) Resonant amplitude of structure Ao is 10.0 cm. 

F i g u r e  9. Frequency response of structure with  a t t a c h e d  TLD with b r e a k i n g  
waves .  
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In practice, a number of TLD tanks with the same size and the same liquid 
depth are installed on a structure to meet required liquid mass in total. The 
damping of liquid sloshing in TLD is nonlinearly dependent upon the wave 
amplitude and is difficult to be controlled. This may give some negative effects 
on the efficiency of TLD. Recently, Multiple TMD's, which consists of a 
number of small TMD's with slightly different frequencies, has been proposed 
[19]; one of its advantages is that the efficiency of damper is not sensitive to the 
natural frequency and the damping of damper itself. With the same concept, 
the properties of multiple TLD's should be investigated in the future. 
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