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Abstract In this work we develop a universal technique that improves mediumterm prediction methods as they are monthly updated using the last available
observations of smoothed sunspot numbers (see monthly output in real time
at http://sidc.oma.be/products/kalﬁl/). The improvement of the predictions is
provided by an adaptive Kalman ﬁlter based on using the last six monthly mean
values of sunspot numbers, which cover the six months between the last available
value of the 13-month running mean (the starting point for the predictions)
and the current time. The proposed technique shifts the starting point for the
predictions 6 months ahead and provides an increase of prediction accuracy for
all the methods. Our technique has been tested on three medium-term methods
of predictions from 6 to 18 months ahead which are now in operation: The
McNish-Lincoln method (NGDC), the standard method (SIDC), the combined
method (SIDC). The prediction accuracy for the McNish-Lincoln method (M&L)
is increased by 17 − 30%, for the standard method (SM) by 5 − 21% and for the
combined method (CM) by 6 − 57%.
Keywords: Solar Cycle, Models; Solar Cycle, Observations; Sunspots, Statistics

1. Introduction
Medium-term prediction of the sunspot number has very high relevance in space
weather applications. A number of diﬀerent techniques have been proposed to
predict future smoothed sunspot numbers of a solar cycle (usually the 13-month
smoothed monthly mean sunspot number is used). The predictions that can
be updated each month using the last available observations of the smoothed
sunspot number and a method for their improvement are considered in this
paper.
One of the better-known techniques for solar cycle prediction is the McNishLincoln method (McNish and Lincoln, 1949). It is based on averaging over
past cycles to form a mean cycle. The diﬀerence between the smoothed sunspot numbers and the mean cycle is used to project future diﬀerences between
1
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predicted values and the mean cycle. The McNish-Lincoln regression technique
originally used yearly values to get the predictions one year ahead. Steward and
Ostrow (1970) have described a modiﬁcation of the McNish-Lincoln technique
that allowed prediction of monthly mean values. The Modiﬁed McNish-Lincoln
auto-regression technique is used today to provide the prediction of the monthly
smoothed sunspot number for the current solar cycle in the monthly Solar
Geophysical Data reports published by the National Geophysical Data Center
(NGDC).
The method to predict solar cycle proﬁle from the steepness of the ascending
phase of the cycle was proposed by Waldmeier (1968). The medium-term sunspot
number prediction technique based on Waldmeier’s interpolation curves is used
now in monthly reports of the Solar Inﬂuence Data analysis Center (SIDC) as
standard method. The currently observed smoothed curve is compared with the
normalized smoothed monthly curves observed in the past, and choosing the
normalized curve with the same slope yields predictions of the evolution of the
cycle during future months (Koeckelenbergh, 1986).
A number of methods with diﬀerent backgrounds and motivations have been
compared to the McNish-Lincoln technique and the standard method. The 12
and 18 months predictions of the smoothed sunspot number based on Waldmeier’s interpolation curves were compared with those given by a new method
combining a regression model with predictions of the succeeding maximum based
on precursors method (Denkmayr and Cugnon, 1997; Hanslmeier, Denkmayr,
and Weiss, 1999). Predictions are obtained by computing the weighted average
of the past cycles having a similar maximum, and are being gradually improved
as new observations become available. The authors demonstrated the advantage
of the new method in the ascending part of three cycles: 18, 21 and 22. This
method is implemented today in SIDC as the combined method.
Relative comparisons between the McNish-Lincoln method and a neural network method were performed by Macpherson, Conway, and Brown (1995) and
Fessant, Pierret, and Lantos (1996) who found that neural networks could provide a better prediction accuracy than the McNish-Lincoln method for cycle 22.
Zhang (1996) showed that predictions given by nonlinear techniques are superior
to that given by the standard method for part of cycle 22. Lantos (2006) analyzed
the advantages of McNish-Lincoln method combined with the best of precursors.
However Conway (1998) and Lantos (2006), analyzing diﬀerent medium-term
prediction methods, indicated that it was diﬃcult to decide deﬁnitely which
prediction method was the best because diﬀerent authors use diﬀerent sets and
formats of time series data and only relative comparisons between methods can
be performed.
Lantos (2006) pointed that that the McNish-Lincoln method as well as all
the precursors has rare but unacceptable errors of prediction. Thus any modiﬁed
technique that improves the prediction of the current cycle can cause a risk of
unacceptable prediction errors of other (past and future) cycles.
The objective of this paper is to develop a universal auxiliary technique that
improves all the medium-term prediction methods as they are monthly updated
using the last available observations of smoothed sunspot numbers without any
risk of additional errors caused by this technique. The improvement of the
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predictions is provided by an adaptive Kalman ﬁlter based on using the last
available six monthly mean observations of sunspot numbers, which cover the
six months between the last available value of the 13-month running mean (the
starting point for the predictions) and the current time. Usually, the last six
monthly mean sunspot numbers are not directly used in prediction algorithms
because of the large level of stochastic component included in them. Yet, they
give signiﬁcant information about future cycle evolution. A proper procedure of
‘ﬁltration’ and their direct using for the prediction causes a shift of the starting
point for the predictions 6 months ahead and therefore provides an increase of
prediction accuracy for all the methods.
The prediction results obtained by any medium-term method are fed into the
Kalman ﬁlter that causes an improvement of these predictions and are used for
the construction of a state space stochastic model. Noise statistics of this model
are determined on the basis of the developed identiﬁcation method.
The proposed technique has been tested on the three medium-term methods
of predictions that are now in operation: McNish-Lincoln method (reports published by National Geographic Data Center), standard method and combined
method (reports published by Solar Inﬂuence Data analysis Center).

2. State space model
The last available observation of the smoothed sunspot number Rk is the starting
point for the predictions at time k (in months). Let R̂k+j,k denote the prediction
of the smoothed sunspot number j months ahead on the basis of the original
prediction method (which can be any method to get smoothed sunspot number
prediction based on monthly updating) when the last observed smoothed sunspot
m
number available is Rk . Let Rk+j
(j = 1, 2, . . . , 6) denote the last six observations
of the monthly mean sunspot numbers that are available.
To take into account in full measure the information contained in the last six
m
available observations Rk+j
(j = 1, 2, . . . , 6) we create the state space model of
the sunspot cycle based on the predictions R̂k+j,k .
Let us describe the dynamics of smoothed sunspot numbers Rk+j in the form
of the diﬀerence equation
Rk+j = Φk+j,k+j−1 Rk+j−1 (j = 1, 2, . . .).

(1)

Here Φk+j,k+j−1 is the transition function that reconstructs Rk+j−1 at month
k + j − 1 to Rk+j at month k + j.
The transition function depends on the model used and can be estimated by
Φk+1,k =

Φk+j,k+j−1 =

R̂k+1,k
,
Rk

R̂k+j,k
R̂k+j−1,k

, (j = 2, 3, . . .).
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These transition functions Φk+j,k+j−1 reconstruct estimates of the smoothed
sunspot number R̂k+j−1,k at month k + j − 1 to estimates of the smoothed
sunspot number R̂k+j,k at month k + j, (j = 1, 2, . . .).
However, none of the models can be considered as fully reliable. As Conway
(1998) pointed out, it is impossible to make precise predictions of the future
because scientiﬁc theories are inseparable from random or stochastic eﬀects,
which can enter in one of two ways: either being intrinsic to the theory itself or
as a consequence of measurement error.
The great variety of behavior of the 11-year sunspot cycle causes unpredictable
deviation of the predicted value R̂k+j,k from Rk+j . Therefore we introduce random noise wk+j with unknown variance to the model (1), which allows us to take
into account uncertainty and unpredictability of processes change in future.
Thus, the dynamics of process Rk+j is now governed by the stochastic diﬀerence equation
Rk+j = Φk+j,k+j−1 Rk+j−1 + wk+j , (j = 1, 2, . . .).

(2)

Here wk+j represents the process noise intrinsic to the sunspot cycle. We consider
2
it to be uncorrelated unbiased noise with variance σw,k+j
and assume it to be
proportional to the smoothed sunspot number Rk+j
2
= aw · Rk+j ,
σw,k+j

(3)

where aw is an unknown constant to be identiﬁed.
This assumption is related to results obtained by Hathaway et al (1994), who
found that variance of monthly mean sunspot numbers is proportional to their
values.
Equation (2) is the stochastic model which determinate base represents the
origin model used to get the predictions R̂k+j,k . The process noise wk+j allows
us to take into account random deviations of predictions from the original model
that can be estimated on the basis of the last six observations of the monthly
m
mean sunspot number Rk+j
(j = 1, 2, . . . , 6).
The distortion of monthly mean sunspot numbers by measurement errors can
be taken into account by construction of the measurement equation with additive
measurement noise vk+j that is given by
m
Rk+j
= Rk+j + vk+j , (j = 1, 2, . . . , 6).

(4)

Here the measurement noise vk+j is supposed to be uncorrelated unbiased noise
with variance
2
σv,k+j
= av · Rj+k ,

(5)

where av is an unknown constant to be identiﬁed.
The improved prediction of Rk+j described by the state space model (2,4)
can be obtained on the basis of a Kalman ﬁlter that provides an eﬃcient computational means to estimate the state of a process in a way that minimizes the
mean of the squared error by additionally using the last six available observations
m
Rk+j
(j = 1, 2, . . . , 6).
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3. Kalman filter algorithm
The Kalman ﬁlter (KF) is a very powerful technique including ﬁltration and
extrapolation to estimate current and future states quite precisely in conditions
of incomplete information about the investigated processes (Kalman, 1960).
KF
KF
Let R̂k+j,k+j
and R̂k+j+1,k+j
(j = 1, 2, . . . , 6) represent respectively a ﬁltered estimate of state Rk+j (j = 1, 2, . . . , 6) with variance of ﬁltered error
2
σk+j,k+j
and extrapolated estimate of state Rk+j+1 (j = 1, 2, . . . , 6) with vari2
ance of extrapolated error σk+j+1,k+j
obtained on the basis of observations
m
m
FK
Rk+1 , . . . , Rk+6 . Let R̂k+j,k+6 (j > 6) denote extrapolated estimates of the
2
future states Rk+j (j > 6) with variances of extrapolated error σk+j,k+6
(j > 6)
m
m
on the basis of observations Rk+1 , . . . , Rk+6 .
2
In the actual implementation of the ﬁlter the variance of process noise σw,k+j
2
and variance of measurement noise σv,k+j are usually determined prior to operation of the ﬁlter. To use the equations of the Kalman ﬁlter we begin with the goal
of ﬁnding the unknown constants αw and αv used in the expressions (3,5) to determine these variances. Applying the developed identiﬁcation technique of noise
statistics we estimate the constants aw = 0.2 and αv = 2.6 (see Appendix A).
To initiate the Kalman ﬁlter procedure we choose the last observed smoothed
KF
sunspot number Rk as the initial assessment of state R̂k,k
with error variance
2
KF
σk,k = 0. Let R̂k+1,k denote an extrapolated estimate of state Rk+1 .
The Kalman ﬁlter algorithm includes the following steps:
1) Extrapolation
The extrapolation equations for the next time step and estimates of the error
variance are deﬁned by
KF
KF
R̂k+j,k+j−1
= Φk+j,k+j−1 · R̂k+j−1,k+j−1
, j = (1, 2, . . . , 6),
2
2
2
σk+j,k+j−1
= Φ2k+j,k+j−1 · σk+j−1,k+j−1
+ σw,k+j
.

2) Filtration
Filtration equations incorporate a new measurement to obtain an improved
estimate and are given by
KF
KF
m
KF
R̂k+j,k+j
= R̂k+j,k+j−1
+ Kk+j · (Rk+j
− R̂k+j,k+j−1
), (j = 1, 2, . . . , 6), (6)
2
2
σk+j,k+j
= (1 − Kk+j ) · σk+j,k+j−1
,

(7)

where K is the ﬁlter gain and is represented by the following expression
Kk+j =

2
σk+j,k+j−1
.
2
2
σk+j,k+j−1
+ σv,k+j

KF
are substituted in the
Instead of the unknown Rk+j their estimates R̂k+j,k+j−1
2
2
expressions (3,5) for variances σw,k+j and σv,k+j .
As a result of the processing at time k of the last available six monthly mean
m
observations Rk+j
(j = 1, 2, . . . , 6) by the Kalman ﬁlter we obtain the improved
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KF
estimate R̂k+6,k+6
of state Rk+6 in comparison with the value R̂k+6,k obtained
by the original prediction method. The variance of this estimate error is deﬁned
2
by σk+6,k+6
.
KF
The ﬁltered estimate R̂k+6,k+6
of state Rk+6 is the new starting point for
predictions that is shifted six month ahead in comparison with the last observed
smoothed sunspot number Rk .
To determine improved predictions from 7 to 18 months ahead when observations of monthly mean sunspot numbers are not available yet we use the
procedure of extrapolation given by
KF
KF
R̂k+j,k+6
= Φk+j,k+6 · R̂k+6,k+6
, (j = 7, 8, . . . , 18),

(8)

where Φk+j,k+6 = Φk+j,k+j−1 · Φk+j−1,k+6 , (j = 8, 9, . . . , 18).
The variances of these estimates errors are deﬁned in the recurrent way
2
2
2
σk+j,k+6
= Φ2k+j,k+j−1 · σk+j−1,k+6
+ σw,k+j
, (j = 7, 8, . . . , 18).

(9)

Thus, we obtain the improved predictions of smoothed sunspot numbers from
7 to 18 months ahead and variances of their estimates errors on the basis of
expressions (8,9).

4. Exponential smoothing
The 13-month running mean obtained by averaging 13 monthly mean sunspot
number isolates quite satisfactorily the component associated with the activity
of a solar cycle. However the 6 month delay of estimation as compared to the
last available monthly mean value is an essential drawback of this procedure.
Applying the Kalman ﬁlter we can improve the prediction without delay taking
into account the sunspot cycle dynamics characterized by the last six available
monthly mean observations. However, because of the reduction of the sample
size to 6 points, the ﬁltration eﬀectiveness of the stochastic component becomes
lower and the prediction correction by the Kalman ﬁlter is characterized by an
essentially ﬂuctuating component. To obtain additional accuracy increase we
apply exponential smoothing (ES) to Kalman ﬁlter estimates (Brown, 1963).
The method of exponential smoothing is eﬀective when there is an essentially
random component in time series data and there is no great trend.
Applying the Kalman ﬁlter we obtained predictions, where
}
{
KF
KF
KF
, R̂k+7,k+6
, . . . , R̂k+18,k+6
; (k = 1, 2, . . .)
R̂k+6,k+6
are the 13 time series of smoothed sunspot number predictions from 6 to 18
months ahead.
KF
We apply exponential smoothing to these time series R̂k+j,k+6
, (k = 1, 2, . . .)
for every j = 6, 7, . . . , 18 obtained for the estimates of Rk+j (j = 6, 7, . . . , 18).
ES
(k = 1, 2, . . .) for every j = 6, 7, . . . , 18 represent the exponential
Let R̂k+j,k+6
moving average obtained as a result of exponential smoothing that in its simplest
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13-months running smoothed
sunspot number Rk,
the last six monthly mean
m
R k+j
and predictions
of an origin method
^ , (j=1,2,...,6)
R
k+j,k

^
Estimation R
k+6,k+6
of the smoothed
sunspot number
Rk+6
Prediction
updating
at month k+6
KF

Kalman
filter

Predictions
of an origin method
^ , (j=6,7,...,18)
R
k+j,k

Predicted smoothed
sunspot numbers
^ES , j=(6,7,...,18)
R
k+j,k+6

Predicted smoothed
sunspot numbers
R^KF
k+j,k+6, j=(6,7,...,18)
j months ahead

Exponential
smoothing

Previous values of
exponential smoothing
ES
R^k+j,k+6
, j=(6,7,...,18)

Figure 1. Schema of prediction algorithm.

form is given by
ES
ES
KF
R̂k+j+1,k+7
= (1 − α) · R̂k+j,k+6
+ α · R̂k+j+1,k+7
, (k = 1, 2, . . .).

Here α is the exponential weight and 0 < α < 1.

5. Application to medium-term methods of predictions
The proposed prediction improvement technique of smoothed monthly sunspot
numbers has been tested on three medium-term methods of predictions which
are now in operation: The McNish-Lincoln method (predictions results published
from August 1994 to May 2010), the standard method (prediction results published from January 1992 to May 2010) and the combined method (prediction
results published from September 1997 to May 2010). To obtain improved prediction estimates we applied the adaptive Kalman ﬁlter (section 3) to the prediction
results taking into account the last available six monthly mean observations of
sunspot numbers. Additionally we used the procedure of exponential smoothing
(section 4) to get the improved estimates of Rk+j (j = 6, 7, ..., 18). As the effectiveness of exponential smoothing decreases when there is a deﬁnite trend in
the data, we also tested the proposed technique on prediction results obtained
on with the combined method for cycle 22 (September 1986 – May 1996), which
atypical ascending phase provides a good example of a clear trend. To obtain
our results we started the procedure of exponential smoothing 23 months after
the start of the cycle because the ﬁrst half of an ascending phase of the 11year sunspot cycle is usually characterized by a dominant trend. The prediction
algorithm is schematically presented on Fig. 1.
The smoothed sunspot number Rk , the last available six observations of
m
the monthly mean sunspot numbers Rk+j
and the predictions R̂k+j,k , (j =
1, 2, ..., 6) from 1 to 6 months ahead of an original method are fed into to the
Kalman ﬁlter. Applying the Kalman ﬁlter we obtain the improved estimate
KF
R̂k+6,k+6
of state Rk+6 . This estimate becomes the new starting point for the
prediction updating that is shifted 6 months ahead in comparison with the last
observed smoothed sunspot number Rk . On the basis of the improved estimate
KF
R̂k+6,k+6
and predictions R̂k+j,k (j = 6, 7, ...) of an original method from 6 to 18
KF
, (j = 7, 8, ..., 18) from
months ahead we obtain improved predictions R̂k+j,k+6
7 to 18 months ahead. Then we apply the exponential smoothing to the Kalman
KF
ﬁlter estimates R̂k+j,k+6
, (k = 1, 2, ...; j = 6, 7, ..., 18).
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Figure 2. Root mean square errors of predictions from 6 to 18 months ahead. a) The
McNish-Lincoln method (M&L); b) The standard method (SM); c) The combined method
(CM) for the period from September 1997 to May 2010; d) The combined method (CM) for
cycle 22 (September 1986 – May 1996). The thin dotted line shows RMS errors of predictions
obtained on the basis of the original prediction method. RMS errors of the new prediction
after applying the Kalman ﬁlter are marked by bold solid lines. Bold dotted lines depict the
additional correction by the exponential smoothing (ES).

The root mean square errors (RMS) of the prediction from 6 to 18 months
ahead are shown in Fig. 2.
As Fig. 2 shows, the Kalman ﬁlter statistically improves the predictions from
6 to 18 months ahead for all three methods. Exponential smoothing reduces
additionally the errors of prediction (Fig. 2a,b,c). In the conditions of pronounced
trend as in cycle 22 (Fig. 2d), the exponential smoothing insigniﬁcantly decreases
the accuracy of prediction of the Kalman ﬁlter from 6 to 12 months ahead and
gives smaller RMS errors from 13 to 18 months ahead. This gives grounds to use
the exponential smoothing to improve the prediction without risk of additional
errors caused by pronounced trends.
Fig. 3 shows predictions of the smoothed sunspot numbers 12 months ahead.
This ﬁgure shows that our technique improves the prediction obtained by the
original method in the ascending phase for all the methods. In the descending
phase the eﬀectiveness of the proposed technique either increases or decreases
in comparison with predictions of an original prediction method.
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Figure 3. Prediction of smoothed sunspot numbers 12 months ahead. a) The McNish-Lincoln
method (M&L); b) The standard method (SM); c) The combined method (CM) for the period
from September 1997 to May 2010; d) The combined method (CM) for the cycle 22 (September
1986 - May 1996). Thin solid line shows 13-month running smoothed sunspot numbers. Dotted
line depicts prediction obtained on the basis of origin prediction method. Prediction after
applying Kalman ﬁlter (KF) and exponential smoothing (ES) are marked by bold solid line.

The Kalman ﬁlter technique provides not only estimates of present and future
sunspot numbers, but also gives estimates of prediction accuracy. We obtain
the variance of prediction error 6 months ahead using expression (7) when
j = 6 and variances of prediction errors from 7 to 18 months ahead on the
basis of expression (9). Supposing prediction errors are normally distributed we
KF
construct the 95% prediction interval as the range from R̂k+j,k+6
− 2σk+j,k+6
KF
KF
to R̂k+j,k+6 + 2σk+j,k+6 , (j = 6, 7, ..., 18), where R̂k+j,k+6 is a prediction of
smoothed sunspot number j months ahead obtained with the Kalman ﬁlter.
Fig. 4 shows the estimate of the 95% prediction interval for the prediction 12
months ahead.
It is seen that almost all smoothed sunspot numbers fall in the 95% prediction
interval. In the ascending phase of cycle 22 the smoothed sunspot number exceeds
the limits of the 95% prediction interval during the year 1991 (Fig. 4d). This is
evidently caused by the atypical ascending phase of the cycle.
Table 1 gives RMS errors of the predictions 6, 12 and 18 months ahead for the
original prediction method and the correction on the basis of the Kalman ﬁlter
with and without exponential smoothing and shows a reduction of RMS predic-
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Figure 4. Estimate of the 95% prediction interval for the prediction 12 months ahead. The
solid line shows the 13-month running smoothed sunspot numbers. The dotted lines depict the
95% prediction interval for a) The McNish-Lincoln method (M&L)+Kalman ﬁlter (KF); b)
The standard method (SM)+Kalman ﬁlter (KF); c) The combined method (CM)+Kalman
ﬁlter (KF) for the period from September 1997 to May 2010; d) The combined method
(CM)+Kalman ﬁlter (KF) for cycle 22 (September 1986 - May 1996).

tion errors using the Kalman ﬁlter and exponential smoothing in comparison to
the original prediction method.
As shown in Table 1, applying the Kalman ﬁlter and exponential smoothing
performs well in all the methods. The proposed technique reduces RMS errors of
predictions of an original method 6 months ahead from 5 to 57%. The exponential
smoothing insigniﬁcantly decreases the eﬀectiveness of Kalman ﬁlter when it is
applied to obtain predictions 6 month ahead for cycle 22. However, even in this
case we have essential improvements of prediction of 29% in comparison with the
original prediction method. Therefore we propose to use additionally exponential
smoothing after Kalman ﬁlter application without risk of important additional
errors.

6. Conclusion and Discussion
Medium-term prediction methods as they are monthly updated using the last
available observations of smoothed sunspot numbers (13-month running
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Table 1. RMS errors of predictions 6, 12 and 18 months ahead and reduction of RMS
prediction errors using a Kalman ﬁlter and exponential smoothing in comparison to an
original prediction method.
Prediction method

6 months ahead
prediction
RMS
∆RMS
errors

12 months ahead
prediction
RMS
∆RMS
errors

18 months ahead
prediction
RMS
∆RMS
errors

M&L
M&l+KF
M&l+KF+ES

5.9
4.9
4.2

17%
29%

10.9
9.3
8.1

15%
26%

15.2
12.4
10.7

18%
30%

SM
SM+KF
SM+KF+ES

6.1
5.3
4.8

13%
21%

12.3
11.3
10.1

8%
18%

17.6
16.7
15.0

5%
15%

CM (cycle 23)
CM+KF (cycle 23)
CM+KF+ES (cycle 23)

10.4
6.0
4.5

42%
57%

17.5
13.1
10.9

25%
38%

17.5
16.4
14.0

6%
20%

CM (cycle 22)
CM+KF (cycle 22)
CM+KF+ES (cycle 22)

12.7
7.5
9.0

41%
29%

21.6
16.4
16.9

24%
22%

21.8
17.5
16.9

20%
22%

smoothed sunspot number) do not directly use the last six observed monthly
mean sunspot numbers because of the large level of stochastic component included in them, although they give signiﬁcant information about cycle evolution
in future.
Our study showed that the Kalman ﬁlter provides ﬁltration of this stochastic
component and predictions improvement of any original method by taking into
account the dynamics of the sunspot cycle characterized by the last available
six monthly mean observations of sunspot number, which cover the six months
between the last available value of the 13-month running mean (the starting point
for the predictions) and the current time. The proper procedure of their ﬁltration
and their direct use for the prediction shifts the starting point for prediction
updating 6 months ahead and provides an increase of prediction accuracy for all
the methods.
We created the state space model of sunspot activity, which determinate base
was created on the basis of predictions of an original method. As any of the
models can be considered as fully reliable and sunspot activity is inseparable from
stochastic eﬀects that are intrinsic to the process itself and are a consequence
of measurement error, we introduced process and measurement noises to this
model. To determine noise variances of the state space model we developed noise
statistics identiﬁcation methods, which allowed to take into account random
deviations of predictions from an original prediction model using the Kalman
ﬁlter and to correct the original predictions. The Kalman ﬁlter also allowed to
obtain estimates of prediction accuracy.

SOLA: Podladchikova.tex; 9 December 2010; 23:07; p. 11

T. Podladchikova and R. Van der Linden

To obtain additional increase of predictions accuracy we reduced the random
component of the Kalman ﬁlter estimates applying exponential smoothing.
Our technique has been tested on three medium-term methods of predictions
from 6 to 18 months ahead that are now in operation: the McNish-Lincoln
method (NGDC), the standard method (SIDC), the combined method (SIDC).
Test results showed that the Kalman ﬁlter improved predictions from 6 to 18
months ahead for all three methods. Exponential smoothing additionally reduced prediction errors. The prediction accuracy for the McNish-Lincoln method
(M&L) is increased by 17-30%, for the standard method (SM) by 5-21% and for
the combined method (CM) by 6-57%.
The real-time output of Kalman ﬁlter technique is in operation now at
http://sidc.oma.be/products/kalﬁl/. Monthly reports are published by Solar
Inﬂuence Data analysis Center.

Appendix
A. Identification of noise statistics
To determine noise statistics of the stochastic state space model (2,4) we use
observations of monthly mean sunspot numbers Rjm (j = 3, 4, . . .) from 1849 to
2009 (Podladchikova, 2006; Pankratova and Podladchikova, 2008). Let us rewrite
the model (2,4) into
Rj = Φj,j−1 Rj−1 + wj ,

(10)

Rjm = Rj + vj .

(11)

Here
= aw · Rj and
= av · Rj are unknown variances.
To determine the constants αw and av we create sequences B1,j and B2,j
2
σw,j

2
σv,j

(
)2
m
B1,j = Rjm − Φj,j−1 Rj−1
,
)2
(
m
.
B2,j = Rjm − Φj,j−2 Rj−2
Using expressions (10) and (11) these sequences can be presented in the form of
an explicit function of model noises wj and ηj
2

B1,j = (wj + vj − Φj,j−1 vj−1 ) ,
2

B2,j = (Φj,j−1 wj−1 + wj + vj − Φj,j−2 vj−2 ) .
Then the mathematical expectations of B1,j and B2,j are presented in the
form of linear functions of constants αw and αv
E [B1,j ] = αw · Rj + αv · Rj + Φ2j,j−1 · αv · Rj−1 ,

(12)

E [B2,j ] = Φ2j,j−1 · αw · Rj−1 + αw · Rj + αv · Rj + Φ2j,j−2 · αv · Rj−2 .

SOLA: Podladchikova.tex; 9 December 2010; 23:07; p. 12

Sunspot Number Prediction by Kalman Filter

The diﬀerence of expectations is given by
E [B1,j ] − E [B2,j ] = Φ2j,j−1 · αv · Rj−1 − Φ2j,j−1 αw · Rj−1 − Φ2j,j−2 αv · Rj−2 .
We divide the last expression by Φ2j,j−1
E [B1,j ] − E [B2,j ]
= αv · Rj−1 − αw · Rj−1 − Φ2j−1,j−2 αv · Rj−2 .
Φ2j,j−1
Let us add to both parts of this last expression E [B1,j−1 ] deﬁned by (12) to
obtain the constant αv in the following way
[
]
1
(B1,j − B2,j )
αv =
E
(13)
+ B1,j−1 .
2 · Rj−1
Φ2j,j−1
Thus, the estimate α̂v of αv is given by
[
]
1∑ 1
(B1,j − B2,j )
α̂v =
+ B1,j−1 .
2 j Rj−1
Φ2j,j−1
We determine the constant αw from the expression (12) taking into account
expression (13).
]
[
1
1
αw =
(B1,j+1 − B2,j+1 ) − Φ2j,j−1 B1,j−1 .
E B2,j − 2
2 · Rj
Φj+1,j
Thus, the estimate α̂w of αw is given by
[
]
1∑ 1
1
2
α̂w =
(B1,j+1 − B2,j+1 ) − Φj,j−1 B1,j−1 .
B2,j − 2
2 j Rj
Φj+1,j
The proposed identiﬁcation technique was applied to determine the unknown
constants αw and αv .
The transition function in expression (10) was formed on the basis of analytic
functions simulating cycle proﬁles that were introduced by Hathaway, Wilson,
and Reichmann (1994). Then the estimate R̂j of smoothed sunspot numbers Rj
is given by
R̂j =

a(j − j0 )3
)
,
2/
exp (j − j0 ) b2 − 0.71
(

where time j is measured in months, j0 denotes the initial starting time, a is
a parameter connected directly with cycle amplitude, b depends on time from
minimum to maximum and is connected with a in the following way
b (a) = 27.12 +

25.15
1

(a · 103 ) 4

.
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Then the transition function that reconstructs the predicted state of the system
at month j to the predicted state of the system at month j + 1 is deﬁned as
(
Φj+1,j =

R̂j+1
R̂j

1+
=

1
j−j0

(

)3 (

exp

(

exp

(j−j0 )2
b2

(j−j0 +1)2
b2

)

− 0.71

)
− 0.71
)
.

The value of parameter a is essential for the accuracy of curve ﬁtting. However,
the identiﬁcation of constants αw and αv for diﬀerent values of parameter a
demonstrated an insensitivity of their estimates to the choice of parameter a.
Irrespective of the value of a, the estimates of αv vary in a quite narrow range
from 1.8 to 3.4 for all the cycles from 10 to 23. Therefore in the prediction
algorithm based on Kalman ﬁlter we used the average value for all the cycles
αv = 2.5. The estimate of αw does not exceed 0.2 for all the cycles. To provide
robustness of Kalman ﬁlter we chose the maximum value αw = 0.2 for the
prediction algorithm.
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