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Turbulent rotating disk flow with
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The evolution of the entrainment coefficient K of the rotating fluid in a rotor–stator
cavity with an inward throughflow and pre-rotation is studied according to the flow
parameters. Measurements are obtained in water for a turbulent Batchelor type of flow
with two separated boundary layers on the rotating and stationary disks by means of
a laser Doppler anemometer, and the results are compared to those performed using
pressure transducers. We show that the entrainment coefficient K depends on a local
flow rate coefficient Cqr according to a 5/7 power law whose coefficients depend on
the boundary conditions. A theoretical analysis confirms this behaviour of K .

1. Introduction
Stépanoff (1932) was the first to determine the ratio K between the mean azimuthal

velocity Vθ of the turbulent flow in a rotor–stator cavity, and that of the disk Ωr at
the same radius, where Ω is the angular velocity of the rotating disk and r the local
radius. He suggested a value of K equal to 0.5 and independent of the radial location.
Then Schultz-Grunow (1935) proposed a flow pattern divided into three layers: two
of them localized in the vicinities of the walls and a third one, the core, located
between them. He calculated a theoretical value of K = Vθ/Ωr = 0.512, in the core
and measured an experimental value equal to 0.357. He interpreted this discrepancy
as due to the existence of a shear stress in the small radial gap between the rotating
disk and the fixed cylindrical endwall. Batchelor (1951) performed a similarity analysis
by solving the system of differential equations relating to the stationary axisymmetric
flow between two infinite disks. He also specified the formation of a non-viscous core
in solid-body rotation confined between the two boundary layers, which develop on
the disks.

This division of the flow into three distinct zones was the subject of an intense
controversy: Stewartson (1953) found that the tangential velocity of the fluid can
indeed be zero everywhere apart from the rotor boundary layer. Kreiss & Parter (1983)
finally proved the existence of a multiple class of solutions discovered numerically
by Mellor, Chapple & Stokes (1968). Daily & Nece (1960) studied the effects of the
disk speed and of the inter-disk gap h on the structure of the turbulent flow using
pressure and velocity measurements. They proposed constant values of K along a
radius and found that K is sensitive to variations of h. Cooper & Reshotko (1975)
found that K tends to 0.5 in the case of a turbulent flow between a stationary and
a rotating disk of infinite radius. In the 1980s, Szeri et al. (1983) studied the flow in
a rotor–stator system with a large radial gap and showed that the value 0.313 is a
good estimation of K for 0.3 <r/R2 < 0.5 (r/R2 is the ratio between the local radius
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and the rotating disk radius) and that for greater radius, K is an increasing function
of r . The measurements performed by Dijkstra & van Heijst (1983) extended the
self-similar flow area for all radii lower than 0.75 and also showed that K depends
strongly on the radial position beyond this radius. Adding a flow pre-rotation equal
to the disk velocity at the periphery, made the radial dependence of K much stronger.
Thus, it appears that the evolution of the entrainment coefficient K of the rotating
fluid along the radius is strongly influenced by the boundary conditions.

Lance & Rogers (1962) showed numerically that closed or partially closed inter-disk
flows can be classified into two families according to the inter-disk gap h. Sirivat (1991)
and then Schouveiler, Le Gal & Chauve (2001) confirmed this classification by their
experimental contributions. When h is larger than the boundary layer thicknesses,
the boundary layers are separated, and the averaged flow is classically separated
into three zones and belongs to the Batchelor-type family. The first zone is related
to the boundary layer developed on the fixed disk: it is called the Bödewadt layer.
The tangential velocity of the flow varies between KΩr in the core to zero on the
stationary disk. Note that this Bödewadt layer is highly unstable and was the subject
of several detailed studies by Savas (1987), Lopez (1998), Schouveiler et al. (1999)
and Gauthier, Gondret & Rabaud (1999). The second zone is defined by a tangential
speed equal to KΩr and a quasi-zero radial velocity: the core. The third zone is
associated with the boundary layer which develops on the rotor: it is the von Kármán
or Ekman layer. In this zone, the tangential velocity varies from Ωr on the rotating
disk to that of the core, KΩr .

For the case when a radial inflow or outflow is imposed, fewer results have been pub-
lished. Daily, Ernst & Asbedian (1964) measured the average velocity profiles in the
case of rotor–stator systems with an imposed outward throughflow and found the same
classification as specified by Owens & Rogers (1989) in the case of closed flows. They
also proposed a qualitative representation of the average pseudo-streamlines that they
observed from their numerical simulations. They showed that, in the case of a turbulent
Batchelor flow with a weak throughflow, the flow at the periphery keeps the same
properties as the flow without flux with the flux passing through the Bödewadt layer
and compressing the core. When approaching the centre of the disk, the Ekman layer,
which was centrifugal, becomes centripetal at a certain radius. A stagnation line is
thus created on the rotor. It is similar to that observed by Dijkstra & van Heijst (1983).
With a strong centripetal flow, both boundary layers are centripetal. Kurokawa &
Toyokura (1972) proposed a one-dimensional model to calculate K and introduced
a global coefficient of throughflow rate. They validated their model by experimental
measurements and showed the dominating influence of a centripetal flow in the deter-
mination of K and on the distribution of pressure along the radius. But their model
remains complex and difficult to use. Debuchy (1993) performed a comparative study
between experimental results on a rotating centripetal flow and computations obtained
with a numerical model developed from an asymptotic approach. But the limitations
inherent to the turbulence models and to the representations of the boundary condi-
tions do not allow reliable predictions to be obtained. Later Elena & Schiestel (1995)
proposed some numerical calculations of turbulent rotating flows based on the use of a
new modelling of the Reynolds stress tensors. But there also, the authors note the
too high laminarization of the flow in comparison with the known results.

The interest in this kind of flow is wide. Of course it is of major interest in turbo-
machinery, but examples where rotation and throughflow are associated can also be
found in geophysics or astrophysics. Moreover, from a fundamental point of view, the
rotor–stator problem is one of the simplest configuration where exact solutions of the



Turbulent rotating disk flow with inward throughflow 255

Q

Ω

z

r

R2

R3

R1

h

c

Breakthrough crown

Inter-disk gap

Motor

Pump

Tank

STATOR

ROTOR

d

Figure 1. Schematic representation of the experimental set-up and notation. d = 55 mm is the
radius of the central opening, R1 = 38mm and R2 = 250mm are the inner and outer radii of
the rotating disk and R3 = 253mm is the outer radius of the cavity whose height h can be
adjusted between 0 and 12 mm. The groove depth c is fixed to 5 mm.

Navier–Stokes equations can be found and where rotation influences turbulence
modelling: this is the reason why they have often become benchmarks for numerical
simulations.

Our present study relates to the determination of K when a centripetal flux is added
to the turbulent rotating fluid. Following the analysis performed by Gassiat (2000), we
show that a local flow rate coefficient Cqr is the similarity parameter of the flow that
can be used directly to calculate the entrainment coefficient K of the fluid. As these
values are connected to the pressure gradient across the cavity, a comparison between
velocity and pressure measurements is performed. The paper is divided as follows: § 2
is the description of the experimental set-up whereas § 3 is devoted to the analytical
model that we have deduced from friction considerations. This analysis leads to the
determination of the behaviour of K versus Cqr . In § 4, the experimental results are
presented and discussed before concluding in § 5.

2. Experimental set-up
The geometrical characteristics of our rotating disk cavity are displayed in figure 1.

It consists of a cylindrical cavity enclosed by a fixed disk (the stator) and a smooth
rotating disk (the rotor). A fixed shroud surrounds the cavity. The rotor and the central
hub attached to it rotate at the constant angular velocity Ω .

The flow depends mainly on three control parameters: the aspect ratio G, the
global Reynolds number ReR2

and the dimensionless flow rate Q∗ defined as follows:
G = h/R2, ReR2

= ΩR2
2/ν, Q∗ =Q/(νR2), where ν is the kinematic viscosity of water,

R2 the rotating disk radius and Q the throughflow rate. The height of the cavity h

is variable between 0 and 12 mm. The radial gap e =R3 − R2 is fixed to 3 mm (R3

is the outer radius of the cylindrical housing). As the disk rotates, water is sucked
through the central opening of the cavity situated above the hub, with radius d equal
to 55 mm. The incoming fluid is entrained into rotation while passing through a
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breakthrough crown mounted underneath the rotor and linked to it, which enables an
increase of the tangential velocity of the fluid, and consequently limits the influence
of the non-rotating cylindrical wall. This pre-rotation is achieved through 48 holes
having a diameter of 10 mm calibrated in order to entrain enough fluid when the disk
rotates. It ranges between 0.43 and 0.5 for the considered values of the flow control
parameters. A pump allows a centripetal and variable flux Q to be imposed. The
measurement of the flow rate is performed by an electromagnetic flow-meter, located
at the exit of the cavity. The rotation of the disk is provided by a 5.5KW electric
servo-motor. A variable-speed numerical controller controls the angular velocity Ω .
The precision on the measurement of the angular velocity and on the flux is better
than 1%. In order to avoid cavitation effects, the cavity is maintained at a pressure
of 2 bars. Pressurization is ensured by a tank-buffer and is controlled by two pressure
gauges. The temperature is also maintained constant (23 ◦C) by a special water cooling
device in order to keep the density and the kinematic viscosity of water constant. The
measurements are performed by means of a laser Doppler anemometer (LDA) from
the Dantec company and also by pressure transducers. The LDA technique is used to
measure the tangential velocity in the vertical plane (r, z) at a given azimuthal angle.
The main defect of this non-intrusive method is due to the size of the probe volume
(0.8 mm in the axial direction) that alters the quality of the velocity field measurements
in the boundary layers. Pressure is measured by six piezoresistive transducers. These
transducers are highly accurate (0.05% in the range 10 ◦C to 40 ◦C) and combine both
pressure sensors and electronic temperature compensations. They are fixed to the
stator at the radial positions 0.093, 0.11, 0.14, 0.17, 0.2 and 0.23m located on two rays.
Previous pressure measurements by embeded pressure gauges (Gassiat 2000) showed
that the pressures on the rotor and on the stator are the same within 2.5%. This is
a direct consequence of the Taylor–Proudman theorem, which forbids axial gradients
in fast rotating flows.

3. Analytical model
3.1. Governing equations

The turbulent flow is governed by the Navier–Stokes equations written in cylindrical
coordinates (r, θ, z). We denote the components of the velocity field (Vr, Vθ , Vz) and
the pressure P . As we saw previously, for large h compared to the boundary layer
thicknesses, the mean flow is of Batchelor type with a central core and two boundary
layers (Daily & Nece 1960). The aim of our analysis is to describe the flow in
the central core. In this region, it is well known that Vr � Vz � 0 (see Kurokawa &
Toyokura 1972). Moreover, the tangential velocity remains constant along the z-axis
and so depends only on the radial position (see figure 2). Thus, it appears that all
the flux passing through the cavity is confined in the boundary layers. So the Navier–
Stokes equation for the tangential component reduces to the balance of the centri-
fugal force and the radial pressure gradient: ρV 2

θ /r = ∂P/∂r . Then, if we define the
following dimensionless quantities: r∗ = r/R2, P ∗ = P/(1/2ρ(ΩR2)

2), we obtain
dP ∗/dr∗ =2K2r∗. The reference pressure is measured at the outer radial posi-
tion r∗ = 0.92. Thus, we define a pressure coefficient, as follows: Cp(r∗) =
P ∗(r∗) − P ∗(r∗ = 0.92). Finally the resulting equation that will allow a comparison
between the pressure field and the velocity field is

dCp(r∗)/dr∗ = 2K2r∗. (3.1)
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3.2. Definition of the local flow rate coefficient Cqr

The challenge is to find an equation linking the rate of rotation of the fluid K to
h, Ω and Q. It is recalled that we consider a flow with two turbulent boundary layers
separated by a central rotating core. First we seek an expression for the thickness
of the Ekman layer δE . Following the analysis of Schlichting (1979), we assume
that the velocity profiles evolve according to the classical one-seventh power law
in the boundary layers. Thus, the friction coefficient Cf , equal by definition to the
normalized shear stress τ0, can be given by Dean’s formula (Nakabayashi, Kitoh &
Katoh 2004): Cfmean = 0.073 Re−1/4

mean , where Remean is the Reynolds number based on
Umean, the mean velocity at the cross-section. In our case, we take the mean tangential
velocity in the Ekman layer to be Umean = (K + 1)Ωr/2 and the characteristic length
to be the Ekman layer thickness δE . Thus, the friction coefficient is given by

Cf ∼
(

K + 1

2
Ωr

)−1/4 (
δE

ν

)−1/4

. (3.2)

By denoting the angle formed by the shear stress at the wall as α and the tangential
direction as τ0, the tangential component is expressed by

τ θ
0 = τ0 cosα ∼ ρ

(
K + 1

2
Ωr

)7/4 (
ν

δE

)1/4

. (3.3)

The radial component of the shear stress is obtained by the balance between the
centrifugal force and the shear stress in a volume element having a height equal to
δE:

τ r
0 = τ0 sinα = ρΩ2rδE. (3.4)

As the angle α of streamline inclination remains constant along the radius r

(experimentally verified), we find the following expression for the Ekman layer
thickness:

δE ∼ r

(
K + 1

2

)7/5 (
Ωr2

ν

)−1/5

. (3.5)

Secondly, we suppose that the radial friction in the Bödewadt boundary layer is
controlled by the radial flux QB , with QB < 0. Now, by considering that the radial
velocity in the rotating core is zero, the continuity equation is

VEδE =
Qt − QB

2πr
. (3.6)

Qt is the total superimposed flux. VE is a bulk velocity in the Ekman layer, propor-
tional to the maximum value of the velocity reached in this layer, with the propor-
tionality coefficient β: VE =βΩr . Using (3.6) and the expression for VE , we finally
obtain

K = 2

(
Re1/5

r

β2πr3Ω
(Qt − QB)

)5/7

− 1, (3.7)

with the expression for the new similarity parameter Cqr = QtRe1/5
r /(2πr3Ω), where

Rer =Ωr2/ν is the local Reynolds number. The final expression is then

K = 2 × (a × Cqr + b)5/7 − 1 (3.8)
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Figure 2. Influence of the Reynolds number on the axial profiles of the dimensionless tangen-
tial velocity for G = 0.048 and Q∗ = 10317: �, ReR2

= 1.038 × 106; �, ReR2
= 2.076 × 106; �,

ReR2
= 4.151 × 106: (a) r∗ = 0.44, (b) r∗ = 0.68, (c) r∗ = 0.98.

with a and b two experimental constants; b is obtained from the case without flux
Qt = 0. Note that, for r = R2, the expression for Cqr is the same as in Kurokawa &
Toyokura (1972).

4. Experimental results
4.1. Velocity profiles

Figure 2 presents axial profiles of the dimensionless tangential velocity V ∗
θ = Vθ/Ωr

for various experimental configurations. We analyse the influence of the radial
position, and of the Reynolds number, for a given aspect ratio G = 0.048 and a
flow rate Q∗ = 10317. In each case, the existence of the three characteristic zones: the
two boundary layers and the rotating core, is confirmed. Moreover, between r∗ = 0.44
and 0.68, the flow is approximatively self-similar. However, as can be observed on
figure 2, K increases close to the centre because of the conservation of the angular
momentum. In particular, for r∗ =0.44, K can be greater than one. This means that
the fluid rotates faster than the disk and consequently the Ekman layer becomes
centripetal. Note that unlike the contra-rotating disks experiments of Lopez et al.
(2002) or Moisy et al. (2004), no inner shear layer is attached to the stagnation point,
as in our experiment, the vorticity profiles do not exhibit a local maximum. Closer to
the periphery, at r∗ = 0.98, the flow is strongly influenced by the boundary conditions.
The influence of the local Reynolds number and of the dimensionless flow rate Q∗ on
the tangential velocity is presented in figure 3 for G = 0.036. For Q∗ = 10317 and a
given radius r∗ = 0.68, the dimensionless tangential velocity in the core K decreases for
increasing values of ReR2

. On the other hand, for ReR2
= 1.038 × 106, at a given radius

r∗ = 0.56, K increases for increasing values of Q∗. Measurements have been obtained
for G equal to 0.024, 0.036 and 0.048 and compared in figure 4 for ReR2

= 4.15 × 106
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and Q∗ = 10317, where it is clearly seen that K is not sensitive to such variations of
G, as the flows remain in the same regime (turbulent with separated boundary layers).

4.2. Pressure distributions

To complete the experimental analysis of the flow, we also performed pressure mea-
surements by means of six pressure transducers, located on the stator on two rays
because of geometrical constraints. In figure 5(a), we plot the coefficient Cp versus
r∗ for few relevant cases. As expected, the pressure decreases towards the centre of
the cavity: Cp is thus always negative. Moreover, at a given radial position and for a
given angular velocity, it can be observed that Cp decreases for increasing values of
the flow rate Q∗. On the other hand, for a given value of Q∗, Cp increases for increas-
ing values of ReR2

.
According to relation (3.1), we can determine the entrainment coefficient K from

the value of Cp . To calculate the derivative of Cp , it is first necessary to perform a
polynomial fit of the curves Cp versus r∗. Then, we calculate by finite difference the
derivative of Cp in order to obtain the value of K . Figure 5(b) compares the variations
of K with the dimensionless radius r∗ for the data series obtained by the pressure
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Figure 5. (a) Radial distributions of the pressure coefficient Cp for various flow conditions.
(b) Radial profiles of K: comparison between the values of K obtained from the pressure
measurements and from laser anemometry, for various flow conditions (Q∗ = 10317).

sensors and from the LDA measurements. The results are in excellent agreement. The
small differences come from the calculation of the derivative of the coefficient Cp .

4.3. 5/7 power law

Relation (3.8) has been tested for many values of Q, Ω and r and for the three values
of the inter-disk gap h. Figure 6 shows that the whole set of experimental results are
in very good agreement with a polynomial fit: K =2 × (5.9 × Cqr + 0.63)5/7 − 1.

In particular, figure 6 shows that K is independent of the aspect ratio G as three
different G =0.024, 0.036, 0.048 configurations have been studied. The explanation
of this behaviour comes from the fact that the mean flow remains in each case a
Batchelor-type flow with separated turbulent boundary layers. The 5/7 law has also
been validated in the range of Reynolds numbers [6.92 × 105 − 4.15 × 106] and of
flow rates [1247 − 18215]. Because of experimental constraints, it was not possible to
obtain a value of Cqr greater than 0.2 while keeping the boundary layers turbulent.

For low flux and rather large radius (small values of Cqr ), the flow tends to a
self-similar Batchelor-type flow, where the entrainment coefficient K is constant. The
asymptotical value of K for Q∗ = 0 is 0.438. This value is higher that the one obtained
in the case of a large radial gap (K = 0.313, Szeri et al. 1983), mainly because of
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Figure 6. 5/7 power law giving K versus Cqr : �, present measurements;
�, measurements of Debuchy.

the influence of our pre-rotation conditions. On the other hand, on approaching the
centre of the disk for strong axial flux, the dependence in the power 5/7 becomes
dominant. We also report on figure 6 the velocity measurements of Debuchy (1993)
in the case of weak prerotation. As can be seen, these data also follow a 5/7 power
law but with smaller coefficients as expected from the absence of pre-rotation in this
experiment.

5. Conclusion
We have studied in this experimental work the behaviour of the entrainment co-

efficient K of the turbulent flow in a rotor–stator cavity, as a function of the Reynolds
number, of the throughflow rate and of the aspect ratio of the cavity. In particular, we
determined an analytical law, which enables to calculate the entrainment coefficient
K versus a local flow rate coefficient Cqr . This law has been determined analytically
and has been validated by extensive pressure and velocity measurements for different
values of the inter-disk gap h and in a large range of Reynolds numbers and flow
rates. We have also determined the structure of the rotating-disk flow when an inward
flux is added. For a weak throughflow, the flow at the periphery keeps the same pro-
perties as the case without flux: the Ekman boundary is centrifugal and the Bödewadt
boundary layer is centripetal. These layers are separated by a central rotating core.
But, for a strong throughflow, the flow in the Ekman boundary layer becomes centri-
petal as the core rotates faster than the rotating disk.

This research was supported by SNECMA Moteurs, Large Liquid Propulsion,
Vernon (France) under grant 2003.021.G.
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