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Abstract. We study a stochastic fractional complex Ginzburg-Landau equation with multi-
plicative noise in three spatial dimensions with particular interest in the asymptotic behavior of
its solutions. We first transform our equation into a random equation whose solutions generate a
random dynamical system. A priori estimates are derived when the nonlinearity satisfies certain
growth conditions. Applying the estimates for far-field values of solutions and a cut-off technique,
asymptotic compactness is proved. Furthermore, the existence of a random attractor in H'(R3) of
the random dynamical system is established.
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1. Introduction A fractional differential equation is an equation that con-
tains fractional derivatives or fractional integrals. The fractional derivative and the
fractional integral have a wide range of applications in physics, biology, chemistry
and other fields of science, such as kinetic theories of systems with chaotic dynamics
([34, 41]), pseudochaotic dynamics ([42]), dynamics in a complex or porous medium
([13, 26, 35]), random walks with a memory and flights ([24, 33, 40]), obstacle prob-
lems ([6, 31]). Recently, some of the classical equations of mathematical physics have
been postulated with fractional derivatives to better describe complex phenomena.
Of particular interest are the fractional Schrodinger equation ([12, 16, 17]), the frac-
tional Landau-Lifshitz equation ([19]), the fractional Landau-Lifshitz-Maxwell equa-
tion ([28]) and the fractional Ginzburg-Landau equation ([37]).

Small perturbations (such as molecular collisions in gases and liquids and electric
fluctuations in resistors [15]) may be neglected during the derivation of these ideal
models. However, the perturbations should be included to obtain a more realistic
model and to better understand the dynamical behavior of the model.

One may represent the micro effects by random perturbations in the dynamics
of the macro observable through additive or multiplicative noise in the governing
equation.

To study a stochastic partial differential equation, a key step is to examine the
asymptotic behavior of the random dynamical systems generated by its solutions.
Some nice works along these lines are, for example, by Crauel and Flandoli ([7, 8]) who
developed the theory of random attractors which closely parallels the deterministic
case ([36]), and by Debussche ([11]) who proved that the Hausdorff dimension of the
random attractor could be estimated by using global Lyapunov exponents.
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2 Dynamics of 3D Fractional GL-Equation with Multiplicative Noise

The well-posedness of solutions of fractional partial differential equations has been
studied to some extent (See [17, 19, 21, 28]). However, there are not many results
for stochastic fractional partial differential equations. In this paper, we examine the
asymptotic behavior of solutions of the fractional Ginzburg-Landau equation with
multiplicative noise on an unbounded domain.

The fractional Ginzburg-Landau equation arises, for example, from the variational
Euler-Lagrange equation for fractal media, which can be used to describe dynamical
processes in a medium with fractal dispersion in [37]. In [29], the authors analyzed a
one-dimensional fractional complex Ginzburg-Landau equation

ug+ (L+iv) (=) *u+ (1+ip) [u|*7u = pu.

The well-posedness of solutions was obtained by applying the semigroup method under
the condition

1
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The existence of a global attractor in L? was also proved when o =1. In [23], the dy-
namics of a two-dimensional fractional complex Ginzburg-Landau equations is stud-
ied. A fractional Ginzburg-Landau equation on the line with special nonlinearity and
multiplicative noise was analyzed in [22].

In this paper, we consider a general three-dimensional stochastic fractional
Ginzburg-Landau equation with multiplicative noise of Stratonovich form defined in
the entire space R? given by

<o<

DN | =

du+ ((1+1w)(—2)*u+ pu)dt = f(x,u)dt + fuodW (t), reR? t>0 (1.1)
with the initial condition
u(z,0) =up(x), r€R?, (1.2)

where u(z,t) is a complex-valued function on R? x [0,+00). In (1.1), i is the imaginary
unit, v is a real constants, p>0, «€(1/2,1), and f(z,u) is a nonlinear function, for
instance, f(z,u)=—(1+ip)|u/*’u with u€R and o >0. For convenience, we some-
times write it as f = f(z,u,u) or f= f(u), and in the various lemmas that follow we
assume [ satisfies some of the following conditions:

Ref(z,u)a < —p1|ul* 2+ (), (1.3)
Refu|VI2+Refa (V)2 < =By [ul* V2 + [u> 2 (Ao (uV)2 + X (@V)?),  (1.4)
max{|fu|v|fﬂ|}§ﬂ2’ (1'5)
R ! (16)

for ueC and V €C", where o,5;(i=1,2) are positive constants, 3, is a positive
constant depending on o, A, is a complex constant depending on o, and (V)2=
V-V=3" V2 (which is not an inner product on C"), and v (z) € L*(R?), y2(z) €
L?(R?). The white noise described by a two-sided Wiener process W () on a complete
probability space results from the fact that small irregularity has to be taken into
account in some circumstances.
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Most of the research with respect to random attractors is restricted to L2. In this
work, we obtain the existence of a pullback attractor in H! (actually, one can choose
the space to be H* a€(0,1], but we prefer the stronger regularity of the random
attractor in H1).

The concept of pullback random attractor, which is an extension of global at-
tractor in deterministic systems (see [2, 20, 30, 32, 36]) was introduced in [8, 14]. In
the case of bounded domains, the existence of random attractors for stochastic par-
tial differential equations has been investigated by many authors (see [1, 7, 8, 10, 14]
and the references therein). However, the problem is more challenging in the case
of unbounded domains. Recently, the existence of random attractors for systems on
unbounded domains was studied in [3, 5, 38, 39], which provides guidance for this
work.

It is well known that asymptotic compactness and the existence of a bounded
absorbing set are sufficient to guarantee the existence of a random attractor for a
continuous random dynamical system. However, Sobolev embeddings are not compact
on an unbounded domain. In this paper, we employ a tail-estimates approach to prove
the existence of a compact random attractor.

The paper is organized as follows. In section 2, some preliminaries, notations and
random attractor theory for random dynamical systems are introduced. In section 3,
we define a continuous random dynamical system for the stochastic fractional complex
Ginzburg-Landau equation. In section 4, we derive uniform estimates for solutions,
which include uniform estimates on far field values of solutions. In section 5, we
establish the asymptotic compactness of the solution operator, and then prove the
existence of a pullback random attractor.

2. Preliminaries and Notations We first recall some basic concepts related
to random attractors for stochastic dynamical systems (see [4, 8, 10] for more details).
Let (X,]|-||x) be a separable Hilbert space with Borel o-algebra B(X), and let
(Q,F,P) be a probability space.
DEFINITION 2.1. (Q,F,P,(6;)er) is called a measurable dynamical systems, if 6 :R x
0—=Q is (B(R) x F,F)—measurable, 0y =1, 0;1s=0;00 for all t,seR, and ;A=A
for all teR and A€ F.
DEFINITION 2.2. A stochastic process ¢(t,w) is called a continuous random dynamical
system (RDS) over (Q,F,P,(0;)er) if ¢ is (B(RT)x F xB(X),B(X))—measurable,
and for all weQ)

e the mapping ¢:RT x QA x X — X is continuous;
o 9(0,w)=I on X;
o O(t+s,w,x)=0d(t,0sw,d(s,w,x)) for all t,s>0 and x € X (cocycle property).

DEFINITION 2.3. A random bounded set {B(w)}weq CX is called tempered with re-
spect to (0¢)ier if for P-a.e. we€Q) and all >0

. —et _
tllgloe d(B(0_+w))=0.

where d(B) = SUp, e x|l x-

Consider a continuous random dynamical system ¢(¢t,w) over (Q,F,P,(0;):er)
and let D be the collection of all tempered random set of X.
DEFINITION 2.4. D is called inclusion-closed if D={D(w)}weq €D and D={D(w)C
X :weQ} with D(w)C D(w) for all weQ imply that D € D.
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DEFINITION 2.5. Let D be a collection of random subsets of X and {K(w)}weq €D.
Then { K (w) }weqis called an absorbing set of ¢ in D if for all BED and P-a.e. wE€)
there exist tp(w) >0 such that

o(t,0_1w,B(0_1w)) C K (w), t>tp(w).

DEFINITION 2.6. Let D be a collection of random subsets of X. Then ¢ is said to be D-
pullback asymptotically compact in X if for P-a.e. w€Q, {p(tn,0-_t,w,Xn)}o2q has a
convergent subsequence in X whenever t, — 0o, and xpn € B(0_, w) with {B(w)}wea €
D.

DEFINITION 2.7. Let D be a collection of random subsets of X and {A(w)}weq €D.
Then {A(w)}weq is called a D-random attractor (or D-pullback attractor) for ¢ if the
following conditions are satisfied, for P-a.e. we€(),

o A(w) is compact, and w— d(x, A(w)) is measurable for every x € X;
o {A(w)}ueq is strictly invariant, i.e., ¢(t,w, Aw))=A(0;w), Vt>0 and for a.e.we€;
o {A(w)}uea attracts all sets in D, i.e., for all BED and a.e. w € Q we have

tlirglod(¢(t,0,tw, B(aftW)),A(UJ)) = 0,

where d is the Hausdorff semi-metric given by d(Y,Z)=sup,cy inf.cz|ly—z|x, for
any Y, Z C X.

According to [9], we can infer the following result.
PrOPOSITION 2.8. Let D be an inclusion-closed collection of random subsets of X
and ¢ a continuous RDS on X over (Q,F,P,(0:)ier). Suppose that { K (w)}weq €D is
a closed absorbing set of ¢ and ¢ is D-pullback asymptotically compact in X. Then ¢
has a unique D-random attractor which is given by {A(w)}weq with

Alw)= () ot 01w, K(0_w)).

k>0t>kK

For convenience, we recall some notation related to the fractional derivative and
fractional Sobolev spaces. Firstly, we present the definition and some properties
of (—A)* through Fourier transforms ([18]). The negative powers (fA)g (that is,
(—A)‘g), Ref >0, can be represented by Riesz potentials

1
I70)(x =7/ z =y P p(y)dy,
@)= [ i et0)
where v(5) :773/2213F(§)/F(% — g) We consider the Fourier transform

®E)= | Pla)e "z,
R3

B
2

so (—A)z can be defined as
8
F{(=L)zp}=|k"2,
1

8 — ik-x
()= F kO = s [ kP
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where A =09%/0x% + 02 |0z + 02 /023
Let H?*(R3) denote the complete Sobolev space of order o under the norm:

e = [+ k1)) P

By virtue of the definition of (—A)%, we have the following formula for integration
by parts.
LEMMA 2.9. If f,g€ H?*(R"), then the following equation holds.

[ o segia= [ -0y f(-0)gd (2)

where ay,qq are nonnegative constant and satisfy a1 +as = .
Proof. By the definition of (—A)® and Parseval formula, we have

| corsada= [ FEfygde= [ FGRE T ds

1 wi a1
=G /Rn|k|2 f-gdk= @)

= [ FRE e E g e [ (8) (- 2)gd
R™ R™

/ k]2 - k{2 gk
RTL

0

In addition, the following Gagliardo-Nirenberg inequality([27]) is also frequently
used.
LEMMA 2.10. Let u belong to LY(R™) and its derivatives of order m, D™u, belong
to L"(R™), 1<q,r <oo. For the derivatives D’u, 0<j <m, the following inequalities
hold

1D ul| o < ¢ D™ ul| g full 74, (2.2)
where
1 g 1 m
—==40(-—— 1-6)-
Lo -T)ra-0,
for all 8 in the interval
L <<,
m

(the constant ¢ depending only on n,m,j,q,r,0), with the following exceptional case

1. If j=0,rm<n,q=o00, then we make the additional assumption that either u
tends to zero at infinite or u€ L1 for some finite G>0.

2. If 1<r<oo, and m—j—n/r is a nonnegative integer, then (2.2) holds only for
0 satisfying j/m <0 <1.

In the forthcoming discussions, we denote by || || and (-,-) the norm and the inner
product in L?(R3) and use |- ||, to denote the norm in LP(R3). Otherwise, the letters
¢,cj(j=1,2,---) are generic positive constants which may change their values from
line to line or even in the same line.
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3. Stochastic fractional complex Ginzburg-Landau equation In the
sequel, we consider the probability space (2,F,P) where

Q={weC(R,R):w(0)=0},

F is the Borel o-algebra induced by the compact-open topology of €2, and P the
corresponding Wiener measure on (€2, F). Define a shift on w by

() =w(-+1t)—w(t), we, teR.

Then (Q,F,(0:)ter) is a metric dynamical system.

In this section, we discuss the existence of a continuous random dynamical sys-
tem for the stochastic fractional complex Ginzburg-Landau equation perturbed by a
multiplicative white noise in the Stratonovich sense. Thanks to the special linear mul-
tiplicative noise, the stochastic fractional Ginzburg-Landau equation can be reduced
to an equation with random coefficients by a suitable change of variable. To this end,
we consider the stationary process

0
z2(t) =z(t,w) = z(Oiw) = 7/ e (Quw)(T)dr, teR,

—0
satisfies the stochastic differential equation:
dz+ zdt=dW (t).
Moreover, for any t,s,
z(t,0,w)=z(t+s,w), P-as.

Here the exceptional set may be a priori depending on ¢ and s. In fact, we suppose that
z has a continuous modification. Once this modification is chosen, the exceptional
set is independent of ¢. It is known that the random variable z(w) is tempered (see
[1, 7, 14]), there exists a §;-invariant set Q CQ of full P measure such that for every
weq, z(6w) is continuous in t; and

lim M:(), for all weQ, (3.1)
t—+oo ‘t|
and
1 ~
tllgloo E/o 2(Ow)dt =0, for all we. (3.2)

We rewrite the unknown v(t) as v(t) = e #*(%“)y(t) to obtain the following ran-
dom differential equation

vy =—(14+1w)(=A) Y+ e P0) £ (B20:w) ) L (B2(0yw) — p)v (3.3)
with the initial data
v(z,0) =vo(z) = e P* Wy (), reR3. (3.4)

Next, we construct a random dynamical system modeling the stochastic fractional
Ginzburg-Landau equation.
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By the Galerkin method, one can show that if f satisfies (1.3)-(1.6), then in
the case of a bounded domain with Dirichlet boundary conditions, for P-a.e. we)
and for all vg € H!, equation (3.3) has a unique solution v(-,w,vg) € C([0,00), H')N
L2((0,T); H'T%) with v(0,w,v9) =wg for every T'>0. This is similar to [21]. Then,
following the approach in [25], we take the domain to be a sequence of balls with radius
approaching oo to deduce the existence of a weak solution of equation (3.3) on R3.
Furthermore, we obtain that v(¢,w,vg) is unique and continuous with respect to vy in
H'(R?) for all t>0. Let u(t,w,up)=e?*0)y(t,w e P*«yq)). Then the process u is
the solution of problem (1.1)-(1.2). We now define a mapping ¢:R* x Qx H*(R3) —
H'(R?) by

o(t,w,ug) =u(t,w,ug) = eﬁz(etw)v(t,w,eiﬁz(“’)uo),

for ug € H*(R?), t>0 and for all w€ Q. It is easy to check that ¢ satisfies the three
conditions in Definition 2.2. Therefore, ¢ is a continuous random dynamical system
associated with problem (3.3) on H'(R3?).

Let

o(t,w,vp) =v(t,w,vp) for vy H'(R?), t>0 and for all we.

Then ¢ is a continuous random dynamical system associated with problem (1.1) on
HY(R3). Tt is worth noticing that, the two random dynamical systems are equivalent.
It is easy to check that ¢ has a random attractor provided ¢ possesses a random
attractor. Then, we only need to consider the random dynamical system .

4. Uniform estimates of solutions In this section, we deduce uniform esti-
mates on the solutions of the stochastic fractional complex Ginzburg-Landau equation
on R? when t — 0o. These estimates are necessary for proving the existence of bounded
absorbing sets and the asymptotic compactness of the random dynamical system as-
sociated with the equation. In particular, we will show that the solutions for large
space variables are uniformly small when time is sufficiently large.

From now on, we always suppose that D is the collection of all tempered random
subsets of H'(R?). First, we derive the following uniform on v in D.

LEMMA 4.1. Suppose that (1.3) holds. Let B={B(w)} €D and vo(w) € B(w), and
let 0o >0 be fized and 0<§ <2p. Then for P-a.e. w€Q, there exists Ty, (w) >0 such
that for any t>Ty, (w), one has

0
§ [ IO, (01 P
L (4.1)

Hlv(t, 0w, v0 (0—w)) I < .

Proof. Taking the inner product in L? of (3.3) with v and taking the real part,
we obtain
1d

2dﬁllv\luH(*A)%UIIQ:ff’BZ(Q*”)Re RBf(eﬁz(@“")v)f)dfﬂ+(BZ(t%w)*p)H'UIIQ- (4.2)

By condition (1.3), we have

e~ B2(01w)Re f(eﬁz(etw)v>@dx < _Ble—wzmw) ||eﬂz(9““)v||ggﬁ + e 2P2(0rw) ||71 (3:) ||L1 )
R3
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Then (4.2) can be rewritten as

d & — w W g
S0l +2(=2) B v]? + 21672020 || P20y 3715

<2(B2(61w) — p)[v]® +2¢ 72O [ (2) 1.

(4.3)

Therefore,
d _
—lolZ+8llvl* < (282(0,w) — 20+ 0) [v]]* +2¢ 220 |y () 1. (4.4)

Here, p>0, so there exists >0 such that 2p>§>0. Multiplying (4.4) by
e’wft)tz(eW)dH(Qp*‘s)t, and integrating over (0,¢), we infer that

t
[ (t,w,v0 ()] +5/ 212 O ATt o060 (5,00, 00 (w)) | *ds
0

< e2ﬁf0tz(95w)ds+(572p)t H'UO (w) H2

b 28 [t 2(0y w)dr+(2p—8) (s—t)—282(6 (4.5)
+2/ 2B [ 2(0rw)dr+(2p—0) (s—t) —2B2( S“)||71($)||1d8
0
t
< e2ﬁf0tz(95w)ds+(5—2p)tHvo(w)H2 +201/ 62sttz(érw)dT—&-(Qp—é)(s—t)—QBZ(O‘Sw)dS.
0
Substituting w by 6_;w, then we deduce from (4.5),
t
5 / 2P S 2Or e+ o= |y (5,04, 00(0—w) ) ||2ds
0
v (t,0_sw,v0(0_1w))||?
< 62ﬁf0tz(es,tw)ds+(6f2p)t”,Uo(e_tw)”2
t
+2CI/ e?ﬁfstz(af,tw)dT—&-(Qp—&)(s—t)—Q,BZ(OS,tw)dS'
0
Applying the transformation of variables, one has
0
6/ 6251‘-32(9’“)‘17"’(2"_5)3Hv(s—i—t,e,tw,vo(e,tw))||2ds
—t
00—, 00(0-1)) 2 (4.6)
0
Se2ﬁf3tZ<05w)d8+(672p)t||’Uo(9,tw)||2+201/ eZBfSUz(GTw)dT+(2p76)572ﬁz(05w)ds.
—t
{B(w)} €D is tempered, so for any vy(0_:w) € B(0_;w),

lim eZBf_Otz(st)ds+(6—2p)t||UO(9 tw)||2 — lim eQﬁfEtz(Osw)ds+(5—2p)t—2/3z(9tw)
t—+oo B t—+o0 (4.7)
=0.

Therefore, there exists Ty, (w) >0 such that for any ¢ >Tp, (w),
0
e2ﬁfftz(95w)ds+(672p)t”vo(o_tw)”Z +261/ 62Bf50z(@,w)dTJr(2,076)572[3,2(95(»)ds (4 8)
—t .

2
SQO?
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which along with (4.6) shows that, for any ¢t > Tp, (w),

0
§ [ 20O om0 (54 4.0 y,00(0_w)) | ds
. (4.9)

Hlu(t,0—ew,v0(0-w))1* < 0.

The proof is complete. O
LEMMA 4.2. Suppose (1.4) and B, <2|\,|. Let B={B(w)}€D and vo(w) € B(w),
let 01 >0 be fized. Then for P-a.e. w€Q, there exists Th,(w)>0 such that for any
t>T,(w), we have
0 28 [0 2(0sw)dT+(2p—8)s atl 2
/ €281 20u) i+ 2003 | LAY (514,00, v0(0_))||2ds
—t

5 [0 4.10
+§/ eQBf-gZ(QSw)dTHQ”_‘S)S||Vv(s+t,9_tw,v0(9_tw))||2ds ( )
—t

+H[Vo(t,0-pw,v0(0-w))||* < of.

Proof. Taking the inner product in L? of (3.3) with —Av and taking the real
part, we obtain

d a1
@HV?}H%QH(—A) = ol
(4.11)

=2 2 0DRe  f(00), AP0 ) +2(B2(01w)—p) [Vl

Now, we will estimate the first term on the right-hand side of (4.11). For convenience,
we set ¢ =e*(%@)y. Integrating by parts and using (1.4) and (1.6), then applying
the Young’s inequality, we find

—Re (f(eﬂz(gtw)v)’A(eﬁz(atw)v))
= —Re(f(), &)
Re /R Vel VOP + () VEVE) ot Re | [,

< [ (FBalu P ITUR 4 [P A (VD4 R (976 ) o

R3
+/ 2 ()|[Vole* ) da (4.12)
R3

< / P (=B [PV + Ao (V) + Ao ($V9)?) da
R

:/ [2eDtr(Y MY T da + % V]| 4 cpe2P2(0ew)
R3

where

C(ove T (=B,
v=(iws) - =(578)
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and Y is the conjugate transpose of the matrix Y. We observe that the condition
Bo <2|\,| implies that the matrix M is nonpositive definite. One can rewrite (4.11)
as

d at1 0
IVl +2[(=2) 7 0 + S| Vl* <(2B2(0iw) = 2p+) | Vo

+20262ﬁz(0“").

(4.13)

Multiplying (4.13) by e=28Js 2(0:)ds+(20=0)t 5 integrating over (0,t), we infer that

t
|\Vv(t,wvvo(w))||2+/o 22 Or)dr om0 ( 7) 55 0 (s,0, 00 (w)) |2ds
5 [t ¢
g [ O DD T ()
< e2,8f0tz(GSw)ds+(6—2p)t||VvO(w)HQ

(4.14)

t
+202/ 28 [ 2(0-w)dr+(2p=8) (s—t)+2B2(0:w) 5.
0

Substituting 6_;w for w, then we deduce from (4.13) that,

t
[ om0 () o500 01 s
0

5 t
+5 / 2P S 2 Or—r )T 2p=0)=0) || Ty (5,0 0,00 (0_w) )| 2ds
0

+ Vot 0w, v (0—1w)) |
< 2813 200 ) ds+(5=20)1 |74 (B_ 0 |2

t
—|—262/ eQﬁf:z(OT_,,w)d7-+(2p—(§)(s—t)-&-QBz(Gs_tw)ds.
0

Changing the variables in the integrals, one has
0 2B [0 2(0,w)dT+(2p—0 ol 2
/ 2812 Or)dr+2o=0)s || (L AV y(s 41, 0_yw,v0(0—4w)) || 2ds
—t

5 [0 ,
+ 5/ egﬁffz(afw)dr—s-(%_‘s)é||Vv(s+t,9,tw,vo(6‘,tw))||2ds
—t

4.1
+ IV (t, 01w, v (0—1w))|? 9

< 28100200 [0 (8002

0
+202/ 2B [0 2(6rw)dT+(2p—6)s+2B2(8:w) g
—t

{B(w)} €D is tempered, so for any vo(f_;w) € B(6_,w),

lim 626f*0tz(95w)d5+(572p)t||V'U0(9,to.))||2 m e25fgtz(Gsw)ds+(672p)t+2ﬁz(Gtw)

= li
t—+oo t——+oo
=0.
(4.16)
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Therefore, there exists T, (w) >0 such that for any ¢t >T; , (w),

0
egﬁf_otz(esw)ds+(5—2p)t||Vvo(e_tw)“2+262/ 2B [ 2(0-w)dT+(2p—8)s+2B2(0:w) 4 (4.17)
—t ’
<of,

which along with (4.15) shows that, for any ¢ > Ty, (w),
0
[ om0 () s 4,0 v (60
—t

5

+§/ 281220 )dr+(20=0)8| 174, (s 11,00, v (0_yw)) || 2ds
—t

+ [V (t, 0w, v (0—1w))[|* < 0F.

We complete the proof. O
LEMMA 4.3. Suppose that (1.5) holds. Let B={B(w)} €D and vo(w) € B(w). Then
for P-a.e. we, there exists Ty, (w) >0 such that for any t >Ty,(w), one has

1+

[(=2) = v(t+1,0 - 1w,v0(0—¢—1w))||? <ot +rg+ri+ry£03 (4.18)

Proof. Taking the inner product of (3.3) with (—A)!*%v and taking the real part,
we obtain

d tia s
S=0) ] 2| ()
" (4.19)
= —2(p—B2(0,)) | (—2) T 0]+ 26O IRe (7O 0), (—A)Fow).

We estimate the second term of the right-hand side of (4.19). For convenience, we
set ¢ =eP#(9tw)y . Integrating by parts, applying (1.5) and (1.6), and using the Holder
and Young inequalities, we obtain

2¢~F#0wIRe (f(eﬁz(etw)v), (—A)Ho‘v)
— 20~ 262(0) Re (f(eﬂzwtw)q,), (_A>1+a(66z<ef,w)v>)

=2¢~ 2 0IRe (f(4), (~0) )
<2722 (£ (D)VY + f5 () Vi + fu, (—A)2H)]

(4.20)
<420 [ [Ty 8y reuldo2e B0 [ ]|(-0) e
R3 R3
< 4fae” 22O || p) FHeg|[||Vep]| + 267 PO) | (— A)EH ||| yo (@)
= 40| (— D) FH|| [ Vo] +2¢ A2 O)|| (—A) EH || 7o () |
<|[(=2)3F0||2 + 863 Vo |? + cze™ 2020,
Substituting (4.20) into (4.19), we deduce that
d 14+a 2 1+ta 2
7 _ 5 2 9 _ 5 +a 2
(=2 F 0l 4200 = B2(B) | (—2) F 0P 4[| (~2) 00| (421)

< 862|| V|| + cze 2850w,
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This implies that

14+

(=) F 0P 4+(2p=0=282(0,) | (= 2) F" 0] P+| (=) 2 o2

<862 Vo) +ege207(0)

<4
dt (4.22)

Taking t > T}, (w) and s € (¢,t+1), multiplying (4.22) by e28Js #(0sw)ds+(20=0)t apq
integrating (4.21) over (s,t+1), we get

(=) (t+1,0,00(w)) I
t+1
+/ 62’Bf:+1 2(07y w)dT14(6—2p) (t+1—7) ||(—A)%+QU(T,W,UQ(0J))||2dT

< 2BJIT BT+ (3=20)(HH1=9) || AV (5,0, 00 (w)) |2 (4.23)

t+1 .
+86§/ e2,8f1_+1Z(ele)dﬁ+(6—2p)(t+1—T) ||VU(T,OJ,’U0(W)) HQdT
s

t+1
+03/ e2ﬁf:+1 2(0 w)dTl+(572p)(t+177)72[3z(07w)d,r.
s

Integrating (4.23) with respect to s over (¢,t+1), then applying Gagliardo-Nirenberg
inequality, we obtain

1(—=2) " v(t+1,w,v0(w)) |12

t+1
+/ eQﬁthJrlz(erlw)d71+(5729)(t+1*‘r)||(7A)%+D¢U(T,w71}0(w))”2d7'
t
t+1
S/ eQﬁfSH'lZ(GTw)dT-F(é—QP)(t"Fl—S)||(_A)1+TQU(57OJ"UO(w))H2d5
t
t+1 t+1
+8ﬂ§/ 28T #Or @) dri+(0=20)(tHH1=7) |7y (1, 0, v (w) ) || 2dT
t

t+1
L, w)dT — —7)—2B2(0,w
+C3/t 28 [ (0, w)dri 4 (5-20) (t41-7) ~2B2(0,w) g - w0

1 t+1 . )
gi/ €201 HOr AT =20) (=) | () By (5,00, (w)) |
t
t+1 i1
%{{/ (28 S (00 E=20) (=) (5 00 v (w)) [2dls
t

t+1 +
g [ I S N T )i
t

t+1
+C3/ e2ﬁf:+1 2(0+, w)dTl+(6—2p)(t+1—r)—2ﬁz(0Tw)d,r.
t
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It follows that
[(=2)= v(t+ Leo,vo (@)
+;/tt+ 8251‘:+1z(erlw)d71+(5—2p)(t+l—r) ||(—A)%+av(7,w,vo(w))||2d7'
t+1
§c4/t 22O drE G=20) (1= (5,00, g (w)) |2 dls (4.25)

t+1
—|—85§/ 62ﬁf:+1z(ele)dTI+(6—2p)(t+177—)||vv(7_7w’v0(w))u2d7_
t
t+1
_1_03/ 281 200, w)dri 4 (5-20) (141 -7)~282(0,w) g
t
Replacing w by 6_;_jw, we infer
1ta 2
(=)= v(t+1,0_t—1w,v9(0—t—1w)) ||
t+1 t+1 1
+§/ PP On e dAn O | (A 370w, (0 1w))|Pdr
t
t+1 -
SC4/ e2PJ; Z(Gf—t—1w)df+(572p)(t+1*s)Hv(&a—t—lw,vo(@—t—lw))||2d5
t
t+1 .
—l—SB%/ 28 z(e*l*“1w)d71+(5_2p)(t+1_7)||Vv(T7H,t,lw,vo(e,t,lw))||2d7'
t

+1
+63/ 62ﬁf:+1Z(OTI,t,1w)d‘r1+(672p)(t+177)725z(977t,1w)d7_'
t

(4.26)

Now, we estimate the three terms on the right-hand side of (4.24). For the first term,
by Lemma 4.1, for any ¢t >T) , (w), one has

+1 t+1
64/ 626f5+ z(eT—t—lw)dT+(5*2p)(t+1*8)||v(8767t71w7v0(07t71w))||2d8
t

0 (4.27)
< C4Q3/ 62ﬁf32(05w)d5+(2p76)7—d7'é’/‘g.
-1
For the second term, by Lemma 4.2, for any ¢ >T},(w), one has
t+1 -
83 / )7 2 On @) dn FO=20) (=T Gy (7,0 yw,v0(0—1—1w))||PdT
K o (4.28)
< 8539%/ eZﬁfTOz(Gsw)der(pré)'rdTér%
1
For the third term, we have
t+1 -
03/ 62ﬁfT z(@.,.l,t,lw)d‘rl+(672p)(t+17‘r)725z(0.,.,t,1w)d7_
! (4.29)

0
< C3/ eQBfTOz(@sw)ds+(2p—6)'r—2ﬁz(97.w)dTé,rg.
1
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Substituting (4.27), (4.28) and (4.29) into (4.24) gives

[(=A) F 0t + 1,010,000 1)) |> < 2 +re+r3+73 203, (4.30)

which completes the proof. O
LEMMA 4.4. Let B={B(w)} €D and vo(w) € B(w). Then for P-a.e. wel, there
exist T* =T (w) >0 and R* = R*(w,e) such that for any t> T (w), one has

/ [o(t,0_4w,v0(0_w))|*da <e. (4.31)
|z|>R*

Proof. Take a smooth function y such that 0 <x(s) <1 for all s>0 and

0, if0<s<1,
X(S):{l, if 5> 2. (432)

There exists a positive constant ¢ such that |x'(s)| <c for all s>0. Taking the real
part of the inner product of (3.3) with x(i—i)v, we obtain

1d x? 2 x? )
th/RgX(kg) v dx+(ﬂ—5z(9tw))/wx<]€2> (| 2dz

2 2
=—Re(1 —l—iv)/ (=A)%vx (;) vdx+e P*OIRe [ f(P# 0@y y <ZQ> vdz.
R3 R3
(4.33)
We estimate each term on the right-hand side of (4.32). For the first term, integrating

by parts and applying the Holder, Gagliardo-Nirenberg and Young inequalities, we
have

Re(1+iv) A3(-A) (Zz>vdx

<+l [ 21l (o ) 1vel+d (5 ) Bl ) ao

§|1+1V<||(A)“5UIIW+/k (=) 20| |’

<|z|<V2k
Sll+iv<ll<— )T 2v||HVvH+i - (—2)* 70|
k<|z|<v2k

()t
((5)e)

(-2 ol ol

<+l (J-2) 2ol ol + §
k k<|z|<V2k

C
(ol +11vol?) +2 (vl +ol?).-
(4.34)

For the second term, applying (1.3), one has
2

—Bz(0rw z(0rw x2 _ —282(0;w T
Bz(0:9)Re f( Bz(0) )y (l@) vdx < e~ 2P#(0 )/Rg,yl(x)x (192) dz

2
_ Bye-2P0) / (50202, <k2> de (4.35)

2
< 72ﬁz(9tw)/ 2 ) da.
<e . m@)ix| 4z |do
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Using (4.34) and (4.35), (4.32) can be rewritten as

L (5 et (2p—5—25:(6 )/ Y jof2d
dt R3X k2 v XT p zZ\Uw RBX k2 v ui

, (4.36)
c —2Bz(0rw T
<c(lulP+ IToI?) 4§ (19024 olP?) 42520 [yl (7 ) o

Multiplying (4.36) by e=28Js 2(0:)ds+(20=0)t 3 integrating over (Ty,t), we have

/]R3X (zz) [o(t,w,v0(w)) P da

SeQﬁfqﬁlz(Gsw)der(épr)(thl)/

2
X (Z) |o(T,w,vo(w))|*dx
s\ &

t 2
— —s5)—2Bz(0sw £
+/ (28 [ 2(0-w)dr 4 (5-2p) (t—5) ~282(60.) /]R 3 %(x)|x<k2>dmds (4.37)
T

t
—l—c/ 2P 5 #(0rw)dr+(6-2p)(t—s) ([[v(s,w,v0(W)|I>+ [V (s,w,vo(w))]]?) ds
T

t
Jr%/ 62Bf;z(GTw)dr+(5—2p)(t—s) (||V’U(57w,vo(w))H2+||v(s,w,vo(w))||2)ds.
T

Replacing w by 0_,w, in (4.37), we deduce that for all t >T7,

22
/3X </~€2> [u(t,0_sw,v0(0_sw))|*dzx
”

< (26 J, 0. w)ds+(5-2p) (-=Th) / x( ’
3

x
k:2> |U(T1,0,tw,vo(0,tw))|2dx

t 2
t X
+/ PN Z(9rftw)df+(5*2p)(t*8)725Z(954w)/ I (@)[x | 5 | dads (4.38)
i R3 k

t
n c/ (2B} 2(0r 1) dT+(5=20)(t=5) Y (5 s

T
t

+ € [ 06200 s,
T

where
W () = [|v(2,0 4w, v0(0—1w))||> +[| Vo (e, 0 w,v0(0_w))]|%.

In what follows, we estimate each term on the right-hand side of (4.38). For the
first term, replacing ¢ by 77 and w by #_;w in (4.5), we have

. 2
261, 2(95—tw)d8+(572p)(t*T1)/SX <;:2> |’U(T1,t97tw7’00(97tw))|2dx
R

< ewﬁl #(0s—iw)ds+(9=2p) (¢—T1) |o(T1,0_w,v(0_4w))|*dx
RS

28 [ 2(0s— 1) ds+(5—20)(t=T1) 25 [T 2(8 o) dst(1—2p)T ) (4.39)
< ey # st P e B fo ! 2(0s—tw)ds+(1—2p) Ulvo(0—w)||

_ eggfotz(es,tw)ds+(5—2p)tHvo(e,tw) 12

_ eQﬁfEt z(0sw)ds+(5—2p)t HUO (eitw) H2



16 Dynamics of 3D Fractional GL-Equation with Multiplicative Noise
We find that, given € >0, there exists To =T5(B,w,e) >T; such that for all ¢ >T5,

eZBf,Itﬂ1 Z(es—tw)d5+(5—2p)(t—Tl)/

22
. X <> |U(T170,tw,vo(0,tw))|2dx <
R

e (4.40)

£
T

For the second term, note that v;(z) € L'(R?), so there exists Ry = R;(¢) such that
for all k> Ry, we have

/|m|zk%(x)|x (ﬁ) dr < ce. (4.41)

Given g >0, there exists T5 =T3(w) > 0 such that for s <—Tj3, we have

t
/ 62sttz(GT_tw)dT—l-((S—Zp)(t—s)—26z(95_tw)d8
T

0
:/ e25ffz(9ﬂu)dr+(2p75)572ﬂz(05w)ds
Ti—t (4.42)

T =T

0
</ eQ,BfSOz(0,w)d7+(2p—5)s—2ﬂz(03w)ds+/ des(Zp—é—i-eo)dS
-y T1

<c(w)+er(w).

—t

So there exists Ry = R;(e,w) such that for all t>T5 and k> Ry,
t ¢ 22 €
/ eZ,st z(QT,,,w)dT-i-(é—Qp)(t—s)—QBz(QS,,,w)/ |71 (33)|X (kz> deds < Z (4_43)
T R3
For the third term, by (4.6) and (4.15), one has

t
C/ 2B S #(Or—w)dT+(3=20)(t=) ) (5) ds
T

0
Sc/ eQﬁfSOz(eTw)dT+(2p_6)sW(S+t)d8 (4'44)
T)—t

S0625f;l7tz(95w)ds+(2ﬁ—5)(T1—t)(||UO(6_tw)H2+ ||VUO(9—tW)||2)-
Since {B(w)} € D is tempered, for any vo(0_iw) € B(0_;w),

lim 27— 2Ot om0 (19 0)|% 4 [ Vo (0_iw)[2) =0 (4.45)

t—+oo

Therefore, there exists Ty =Ty (B,w,e) >T; such that for any ¢ > Ty,

t
C/ 2B 2 (Or—ew)dr+(E=20)(t=9) ) (5) s
A (4.46)

< 1,20 OO0 (o (9 ) |2+ [V (0-10)][2) <

NS

Similarly, there exists Ro = Ro(w,e) such that for all t >T, and k> Ra,

t
E/ eZﬂf;Z(H.,,tw)d7'+(6—2p)(t—s)w(s)ds< (4.47)

9
kJr s
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Let T* =T*(B,w,c) =max{Ty,T»,T3,Ts}. Then by (4.40), (4.46) and (4.47), for all
t>T* and k> R* =max{R;1,R2}, one has

2
/ X (;:;2) [v(t,0_¢w,v0(0_4w)) [Pdx <e. (4.48)
R3

This implies that for all t >T"* and k> R*, we have

2
/ 00 )P / X(;) (8,010, 00 (0_10))[2dz <. (4.49)
lo|>k R3

The proof is complete. O
LEMMA 4.5. Let B={B(w)}€D and vo(w) € B(w). Then for P-a.e. we, there
exists T** =Tx* (w) >0 such that for any t > T} (w), one has

/ |V (t,0_sw,vo(0_w))|*dr <e. (4.50)
|| >k

Proof. Differentiating (3.3) with respect to x=(x1,z2,23), then taking the real
part of the inner product with x(i—z)Vv gives

L d z? 2 2 2
S RSX(kQ> Vo) dm+(ﬂ—ﬁz(9tw))/kgx(k2) Vol2de

— “Re(1+iv) / i

T
R3

((—A)O‘(Vv))x(kz> Vudz (4.51)

2
+e—ﬁz(0tw)Re Vf(eﬁz((hw)v)x (;) Vodzx.
R3

Now, we estimate the right-hand side of (4.51). For the first term, we have

,Re(1+il/)/ ((A)Q(Vv))x(iz

)vmguwuuA)“*éwnwn
RS

(4.52)
<c(l(=2)" Ho)2+|[vv)?).

For the second term, one has

R3
2 ? 0 z?
§2,62/ N (i P tw)/ e @[ Volx (2 )de  (4.53)
]R3 k RS k

1 1 o, z?
<@ IV 5o [ P () e
2 2 R k

2
e P2O0IRe [ V(P 0)y)x (22) Vodz

Substituting (4.52) and (4.53) into (4.51), we deduce that

d

x? 5 x? 9
7 ]R3X (/@) [Vl dx+(2p—5—2ﬁz(0tw))/R3x<k2> |Voul“dx

(4.54)
at+i 2 2 1 —2B2(0;w) o2 [T
<c(ll=2)" o2+ IVol?) + 5 [ @ P ( 35 ) d
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Multiplying (4.54) by e~ 28 [y #(0sw)ds+(20=0)t and integrating over (T1,t) gives for all
t> Tla

/Rsx (”Zj) [Volt,w,vo(w))[*de
)

't 2(0sw)ds — — x
§625JT1 (0sw)ds+(6—2p)(t T1)/ X(W)|VU(T17OJ,UO(0J))|2d$

e [[ A E=200 ((0) (5000 P+ Tl 00 ()P s
T

_i_}/ 26 [ 2(0-w)dr+(5—2p) (t—3) — 2,8z(95w)/ o ()22 ( 2>dxds

(4.55)

Replacing w by 6_;w and applying (4.37), for all ¢>T}, one has

2
/3X (:1:2) IVo(t,0_w,vo(0_w))|*dx
R

< 28 /1y 2(0s—1)ds+(5-20) (t=T1) |Vu(Ty,0_sw,v0(0_sw))|*dx
R3
t
be [ IO B p) (506w s (456)
T

t
+c/ 2B [ 2(87—ww)dr+(5-2p) (t= s)||Vv(s 0_sw,vo(0_ew))|*ds
T

1 96 [ 2(0 _w)dr+(5—20)(t—5)—2B2(0,_ 1) z?
+ - / Or—t P st / 2 () |2 x -5 | dvds.
2, K

We estimate each term on the right-hand side of (4.56). For the first term, replacing
t by T1 and w by 0_sw in (4.14), we have
62/31}1 20— 1w)ds+(5-2p)(¢-T1) |V (T, 0_w,vo(_w))|2de
R3

< A, O =0T 28 (150 G20 G0 ) (457
:62’8f0tZ(es’tw)d8+(5_2p)t||VU0(9,tw>||2

0
:eQﬁfft2(93“)d3+(5_2p)t||Vv0(9_tw)||2.
Since {B(w)} € D is tempered, for any vo(0_;w) € B(0_;w),

lim 20/ 7 0)dst(6=20)t 17009 Y2 =0. (4.58)

t——+oo
Therefore, given € >0, there exists T5 =T5(B,w,e) >T; such that for all ¢ > T,

62[3]}1 z(@sftw)ds+(572p)(t,T1)/ \VU(Tl,97tw,vo(9,tw))|2d:c < E (4.59)
R3

e
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For the second term, one has
t
c / 20 2 #Or—e)dTH(0=20)(E=9)|| (LAY 3 (5,0 00,00 (0—1w)) || 2ds
T1

0
Sc/ eQBf:)z(g*w)dT+(2p_5)s||(—A)O‘Jr%v(s+t,9,tw,vo(9,tw))||2ds (4.60)

T)—t

sC/ €20 [ 20 )drH20=0)3 | (L A+ E 4y (544,00, 00(0_yw)) 2.
—t

Replacing w by 6_;_jw in (4.23), dropping the first term on the left-hand side, and
integrating with respect to s over (T1,t+1), we obtain

t+1
/ e2ﬂff“ O -1 dn O =20) (=) | (_A)%+av(7-7a—t—lw,UO(G—t—lw)) H2d7'
T

14+

t+1 )
< [ R O 62 )5 5,600 1) s
T

t+1 .
—|—8ﬂ§/ 62[315 T 20— 1w)dT+(6—2p) (t+1—s) ||VU(S79—7:—1W7U0 (a—t—lw)) ||2d8
T

0
:/ 2ﬁf (0-w)dT+(2p— 6)5”( ) EQ,U(S_Ft_,_1’9471&),@0(9471&)))Hst
Ty —t—1
0
—|—8ﬁ§/ (2810 2(07)amH20=0)8 [Ty (54 41,0y 10, 00(0_s_10))||2ds
T —t—1

0
g/ 282 2(0r@)dr+(2p=0)s || (_ AV p(s 4t 41,04 1w,00(0_s—1w))||2ds
—t—1

0
+8/3§/ 28 S0 2(0-)dT+(20=0) |7y (s £+ 1,0 1w, 00(0_—1w))||2ds.
—t-1
(4.61)

By (4.15), for all t> T}, (w) —1, we have

0
/ 2,8f (0sw)dT+(2p—08)s ”( ) ;rlU(S+t+1,e—t—lw,vo(g_t_lw))ﬂzds
—t—1

’ 0 2(fsw)d 5 (4.62)
+5/ 2B [ #(0sw)dr+(2p— )S||Vv(s+t+1,9,t,1w,v0(9,t,1w))||2ds .
t—1

0
< o282 1 2(0sw)ds+(8—2p)(t+1) Vv (0_s—1w) ||2

Substituting (4.62) into (4.61), one has
41 - )
/ T O s A CE | (= ) 35007, 010,00 (01 1) |
Ty

832 0 (o
< (1475 | P mm B0t OO 70 (0.
(4.63)

Again, since {B(w)} €D is tempered, by a similar argument, there exists T =
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Ts(B,w,e) >T1, (w) such that for any ¢ >Tg,

2
<1 + ifz) e25f£1—t Z(Gsw)d5+(5—2p)(T1—t)(”vo(eitw)”Q + ||V?)0(97tw)||2) < Z (464)
So, we infer that
t
c/ 2Pl z(af‘t“’)dTH‘s*Q")(t*S)||(—A)QJF%U(S,G_tw,vo(H_tw))H2dsS Z (4.65)
T

For the third term, by (4.46), there exists Ty =Ty (B,w,e) > T} such that for any
t> T4a

¢
c/ 2P Js 2O —0)dr+(0=20)(t=5) | 7 (5,0, 00 (0_yw))||2ds < (4.66)
Ty

=] ™

For the last term, note that y2(x) € L?(R?). In a manner similar to the argument
for (4.43), there exists R} = R;(e) such that for all ¢ >T3 and k> RY,
2

t
/ eQﬁf;z(G.,.,tw)dT+(572p)(tfs)7262(957tw)/ |,Y2(x)|2X2 <l’ >dl’d5§
R3

4.67
Tl k2 ( )

<
T

Let T** =T**(B,w,e) =max{T3,T4,T5,Ts }. Then by (4.59), (4.65) and (4.66), for
all t>T** and k> RJ, one has

x2
/R X (1&) V0t 00,00 (6_10)) [P < . (4.68)

This implies that for all ¢t >7** and k> R7,

2

/| |Vv(t,9tw,vo(Qtw))|2da@</sx<k2> |V (t,0_w,v0(0_w))|*dr<e. (4.69)
z|>k R

This completes the proof. O

By Lemmas 4.4 and 4.5, we have
COROLLARY 4.6. Let B={B(w)} €D and vo(w) € B(w). Then for P-a.e. w €, there
exists T =max{Th(w),T5" (w)} and R*=R*(w,e) such that for any t>T5(w), one
has

Hv(t,G_tw,vo(H_tw))||?{1(‘w‘ZR*) <e. (470)

5. Random attractor In this section, we prove the existence of a random

attractor for the random dynamical system generated by (3.3) on R?. From Lemma
4.2, ¢ has a closed random absorbing set in D. The D-pullback asymptotic compact-
ness of ¢ is demonstrated below using the uniform estimates obtained in the previous
sections.
LEMMA 5.1. Assume (1.3)—(1.5) and B, <2|\,|. Then the random dynamical system
¢ is D-pullback asymptotically compact in H'(R3); that is, for P-a.e. w€, the
sequence @(tn,0_¢, w,v0n(0_1,w)) has a convergent subsequence in H'(R®) provided
tn, =00, B={B(w)} €D and vy n(0_,w) € B(O_¢, w).
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Proof. Let t,—o00, B={B(w)}€D and vg,(0_,w)€B(0_y,w). Applying
Lemma 4.1 and 4.2, for P-a.e. w €2, we have

{o(tn,0_s, w00 (0_¢,w))}22, is bounded in H'(R?).

Therefore, there exists n(w) € H'(R3) and a subsequence, for convenience, still denoted
by {w(tnaa—tnwaUO,n(a—tnw))}7 such that

P(tn,0-t,0,00,n(0—¢,0)) —n  weakly in H'(R?). (5.1)

Given € >0, by Corollary 4.6, there is T =max{Th(w),T5" (w)} and R* =R*(w,e)
such that for any t > T%(w),

H<P(t79—twavo(9—tw))H%{l(mzm) <e. (5.2)

Since t,, — 00, there exists Ny = N (B,w,¢) such that ¢, >T5 for all n> N;. Then, by
(5.2), we have for all n> Ny,

1(tns 01,0, 00,n (01, 0)) 371 (o] > R+) <5 (5.3)

and hence,

||77H?-11(\z\2R*) <e. (5.4)

Applying Lemmas 4.1 and 4.3, there exists Ta, =max{Tp, (w),T1,(w)} such that for
all ¢ Z TQB 3

(£, 010,00 (0—1w)) [ 1 e (s < 06 + 05 = 5. (5:5)

Let Ny = N5(B,w) be large enough such that ¢, >Ts, for n > Ns. It follows from (5.5)
that, for all n> Ns,

o (tns 01, 0,000 (01, ) | i (s < €5- (5.6)

Let Br-={x€R3: |x|<R*} be a ball. By the compactness of the embedding
H'Y"*(Bg+)— HY(Bg~), from (5.6), we deduce that, up to a subsequence depending
on R*, ¢(tn,0_1,w,v0,,(0_¢,w)) —n strongly in Hl(éR*), which implies that there
exists N3 = N3(B,w,e) > Ny such that for all n> N3,

lp(tn, 0, w,00,0 (0, w)) = 1ll3p2 () S -
Let N* =max{Ny,N3}. Then, from (5.2), (5.3) and (5.4), we have for all n> N*,
l[(tns0—t, 0500, (0—1,0)) =0l 771 (g
<lp(tn,0—t,w,v0.n(0-t,w)) =15 < + (0,01, 0,000 (01, 0)) 2y > -

+H77|||2;D\ER*
<be,

which implies that
O(tn,0_t,w,v0.n(0_¢,w))—n strongly in H'(R?).

This completes the proof. O
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By Proposition 2.8, we have
THEOREM 5.2. Assume (1.3)—(1.5) and B, <2|\,|. Then the random dynamical
system @ associated with the fractional Ginzburg-Landau equation with multiplicative
noise (1.1) has a unique D-random attractor in H'(R3).
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