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Abstract— In this paper we present a design methodology
for mapping the configuration space of multirobot systems in
a warehouse. The method generates a tree topology with robot
and terminal nodes. In the most general case multirobot motion
planning problems are NP-complete. But, we show that pebble
motion problems in the resultant tree topology are always
feasible. Our method uses an integer programming formulation
to find such a solution.
Index Terms— integer programming, graph theory, multirobot motion planning
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Fig. 1. Graph topology using our method for placing n = 2, 3, 4, 5 robots
in a grid of size 3 and one terminal. The terminal nodes are marked with
red, holes with green and possible robot locations with blue.

I. I NTRODUCTION
Roadmap methods reduce the workspace into a graph with
nodes including the start and goals of the robot. It is possible
to find a collision-free, probabilistic optimal path in this
graph. Visibility graphs, vornoi diagrams and cell decomposition are other methods which reduce the workspace to
a graph [1–3], but none of this methods are tailored for
the multirobot motion planning (MRMP) scenarios. Space is
a limiting constraint in a MRMP problem. Deadlocks pose
a challenge when multiple robots have to execute crossing
paths.
Our main goal is to find a minimal graph that is always
reachable. Consider that the workspace can be reduced into a
graph with nodes and edges. Each node can be occupied by a
robot or it can be empty. Let there be n vertices and k robots
located at distinct vertices in the graph. Each robot can be
moved from its current position to an adjacent unoccupied
vertex. Assume that each of the k robots has a new destination vertex to reach. Then the problem OPTIMAL(n, k) is
called the pebble motion problem [4], which is to decide the
least longest sequence of moves that transforms the robots
from their original vertices to their destination vertices. For
general graphs, the problem OPTIMAL(n, k) is known to
be NP-complete [5]. Alternatively, one might ask if there
is a sequence of moves that can lead the robots from their
original to destination vertices? We denote this problem by
FEASIBLE(n, k). We say that a graph is reachable if it is
feasible for configurations of k robots in a graph with n
vertices. There exist polynomial time algorithms to decide
feasibility [6, 7].
We will consider the domain of multirobot fulfillment
systems like Kiva [8]. The Kiva robots perform pick-andfetch operations. They fetch the shelving unit from its storage
location to a terminal, where a human handles packages kept
in the unit. The units have to be placed in such a way that
the pick and fetch operations are as efficient as possible.
This includes ensuring that the space occupied by all units is
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Fig. 2. Graph topology using our method for placing n = 6, 8 robots in
a grid of size 4 and two terminals. The terminal is marked with red, holes
with green and possible robot locations with blue.

small and the MRMP problem is always feasible. These two
goals are often contradictory. Our objective is to generate a
method that can design a topology in which the space used is
minimal and at the same time all motion planning problems
will always have a feasible solution.
II. A PPROACH
The problem of finding an OPTIMAL(n, k) is NPcomplete in general graphs [5] and grids [9]. However when
the graph is a tree, OPTIMAL(n, k) can be found in O(n6 )
[10] or O(n5 ) [11]. In this paper we look at graph topologies
which are trees. We use terminology and definitions from
[12] to prove that the topology that our method determines
is minimal.
We will use the example of multirobot fulfillment systems.
Assume that the warehouse space can be divided into nodes.
Each node can either be occupied, a hole or an empty space.
The terminal nodes are holes which serve as destination
nodes for a MRMP problem. Our main contributions are:
1) Find a tree topology which is always solvable for a
multirobot motion planning problem.
2) Find a tree which is minimal in the physical space it
occupies in the warehouse domain.
3) An integer programming (IP) formulation which can
be easily extended for a large number of robots and a
big warehouse.

We heavily rely on graph terminology from [13] throughout this paper.
III. R ELATED W ORK
Kiva Systems [8] use a topology where the shelving
units are stored in rectangular grids of a few robots. This
configuration does not depend on the number of workstations
or their position in the warehouse. In this configuration it
is often hard to determine if a multirobot motion planning
problem is feasible or not and deadlocks are common.
With our approach to warehouse planning, deadlocks can
be drastically reduced or completely eliminated.
Our solution is a graph topology for robots. Hence we
compare our work with literature that deals with robot
formation strategies. Most of these technique rely on dividing
up the configuration space in a meaningful way. Sometimes it
is necessary to sample the configuration space so that search
problems are tractable. Composite roadmaps are used to
decompose the configuration space into independent subcomponents which can be solved independently [14]. Heuristic
based rapidly exploring random trees have been used to
sample the configuration space for a navigation planning
algorithm in multirobot systems [15], but it does not scale to
a large number of robots as seen in the warehousing domain.
Probabilistic roadmap techniques can be used to search in
high-dimensional spaces [16], but they do not guarantee
feasibility for multirobot motion planning.
To make the multirobot motion planning problems more
tractable, graphs with specific topologies have been exploited. For example [17] takes advantage of the grid structure, [4, 18] introduces macros for efficient path planning
on θ graphs and [19] discretizes space by decomposing
the roadmap into subgraphs with specific properties. [20]
makes path planning efficient by searching a minimum
spanning tree of the roadmap. These approaches make an
assumption about the graph structure, but our method is far
more generic. It generates a generic tree topology that can
be occupied within the configuration space and guarantees
feasible motion plans.
An important issue in multirobot motion planning is to
determine OPTIMAL(n, k) for any graph. The problem is
addressed in works such as [6, 7, 21, 22]. We use [22] to
analyze feasibility of our graph topologies.
IV. P ROBLEM F ORMULATION
Consider a tree and let all arcs have assigned directions,
so that we have a directed path from every node i 6= j to
node j. Such a directed graph will be called an intree rooted
at node j. If it happens that for every i 6= j along the tree
is the shortest path, we say that we have a tree of shortest
paths. We consider here the all-to-one shortest path problem.
We use a variation of the minimum spanning tree (MST)
to formulate this problem. The MST is defined as a spanning
tree such that the sum of the costs of its edges, for a given
set of nodes is as small as possible. Our variation allows
this formulation to choose a set of nodes that make the
resultant graph feasible and is also minimal in size. We
first introduce this formulation and then discuss optimality
of motion planning for MRMP problems in this graph.

A. Minimum Spanning Trees (MST)
Let G = (V, E) be an undirected graph with node set
V (|V | = n) and edge set E. Every edge e has an associated
cost ce . The cost of the tree is the sum of the cost of the
edges in the tree. The total number of edges in the tree should
be n − 1. Moreover, the chosen edges should not contain a
cycle. Let S ⊂ V . Then for the number of edges in S, we
define

E(S) = {{i, j} ∈ E | i ∈ S, j ∈ S}.
Note that E(V ) = E. This leads us to the subtour elimination formulation for the minimum spanning tree problem
[13]:
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X
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Using an alternative, but equivalent definition, a tree is a
connected graph containing n − 1 edges. We define a cutset
δ(S) as

δ(S) = {{i, j} ∈ E | i ∈ S, j ∈
/ S}.
Here δ({i}) is the set of edges incident to i. We can
express the connectivity requirement by replacing (1c) in
terms of the constraints,
X

xe ≥ 1,

S 6= V.

(2)

e∈δ(S)

Both formulations have an exponential number of constraints. These problems can be solved in polynomial time
by using plane cutting methods or interior point methods
[13].

B. Variation of MST to find a topology
We now introduce binary variables yi and zi which represent if the node {i} ∈ V is occupied or a hole. This new
formulation allows the optimization problem to select nodes
as holes to guarantee feasibility of a path from an occupied
node to a terminal node. Consider
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Fig. 3. The dark gray areas mark the terminals. The gray nodes from the
Steiner tree. The cost of node y0 and y1 (y0 < y1 ) is shown in red and
blue respectively. The figure shows that the cost function follows the law
of triangle inequality.

i∈V

xi + yi <= 1
xe ∈ {0, 1}
yi ∈ {0, 1}
zi ∈ {0, 1} ,
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where N (S) is the number of nodes which are either
occupied or a hole. yi or zi have the value 1 only if yi
is occupied by a robot or zi is a hole. The forcing constraint
(3g) allows a node to be either be occupied or be a hole.
Hence N (S) gives the total number of nodes that should be
a part of our graph. It can be defined by,
X
X
N (S) =
yi +
zi .
i∈S

i∈S

The subtour constraints (1c) is modified as (3c) to accommodate for constraints in which a node set is chosen which
is empty. In the original MST, the subset can never be an
empty nodeset. But in this formulation the chosen nodeset
will remain empty if the objective function is minimal and
all constraints are satisfied without requiring any node or
edge from this subset. (3d) and (3e) are like the delta cut-set
constraint for set of size 1. They put a lower and upper bound
on the number of edges a robot node and a hole node can
have. Without these constraints the graph topology might be
infeasible. We prove this in the next section. The constraint
(3f) ensures that at least n robot nodes are initialized for
n robots. The problem is initialized by forcing the terminal
workstations to be holes with zi = 1.
C. Minimum Cost of this Graph
The objective function defined in (3a) defines the cost of
the graph. Here we provide an intuition of this objective
function based on minimum travel distance to all terminals.
Definition 1: The cost of a node is the sum of the length
of the path from its current position to all the terminals in
the graph.
For the problem (3) to have a minimum the objective
function used should follow the law of triangle inequality.
To prove this we introduce the definition of steiner trees.
A steiner tree is an undirected graph G = (V, E) with
nonnegative edge costs and whose vertices are partitioned
into two sets, required and Steiner, and has a minimum cost
tree that contains all the required vertices and a subset of

the Steiner vertices. In our case the required vertices are the
terminal nodes and Steiner vertices are the remaining nodes.
All the nodes selected by the steiner tree will be on a path
of minimum distance to reach any terminal vertex.
As we can see from Figure 3 the distance y1 has to travel
more than y0 is proportional to the Manhattan distance ky1 −
y0 k. Hence we can define the cost function as d : V → Q+
which gives the L1 norm from the vertex V to the nearest
vertex of the steiner tree.
D. Feasibility of the Graph
We first provide some definitions from [12] before proving
feasibility. A Solvable Tree, STn , is a tree on which any
configuration of at most n robots can be reached from any
initial configuration through their moves on tree edges.
The total number of vertices is called the order of the tree.
The number of vertices connected to the vertex v is called its
degree, d(v). A junction is any vertex with degree d(v) > 2.
Let H be the number of holes in a graph. Then H =
|V | − n, where |V | is the order of the tree. Consider that
a tree can be partitioned. We first show that a condition for
which each these partitions is a solvable tree. Then we show
conditions under which we can say that the combined set of
all partitions is always solvable. For this we introduce these
definitions from [12],
Definition 2: Any two junctions are considered Near if
there is no other Junction between them.
Definition 3: The set of vertices within a distance of H −
1 around a Junction is called the Influence Zone (IZ) of that
Junction.
If Dist(.) : {u, v} → Z + is the Manhattan distance from
vertex u to v, then IZ is defined as,
IZk = {v|Dist(yk , v) ≤ H − 1, ∀ v ∈ V }.

(4)

Definition 4: An Interconnected Influence Zone (IIZ) is
the set of all IZs such that for any two Near IZs in the set,
the distance between their Junctions is not more than (H-2).
IIZk = {IZp |Dist(yp , yq ) ≤ H − 2}.

(5)

Each IZ forms a partition of the tree. We state the
following lemma which gives the condition for solvable trees.
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Fig. 4. Red are terminal nodes, blue are robot nodes and green are holes.
(a) For n = 2 there is no junction node. (b, c) For n = 3 there is one
junction node, but there can be 1 or 2 holes depending on the location of
the terminal hole. (d) is not an optimal topology because (e) can be derived
by moving a robot node and making the topology feasible. (e) has lesser
cost than (d) because the Manhattan distance of the new node in (e) from
the terminal node is less.

Lemma 1: Any General Tree having H holes is solvable
iff the following conditions are satisfied:
1) All two Near Influence Zones are Interconnected.
2) All vertices belong to at least one Influence zone.
Proof: A robot can move from any vertex to any other
vertex within the same Influence Zone by creating enough
holes from its starting node to goal node. We can show that
a robot can create a temporary goal node within its current
Influence Zone if it has to go into a new adjacent Influence
Zone. Hence for a robot to always have a path to a goal
node it should lie in an Influence Zone and all adjacent
Influence Zones should be interconnected. A detailed proof
of this lemma can be found in [12].
Theorem 1: A tree generated using (3) always admits
Lemma 1.
Proof: We will use our definition of Influence Zone
and the integer programming formulation and use induction
to prove that these topological trees are in STn , where n is
the number of robots. Consider the tree generated in Figure 4
for reference.
Consider the cutset constraint for every node in (3d) and
(3e). The constraints puts a upper bound on the number of
neighbors a robot node can have to one. The lower bound on
the neighbors a hole can have is ≥ 2. This means that some
holes in the tree are junctions, but no robot node is ever a
junction.
1) Case with n ≤ 2: Consider there is only one terminal
node. There is no junction node as can be seen in Figure 4(a).
According to (3b) the tree will at least have two edges. These
two edges connect the robots to the terminal node directly to
form a star graph. Every robot can reach the terminal node.

2) Case with 2 < n ≤ 3: If the terminal node is along the
side of the configuration space then a star graph is formed.
This is similar to the first case. If the terminal node is at the
corner of the configuration space then there is at least one
more hole other than the terminal node. See Figure 4(b) and
Figure 4(c). The next case discusses this configuration.
3) Case with n > 3: In this case there is always a node
which is a hole, but not a terminal. This means that |H| ≥ 2.
According to the definition of IZ, the hole h (which is a
junction) has an influence zone which spans at least 1 edge.
Assume that h is connected to another hole (or the terminal
node). If it is also a junction, then it has its own IZ. Then
the graph can have 6 possible robot nodes around the two
holes. It will admit to all conditions in Lemma 1. If one
more robot is added to this configuration, then there will be
at least one robot node with 2 neighbors which will violate
the cutset constraint in (3e).
Assume that h is connected to another hole which is not
a junction. Then h has at least 2 other neighbors and the
new hole has only 1 other neighbor. In this configuration the
tree is not solvable. Consider a new graph which we derive
from this configuration by shifting a robot node from h to
the new hole. The cost of this graph is always less than the
original graph. See Figure 4(d) and Figure 4(e) Hence, either
the new hole has to be a junction or it has to be connected
to a third hole. If it is connected to a third hole, then the IZ
of h is 2 edges. Again, the third hole can be a junction or
not and the same argument follows.
From the above argument we can see that the new junction
will always be within |H| − 2 edge distance. Hence all
junctions are interconnected and all vertices are a part of
the IZ of a junction node. Hence the tree admits Lemma 1
and is STn .
E. Solvability for any MRMP
A method to determine if any given general graph is
solvable is shown in [22]. For this they introduce the concept
of Maximum Reachability Space (MRS). According to their
method if every robot has its destination node within MRS,
the problem is feasible. In our case we can show that any
two robot can exchange their positions in the graph. This
means that the MRS of a robot is the entire graph.
Consider Figure 6. To exchange their locations, y1 has to
free up space for y0 . When y0 reaches its destination, y1 can
go to its new destination. These exchanges are commutative
in nature. Hence, if they cannot be exchange directly there
will always be a robot node which both these nodes can
exchange with.
Since for every robot node, the whole graph is MRS, any
multirobot motion planning problem is solvable.
F. Experiments
We ran our integer programming formulation using the
Gurobi Optimization library [23]. The library internally
preprocesses the constraint matrix and reduces the size of
the problem by using various plane cutting methods and
interior point methods. Note that the number of constraints
are exponential to the grid size. The size of the problem

is expressed in terms of the constraint matrix. The number
of columns is the number of variables in the problem and
the number of rows is the number of constraints used for
optimization.
For a grid of size 3, Gurobi optimized a model with 479
rows and 30 columns to optimality in 0.033 seconds. We
show these results in Figure 1. For a grid size of 4, Gurobi
optimized a model with 64353 rows and 56 columns to
optimality in 70 seconds on a dual core processor. We show
these results in Figure 2.
V. D ISCUSSION
A. Motion Planning in this Graph

Fig. 5.

Since the graph is a tree of shortest paths, the shortest
path from any node to a terminal can be found by a simple
shortest path formulation. The topology of the graph is such
that there are no obstacles along the shortest path from a
robot node to any terminal node.
For any multirobot motion planning problem, we use an
IP formulation of the network flow problem. We state the
IP formulation for motion planning in this graph as a multicommodity flow problem [13].
A multi-commodity flow problem can have many source
nodes and many sink nodes. The flow problem models the
flow through the network given the source and sink nodes
alongwith the flow capacity constraints on the edges. Any
multirobot motion planning problem can be converted to
a minimum-cost network flow program. The advantage of
solving multirobot problems with network flow is that the
network simplex method can be solved faster than the general
simplex method [13]. Such a formulation has:
1) Flow variables: They correspond to the flow in the
edges of graph, xe , ∀e ∈ E. If positive, the robot will go
through the edge.
2) Flow conservation at the nodes: The total flow into a
node equals the total flow out of a node. The robot can travel
in either directions along an edge. We convert our undirected
graph to a directed graph by introducing e new edges. When
bi = 0, the flow conservation constraint is given by (6).
bi +

X
j∈I(e)

xji =

X

Data: x = edges, y, z = robot and hole nodes
Result: x
b = flow variables for each node;
foreach node i do
bi = 0;
if i is a Junction then
assign bi = −1;
end
if i is a Robot then
assign bi = 1;
end
end
x = network flow ip (x, y, z, b);

xij

Algorithm to navigate in a space efficient topology.

5) Objective function: The objective is to minimize the
total cost of the flows over the network and reach a solution
such that the robot are positioned close to the terminal nodes:
X
X
min
ci yi +
xe
(7)
i∈V

e∈E

To solve the navigation problem the input is a set of source
and sink nodes. The output of the network flow optimal
solution is a set of xe variables corresponding to each edge
in the graph. If xij = 1, then the robot moves from node i
to j.
VI. C ONCLUSION
We have presented a technique to determine topological
graphs for multirobot systems. We showed how we can use
integer formulation techniques to find a feasible and optimal
solution. Our method can also be scaled for a large number of
robots. Instead of solving the NP-complete motion planning
problem for multiple robots, we provide a novel approach.
Instead of assuming any general graph, we show that we
can design a graph topology over which preexisting network
flow shortest path techniques can be used to generate feasible
multirobot motion plans. Since our topology is feasible for
any MRMP, we can use it to rearrange warehouse fulfillment
systems. Rearragement brings frequently accessible robots
near the terminal nodes.

(6)

j∈O(e)

3) Source and sink nodes: The source nodes correspond
to the origin nodes of each robot. The sink nodes correspond
to target nodes for each robot. For every source node bi = 1
and for every sink node bi = −1. If every edge cost is
the true distance cost, then these values of bi give us the
shortest path solution to each individual robot plan. In our
graph topology, the solution will be infeasible only if the
number of sink nodes are less than the number of source
nodes.
4) Bounds on arc flows: Each arc is bounded by the
number of robots that can traverse it at the same time. In
our case 0 ≤ xij ≤ 1.

VII. F UTURE W ORK
A. Space efficient Graph Topology
The topology that we get from our original IP formulation
of (3) is feasible and STn . But, it can be more efficient in
occupying less space. From Theorem 1 we cannot reduce
the number of vertices in our graph, but we can exchange
the nearest holes with robot nodes. This gives more physical
space and at the same time ensure that the robots can backup
to their original position for making a MRMP feasible. We
state an algorithm in Figure 5 to setup source and sink nodes
and use the network formulation to get a space efficient
topology. Figure 7 is an instance of 7 robots in a grid of
size 4.
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