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Abstract The identification of singularities is an important aspect of research in parallel manipulators, which has received a great deal of attention
in the past few decades. Yet, even in many well-studied manipulators, very
few reported results are of complete or analytical nature. This paper tries
to address this issue from a slightly different perspective than the standard
method of Jacobian analysis. Using the condition for existence of repeated
roots of the univariate equation representing the forward kinematic problem
of the manipulator, it shows that it is possible to gain some more analytical
insight into such problems. The proposed notions are illustrated by means
of applications to a spatial 3-RPS manipulator, leading to the closed-form
expressions for the singularity manifold of the 3-RPS in the actuator space.
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1 Introduction
This paper attempts to revisit the relationship between the constraint equations inherent to a parallel manipulator, and the singularities thereof. It is
well-established that singularities in a physical manipulator can be characterised in terms of a corresponding degeneracy in the mathematical equations defining its motion. In particular, in all the cases of singularities in
direct kinematics (which has also been termed as a “singularity of the secRangaprasad Arun Srivatsan
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ond type” [7], “gain-type” singularity [1], “constraint singularity”, etc.), it
is known that one or more pairs of branches of forward kinematics merge –
leading to the mathematical condition that the loop-closure equations defining the forward kinematics admit repeated roots. There exists a considerable variety in the development of the constraint equations, and the nature
of variables included in them. However, notwithstanding the differences in
the implementation details, many of these formulations are connected via
a fundamental logical thread – namely, the application of implicit function
theorem to a set of non-linear equations, leading to the analysis of the rank
degeneracy of certain resulting Jacobian matrices. While a comprehensive
discussion of the Jacobian-based formulations is out of scope of this paper,
the mention of two typical examples may help motivate the point better.
In [7], the constraint equation is also the input-output equation of the manipulator, i.e., the equations are formed to connect the task-/output-space (i.e.,
dependent/unknown) variables directly to the input (i.e., independent) variables by eliminating the other unknown variables associated with the passive
joints. On the other hand, in other works such as [6, 1], the passive variables
are in focus, and they, along with the input variables, define the configuration space of the manipulator. Degeneracy of the Jacobian of the constraint
equations with respect to the passive variables define the condition for the
gain-type singularities in the configuration space. It is also understood, that
these methods lead to similar results, since a gain of degree-of-freedom in the
configuration space typically results in a corresponding gain in the task-space
degree-of-freedom.
This paper follows the same basic approach for the analysis of singularities.
However, it differs in the fact that instead of the vanishing of the determinant of a certain Jacobian to identify singularities, it uses the derivative of
a special scalar equation in conjunction with the equation itself. This equation is designated as the “forward kinematic univariate”, or FKU for brevity.
Typically, an FKU is derived in the process of solving the forward kinematic
problem itself, by the process of systematic elimination of all the unknowns
but one, which is then solved from the FKU itself. This observation motivates
a very simple procedure/algorithm for deriving singularity conditions:
1. Derive the FKU depicting the forward kinematics;
2. Set its derivative w.r.t. the lone remaining unknown variable to zero;
3. Solve the above two equations simultaneously.
There are several advantages to this procedure in comparison to the standard Jacobian-based formulations. Firstly, in the case of a number of spatial
manipulators of practical importance, the FKU can be derived in closed form
– see, e.g., [5, 3]. This opens up the opportunity of deriving the scalar singularity condition also in the closed-form. Secondly, sometimes, it is possible
to decompose the FKU into factors. In such cases, the algorithm can be applied separately to the individual factors, which further simplifies the task of
the analytical computation. This aspect would be demonstrated in Section 3.
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Finally, often the FKU is either in the form of a polynomial in the unknown
variable, or can be converted into one. In such cases, the problem reduces
to the computation of the resultant of the FKU and its derivative w.r.t. the
unknown, which can be accomplished easily provided the degree of the FKU
(or its individual factors) is not too high in this variable. There are, however,
several limitations of the proposed formulation as well. Obviously, it cannot
be applied to situations, where the FKU is not available in closed form. Also,
since the FKU is typically the result of the elimination of a number of variables from the original set of constraint equations, it may accrue one or more
spurious solutions. The zeros of the discriminant is only guaranteed to be a
super-set of the singularities in the original system (see, e.g., [4]).
The remaining of the paper is organised as follows: in Section 2, the mathematical formulation for the proposed method is described. In Section 3, the
same is illustrated with the example of a spatial 3-RPS manipulator, and the
conclusions are presented in Section 4.

2 Formulation
Let, the loop-closure/kinematic constraint equations be defined as:
η(θ, φ) = 0,

(1)

where θ represents the set of active or known variables, and φ the set of
unknown variables, which could consist of any combination of the passive
joint/configuration variables, and Cartesian-/task-space variables. At a regular point, these equations yield unique solutions for φ. At a singularity,
however, one or more pairs of solutions merge. Applying the implicit function theorem to this situation, the corresponding condition emerges as:
det(J ηφ ) = 0, where J ηφ =

∂η
.
∂φ

(2)

The above observation forms the basis for the identification of the “gain-type
singularities in the configuration space” [6, 1], as well as the “singularities of
the second type in the task space” [7], albeit with different meanings for the
variable φ. Thus, the said singularities can be identified as the set of points
in the workspace, where Eqs. (1,2) are satisfied simultaneously1 . In practice,
however, it is difficult to solve these equations together – particularly since
1

If constraint equations are written in, or, converted to, their algebraic (i.e., polynomial)
forms, then an equivalent condition for such singularities would be that the singularity
condition in Eq. (2) in its algebraic form, belongs to the constraint ideal generated by
the algebraic form of Eq. (1). Thus, the determination of singularities in the constraint
equations can also be posed as an ideal membership (see, e.g., [4]) problem.
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the singularity condition involves a determinant. This observation motivates
the following alternative approach.
Consider, that θ ∈ Rn , and φ ∈ Rm (locally at least), where m, n are
positive integers, such that n equals the degrees-of-freedom of the mechanism,
and η ∈ Rm . The forward kinematic problem refers to the finding of solutions
for φ in terms of θ. To achieve this, it is fairly standard to eliminate the
variables φi (i = 1, . . . , m − 1), i.e., the components of φ from Eq. (1), till a
single variable (which is φm in this context) remains in a single equation –
which encapsulates into it all the kinematic characteristics captured by the
original system (1). This final univariate, (defined as the FKU in Section 1)
can be written as:
f (θ, φm ) = 0.

(3)

In the algebraic context, Eq. (3) would be the resultant of the algebraic form
of Eq. (1). To find the singularities in Eq. (3), the implicit function theorem
can be invoked again, leading to the new singularity condition:
∂f (θ, φm )
= 0.
∂φm

(4)

Elimination of φm between Eq. (3,4) results in the singularity condition in
terms of the actuator variables and the geometric parameters alone.

3 Illustrative example: the 3-RPS manipulator
The 3-RPS parallel manipulator was introduced by Lee and Shah in 1988,
and has since been studied extensively by several researchers. Some of the
important works on the singularity of this manipulator include [2, 8]. The
manipulator, as shown in Fig. 1, consists of a fixed and a moving platform.
The two platforms are connected by means of three “legs”, each of which has
a rotary, a prismatic, and a spherical joint. The prismatic joints are actuated,
and all the other joints are passive. This gives rise to three-degrees-of-freedom
at the moving platform. The coordinates of the (centres of the) spherical joints
on the top platform are obtained in the fixed base reference frame as:
0

p1 = (b − l1 cos φ1 , 0, l1 sin φ1 )T ,

0

p2 = RZ (2π/3) (b − l2 cos φ2 , 0, l2 sin φ2 )T ,

0

p3 = RZ (4π/3) (b − l3 cos φ3 , 0, l3 sin φ3 )T ,

where RZ (α) denotes the rotation matrix for CCW rotation about axis Z
through an angle α. Without any loss of generality, the base dimension, b,
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Fig. 1 The 3-RPS manipulator

is scaled to unity in the following, which renders all the linear dimensions
unit-less. All angles are expressed in radians.

3.1 Derivation of the FKU
Given the input variables θ=(l1 , l2 , l3 )T , there are three passive joint variables φ = (φ1 , φ2 , φ3 )T , which are to be solved from the loop-closure equations denoted by η = 0, where η = (η1 , η2 , η3 )T , and:
∆

η1 = (0 p2 − 0 p1 ) · (0 p2 − 0 p1 ) − 3a2 = 0,
∆

η2 = (0 p3 − 0 p2 ) · (0 p3 − 0 p2 ) − 3a2 = 0,
∆

η3 = (0 p1 − 0 p3 ) · (0 p1 − 0 p3 ) − 3a2 = 0.
The functions η1 , η2 , η3 are first converted into polynomials in the variables ti = tan(φi /2), (i = 1, 2, 3) using the standard tangent half-angle substitutions (see, e.g., [5]). After some manipulations, Eq. (1) transforms into
a set of three simultaneous quadratic equations of the form f1 (t1 , t2 ) = 0,
f2 (t2 , t3 ) = 0, f3 (t3 , t1 ) = 0. The variable t1 is then eliminated between f1 = 0
and f3 = 0, thereby leading to a new equation of the form f4 (t2 , t3 ) = 0, which
is quartic in t2 , t3 . The second unknown, t2 , is eliminated between f4 = 0
and f3 = 0, yielding the FKU f (t3 ) = 0, which turns out to be of degree 8
in t23 (see [9] for further details of the elimination scheme). On further analysis, it is found that is it possible to decompose f (t3 ) into two quartic factors,
i.e., f (t3 ) = g1 (s3 )g2 (s3 ), where both g1 , g2 are of degree 4 in s3 = t23 . The
coefficients of s3 in g1 , g2 are functions of the platform dimension a and the
inputs li only, and these have been obtained in closed-form. The coefficients
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reveal that g2 becomes identical to g1 when a is replaced by −a. The actual
expressions of the coefficients are too big to be included in this paper; for the
sake of illustration, the coefficient of s3 in g1 is given below:
(9a4 + 12a3 (l3 + 3) − 3a2 (l12 + l22 − l32 − 10l3 − 15) − 2a(l3 + 3)(l12 + l22 + l32 − 3)
− l12 (−l22 + 2l3 + 3) − 2l22 l3 − 3l22 − l34 − 8l33 − 18l32 − 12l3 )2 .

3.2 Analysis of singularities using the FKU
Singularities in forward kinematics occur when the FKU f (t3 ) = 0 has repeated roots. Taking advantage of the factorisation, and using the formulation
presented in Section 2, it can be seen easily that singularities can occur in
one of two possible manners, and/or their combinations: g1 (s3 ) or g2 (s3 ) = 0
has one or more repeated root(s); g1 (s3 ) = 0 and g2 (s3 ) = 0 share one or
more common root(s). Both the cases are described below.
• Case 1: g1 (s3 ) = 0 has a repeated root
For the numerical values l1 = 1, l2 = 2, l3 = 3, a = 0.851, the equation g1 (s3 ) = 0, written as a monic polynomial, becomes:
s43 + 1.83886s33 − 0.23294s23 + 0.00243s3 + 0.00032 = 0.
The roots of this equation are: (−1.95839, −0.02950, 0.07452, 0.07452), and
the passive variables corresponding to the repeated real root are: φ1 =
0.68488, φ2 = 1.52654, φ3 = 0.52303. The corresponding pose of the manipulator is shown in Fig. 2(a).
• Case 2: g1 (s3 ) = 0 and g2 (s3 ) = 0 share a common root
For the inputs l1 = 1.57928, l2 = 1, l3 = 2, and a = 1/2, the roots
of g1 (s3 ) = 0 are: (−0.95589, −0.00028, 0.05276, 0.07163), and the roots
of g2 (s3 ) = 0 are: (0.07163, 0.09818, 0.46876±0.05965i). Thus, the root s3 =
0.07163 is shared between the two factors. The corresponding values of the
passive variables are: φ1 = 1.45197, φ2 = 1.27655, φ3 = 0.53296. The manipulator is shown in this pose in Fig. 2(b).

3.3 Special cases
The loop-closure equations (1) suffer another type of degeneracy for “special”
combinations of leg inputs, e.g., when two or more of the leg inputs are
identical. For instance, consider the case when l2 = l3 : obviously, in this
case, φ2 = φ3 , and hence, η2 becomes identical to η3 . Proceeding as before
with the equations η1 = 0 and η2 = 0, the FKU is obtained in terms of t1 in
this case, which turns out to be a quadratic in t21 . Once again, the coefficients
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(a) Case 1: g1 (s3 ) = 0 has a re- (b) Case 2: g1 (s3 ) = 0 and g2 (s3 ) = 0 share
peated root
a common root
Fig. 2 Singular poses of the 3-RPS

of the polynomial are obtained in close-form; e.g., the coefficient of t21 is:

2 9a4 − 18a3 + a2 (9 + l12 − 6l22 ) + a(−14l12 + 6l22 ) + 4l12 + l14 − 6l12 l22 + l24 .
In the following, the case of gain of one-degree-of-freedom derived in [9] following geometric reasonings, is studied again, albeit in the framework of analysis
proposed in this paper. For a = 1/2 and l2 = l3 = 1,
√ the above-mentioned
2
quadratic equation has a double
root
when
l
=
(
37 − 3)/4. The solu1
 q
q
√ 
√ 
tions for t1 are obtained as: ± 31 − 5 37 /6, ± 31 − 5 37 /6 , i.e.,
both the positive and negative solutions of t1 are repeated (as they should,
since they correspond to the poses mirrored at the base plane). The pose
corresponding to the positive solutions is the same as in Fig. 7 of [9].
In the case where l1 = l2 = l3 , only one of the constraint equations,
say, η1 = 0, matters. Since φ2 = φ1 in this situation, this equation becomes
a quadratic in cos φ1 . Setting the discriminant of this equation to zero, one
obtains the final condition for singularity as a2 l14 = 0 – which can occur only
if the top platform shrinks to a point, or coincides with the base platform.

2

Note that numerically, l1 ' 0.770, as noted in Section 5.5.1 of [9]. However, thanks to
the proposed algorithm, it is now possible to compute this value exactly.
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4 Conclusions
A new method for deriving the singularity condition of a parallel manipulator is presented in this paper. The method depends upon the solution of the
forward kinematic problem of the manipulator through a single univariate
equation, which is a fairly common practice. The proposed computational
scheme involves the elimination of a single variable between two equations,
for any manipulator. Special structures in the final univariate equation, e.g.,
its decomposition into factors, or polynomial nature etc. can also be taken
advantage of to reduce the computational complexity, while still obtaining
analytical results. This is demonstrated by means of the spatial 3-RPS manipulator, leading to the description of its singularity manifold in terms of
closed-form expressions in the general case, perhaps for the first time.
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