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Abstract In this paper, we introduce and study the notions of Gorenstein n-FP-injective
and Gorenstein n-flat complexes, which are special cases of Gorenstein FP-injective and
Gorenstein flat complexes respectively. We prove that over a left n-coherent ring R the class
of all Gorenstein n-FP-injective (resp., Gorenstein n-flat) complexes is injectively (resp.,
projectively) resolving and we discuss the relationship between Gorenstein n-FP-injective
and Gorenstein n-flat complexes.
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1 Introduction

Throughout this paper, let R be an associative ring with identity and % be the abelian category
of complexes of R-modules. Unless stated otherwise, a complex and an R-module will be
understood to be a complex of left R-modules and a left R-module, respectively.

Relative homological algebra for the category of modules was introduced by Auslander
and Bridger and studied by Enochs-Jenda-Garcia Rozas, Foxby, Holm, etc. Further, it has
been widely generalized to other categories. Among them, the category of complexes of
modules has drawn wide attentions and several results in the category of modules have been
generalized to that of complexes of modules. Mao and Ding [10] introduced the notions of
Gorenstein FP-injective and Gorenstein flat modules. Further, Xin et al. [ 18] generalized these
notions to Gorenstein FP-injective and Gorenstein flat complexes and obtained some nice
characterizations of Gorenstein flat complexes. Selvaraj et al. [11] introduced and studied
the notions of Gorenstein n-flat and Gorenstein n-FP-injective (or Gorenstein n-absolutely
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pure) modules. Motivated by the above works in this article, we intend to study the notions
of Gorenstein n-FP-injective and Gorenstein n-flat complexes, which are special types of
Gorenstein FP-injective and Gorenstein flat complexes, respectively and investigate their
homological properties.

In [15, Theorem 2.10], it is proved that the class of all Gorenstein injective complexes is
injectively resolving. Over a left n-coherent ring R, we prove the following.

Theorem. Let R be left n-coherent ring. Then the class of all Gorenstein n-FP-injective
complexes is injectively resolving and closed under direct summands.

In [18, Proposition 3.14], the connection between Gorenstein FP-injective and Goren-
stein flat complexes is proved. However, we prove the following result that represents the
relationship between Gorenstein n-FP-injective and Gorenstein n-flat complexes.

Theorem. Let R be a ring and G be a complex of right R-modules. Then the following hold:

(1) If G is Gorenstein n-flat, then G is Gorenstein n-FP-injective.
(2) If R is left n-coherent and G is Gorenstein n-FP-injective, then G is Gorenstein n-flat.

In connection to [18, Proposition 4.2], finally we prove the following main result.

Theorem. Let R be a left n-coherent ring and 0 — C' — C — C” — 0 be an exact
sequence of complexes of right R-modules. Then:

(1) If C” is Gorenstein n-flat, then C is Gorenstein n-flat if and only if C' is Gorenstein
n-flat.

(2) If C’ and C are Gorenstein n-flat complexes, then C" is Gorenstein n-flat if and only if
Tori (C", E) = 0 for all n-FP-injective complexes E.

This paper is organized as follows.

In Sect. 2, we present some basic definitions and terminologies in the category of com-
plexes in order to use them in the following sections.

In Sect. 3, we introduce and study the notion of Gorenstein n-FP-injective complexes and
we prove that the modules in a Gorenstein n-FP-injective complex are precisely the Goren-
stein n-FP-injective modules. Further, over a left n-coherent ring the class of all Gorenstein
n-FP-injective complexes is injectively resolving and closed under direct summands.

In the last Section, we introduce the notion of Gorenstein n-flat complexes and exhibit a
relationship between Gorenstein n-flat and Gorenstein n-FP-injective complexes. Also we
prove that over a left n-coherent ring the class ¢4.#, of all Gorenstein n-flat complexes is
projectively resolving and closed under direct summands.

2 Preliminaries

In this section, we first recall some known definitions and terminologies which will be needed
in the sequel.
In this paper a complex
-1 0 1
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will be denoted by C or (C, §). We will use subscripts to distinguish complexes. So if {C;}ier
is a family of complexes, C; will be
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Given an R-module M, we will denote by M the complex

0 0-MYAMs050.-.

with M in the —1st and Oth degrees. Similarly, we denote by M the complex with M in
the Oth degree and O in the other places. Note that an R-module M is flat (resp., projective,
injective) if and only if the complex M is flat (resp., projective, injective).

Given a complex C and an integer m, C[m] denotes the complex such that C[m]" = C™*"
and whose boundary operators are (—1)™§"%"_ The nth cycle of a complex C is defined as
Ker 8" and is denoted by Z"C. The nth boundary of C is defined as Im 8"~ ! and is denoted
by B"C.

Let C be acomplex of left R-modules (resp., of right R-modules) and let D be a complex of
left R-modules. We denote by Hom(C, D) (resp., C ® D) the usual homomorphism complex
(resp., tensor product) of the complexes C and D. The nth degree term of the complex
Hom(C, D) is given by

Hom(C, D)" = [ | Hom(C', D"*")
te’Z

and whose boundary operators are

((Snf)m — 8g+mfm _ (—l)nfm+18g.
The nth degree term of C ® D is given by

n__ t n—t
CeD)" =P, _,C" @ D"
and
Sx®y)=8(0)®y+ (=D'x @8, (),

forx € C'and y € D",

Let Hom(C, D) = Z(Hom(C, D)). Then we see that Hom(C, D) can be made into a
complex with Hom(C, D)" the abelian group of morphisms from C to D[n] and with the
boundary operator given by §"(f) : C — D[n + 1] with §"(f)" = (—l)”S"D+m f™ for
allm € Z and f € Hom(C, D)". Note that the new functor Hom will have right derived
functors whose values will be complexes. It will be denoted by Ext?(C, D). It is easy to see
that Ext! (C, D) is

.. —> Ext'(C, D[n — 1]) » Ext'(C, D[n]) — Ext'(C,D[n +1]) — ---

with boundary operator induced by the boundary operator of D.

For a complex C of left R-modules, we have a functor — ® ¥ : ¥ — %7z, where
%k denotes the category of right R-modules. The functor — ® ¢ : g — %7 being right
exact, we can construct the left derived functors which we denote by Tor;(—, C). Given two
complexes C and D of &, we use Extt (C, D) fori > 0 to denote the groups we obtain from
the right derived functors of Hom and we use C to denote the complex Hom (C, Q/Z).

Recall that a complex C is projective (resp., injective) if C is exact and Z" C is a projective
(resp., an injective) R-module for each i € Z. A complex C is flat if C is exactand Z"C is a
flat R-module for each i € Z. Equivalently, a complex C is projective (resp., injective) if and
only if Hom(C, —) (resp., Hom (—, C)) is exact. Also a complex C is flatif and only if —® C
is exact. A ring R is left n-coherent (for integers n > 0) if every finitely generated submodule
of a free left R-module whose projective dimension at most n — 1 is finitely presented [9].
For unexplained terminologies and notations we refer to [1,3,5,6].
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Let C be a class of complexes in €. We say that C is projectively resolving if it contains all
projective complexes and for any short exact sequence0 - A - B — C — OwithC € C,
the conditions A € C and B € C are equivalent. Also we say that C is injectively resolving if
it contains all injective complexes and for any short exact sequence) - A —- B — C — 0
with A € C, the conditions B € C and C € C are equivalent.

Definition 2.1 [12] Let n be a non-negative integer. A complex C of R-modules is called
n-FP-injective if Ext' (N, C) = 0, for all finitely presented complexes N with pd N < n.
A complex C of right R-modules is called n-flat if Tory(C, N) = 0 for all finitely presented
complexes N with pd N < n.

We see that in general {Injective complexes} C {FP-injective complexes} C {n-FP-
injective complexes} and {Flat complexes} C {n-flat complexes}.

Definition 2.2 [18] A complex C of R-modules (resp., right R-modules) is called Gorenstein
FP-injective (resp., Gorenstein flat) if there exists an exact sequence of injective (resp., flat)
complexes

o> FE > E | —>FEy—> E > Ey)— ---

such that Ker (Eg — E1) = G and Hom(E, —) (resp., — ® E ) leaves the sequence exact
for any FP-injective (resp., injective) complex E.

Definition 2.3 [11] An R-module M is called Gorenstein n-FP-injective (or Gorenstein n-
absolutely pure) if there exists an exact sequence of n-FP-injective R-modules

o> E 2 —>E_ | > Ey—>E'—> E' > ...

such that Ker (E® — E') = G and Hom(E, —) leaves the sequence exact for any n-FP-
injective R-module E.

Definition 2.4 [11] A right R-module M is called Gorenstein n-flat if there exists an exact
sequence of right R-modules

---—>F,2—>F,1—>Fo—>FO—>F1—>---

such that F; is n-flat for each i € Z, Ker (F0 — F1) @ M and — ® E leaves the sequence
exact for any n-FP-injective R-module E.

3 Gorenstein n-FP-injective complexes

In this section, we introduce and study the notion of Gorenstein n-FP-injective complexes
and also investigate their homological properties.

Definition 3.1 Let n be a non-negative integer. We say that a complex G is Gorenstein
n-FP-injective if there exists an exact sequence of complexes

X:wwo.>FE,—>FE | —>Ey—>E —> Ey— ---

such that (i) E; is injective for all i € Z;
(ii) Ker (Eg — E1) = G;
(iii) Hom(E, X) is exact for any n-FP-injective complex E.
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Remark 3.2 (1) Every injective complex is Gorenstein n-FP-injective. For any injective
complex E, there is an exact sequence of complexes of the form

~-—>O—>EE>E—>0—>-~-

such that In(E — E) = E and Hom(E’, —) leaves the sequence exact for any n-FP-
injective complex E’.

(2) If G is a Gorenstein n-FP-injective complex, then Ext' (E, G) = 0 for all n-FP-injective
complexes E and for all i > 1.

(3) We see that the class { Gorenstein n-FP-injective complexes} is contained in { Gorenstein
FP-injective complexes} N {Gorenstein injective complexes}.

Proposition 3.3 The class of all Gorenstein n-FP-injective complexes is closed under direct
products.

Proof It follows from the fact that the direct product of injective complexes is injective. O

Proposition 3.4 If G is a Gorenstein n-FP-injective complex, then G™ is a Gorenstein n-
FP-injective module for allm € 7.

Proof Let G be a Gorenstein n-FP-injective complex. Then there exists an exact sequence
X:wwo>FE,—>FE | —>Ey—>E  —> Ey— ---

of injective complexes with Ker (Ep — E1) = G such that Hom(E, X) is exact for any
n-FP-injective complex E. Now for any m € Z, we have the following exact sequence of
injective R-modules

X*:...>E" > E" - Ej - El' > Ejy) —> ---
with Ker (Ej' — E{') = G™. Hence X" is an exact sequence of n-FP-injective modules
with Ker (Ej' — E") = G™. Let E be any n-FP-injective left R-module. Then E[-m —1]
is an n-FP-injective complex for any m € 7Z. Thus we have Hom (E[—m — 1], X) is exact

by hypothesis. Since Hom(E[—m — 1], Y) = Hom(E, Y™) for any complex Y, then the
exactness of the sequence

.- — Hom(E[—m — 11, E_1) » Hom(E[—m — 1], Eg) — Hom(E[—m — 1], E{) — ---
gives the exactness of the following sequence
-— Hom(E, E") - Hom(E, Ej') > Hom(E, El") — --- .

Hence Hom(E, X™) is exact for any n-FP-injective R-module E. Therefore G™ is a Goren-
stein n-FP-injective module for all m € Z. O

Proposition 3.5 The following are equivalent for any complex G:
(1) Gis Gmfenstein n-FP-injective;
(2) (a) Ext'(E, G) = 0 for all n-FP-injective complexes E and for all i > 1.
(b) There exists an exact sequence of complexes
E:-.->E)—>E —-G—0
with E; injective fori > 1, such that Hom(E, E) is exact for any n-FP-injective complex

E;
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(3) There exists a short exact sequence of complexes of the form
0—-C—E—G—0,

where E is injective and C is Gorenstein n-FP-injective.

Proof (1) & (2) and (1) = (3) follows from the definition of Gorenstein n-FP-injective
complexes.

(3) = (2) Suppose X : 0 > C — E — G — 0 is an exact sequence of complexes with
E injective and C Gorenstein n-FP-injective. Then we have Ext' (E’, C) = 0 for all i > 1
and for any n-FP-injective complex E’ by (1) < (2). Thus we have the following exact
sequence

.. — Ext'(E',E) > Ext'(E/,G) - Ext'T™Y(E',C) — - ..

which gives that Ext' (E’, G) = 0 for all i > 1 and for any n-FP-injective complex E’. On
the other hand, the complex C being Gorenstein n-FP-injective, we have the following exact
sequence

E: . .>E—>E —-C—0

such that Hom(E’, E') is exact for any n-FP-injective complex E’. Combining the exact
sequences E' and 0 - C — E — G — 0 yield the following exact sequence

~~~—>E2—>E1—)E—>G—>O

such that Hom(E’, —) leaves the sequence exact for any n-FP-injective complex E’. O

Corollary 3.6 Let 0 — C; — Cy — C3 — 0 be an exact sequence of complexes. If C3 is
Gorenstein n-FP-injective and Cj is injective, then C is Gorenstein n-FP-injective.

Proof Suppose C3 is Gorenstein n-FP-injective. By Proposition 3.5, there exists a short exact
sequence of complexes

0—->C—>E—>C3—>0

such that E is injective and C is Gorenstein n-FP-injective. Consider the pullback of C; — C3
and £ — Cs:

0 0
C—=C
0 C E’ E 0
|
0 C Cy C3 0
0 0
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Then it follows from the exact sequence 0 — C; — E’ — E — 0 that E’ is injective since
E and C are injective. Thus we have a short exact sequence

0—>C—E —-C,—0

with E’ injective and C Gorenstein n-FP-injective. Therefore C; is Gorenstein n-FP-injective
by Proposition 3.5. O

As an application of Proposition 3.5, we have the following result.

Proposition 3.7 Let R be any ring and 0 — G' — G — G” — 0 be an exact sequence of
complexes. Then:

(1) If G’ and G" are Gorenstein n-FP-injective, then G is Gorenstein n-FP-injective.
(2) If G’ and G are Gorenstein n-FP-injective, then G" is Gorenstein n-FP-injective.

Proof (1) Suppose 0 — G’ — G — G” — 0 is an exact sequence of complexes with G’
and G” Gorenstein n-FP-injective. By Proposition 3.5, there exist exact sequences of
complexes

E:--->E,—>E -G —-0
and
K: .- K=K —-G'"=0

with E; and K; are injective for all i > 1, such that Hom(E, E) and Hom(E, K) are
exact for any n-FP-injective complex E. Then by the Horseshoe Lemma, we have the
following exact sequence of complexes

L:--->E,®K),>E ®Ki > G—>0

such that E; @ K; is injective for all i > 1. Let E be any n-FP-injective complex. Then
the exactness of Hom(E, L) follows from the exactness of Hom(E, E) and Hom(E, K).
On the other hand, Ext' (E, G) = 0 since Ext' (E, G') = 0 and Ext! (E, G”) = 0 for any
n-FP-injective complex E and for all i > 1. Therefore G is Gorenstein n-FP-injective
by Proposition 3.5.

(2) Suppose G’ and G are Gorenstein n-FP-injective. By Proposition 3.5, there exists a short
exact sequence of complexes

0—-C—-E—-G—0

with E injective and C Gorenstein n-FP-injective. Consider the pullback of G' — G and
E — G:
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0 0
C——==°C
0 E’ E G” 0
|
0 G’ G G” 0
0 0

Since G’ and C are Gorenstein n-FP-injective, we obtain from the short exact sequence
0 —- C - E' — G’ — 0 that E’ is Gorenstein n-FP-injective by (1). Hence we have the
following short exact sequence of complexes

0—-E —-E—-G' =0

with E injective and E’ Gorenstein n-FP-injective. Therefore G” is Gorenstein n-FP-injective
by Proposition 3.5. o

In [15, Theorem 2.10], it is proved that the class of all Gorenstein injective complexes is
injectively resolving. Using Proposition 3.7 and Remark 3.2, we prove the following main
result of this section.

Theorem 3.8 Let R be a left n-coherent ring. Then the class of all Gorenstein n-FP-injective
complexes is injectively resolving and closed under direct summands.

Proof Since every injective complex is Gorenstein n-FP-injective by Remark 3.2, the class
of all Gorenstein n-FP-injective complexes is injectively resolving by Proposition 3.7. On
the other hand, it is closed under direct summands by Proposition 3.3 and [7, Proposition
1.4]. ]

Proposition 3.9 Let R be a left n-coherent ring. Then the following are equivalent:

(1) G is a Gorenstein n-FP-injective complex.
(2) Ext'(E, G) = 0 for all n-FP-injective complexes E and all i > 1.

Proof (1) = (2) It follows from Remark 3.2.
(2) = (1) It is similar to that of [18, Theorem 3.3]. O

Corollary 3.10 Let R be a left n-coherent ring and 0 — G’ — G — G” — 0 be an exact
sequence of complexes with G and G are Gorenstein n-FP-injective complexes. Then G’ is
Gorenstein n-FP-injective if and only if Ext'(E, G') = 0 for all n-FP-injective complexes
E.

Proof The result follows from Proposition 3.9. O

Proposition 3.11 Let R be a left n-coherent ring. If G is a Gorenstein n-FP-injective com-
plex, then G[m] is Gorenstein n-FP-injective for any m € Z.

@ Springer



Gorenstein n-FP-injective...

Proof Suppose G is a Gorenstein n-FP-injective complex. Then by Proposition 3.9,
Ext'(E, A) = 0 for all n-FP-injective complexes E. Let E be an n-FP-injective complex,
then E[m] is an n-FP-injective complex for all m € Z. Now

Ext'(E, G[m]) = Ext'(E[-m], G) =0
for all i > 0. Hence G[m] is Gorenstein n-FP-injective for any m € Z by Proposition 3.9. O
The following result is an extension of [18, Lemma 2.1].
Lemma 3.12 Let R be a ring. Then the following are equivalent:
(1) R is a left Noetherian ring;

(2) Every FP-injective complex of R-modules is injective;
(3) Every n-FP-injective complex of R-modules is injective.

Proof (1) < (2) It follows from [18, Lemma 2.1].

(2) = (3) Suppose C is n-FP-injective. Then C is exactand C is n-FP-injective R-module
for all i € Z by [12, Theorem 3.11]. Since R is a Noetherian ring, C' is an FP-injective R-
module for all i € Z by [14, Proposition 3.4]. Hence C’ is an injective R-module for all
i € Z by hypothesis. Therefore C is an injective complex.

(3) = (2) It follows from the fact that every FP-injective complex is n-FP-injective. 0O

Proposition 3.13 The following are equivalent for a left n-coherent ring R:

(1) R is a left Noetherian ring;
(2) Every n-FP-injective complex of R-modules is Gorenstein n-FP-injective.

Proof (1) = (2) It follows from Lemma 3.12.

(2) = (1) Let C be an n-FP-injective complex. Since C is Gorenstein n-FP-injective, there
exists an exact sequence of complexes 0 - C — E — K — 0 with E injective. Then K is
n-FP-injective follows from [12, Corollary 4.6]. Hence Ext! (K, C) = 0 by hypothesis and
Remark 3.2. Thus the above short exact sequence is split and hence C is injective. Therefore
R is Noetherian by Lemma 3.12. O

Proposition 3.14 The following conditions hold for a left Noetherian ring R :

(1) Every FP-injective complex of R-modules is injective;

(2) Every n-FP-injective complex of R-modules is injective;

(3) Every Gorenstein injective complex is Gorenstein FP-injective;
(4) Every Gorenstein injective complex is Gorenstein n-FP-injective.

Proof 1t follows from Lemma 3.12. O

4 Gorenstein n-flat complexes

In this section we introduce the notion of Gorenstein n-flat complexes and study their homo-
logical behaviors. Also we discuss the relationships between Gorenstein n-flat and Gorenstein
n-FP-injective complexes.

Definition 4.1 Let n be a non-negative integer and let G be a complex of right R-modules.
We say that the complex G is Gorenstein n-flat if there exists an exact sequence of complexes
of right R-modules

F:...>F,—>F 1—>F—>F—>F—>---
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such that (i) F; is flat for all i € Z;
(i) Ker (Fp — F)) = G;
(iii) F ® E is exact for any n-FP-injective complex E.

We denote by 4.7, the class of all Gorenstein n-flat complexes.

Proposition 4.2 The class 9%, is closed under direct sums.

Proof It follows from the fact that the direct sum of flat complexes is flat and since the tensor
product of complexes commutes with direct sums. O

Remark 4.3 (1) Every flat complex is Gorenstein n-flat. For any flat complex F, there is an
exact sequence of complexes of the form

---—>0—>FE>F—>O—>---

such that Im(F — F) = F and — ® E leaves the sequence exact for any n-FP-injective
complex E.

(2) If G is a Gorenstein n-flat complex of right R-modules, then we have Tor; (G, E) =0
for all n-FP-injective complexes E and for all i > 1.

Proposition 4.4 If G is a Gorenstein n-flat complex of right R-modules, then G' is a Goren-
stein n-flat right R-module for all i € Z.

Proof Suppose G is a Gorenstein n-flat complex. By definition, there exists an exact sequence
of complexes of right R-modules

]FZ-”—)F,2—>F,1—>F0—>F1—>F2—>~~

such that F; is flat for all i € Z and Ker(Fy — F;) = G. For each i € Z, there is an exact
sequence of right R-modules

Fi:~~~—>Fi2—>Fi1—>F(’;—>Fli—>F2"—>~~
such that FJ’: is flat for all j € Z and Ker(Fé — Ff) = G'. Let E be any n-FP-injective R-

module. Then E is an n-FP-injective complex by [12, Corollary 3.12]. Thus F' @ E = F' ® E
is exact by hypothesis. Therefore G' is a Gorenstein n-flat right R-module foralli € Z. O

Lemma 4.5 Let R be a left n-coherent ring. Then the following are equivalent:
(1) G is a Gorenstein n-flat complex of right R-modules;
(2) Tori(G, E) = 0 for all n-FP-injective complexes E and for all i > 1.

Proof (1) = (2) It follows from Remark 4.3.
(2) = (1) It similar to that of [18, Theorem 3.3]. O

In [18, Proposition 3.14], the connection between Gorenstein FP-injective and Gorenstein
flat complexes is proved. The following result represents the relationship between Gorenstein
n-FP-injective and Gorenstein n-flat complexes.

Theorem 4.6 Let R be a ring and G be a complex of right R-modules. Then the following
hold:

(1) If G is Gorenstein n-flat, then G is Gorenstein n-FP-injective.
(2) If R is left n-coherent and G is Gorenstein n-FP-injective, then G is Gorenstein n-flat.
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Proof (1) = (2) Suppose G is Gorenstein n-flat. Then there is an exact sequence of flat
complexes of right R-modules

F.:...>F ,—>Fy—F — -

with G= Ker(Fp — F1) such that F ® E is exact for any n-FP-injective complex E. So we
have the following exact sequence of injective complexes

IF‘+:---—>F1+—>FJ'—>F1'1—>---
with G*= Ker(Fd" — F f] ). Let C be any n-FP-injective complex. Then the exact sequence
> F 1 C—> FhC—->FIC — ---
induces the following exact sequence
> (0T > (0" > (F 00" — -

Thus we get the exact sequence

-+ — Hom(C, F{") - Hom(C, F{") - Hom(C, F*)) > ---.
This yields the following exact sequence

-+ —> Hom(C, F1+) — Hom(C, FJ‘) — Hom(C, Fj'l) — e

Therefore G+ is Gorenstein n-FP-injective.

(2) = (1) Suppose G* is Gorenstein n-FP-injective. Then Ext(E, Gt) = 0 for all
n-FP-injective complexes E and all i > 1. Let E be any n-FP-injective complex. Then E[m]
is n-FP-injective for any integer m. Now let m be any integer. Then

Ext'(E,G[m]) = Ext'(E[-m],G") =0,
which yields that @i(E, GT)=0foralli > 1. Thus
Tori(E,G)t = Ext'(E,G1) =0.
Hence Tor;(E, G) = 0 for all i > 1. Therefore G is Gorenstein n-flat by Lemma 4.5. O

Recall from [16] that a ring R is n-FC if it is left and right coherent and the FP-injective
dimensions of Rr and g R are at most n.

Proposition 4.7 Let R be an n-FC-ring. Then the class 9%, is closed under pure subcom-
plexes.

Proof Suppose A is a pure subcomplex of a Gorenstein n-flat complex C. Then we have the
pure exact sequence of complexes of right R-modules

0->A—>C—>C/A—= 0.
This induces a split exact sequence
0— (C/AT - CT = AT > 0.

Since C is Gorenstein n-flat, we have that C™ is Gorenstein n-FP-injective by Proposition
4.6. Then it follows that A™ is Gorenstein n-FP-injective. Therefore A is Gorenstein n-flat
by Proposition 4.6. O

Proposition 4.8 The following are equivalent for any complex G of right R-modules:
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(1) G is Gorenstein n-flat;
(2) (a) Tori(G, E) = 0 for all n-FP-injective complexes E and for all i > 1.
(b) There exists an exact sequence of complexes of right R-modules

F:0—>G— F|— F— -

with F; flat for i > 1 such that F @ E is exact for any n-FP-injective complex E;
(3) There exists a short exact sequence of complexes of right R-modules

0—-G—F—>C—=0,
where F is flat and C is Gorenstein n-flat.

Proof (1) < (2) and (1) = (3) follows from the definition of Gorenstein n-flat complexes.
3) = (2) Suppose X : 0 > G — F — C — 0 is an exact sequence of complexes

with F flat and C Gorenstein n-flat. Then we have T or; (C, E) = 0 for all i > 1 and for any

n-FP-injective complex E by (1) < (2). Thus we have the following exact sequence

--o—> Tori1(C,E) > Tori(G,E) —» Tori(F,E) - ---

which gives that Tor; (G, E) = O forall i > 1 and for any n-FP-injective complex E. On the
other hand, the complex C being Gorenstein n-flat, we have the following exact sequence

F/IO—>C—>F1—>FZ—)...

such that I’ ® E is exact for any n-FP-injective complex E. Combining the exact sequences
X and ' yields the following exact sequence

0O-G—>F—>F —>F—- -

such that — ® E leaves the sequence exact for any n-FP-injective complex E. O

Corollary 4.9 Let 0 — C; — Cy — C3 — 0 be an exact sequence of complexes. If Cy is
Gorenstein n-flat and C3 is flat, then C; is Gorenstein n-flat.

Proof Suppose C is Gorenstein n-flat. By Proposition 4.8, there exists a short exact sequence
of complexes

0—->Ci—>F—>C—0

such that F is flatand C is Gorenstein n-flat. Consider the pushoutof C; — Cyand C; — F':

0 0
0 C C2 Cs 0
|
0 F F’ C; 0,
C——C
0 0
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Then it follows from the exact sequence 0 — F — F’ — C3 — 0 that F’ is flat since F
and C3 are flat. Thus we have a short exact sequence

0->C,—>F —-C—0

with F’ injective and C Gorenstein n-flat. Therefore C; is Gorenstein n-flat by Proposition
4.8. O

In connection to [18, Proposition 4.2] and Theorem 4.6, we prove the following main
result of this section.

Theorem 4.10 Let R be a left n-coherent ring and 0 — C' — C — C” — 0 be an exact
sequence of complexes of right R-modules. Then:

(1) If C" is Gorenstein n-flat, then C is Gorenstein n-flat if and only if C' is Gorenstein
n-flat.

(2) If C' and C are Gorenstein n-flat complexes, then C" is Gorenstein n-flat if and only if
Tor(C", E) = 0 for all n-FP-injective complexes E.

Proof (1) It follows from Proposition 3.7 and Theorem 4.6.

(2) Suppose C” is Gorenstein n-flat. By Proposition 4.8, we have Tor; (C”, E) = 0 for all
n-FP-injective complexes E and for all i > 1. Hence Tor; (C”, E) = 0. Conversely, suppose
C and C’ are Gorenstein n-flat and Tor(C”, E) = 0 for all n-FP-injective complexes E.
By Proposition 4.8, there exists a short exact sequence of complexes of right R-modules
0 - C' - F - D — 0 with F flat and D Gorenstein n-flat. Consider the pushout of
C'—> FandC' — C:

0 0
0 C’ C c” 0
|
0 F G c” 0,
D=——D
0 0

where G is Gorenstein n-flat by (1) since C and D are Gorenstein n-flat. Thus we have the
following exact sequence of complexes of right R-modules

0—-G—F —-D —0

with F’ flat and D’ Gorenstein n-flat. Consider the pushout of G — F’ and G — C” :
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0 0
0 F G c” 0
0 F F' F" 0
D' ==1D
0 0

Thus we get an exact sequence of complexes of right R-modules
0—>C'"—>F' - D -0,
which induces a long exact sequence
<= Tori(C",E) = Tori(F",E) - Tor((D',E) > 0---,

where E is any n-FP-injective complex. Since D’ is Gorenstein n-flat, we have Tor| (F”, E) =
0 by Proposition 4.8. On the other hand, the exactness of the sequence

0-F—>F —->F =0
implies the exactness of the sequence of complexes
0— (F)" - (F)* - FT >0,

where F* and (F')" are n-FP-injective by [12, Proposition 3.3]. Since Tory (F”, F) =0
and Ext'(Ft,(F")T) = Tor(F", FY)T, we have Ext'(FT,(F/)t) = 0 and so
Ext'(F*, (F")*) = 0. This implies that the sequence

0—> (F)HY" > (F)Y" > F" >0

splits. Consequently, (F”)™ is an injective complex. Hence F” is a flat complex by [6,
Theorem 4.1.3]. Therefore C” is Gorenstein n-flat by Proposition 4.8. O

Using Theorem 4.10 and Remark 4.3, we have the following.

Theorem 4.11 Let R be a left n-coherent ring. Then the class 9.7, is projectively resolving.

Proposition 4.12 Let R be a left coherent ring. Then the class 4.7, is closed under direct
products and direct summands.

Proof Since the class of flat complexes of R-modules is closed under direct products, the class
4., is closed under direct products. On the other hand, it is closed under direct summands

by Theorem 4.11 and [7, Proposition 1.4]. O

Proposition 4.13 Let R be a commutative ring and F be a flat complex. If G is a Gorenstein
n-flat complex, then G ® F is also a Gorenstein n-flat complex.

@ Springer



Gorenstein n-FP-injective...

Proof Suppose G is Gorenstein n-flat. Then there exists an exact sequence of flat complexes
o> F 1 > F—>F— -

with G=Ker (Fy — F1) such that — ® E leaves the sequence exact for any n-FP-injective
complex E. Since F is a flat complex and since the tensor product of flat complexes is flat,
we have the following exact sequence of complexes

—)F®F,1—>F®F0—>F®Fl_)

with FF ® F; flat foralli € Z and F ® G=Ker (F ® Fp — F ® F}). Let E be any n-FP-
injective complex. Then by [6, Proposition 4.2.1 (3)], we have the following commutative
diagram:

= (FQF_D)QE — (FQFN)QE—(FQF)QE ——---

= FQUF1QE) —=FQ (I ®E) —=FQFIQE) —--.

Since the lower sequence is exact by hypothesis, the upper sequence is also exact. Therefore
G ® F is a Gorenstein n-flat complex. O
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