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Abstract—The original concept of space has emerged in 

paleolithic times from the concept of orientation. Its appearance 

cannot be interpreted as a random event, but it must be seen as 

the result of considerable brainwork. Current operational 

structures of cognition appear rooted in prehistoric thought. 

Pictograms, ideograms and logograms signify fundamental steps 

for the later emergence of the linear writing and linear time as 

history and thought. Binary logic and elementary first order 

propositional calculus are an important aspect of language and 

seems to have little in common with the perception of objects in 

space. Nevertheless, we show that classical logic can be derived 

from the primeval concept of orientation that has emerged in 

human cognition during paleolithic worship activity. From there, 

all higher thought structures can be developed. Thought is a 

neuronal filter for the perception of that which is. Understanding 

this deep layer of thought is vital to develop highly competitive, 

reliable and effective cognitive robot and brain-inspired system.  

Keywords—Cognition, orientation, logic, computational 

intelligence, cognitive computing, cognitive robotics, brain-inspired 

systems, geometric algebra, Clifford algebra, CICT, deep thinking.  

I.  INTRODUCTION 

Recently Wang has shown that the Bayes' law needs to be 
extended in order to fit more general contexts of variant sample 
spaces and complex event properties [1]. His revisited 
probability theory enables an extended mathematical structure 
known as "probability algebra" for rigorous manipulating 
uncertainty events and causations in formal inference, 
qualification, quantification, and semantic analysis in 
contemporary fields such as cognitive informatics, 
computational intelligence, cognitive robots, complex systems, 
soft computing, semantic computing, and brain informatics. 
Nevertheless, cognitive ambiguity still emphasizes the major 
Information Double Bind (IDB) problem in most current, 
advanced research laboratory and instrumentation system, just 
at the inner core of human knowledge extraction by 
experimentation in science [2]. This is the main reason why 
traditional computational resources and systems have still to 
learn a lot from human brain-inspired computation and 
reasoning. The fact that we can build devices that implement 
the same basic operations as those the nervous system uses, 
leads to the inevitable conclusion that we should be able to 
build entire systems based on the organizing principles used by 
the human nervous system. There is nothing that is done in the 
nervous system that we cannot emulate with electronics if we 
understand the principles of neural information processing 

right. We have to remember, to rediscover or to invent an 
effective and convenient information representation model that 
takes full advantage of the inherent capabilities of the medium 
and its related environment. The space of human visual 
perception must posses some algebraic properties, some 
fundamental symmetries which are nothing else than the 
algebraic properties of the elementary logic of our cognitive 
genetic structures. But where does this elementary logic 
structure come from? In order to find a sound answer to this 
question can be helpful to recall early experiences of our 
ancestors. The original concept of space has emerged in 
paleolithic times from the concept of orientation. Its 
appearance cannot be interpreted as a random event, but it must 
be seen as the result of considerable brainwork. We show how 
this emergent logic structure can be based upon the discovery 
of orientation in space. From there, all higher thought 
structures can be developed. Thought is a neuronal filter for the 
perception of that which is. Understanding this deep layer of 
thought is vital to develop highly competitive, reliable and 
effective cognitive robot and brain-inspired system. 

II. ANCIENT UNIVERSE, TIME AND SPACE 

Throughout history, the Sun has always been worshipped 
and considered to be all-powerful, supreme and a preserver. 
The "Sun Wheel" symbol is believed to invoke the great 
cosmic powers to bless the Earth with fertility, life, abundance, 
prosperity and peace (Fig. 1). The cross in the Sun Wheel 
divides the circle with four parts, which are said to be 
representative of the solar calendar and are marked by the 
solstices. They may symbolize the four annual seasons that 
have a very significant influence on the agricultural cycles. 
Through the ages, celestial happenings and natural 
phenomenon have been used to symbolize important thoughts 
and concepts. The recurring phenomenon of day and night was 
always considered very meaningful as it was believed that the 
survival of human species depended majorly on synchronizing 
the bodily and mental functions with the peculiar demands of 
day and night. The ancestral non-dual dichotomy permeating 
all living creatures on Earth. The sense of something constantly 
re-creating itself is emerging. Later it will be conceptualized by 
the "ouroboros" [3] and then by "circular time" or cyclical 
time, as a mental construct. The Ouroboros is one of the 
world's most ancient mystical symbols, having appeared in 
Egypt as early as 1,600 BC. It was adopted by the Phoenicians 
and later by the Greeks, who gave it its name. Over the 
centuries it has been subject to several interpretations by 



different cultures. One is that it represents the Universe's 
eternally cyclic nature, which creates life out of destruction. 
Humanity is a fractal mixture of all our ancestral minds, and if 
many of us believe that we are more civilized than others 
before us, we are simply erroneous.  

 

 

Fig. 1. The "Sun Wheel" symbol is believed to invoke the great cosmic 
powers to bless the Earth with fertility, life, abundance, prosperity and 
peace.  

 
Time is not linear and has a complex organization. The web of 
events is not organized in linear order. The key point is that 
usual physical (linear) representation of time is insufficient, in 
our view, for the understanding key phenomena of life, such as 
rhythms, both physical (circadian, seasonal, etc.) and properly 
biological (heart beating, respiration, metabolic, etc.). In 
particular, the role of biological rhythms do not seem to have 
any counterpart in mathematical formalization of physical 
clocks, which are based on frequencies along the usual 
(possibly thermodynamical, thus oriented) time [4]. Linear 
time order is constructed by our thought, our rational mind, and 
the apparent linear unity of time is an articulation of our 
rational thought. The simple symbol of the Sun Wheel lends 
itself to several interpretations. Its divisions are also said to 
stand for the four cardinal directions, East, West, North and 
South. Giving an astrological symbolism to the icon, the 
divisions signify the four identities of life-self, intellectual, 
emotional and the actual manifestation. The circle has a 
universal appeal. It is the richest figure in symmetry. In 
mathematical terms, symmetry of rotation refers to the degree 
of rotation a figure can sustain which still allows it to remain 
unchanged. A circle is the figure richest in this quality since it 
remains the same no matter what the degree of rotation. If it 
were tridimensional it would be a sphere. Plato thought reason 
resided in the head mainly because the human skull is that part 
of our gross anatomy which most resembles a sphere. From the 
biological viewpoint the sphere is the richest in possibilities 
because it recalls the developmental calm of the organism 
before polarity. Another universal appeal of the circle is the 
fact that it is without beginning or end. It illustrates the 
mystical statement "in the beginning is the end" [5].  

Apparently, in sense perception human beings are 
submerged in the experience of countless details and their 
interrelations constituting "organic wholes" that we are 
unconsciously aware of, but that form essential ingredients to 
our experience. Perceiving is an active process, it unfolds over 
time, modulated by the current context, especially by the 
expectations of the observer. In 2010 a group of French 
cognitive neuroscientists showed that in the continuum 
between a stroke and a circle (a fundamental dichotomic, 
geometric representation couple) including all possible ellipses, 
some eccentricities seem more "biologically preferred" than 

others by the human motor system, probably because they 
imply less demanding coordination patterns. Visual 
discrimination of ellipses depends on the state of the motor 
neural networks controlling the dominant hand, but only when 
their eccentricity is biologically preferred. Importantly, this 
effect emerges on the basis of a static display, suggesting that 
what we call "biological geometry", i.e. geometric features 
resulting from the resonance with preferential movements, is 
relevant information for the visual processing of bidimensional 
shapes [6]. Like written language, symbols carry with them 
meaning that allows us to communicate with each other. But 
unlike language many ancient symbols also contain something 
more. A deep meaning that lies at the base of our subconscious. 
Carl Jung called those symbols "Archetypes" as archaic images 
or universal thought-forms that influence the feelings and 
action of an individual. He proposed that these images, patterns 
or prototypes for ideas are derived from universal or collective 
unconscious. According to Jung, collective unconscious is an 
inherited psyche or reservoir of experience and is common to 
all members of a specific species. Archetypes can be described 
as "blueprints of our souls". These are primordial images or 
patterns of behavior that we are born with [7]. The great Greek 
philosopher, Plato is credited with originating the concept of 
"Archetypes".  

Middle Paleolithic symbol makers appear to have innovated 
a new grapheme, the "cross" or "X" mark motif. We have many 
examples of them, but here we recall the two most ancient ones 
according to our present knowledge. The first one is from the 
southern coast of South Africa. About two hundred miles east 
of Cape Town, the Blombos Cave, Stillbay, was found to 
contain Middle Paleolithic artifacts. In more detail, Layer CC, 
TL 77,000 BP, OSL 70,000; 9 pieces of ochre potentially 
engraved with geometric signs; 2 engraved with iterative 
strokes and/or "X"s or "crosshatch". The second one is from 
Tata, Hungary, Quina Mousterian, Useries c 100,000 BP; cross 
on both sides of circular silicified fossil nummulite disk, a 
natural crack crossed at right angle by engraved line 
[8],[9],[10]. The example from Tata may be considered a 
combination of X plus circle, and as taking a natural diametric 
crack, a "broken line", that cuts or divides the circle and then 
crossing it, restoring a fourfold whole. The original concept of 
space has emerged in paleolithic times and has been engraved 
into stones, stone bowls and stone disks in the form of a 
linecross or quartered circle (Fig. 2). 

 

 

Fig. 2. On the left, fossil nummulite from the Mousterian levels of Tata 

(Hungary), on which a cross has been formed by incising a single line at right 
angles to a natural crack running through the fossil. Middle Paleolithic period, 

c. 100,000 BP. From collection of Magyar Nemzeti Müzeum, Budapest, 

Hungary. After Marshack 1990 [11]. On the right, a combination of X plus 
circle (Photo François Bordes, Figure 39 [12]. Illustration Robert Bednarik, 

figure 5 [13]). 



The shared, living sign is begetting its language by the unified 
toil of human perception and action, by the active 
contemplation between the shams of the inner, and the 
pretences of the outer still dwelling in the duality of the 
resonant cycle of tuned action and perception (oriented action). 
As a matter of fact, strong coupling between processes related 
to perception and action emerges in the human brain as a 
consequence of learning a sensorimotor task [14],[15],[16]. A 
reflexive relationship is bidirectional with both the cause and 
the effect affecting one another in a loop relationship in which 
neither can be assigned as causes or effects. The strong 
coupling between processes related to perception and action 
emerges in the human brain as a consequence of learning a 
sensorimotor task. The functional role of this action-perception 
coupling is not confined to individual behavior, as it extends to 
inter-individual contexts and is suitable for use in inferring the 
goal of other agents or inter-acting with them. Action-
perception coupling thus constitutes a mean for entraining 
multiple individuals' brain and behavior, and a fruitful path for 
the understanding of how multiple agents inter-act (via 
reciprocal prediction and adaptation) to achieve shared goals. 

Already in the 1920s and 1930s, psychologists like Jean 
Piaget and Lev Vygotsky were claiming that pre-verbal 
children processed information primarily through visualization 
[17],[18],[19],[20],[21]. Our early ancestors begin to develop 
an approximate sense of geometrical shape and number, 
initially referred to as "numerosity" by Dehaene [22] or an 
intuitive understanding of numbers, their magnitude and how 
they are affected by their relationships. While arithmetical 
thinking, in the form of subitizing [23] known to birds, fishes, 
and mammals including early primates, has no discernible 
origin, it seems that geometric thinking appeared on the human 
stage in the Lower Paleolithic. This emergence can be seen as 
the epitome of embodied mathematics. Piaget's work supports 
the viewpoint that children do not have a stable representation 
of number until the age of six or seven. His theories indicate 
that mathematical knowledge is slowly gained and during 
infancy any concept of sets, objects, or calculation is absent 
[24]. On the other hand, the van Hiele theory describes how 
young people learn geometry. It postulates five levels of 
geometric thinking which are labeled visualization, analysis, 
abstraction, formal deduction and rigor. Each level uses its own 
language and symbols [25],[26]. It seems that men have 
learned to think by playing around with objects in space, and 
this playing around was accompanied by the engraving 
pictograms, ideograms on stones. So before there was any 
exact concept of measurable space our ancestors had a concept 
of orientation by crossing lines, as from Fig. 2. They were not 
concerned with concepts of measure and metric, but allowed 
for geometric considerations such as reflections, rotations, 
combinations and commutations, aeons later synthetized into 
Clifford algebras (CA). Historically, the development of 
geometric thinking became manifest primarily in the painted 
caves of the Homo Sapiens of the Upper Paleolithic by 
implicitly oriented drawings. As soon as you investigate into 
the origins of culture, you come upon the survival formulas of 
our paleolithic ancestors. Among those symbols there is a 
concept of orientation that can be followed forward until the 
times of Descartes. Those geometrical shapes are just the 
vestiges of early artists resonating with their visions, thoughts 

and culture. The lack of understanding of culturally and 
historically situated conventions makes it difficult, if not 
impossible, to access the original meaning behind iconography 
in the past.  

III. PLANE, SPACE GEOMETRY AND ORIENTATION 

From the combination of single lines at right angle (plane 
line cross) and X plus circle from Fig. 2, we obtain our 
reference diagram to study orientation in plane and in space, 
with four quadrants (divided into two octants each) numbered 
in counterclockwise fashion (1, 2, 3, 4) and five transformation 
flips F12, F22, F32, RD, LD (Fig. 3). Please, note that even in 
the definition of our reference diagram we use an implicit 
orientation assignment ("front-view" in 2D and "outside-view" 
or "external-view" from a 3D space point of view, 
respectively). Any regular polygon with n sides has 2n 
different symmetries: n rotational symmetries and n reflection 
symmetries. A very compact and efficient way of handling 
reflections in any number of dimensions is by Clifford algebras 
(CA), invented by W. K. Clifford [27] in 1878. The geometric 
product of Clifford's Geometric Algebra (GA) [28] that 
emerges from CA and the Cartan-Dieudonné theorem also 
allow to deal with rotations quite effectively [29]. Today, CA 
are at a crossing point in a variety of research areas, including 
abstract algebra, crystallography, projective geometry, 
quantum mechanics, differential geometry, analysis, etc. [30], 
[31], [32], [33], [34], [35], [36], [37], [38], [39], [40]. 
Therefore GA has roots older and more basic than linear 
writing. The topography of letters and words on linear 
alphabets is extremely complex and it is impossible to conceive 
without the basic concepts of GA.  

 

 

Fig. 3. From the combination of single lines at right angle (plane line cross) 

and X plus circle of Fig.2, we obtain our reference diagram to study orientation 
in plane and in space, with four quadrants numbered in counterclockwise 

fashion (1, 2, 3, 4) and five transformation flips F12, F22, F32, RD, LD (see 

text).  

 
According to GA, given a unit vector n, we can consider the 
reflection of a vector a in the hyperplane orthogonal to n. Even 
more importantly, from the Cartan-Dieudonné theorem, 
rotations are the product of successive reflections. For instance, 
compounding the reflections in the hyperplanes defined by the 
unit vectors n and m results in a rotation in the plane defined by 
n∧m [29]: 

                     RRamnanma
~

                             (01) 



where we have defined R = mn and the tilde denotes the 

reversal of the order of the constituent vectors nmR 
~ . The 

object R = mn generating the rotation in Eq. 01 is called a 
"rotor". It satisfies the relation 1

~~
 RRRR . Rotors themselves 

transform single-sidedly under further rotations, and thus form 
a multiplicative group under the geometric product, called the 
"rotor group", which is essentially the "Spin group", and thus a 
double-cover of the orthogonal group. Objects in GA that 
transform single-sidedly are called "spinors", so that rotors are 
normalised spinors. The group of symmetries of a regular 
polygon, which includes rotations and reflections, is called 
"dihedral group". Reflecting in one axis of symmetry followed 
by reflecting in another axis of symmetry produces a rotation 
through twice the angle between the axes. The notation for the 
dihedral group differs in geometry and abstract algebra. In 
geometry, Dn or Dihn refers to the symmetries of the n-gon, a 
group of order 2n. In abstract algebra, D2n refers to this same 
dihedral group. In mathematics, the binary cyclic group of the 
n-gon is the cyclic group of order 2n, C2n, thought of as an 
extension of the cyclic group Cn by a cyclic group of order 2. It 
is the binary polyhedral group corresponding to the cyclic 
group [41]. The binary cyclic group, as a subgroup of the Spin 
group, can be described concretely as a discrete subgroup of 
the unit quaternions of GA. Nevertheless, in this article the 
geometric convention is used mainly, due to its minimal 
educational resources requirement. 

 We call the elementary plane rotation "group generator" a. 
Therefore na

4
, with any natural number n represent rotations in 

the x-y plane, n = 1 means rotation by 90°, n = 2 by 180°, n = 3 
by 270°, and n = 4 by 360°. Obviously 

4

5

4
aa   which means that 

the plane rotation group is a cyclic group of order 4, namely Z4. 
In the 3D spatial interpretation of our reference diagram, a4 can 
be interpreted as a rotation by 90° in counter-clockwise 
direction around the vertical z-axis (front-view) combined with 
a reflection at the x-y-plane. Now it is possible to carry out 
several transformations from our reference diagram in Fig. 3, 
without changing its location and orientation. This study can be 
achieved by many different approaches, as by GA [34], 
abstract algebra, crystallography by Schönfließ symbols [42] or 
Miller indices, iconic display of binary connectives [43], logic 
alphabet [44],[45], matrix representation, etc. Here we start 
following a combinatorial approach for its extreme simplicity 
and minimal educational tools requirement. Therefore, any of 
our transformations of the quartered circle can be represented 
by a permutation of four objects, being the counter-clockwise 
numbered four quadrants of the disk and the spatial flips as 
reported from Fig. 3 (for the plane case we assume that 
quadrant number label front-view and rear-view is the same). 
First we start turning it around the horizontal axis by F12, so 
that the upper half is exchanged with the lower. In permutation 
notation, we have: 

                          










1234

4321
0

P
       .                             (02) 

Then we turn it around the y-axis by F22, we have: 

                           










3412

4321
1

P
       .                             (03) 

Then we apply LD and RD transformations obtaining: 

                          










4123

4321
2

P
       ,                             (04) 

and 

                          










2341

4321
3

P
                                     (05) 

respectively. Finally, we consider the plane rotations in 
counter-clockwise direction by 90°, 180°, 270° and 360° 
respectively. We obtain: 
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1

R
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4321
2

R
       ,                             (08) 

                    










4321

4321
3

ER
       .                             (09) 

From R3, eq.(09), as you can see a rotation of 360° simply 
consists in leaving the whole arrangement unaltered. This is 
called the "unit operation" or "unity" (E) of the algebra. 
Furthermore, we see that transformation F32 of Fig. 3 is 
equivalent to R1. We have obtained eight elementary 
transformations, unity included, that leave both location and 
orientation of the linecross invariant. This are not only 
mathematical symmetry operations, but they represent an 
actual experience that can be made by turning a real cross 
shaped object in one's hands. Now symmetry operations 
possesses inverse operations and for each of the previous ones 
we obtain: 
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It is immediate to verify that 1
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3
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3
. Therefore our basic 

two-dimensional orientation group is closed with respect to the 
inversion operation. The important property of these elements 
is that they can be associated or multiplied according to their 
algebraic property. They form a finite noncommutative 
algebraic group, which we can call G and which a 
multiplication table can be computed from as in Fig. 4. Group 
G is isomorphic to geometric group D4, the spatial rotation-
group of a square in space or dihedron group. The complete 
subset of elements of a group G which commute with all 
elements of G form the centre of the group G, denoted Z(G). 



The center of the dihedral group, Dn, is trivial when n is odd. 
When n is even, the center consists of the identity element 
together with the 180° rotation of the polygon.  

 
 

 

Fig. 4. Complete group multiplication table for finite noncommutative 

permutation group G. 

 
Therefore in our case, we have: 

                                      2

4
,aEZ         ,                             (11) 

and  

                                3

4

2

4

1

4

0

44
,,, aaaaZ                                  (12) 

is the cyclic subgroup of order 4 of the basic orientation-group 
D4. As a matter of fact, considering the transformation flips 
from Fig. 3, the basic orientation-group contains two more 
proper subgroups of order 4, K1 and K2. They are isomorphic 
with the Kleinian Fourgroup (Klein'sche Vierergruppe) Z2 x Z2, 
the direct product of two copies of the cyclic group of order 2, 
as reported in Fig. 5.  
 

 

Fig. 5. On the left the Kleinian Fourgroup K1 and ond the right the Kleinian 

Fourgroup K2 from the basic orientation-group D4, considering the 
transformation flips from Fig. 2. 

 
The Klein Fourgroup is the smallest non-cyclic group, and 
every non-cyclic group of order 4 is isomorphic to the Klein 
four-group. The cyclic group of order 4 and the Klein 
Fourgroup are therefore, up to isomorphism, the only groups of 
order four. All other cyclic subgroups of the basic orientation-
group are of order 2.  

If we center the regular polygon at the origin, then elements of 
the dihedral group act as linear transformations of the plane. 

This lets us represent elements of D4 as matrices, with 
composition being matrix multiplication as follows:  
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So far, we have considered D4 to be a subgroup of O(2), i.e. the 
group of rotations (about the origin) and reflections (across 
axes through the origin) of the plane. However, notation Dn is 
also used for a subgroup of SO(3) which is also of abstract 
group type Dn: the proper symmetry group of a regular 
polygon embedded in three-dimensional space (if n ≥ 3). Our 
reference diagram may be considered as a degenerate regular 
solid with its face counted twice (front-view plus rear-view). 
An example is given in Fig. 6.  
 

 

Fig. 6. Front-view and rear-view for the stop sign as an example of 

degenerated regular polyhedron. They are the sixteen elements of dihedral 

group D8 on a stop sign: The first row shows the effect of the eight rotations, 
and the second row shows the effect of the eight reflections (courtesy of Jim 

Belk).  

 
In 3D space, all the possible rotational symmetries of an object, 
as well as the possible its orientations about the origin, are 
described by the rotation group SO(3). The rotation group 
SO(3) has as a universal cover the group SU(2) which is 
isomorphic to the group of unit quaternions Sp(1). This is a 
double cover since the kernel has order 2. The interested reader 
to dig deeper into the CA and quaternion approaches to logic is 
referred to [34]. 

IV. FROM ORIENTATION TO LOGIC 

According to Swiss clinical child psychologist Jean Piaget, 
human adults normally know how to use properly classical 
propositional logic. Piaget and other contributors also held that 
the integration of algebraic composition and relational ordering 
in formal logic is realized via the mathematical Klein 
Fourgroup structure [46],[47]. Piaget applied the Klein 
Fourgroup to binary connectives, so that a given connective is 
associated first with itself (in an identical (I) transformation) 
and then with its algebraic complement (its inverse (N) 
transformation), also with its order opposite (its reciprocal (R) 
transformation) and, finally, with the combination of its N and 
R transformations (that Piaget calls its "correlative" or C 
transformation) [ch.17, 47]. This correlative corresponds to 
what logicians usually call the "dual" (D) transformation [48]. 
The Piaget-Klein Group Cayley Table is reported in Fig. 7. As 
you can see, it is isomorphic to the Kleinian Fourgroups of Fig. 
5. Piaget used an algebraic form of logic which was very 
different from de Morgan's or Boole's "law of thought". They 
considered a metastructure of algebra that could itself be 



represented at the level of algebra, in particular as a symmetry 
group. For Boolean logic this group is isomorphic with Z2 x Z2 
and today known as the square of opposition (SOO) or the 
Square of Apuleius or Buridan Square (Fig. 8) or the semantic 
square. The SOO has its origin in the four marked sentences to 
be employed in syllogistic reasoning, representing the relations 
between the four basic Aristotelian categorical propositions: 
Universal Affirmative (A), Universal Negative (E), Particular 
Affirmative (I), Particular Negative (O), arranged in a square 
structure (Fig. 9).  

 

 

Fig. 7. Piaget-Klein Group Cayley Table.  

 

The origin of the square can be traced back to Aristotle 
making the distinction between two oppositions: contradiction 
and contrariety. But Aristotle did not draw any diagram. This 
was done several centuries later by Apuleius and Boethius in 
the second and sixth centuries.  

 

 

Fig. 8. Buridan Square (courtesy of Vatican).  

 
In the 19th century, George Boole argued for requiring 

existential import on both terms in particular claims (I and O), 
but allowing all terms of universal claims (A and E) to lack 
existential import. This decision made Venn diagrams 
particularly easy to use for term logic. The SOO, under this 
Boolean set of assumptions, is often called the "modern SOO". 
In the modern SOO, A and O claims are contradictories, as are 
E and I, but all other forms of opposition cease to hold; there 
are no contraries, subcontraries, or subalterns.  

 

 

Fig. 9. The classic Square of Opposition (SOO) structure.  

 
Thus, from a modern point of view, it often makes sense to talk 
about "the" opposition of a claim, rather than insisting as older 
logicians did that a claim has several different opposites, which 
are in different kinds of opposition with the claim. Gottlob 
Frege's Begriffsschrift also presents a square of oppositions, 
organised in an almost identical manner to the classical square, 
showing the contradictories, subalternates and contraries 
between four formulae constructed from universal 
quantification, negation and implication [49]. SOO are 
considered as important basic components of logical 
competence of human rationality [50].  

Nevertheless, Piaget was indeed very right when he took 
INRD to be the basic structure of logic rather than Boolean 
algebra. When dealing with genetic structures of cognition 
Boolean algebra is not the right way to represent them. In fact 
the symmetry of Boolean laws of thought is contained in the 
symmetry of the original concept of space. In other words, the 
symmetry of classical logic is a proper subgroup with index 2 
of the basic two-dimensional orientation group corresponding 
to INRD by Z2 x Z2. In Piaget's theory, the Klein group is a 
commutative group of four transformations on objects [46]. 
These objects are molecular propositions, each molecule being 
identified by a specific binary connective. In order to define the 
transformations of these molecules, let us call any four 
consecutive truth-values as being "(a, b, c, d)", so that each 
transformation is the transformation of a 4-tuplet of truth-
values into another 4-tuplet by an operator. A first 
transformation is the identical operation (I), which maintains 
the proposition as it is, that is, for a given truth-table, the I-
operator keeps it as it is (I(a, b, c, d) = (a, b, c, d)). The inverse 
operator (N) generates the algebraic complement of the 
proposition, which is the proposition for which the true values 
are changed for false values and vice versa (N(a, b, c, d) = 
(¬a,¬b,¬c,¬d)). Two connectives which are algebraic 
complements are such that their disjunction gives a tautology 
(like in (P | Q)∨(P&Q)) and their conjunction results in a 
contradiction (as in (P | Q)&(P&Q)). The reciprocal operator 
(R) produces the proposition that maintains the same truth-
table but in a reversed order: R(a, b, c, d) = (d, c, b, a). Finally, 
the dual operator (D), that Piaget calls “correlative”, is the 
inverse of the reciprocal, or, by commutativity, the reciprocal 
of the inverse (D = NR or D = RN): D(a, b, c, d) = 
(¬d,¬c,¬b,¬a). Such a structure is a commutative group, given 
that it is closed on the four transformations, that each element 
has its algebraic complement (N), that it possesses a neutral 
element (I) and that the application of any combination of 
transformations is associative and commutative. According to 
Piaget, the Klein Fourgroup is the formal structure being at 
work in adult reasoning on propositions: so, treating 
conveniently algebraic complements (N) and order reciprocals 
(R) in an integrated structure, by a valid treatment of duals (D), 
would guarantee people to achieve predicative proficiency. In 
any molecular proposition made of two atoms (P and Q), the 
resulting truth-table contains four truth-values, so that there are 
16 different truth tables and so, 16 different binary operators; 8 
of these operators appear in two genuine Klein groups [51]. 
The 8 remaining binary operators appear in 4 simplified, one-
dimensional, Klein groups of only two molecules. For this 
reason, Robert and Brisson call these Klein groups "crushed". 



Groups 3 and 4 are such that I = R and N = D and groups 5 and 
6 are such that I = D and N = R. The crushes of these groups 
capture the explanatory power in the explanation of human 
reasoning fallacies [48]. On the other hand, the "genuine" 
groups contain four distinct molecules, as being the four 
different Klein transformations (I,N,R and D) with their 
multiplicative table as reported in Fig. 7. Indeed, each genuine 
square (squares 1 and 2, Fig. 10) are such that diagonal 
opposites, or N opposites, are contradictories (one being true 
and the other one being false); horizontal opposites, or R 
opposites, are either contraries or subcontraries and vertical 
opposites, or duals, are in a relation of subalternation.  

 

 

Fig. 10. In any molecular proposition made of two atoms (P and Q), the 

resulting truth-table contains four truth-values, so that there are 16 different 
truth tables and so, 16 different binary operators; 8 of these operators appear in 

these two genuine Klein groups [48],[51].  

More precisely, what have now become lower reciprocals, like 
(P ⊃ Q) and (Q ⊃ P) are subcontraries, that is, at most one is 
false, and the same applies to the other new lower reciprocals, 
(P ∨ Q) and (P | Q). The new upper reciprocals are contraries, 
at most one is true, which is the case between (¬P&Q) and 
(P&¬Q) and between (P&Q) and (¬P&¬Q). Finally, each of 
the subalternations is such that there is a vertical implication 
between an upper corner and its dual: so, (¬P&Q) implies (P ⊃ 
Q); (P&¬Q) implies (Q ⊃ P); (P&Q) implies (P ∨ Q); 
(¬P&¬Q) implies (P | Q). 

The two genuine Klein Fourgroups of Fig 10 can be 
directly compared with the K1 and K2 Fourgroups of Fig. 5 to 
immediately obtain the following transformation 
correspondences: I = E, N = R1, R = P1(K1) or P2(K2), D = 
P0(K1) or P3(K2). From such generation principles you can 
unfold the whole eightfold path of the original concept of 
orientation which is the root structure of our thought. Thus the 
generators of the basic orientation symmetry are indeed 
generators of logical operations. Furthermore, they share the 
same transformation R1 as key transformation related to the 
plane. R1 corresponds to plane counter-clockwise rotation F32 
of Fig. 3. In geometric words, F32 defines the orientation of the 
orthonormal to the plane x-y (in this case front-view, if we 
assume classic orientation for x and y axes of Fig. 3). This 
defines the structure of the usual vector or cross product rule in 
3D vector algebra. Therefore rotations implicitly imply 
associated line orientations and oriented lines implicitly imply 
associated oriented rotations. It is also immediate to realize that 
F32 is associated to the bi-vector skew-symmetric outer 
product part of the geometric product related to vectors x and y 
in GA. As a matter of fact, geometric reflections are the basic 

components of human cognition to create meaningful 
representations and CA is the fundamental tool to reliably 
handling even logical transformations. CA reflections are so 
fundamental that they are already hardwired even into our 
current number and polynomial systems to generate 
automatically optimized representation language of languages. 
The major trouble is that we are not aware of those concealed 
properties. In a recent paper [52] we already discussed this 
property by CICT (Computational Information Conservation 
Theory) [53],[54], and anticipated that it can easily be shown 
that SN (Solid Number) D = 101 [54] generates a SN family of 
order 25 or SN25 for short [55], formed by 25 word cyclic 
members, which can be arranged into 20 genuine Klein 
Fourgroups and 5 cyclic simple groups. We are just at the 
beginning of a new journey to achieve a deeper rational 
awareness of the root meaning of human cognitive resources. 

V.  CONCLUSION 

Current operational structures of cognition appear rooted in 
prehistoric thought. Pictograms, ideograms and logograms 
signify fundamental steps for the later emergence of the linear 
writing and linear time as history and thought. Binary logic and 
elementary first order propositional calculus are an important 
aspect of language and seems to have little in common with the 
perception of objects in space. Nevertheless, we have showed 
that classical logic can be derived from the primeval concept of 
orientation that has emerged in human cognition during 
paleolithic worship activity. In the last sixty years, many 
experiments made by psychologists of reasoning have often 
shown most English speaking adults commit logical fallacies in 
propositional inferences. These experimental psychologists 
have therefore concluded, relying on many empirical 
evidences, that Piaget's claim about adults' competence in 
propositional logic was wrong and much too rationalist. But, in 
doing so, they forgot Piaget's rigorous and important analysis 
of the Klein Fourgroup structure at work in logical 
competence. According to experimental psychologists, Piaget 
was overestimating the logical capacities of average human 
adults in the use of classical propositional logical connectives. 
As a matter of fact, English speaking people tend to treat 
conditionals as equivalences and inclusive disjunctions as 
being exclusive. The Klein Fourgroup structure generates 
squares of opposition, and an important component of human 
rationality resides in the diagram of the squares. But the formal 
rationality provided by the squares is not spontaneous and, 
therefore, should not be easy to learn for adults. This is the 
main reason why we need reliable and effective training tools 
to achieve full logic proficiency, such as the EPM and E

2
PM 

[56]. Treating conveniently neutral elements (I), algebraic 
complements (N) and order reciprocals (R) in an integrated 
structure, by a valid treatment of duals (D), would guarantee 
people to make logically valid classical inferences on 
propositions to achieve predicative competence.  
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