Ideal transforms and local cohomology defined
by a pair of ideals
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Abstract

In this paper, we introduce a generalization of the ordinary ideal
transform, denoted by Dy ;, which is called the ideal transform with
respect to a pair of ideals (I, J) and has an apparent algebraic struc-
ture. Then we study its various properties and explore the connection
with the ordinary ideal transform. Also, we discuss the associated
primes of local cohomology modules with respect to a pair of ideals.
In particular, we give a characterization for the associated primes of
the non-vanishing generalized local cohomology modules.

1 Introduction

Throughout this paper, without particular explanation, R is always a Noethe-
rian commutative ring with non-zero identity, I, J are ideals of R and M is
an R-module.

Now let R be a commutative unitary domain and K its quotient field.
The ideal transform of R with respect to I was defined by Nagata [Nal]:

Ty(R) = | J(R: I7).

n>1

*Work partially supported by Natural Science Foundation of China (11201326)

"Work partially supported by CNPg-Brazil - Grants 309316/2011-1, and FAPESP
Grant 2012/20304-1.

fWork partially supported by CAPES-Brazil 10056/12-2. Key words: Local Cohomol-
ogy, Ideal Transforms, Associated primes



Ideal tranform turns out to be a significant tool in commutative algebra
and algebraic geometry and is closely related to local cohomology modules
of Grothendieck. A very important application is existing in the treatment
of Hilbert’s fourteenth problem (cf. [Nal], [Na2]). In order to study this
algebra deeply, there are several methods for ideal transform (for example,
[Br], [Ha]). In particular, a functorial description of ideal transform was
given (see, for example, [Br]): an ideal transform Dj(M) of an R-module M
with respect to I defined as

Di(M) := l;ugneNHomR(I”, M).

It can be verified that T;(R) = D;(R). Moreover, let Q(M) be the total
module of quotients of M and let T'(M) denote the R-module:

U qon 1),

n>1

Then T7(M) = Dy(M) if grade(I, M) > 0.

In [TYY], Takahashi, Yoshino and Yoshizawa introduced the notion of
generalized local cohomology modules, which is an extension of local coho-
mology modules to a pair of ideals (I,J), and they studied their various
properties (another generalization may be seen in [FP]). More precisely, set
W(I,J) = {p € SpecR | I" C p+J for some integer n} and let W (I, J)
denote the set of ideals a of R such that I™ C a+ J. Also, let the set

LiyM)={xeM| It CJx for n>1}

of elements of M. The functor I'; ;(—) is a left exact functor, additive and
covariant, from the category of R-modules to itself, which is called (I, J)-
torsion functor. For an integer 4, the ith right derived functor of I'; ;(—) is
denoted by Hj ;(—) and called the ith local cohomology functor with respect
to (Z,J). For an R-module M, we denote by Hj ;(M), the ith local cohomol-
ogy module of M with respect to (I, J), and I'; ;(M) will be called the (I, J)-
torsion part of M. When .J = 0 or .J is a nilpotent ideal, H} ;(—) coincides
with the ordinary local cohomology functor H(—) with the support in V/(I).

Naturally, in this paper we introduce a kind of ideal transforms as a
generalization of the ordinary ideal transform, which will be called an ideal
transform with respect to a pair of ideals (I,J). We recall that D;(R) is
a commutative ring with an identity; the generalized ideal transform intro-
duced here will have a structure as the quotient of a direct sum of some
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{D;(R)}icr (see Remark 2.1), and therefore, it will have a structure of ring,
as well. We study its various properties and discuss its connection with
the ordinary ideal transform. Also, we give some results about the associ-
ated primes of the local cohomology module Hj ;(M), which improves some
known results.

The organization of the paper is as follows. In Section 2, we give the
definition of Dy j(M), an ideal transform with respect to a pair of ideals
(1,J), and give some elementary results of Dy ;(M). In Section 3, we discuss
the associated primes set of H}', ;(M). In Section 4, we discuss the exactness
property of an ideal transform module with respect to a pair of ideals (I, J).

2 Ideal transforms defined by a pair of ideals

In the following, we shall introduce a kind of idea transforms, as a gener-
alization of an ideal transform Dj(M) of an R-module M with respect to
I.

Let R be a commutative Noetherian ring and let I and J be ideals of R.
Consider the set W := W(I,J) of all ideals a of R such that I" C a4+ J for
some integer n. We define a partial order on W by letting a < b if b C a for
a,b € W. Then the order relation on W makes {Da(M)}, i into a direct
system of R-modules (see [BS, Exercise 2.2.20]). Now we define the covariant
R-linear functors from the category of R-modules to itself:

Dy = hﬂaeWD“(_)’ where D, = %ﬂneNHomR(an, -)
We shall refer to Dy ; as the (I,J)-transform functor. As Dg is a left ex-
act functor, and exact sequences are preserved by taking a direct limit, we
conclude that the functor Dy ; is also left exact.

For an R-module M, we call Dy ;(M) = hﬂaeWDa(‘A@ the ideal transform
of M with respect to (I,J), or, alternatively, the (I, J)-transform of M. For
i € Ny, we use R'D; ; to denote the ith right derived functor of D; ; and
call R'Dy ;(M) the ith right derived module of Dy ;.

Remark 2.1. (i) (/,J)-transform functor Dy ; is a natural generalization
for the notion of /-transform functor Dy, just like from the definition
of Hi(M) to that of Hj ;(M):

It is known that

Hi(M) = hgneNExtiR(R/J”, M).
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(i)

(iii)

In fact, there is another isomorphism:

Hy(M) = lim (I)Extg(R/a, M).

Here, V(I) denotes the set of all ideals a of R such that I C \/a.
By Theorem 2.2 (below),

Hj (M) = i Extiy(R/a, M),
While, for the ideal transforms, by Theorem 2.2,

D](M) = ligaev(f)HomR(a, M),

DLJ(M) = héﬂaEWHOHlR(CL, M)

Now we let Q(M) be the total module of quotients of M,

Try(M) = |J (M g a),

aeW

and
ﬁa : (M QM) Cl) — HomR(a, M) (Cl S W),

defined by Bi(y)(z) = 2y (z € a,y € (M :gu) a)), be a canonical
homomorphism. Taking the direct limit hﬂaeﬁ/’ there is a homomor-
phism

5‘;[/ : TLJ(M) — D[,J(M).

Let depthy(I, J, M) = inf{grade(a, M) | a € W(I,.J)}. One can then
deduce that depthy(I, J, M) = inf{depthM, | p € W (I, J)}. Then, by
[TYY, Theorem 4.1], depthg (I, J, M) = inf{i | Hj ,(M) # 0} }. If
depthR(I, J, M) >0 (that is, F[’J(M) = 0), then TLJ(M) = D],J(M).

It follows similarly as [Br, Lemma 2.8].

From [BS, Exercise 2.2.3 (iv)], D;(R) is a commutative ring with iden-
tity, and D;(M) can be viewed as Dy(R)-module. Therefore,

Dry(=) =tz Da(=)



can be viewed as the quotient of a direct sum of {Dqg(—)},epi- Thus,
D; ;(R) is a commutative ring with identity and D; ;(M) can be viewed
as Dy j(R)-module. So all the R'D; ; (i € Ny) can be viewed as additive
functors from the category of R-modules to the category of D ;(R)-
modules.

(iv) Similarly as the proof of [BS, Remark 1.3.7], and since taking the direct
limits is an exact functor, we have that

(@aeW@neNEXt%(an’ _)> ieNo

is a negative strongly connected sequence of functors from R-modules.
Now, by [BS, Theorem 1.3.5] we show that there is a unique isomor-
phism of connected sequence of functors of R-modules

(R Dy5(-)) = (tiy, i, Bxtie(a”, )

which extends the identity natural equivalence from Dy ; to itself.

’
1€Np

Theorem 2.2 (i) below is a special case of [BS, Remark 1.3.7], while item
(ii) is a special case of [BS, Definition 2.2.3].

Theorem 2.2. Let M be an R-module and let I,J be ideals of R. Then,
there are some natural isomorphisms:

(i) Hj,(M)=1lim . Extp(R/a, M), Vi > 0;
(11) D[J(M) = hﬂaewHomR(a, M),
(iii) Dy(M)=liny . ,Homp(a, M), where V(I):=W(I,0).

Proof. (i) Firstly, we prove that I'; ;(M) = ey (0 :ar @). For an element
x € I'r (M), there exists an integer n > 0 such that "z C Jz, that is,
I" C Ann(z) + J. Let b = Ann(x). Thus,

€0 b)C [ J(0:ma)

On the other hand, if 2 € J,.yi(0 :a @), then there exists b € W with
x € (0 :pr b). Since, for the ideal b, there exists m such that I™ C b+ J,
this concludes that I™z C Jx. So x € I'y ;(M).
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Clearly, {H} ;(—)}i>0 and {MQEWEX%(R/G,—)}QO are both strongly

connected. Moreover, H} ;(E) = liglaeWExt’é(R/a, E) =0 for all i > 0 and
all injective R-modules E. Hence,

H},J(M) = liglaEWExtﬁg(R/a, M), Vi>D0.
(ii) Let a be an ideal of R. From the short exact sequence
0—a—R—R/a—0,

we have the following commutative graph (the two horizontal lines are both
exact sequences):

0— Hom(R/a,M) — M — Hom(a,M) — Extp(R/a,M) — 0
U 91 ! !
0— Lo(M) - M —  Dy(M) — H(M) — 0

The four modules T'y(M), M, Dy(M) and H}(M) in the below line are viewed
as the direct limits of the four direct systems. The maps f and ¢ are given
by the inclusion. Next, we take the direct limits hﬂaev”v in the above com-
mutative graph, and by (i) and [TYY, Theorem 3.2], we have the following

commutative graph:

0= Try(M) - M — lim _.Hom(a,M) — Hj,(M) — 0

-1l -1 { =1
0— Ty (M) - M — Dy (M) — H} (M) — 0

Hence, Dy ;(M) = liﬂaewHomR(a, M).

(iii) Let a € V(I). Then there exists n > 0 such that I C a. Then
we have the following commutative graph (the three horizontal lines are all
exact sequences):

0— Hom(R/a,M) — M — Hom(a,M) — Extp(R/a,M) —0

f1 1 91 | l 1

0— Hom(R/I",M) — M — Hom(I",M) — Extp(R/I",M) —0
fo | 92 | l l

0— (M) - M —  D/(M) = Hi (M) =0



The maps f;, fs, g; and g, are given by the inclusion. It follows that the
following graph is commutative (the two horizontal lines are both exact se-
quences):

0 — Hom(R/a,M) — M — Hom(a,M) — Extn(R/a,M) — 0
U 71 \J \J
0— I';(M) - M — D/(M) — H} (M) — 0

The maps f = fs o f;, g = g2 0 g; are given by the inclusion. Then, we take
the direct limits lim - 0y and by (i), we have the following commutative

graph (note that the four modules in the second line have nothing to do with
taking the direct limits):

0— I't/(M) - M — hﬂaef/(I)Hom(a’ M) — H} (M) — 0
- - 3 =1
0— I'y(M) - M — D (M) — H{(M) — 0

Hence, we have the isomorphism: D;(M) = l'&ue(/mHomR(a, M).

The following corollary is an immediate result of Theorem 2.2.

Corollary 2.3. Let M be an R-module and let I be an ideal of R. Then
D;o(M) = Di(M). In Particular,

Da<M> = DB(M)
for two ideals a,b in R such that V(a) =V (b).

In [BS, Theorem 2.2.1], there are very important connections between
the a-transform functor and the local cohomology functors. Similarly, we
will obtain some connections between the (7, .J)-transform functor and the
local cohomology functors with respect to a pair of ideals.

Theorem 2.4. Let M be an R-module and let I,.J be ideals of R.

(i) There ezists an exact sequence

0Ty (M)— M ™ Dp (M) — H} (M) — 0
(ii) For eachi € N, R' Dy (M) = H' (M).
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Proof. (i) For each a € W(I,J), by [BS, Theorem 2.2.4 (i)], we obtain the
exact sequence 0 — T'y(M) — M — Dy(M) — HY(M) — 0. Taking direct
limits on this sequence, by the above definition and [TYY, Theorem 3.2], one
obtains the result.

(ii) For each a € W(I,.J), by [BS, Theorem 2.2.4 (i)], one has ' D,(M) =
HI*1(M). Then, by passing to direct limits and by [TYY, Theorem 3.2], it
can be derived that

ling g lim, _ Exty(a”, M) = lim g R D(M) = H} 5 (M).
O

Remark 2.5. Let M be an R-module and let I, J be ideals of R. From
Theorem 2.4(i) we obtain the following:

(i) M and Dy j(M) are isomorphic if and only if T'; ;(M) = Hj ;(M) = 0.
(ii) There is an exact sequence

0— M/T;;(M)— Dy (M) — H}J(M) — 0.

Lemma 2.6. Let M be an R-module and let I,J be two ideals of R. Then
the followings hold:

(i) D1y(7.,(M)) =0;
(ii) Drs(M) = Dy (M/Tr,(M));

(iii) Dys(M) = Dy (D1 y(M));

(iv) T74(Drs(M)) = 0= Hj ;(Dr s(M));
(v) H} S (M) = H}7J(D[7J(M)) for alli>1.

Proof. The proof is straightforward, it follows by using Theorem 2.4, [TYY,
Corollary 1.13] and Remark 2.5(i). O

Proposition 2.7. Let ¢ : M — M’ be an R-homomorphism such that Ker¢
and Coker¢ are both (I, J)-torsion R-modules. Then

(i) The map Dy j(¢) : Dr (M) — Dy (M) is an isomorphism;



(ii) There exists an unique R-homomorphism ' : M' — Dy ;(M) such that
the diagram

M—2 o

M Ld}/
Dy (M)

commutes. In fact, ' = Dy ;(¢)™* o nasr.

(iii) The map v’ above is an isomorphism if and only if nyy is an isomor-
phism if and only if Iy ;(M') = H} ;(M') = 0.

Proof. To prove (i) we make use of Theorem 2.4, [TYY, Corollary 1.13] and
Lemma 2.6(i). For item (ii), make use of Lemma 2.6(iii). Finally, item (iii)

results from Theorem 2.4(i).
Il

In [TYY, Corollary 2.5], it is shown that if M is a .J-torsion then Hj ;(M) =
Hi(M). Here, we provide a more direct proof for this fact. Further, next
result is a similar result for ideal transforms.

Proposition 2.8. Let I,J be ideals of R. If M is a J-torsion R-module,
then
Dy ;(M) = Dy(M) = Di(Dy4(M)) = Dy s(Di(M)).

Proof. Since M is a J-torsion R-module, then we can take an injective res-
olution E* of M such that in which each term is a J-torsion R-module
by [TYY, Proposition 1.12]. Note that for any .J-torsion R-module N,
I'77(N) =T;(N). Then the diagram

- — F[yJ(Et(M)) — FLJ(EH_I(M)) —_—
- —— T(EY(M)) —— Ty(E"Y M) —— -
commutes. It implies that
Hj (M) = H'(T1,(E%)) = H'(T[(E®)) = H}(M)

for any ¢ > 0.



Let a € V(I) C W(I,J). We have the following commutative graph:

0 — Hom(R/a,M) — M — Hom(a,M) — Extp(R/a,M) — 0
g 9l \J \J

0— I'r(M) - M — DryM) — H}J(M) — 0.

By taking limits hﬂaef/ 0 and by Theorem 2.2, we obtain the commutative

graph below (the two horizontal lines are both exact sequence):

0— I'y(M) — M — Di(M) — H}M) — 0
-1 -1 { =1
0— I'yy(M) - M — Dr;(M) — Hj, (M) — 0.

It follows that D; (M) = D;(M). Since any subquotient module of a J-
torsion R-module is still a J-torsion and Hj ;(M) is a J-torsion for i > 0,
it follows from Remark 2.5(ii) that D; (M) is a J-torsion. For a similar
reason, Dr(M) is a J-torsion. Hence,

Dy (M) = Dy ;(Dr,;(M)) = Di(Dr ;(M))

and

Dy(M) = Di(D(M)) = Dy, (Dr(M))
by Lemma 2.6(iii). O

The following theorem is a generalization of the base ring independence
theorem concerning ideal transforms (see [BS, Theorem 2.2.21]).

Theorem 2.9. Let I,J be ideals of R and ¢ : R — R’ a ring homomorphism,
and let M’ be an R'-module. Assume that p(J) = JR'. Then there exists an
isomorphism Dy ;(M') = Dip yr(M') of R -modules.

Proof. From the proof of [BS, Theorem 2.2.21], one observes there exists an

Y

isomorphism Dy(M') = Dyg/(M’) as R and R'-modules. Thus, in passing to
limits, we obtain an isomorphism

Dr(M') = hﬂueW(I,J)D“(M/) = hﬂaeW(I,J)DaRI(M/)'
as R and R’-modules, as well. Also, if ¢(J) = JR' then
W(IR',JR) ={bC R'| bis an ideal of R and ¢*(b) € W(I, J)}.
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In fact, let b be an ideal of R’. So b € W(IR', JR') iff o(I") C b+ ¢(J) for
some integer n iff I" C ¢~ '(b) + J for some n. Besides,

{aR' | ac W(I,J)} CW(IR JR.

As for any b € W(IR,JR'), b 2 ¢ }(b)R, the set {aR'| a € W(I,J])}
becomes a cofinal subset of W (IR', JR') so that by [R, Exercise 2.43], we
obtain

hgnuGW(LJ)D“R'(Mq = hﬂbeW(IR/,JR’)D"(M/> = Dirgr (M').
]

Proposition 2.10. Let R be a Noetherian ring and let M be an R-module.
Then Ass(Dy j(M)) = Ass(M/T'; ;(M)).

Proof. Firstly, note that if p € Ass(Dy j(M)), then there exists an injective
map R/p — D; ;(M), and since I'; ;(Dy ;(M)) = 0 (by Lemma 2.6(iv)), one

obtains I'; ;(R/p) = 0. Thus, by [TYY, Proposition 1.10], p & W(I, J).
The short exact sequence

0— M/FLJ(M) — DLJ(M) — H}’J(M) —0
implies that

Ass(Dy ;(M)) C Ass(M /Ty 4(M)) U ASS(HIIJ(M)),
Since Ass(Hy ;(M)) € W(I,J) (see [TYY, Proposition 1.7]), one has

ASS(D[J(M)) g ASS(M/FLJ(M)).
On the other hand, by virtue of the above short exact sequence,
ASS(M/FLJ(M)) g ASS(DLJ(M)).

O
The following is an immediate result of Corollary 2.3 and Proposition 2.9.

Corollary 2.11. Ass(Dy(M)) = Ass(M/T'1(M)).
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It is well-known that
Ass(I'y(M)) = Ass(M) NV (1)

and
Ass(M /T (M)) = Ass(M)\V (I).

The authors of [TYY] showed that
ASS(FLJ(M)) = ASS(M) N W([7 J)

as a corresponding result of one of the above results for (I, J)-torsion module
Iy (M) in [TYY, Proposition 1.10]. Now we make a supplement for it by
showing the remaining part.

Lemma 2.12. [S, Proposition 4.5 and Exercise 3.13] Let {M; }ica be a direct
system of R-modules. If p € ASSR(@ M;) then p € ;e 4 AssgrM;.

Proposition 2.13. Let R be a Noetherian ring and M be an R-module.
Then, Ass(M/T'r ;(M)) = Ass(M)\W (I, J). Thus, Ass(M) = Ass(I'; ;(M))U
Ass(M/T; ;(M)), as a disjunct union.
Proof. From the short exact sequence
0—=T7,(M)—=M— M/T'; ;(M)—0,
we know that
Ass(M) C Ass(Iy ;(M)) U Ass(M/T'; ;(M)).
By [TYY, Proposition 1.10], Ass(I';,;(M)) € W(I,J). Then,
Ass(M)\W(1,J) C Ass(M/I'; ;(M)).

Now we prove the other inclusion. By Proposition 2.9, it is enough to prove
that Ass(Dy ;(M)) C Ass(M). Note that

D; (M) = liénaewHomR(a, M) (by Theorem 2.2(ii)).
By Lemma 2.12, we have that,

Ass(Dy.;(M)) C U Ass(Homp(a, M)).
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While, for each a € W, by a well-known fact in [B],
Ass(Hompg(a, M)) = Ass(M) N Supp(a) C Ass(M).
Thus, Ass(D; ;(M)) C Ass(M) and
Ass(M) = Ass(Ty ;(M)) U Ass(M/T'r ;(M)).

This completes the proof. O

By Proposition 2.10, we obtain the following.
Corollary 2.14. Ass(Dy ;(M)) = Ass(M) \W (I, J).

Proposition 2.15. Let M be a finite R-module. Then
Supp(Drs(M)) =[] Supp(Da(M)).
acW(1,J)
In particular, if W(I,J) € W(I,, ), then Supp(Dy, 5, (M)) C Supp(D; s (M)).
Proof. By Proposition 2.10, Supp(D; ;(M)) = Supp(M/I'; ;(M)). So we
only need to prove that
Supp(M/T;,(M)) = (| Supp(M/T4(M)).
acW (I,J)
Since for a € W (I, .J), T4(M) is a submodule of Ty s(M), M/T; ;(M) can
be viewed as a quotient of M/I'y(M) and
Supp(M/T1,(M)) € () Supp(M/T4(M)).
acW (1,J)
Let p & Supp(M/T';;(M)). Then,
My /(Ur(M))y = (M/Ty5(M)), = 0.

So M, = (I'r,;(M)),. If {mq,ma,--- ,my} is a generator set for the R-module
M, then there exists s; € R\p,1 < i < k, such that s;m; € I'; ;(M). Then,
there exist n;, 1 < i < k, such that ™ C J 4+ (0 :g s;m;). Denote

b= ﬂ (0 :g s;my;).

i€{172"" vk}
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Clearly, I™tm2t=+m C J 4+ b and b € W(I,J). Moreover, for 1 < i <
k,simi S Fb(M) This shows that % € (Fb(M))p, and Mp = (F5<M))p
Therefore, p & Supp(M /T'y(M)). The proof is completed.

]

3 Associated primes of I} (M) and R'D; ;(M).

Let M be a non-zero R-module. The Krull dimension dimzrM of M is the
supremum of lengths of chains of prime ideals in Suppz M if this supremum

exists, and oo otherwise. In the case when M is finitely generated, this is
equal to dimgR/(0 : M). If M =0, we set dimgM = —1.

Lemma 3.1. Let M be a non-zero finite R-module. Let k, t be two integers.
The followings are equivalent:

(i) dimgly (M) < k;
(ii) dimgHompg(R/a, M) <k, Ya e W(I,J);
(i) dimgla(M) <k, Ya € W(I,J).
Proof. Since
Homp(R/a, M) C To(M) C Ty ;(M), Yae W(I,J),
we have
Suppg(Homp(R/a, M)) € Suppg(Ta(M)) C Suppg(Tr,(M)), Ya e W(L,J).

So the proof of (i) = (iii) = (ii) completes.

On the other hand, for any chain of prime ideals having the maximal
length in Suppg(I';.s(M)), there exists a € W(I, J) such that this chain is
included in Suppgz(Homg(R/a, M)). This completes the proof of (ii) = (i).

O

Theorem 3.2. Let R be a Noetherian ring and M a non-zero finite R-
module. Let E*(M) a minimal injective resolution of M. Let k, t be two
integers. The followings are equivalent:

(i) dimpHi (M) <k, Vi < t;
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(i) dimgExth(R/a, M) <k, Vi <t, Ya € W(I,J);
(i) dimpHi(M) <k, Vi <t,Yaec W(I,J);

(iv) dimgly (EY(M)) < k, Vi < t;

(v) dimgHomg(R/a, E{(M)) < k, Vi < t, Ya € W(I, J);
(vi) dimgla(EBY(M)) <k, Vi <t, Yae W(I,J) .

Moreover, if k = —1, and one of these equivalent conditions is satisfied,
then there is an isomorphism:

Homg(R/a, H} ;(M)) = Homp(R/a, Hi(M)) = Extly(R/a, M), Ya € W(I,J).

Proof. Firstly we prove the equivalence of (i) and (iv).
Note that the following is a commutative graph:

r—1 r r+1
Lry(d=) F[}J(ET(M)) Lr,y(d) FI’J(ET+1(M)) Lra(d™h)
d'r—l . dr T'+1 dr+1
< By Y opreyn) S

Since Kerd” C E"(M) is an essential extension, then Kerl's ;(d") = Kerd" N
Iy (E"(M)) C T (E"(M)) is an essential extension. Note that if K C L
is an essential extension, then AsspK = AssgL, so that dimpK < k if and
only if dimgL < k, for some integer k. Therefore,

(a) dimgKerl'y ;(d") < k <= dimgl'; ;(E"(M)) < k
for some integer k. On the other hand, it is clear that
(b) dimgImI'; ;(d") < k if dimpl'; ;(E"(M)) < k.
By using the following exact sequence
0 — ImI'y ;(d"") — KerI'y ;(d") — Hj ;,(M) — 0
for r=1,2,--- ,t—1 and KerT'; ;(d") = HY} ;(M), it follows from the results

(a) and (b) that
dimpH] ;(M) < k, Vi < t <= dimgl; ;(E'(M)) < k, Vi < t.
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Using the above method, for each a € W (I, .J), we can also prove that
dimgExty(R/a, M) < k, Vi < t <= dimgHomg(R/a, E'(M)) < k, Vi <
t, and
dimpH{(M) < k, Vi < t <= dimg[(E'(M)) < k, Vi < t.
Finally, it follows from Lemma 3.1 the equivalence of these conditions.
Let k = —1. Assume that T'; ;(E*(M)) = 0 for Vi < t. Let a € W(I,.J).
Set T(—) = 'y y(—), I'a(—) or Homg(R/a,—). From the following commu-
tative graph:

T(EY(M)) T(E (M) 4D,

dt_l dt+1

2 By S opreany

T(dt—1) T(d?)

it follows that, for Ya € W (I, .J),
Homp(R/a,Kerl'; ;(d")) = Homg(R/a, Kerd") = Hompg(R/a, Ker['y(d")).
This shows that, for Ya € W(I,.J),
Homp(R/a, Hj ;(M)) = Extyp(R/a, M) = Homg(R/a, H,(M)).

]

By virtue of the above theorem for the cases that £ = —1, 0, the following
corollaries may be obtained in another way.

Corollary 3.3. ([TYY, Theorem 4.1]) For a finite R-module M, there is
an equality

inf{i | Hj ;(M) # 0} = inf{depthM, | p € W (I, J) }.
Proof. Note the well-known fact that
inf{i | Extiz(R/a, M) # 0} = inf{depthM, | p € V(a) }.

It is clear that p € W ([, J) if and only if 3a € W (I, J), p € V(a). Then,
by Theorem 3.2,

inf{i | Hj ;(M)# 0} = inf inf{i | Exth(R/a,M)#0}

acW (I,J)

16



= inf inf{depthM, | p € V(a)}
acW(1,J)

= inf{depthM, | p € W(I,J) }.
O]

Corollary 3.4. ([CW, Theorem 2.4]) Let M be a finite module on a local
ring (R, m). Then there is an equality

inf{i | H; ;(M) is not Artinian } = inf{depthM, | p € W(I,J)\{m} }.

Proof. From the proof of Theorem 3.2, it is clear that
dimpH} ;(M) <0 for all i <t <= dimgl'; ;(E*(M)) <0 for all i <t
<= T (E(M)) =Tn(EY(M)) for alli < ¢
< T ;(E'(M)) is Artinian for all i < ¢
<= Hj ;(M) is Artinian for all i < t.
Note the well-known fact that

inf{i | H.(M) is not Artinian } = inf{depthM, | p € V(a)\{m} }.
By using the similar method to the above corollary, we get this result.  [J

The following proposition improves one of the main results in [TT] (See
[TT, Theorem 3.6]).

Proposition 3.5. Let M be a finite R-module and t = inf{i | H} ;(M) # 0}.
Then, there are some equalities

AsspH} (M) = U AsspHY(M) = U AsspExth(R/a, M).
aeW(l,.J) aeW(l,.J)
grade(a, M) =t grade(a, M) =t
= U AsspHL(M) = U AsspExth(R/p, M).
peW(l,J) peW(l,J)
grade(p, M) =t grade(p, M) =t

Proof. We recall the well-known fact that

AsspH[ (M) = AssgExtR(R/I, M)

17



for r = grade(I, M). So it is enough to prove that

AssgpHj ;(M) C U AsspH, (M)
peW(l,J)
grade(p, M) =t

N

U AsspH (M)
aeW({,J)
grade(a, M) =t

C AssgHj ;(M).

The second inclusion is clear. We will prove the first and the third inclusions.

Let p € AsspH} ;(M). By [TYY, Proposition 1.7] and [TYY, Corollary
1.13], p € W(I,J). Note the well-known fact that, for a finitely generated
R—module K and an arbitrary R—module L, AssgHompg(K,L) = {p €
AsspL | 3q € AssgK,q C p} (see [B]). Then, by Theorem 3.2,

pe ASSRHomR(R/p,HfJ(M)) = AssgHompg(R/p, Hg(M)) = AssRHg(M).

Then Hy(M) # 0, and grade(p, M) < t. On the other hand, ¢ = inf{depth/, |
qge W(I,J)} <inf{depthM, | q € V(p) } = grade(p, M). Sot = grade(p, M),
and the proof of the first inclusion completes.

Let a € W(I,.J), grade(a, M) =t and p € AsspH!(M). Then by Theorem
3.2,

p € AsspgHomp(R/a, Hy(M)) = AssgHompg(R/a, Hy ;(M)) C AssgpH} ;(M).
This completes the proof of the third inclusion. m

In the following, a characterization for the associated primes of the non-
vanishing local cohomology with respect to a pair ideals is given. It general-
izes [TYY, Proposition 5.6] (see Remark 3.8) and [TT, Theorem 3.6].

Theorem 3.6. Let M be a finite R-module and t = inf{i | H} ;(M) # 0}.
Then, there is an equality

AsspHj ;(M) = {p € W(I,J) | depthM, = t}.
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Proof. We take p € W(I,J) such that depthp (M,) = t. Then (Hy(M)), =
Hyp (M,) # 0. Therefore, H,(M) # 0. So grade(p, M) < ¢. Note that

t = inf{depthM, | q € W(I,J) } < inf{depthM, | q € V(p) } = grade(p, M).
Therefore, grade(p, M) = t. From the fact that
Assp,Homp, (Ry/pRy, Hyp (My)) = Assg, Hyp (M,) # 0,
we know that Hompg, (R,/pR,, Hyp (M,)) # 0. This implies that
PR, € Assg, H,p (My) = Assg, (Hy(M)),.
Then p € AsspH,(M). By Proposition 3.5, we get that
{p e W(I,J) | depthM, =t} C AsspHj ;(M).

On the other hand, let p € AssgpH} ;(M). Then p € W(I,J). Then, by
Theorem 3.2,

p € AsspgHomp(R/p, Hy ;(M)) = AssgHomp(R/p, Hy(M)) = AssgH,(M).
Since Hyp (M,) = (H,(M)), # 0, we get depthM, < t. Also,

t = inf{depthM, | q € W(I,J) } < depthM,.
Therefore, depthM, = ¢, and

AsspHj ;(M) C {p e W(I,J) | depthM, = t}.

This completes the proof.
m

Corollary 3.7. Let M be a finite R—module and t = inf{i | Hi(M) # 0}(=
grade(I, M)). Then, there is an equality

AsspH}(M) = {p € V(I) | depthM, = t}.
Hence, if x1,x9, -+, x; 18 a maximal M —sequence in I, then

AsspHY(M) = V() N AssgpM /(21 29, -+ ,2;) M.
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Proof. In Theorem 3.6, we take J = 0 and get that
AsspH{(M) = {p € V(I) | depthM, = t}.
Now we shall prove that
AsspHU(M) =V (I) N Assg M/ (21, 22, -+, 2¢) M.

Let p € AsspH}(M). Since depthM, = t, it follows that z1/1,29/1,- -+, 2;/1
is a maximal M,—sequence in pR,, and so pR, € Assg, M, /(x1, T2, -+, 2¢) M.
Hence, p € AssgM/(x1, 29, -+ ,2,)M. On the other hand, we let p €
AsspM /(xq,x9, -+ ,2¢)M. Then

PR, € Assp, M, /(x1,T9,- -+, 2¢) M.
This means that depthM, = t. This completes the proof. O
Remark 3.8. Takahashi, Yoshino and Yoshizawa gave the following result
[TYY, Proposition 5.6]: Let (R,m) be a Cohen-Macaulay local ring of di-

mension d with canonical module Kr = Hom(H&(R), E(R/m)). Assume that
J 1s a perfect ideal of grade r. Then there is the following equality

AsspHL [ (Kg) ={p € W(m,J) | htp = d —r}.

Since Kg is a Cohen-Macaulay module of dimension d, by [TYY, Proposition
5.6, it follows that, for p € W(m,J),

depth(Kg), = dim(Kg), = dim Kp, = dim R, = d — 7.
Therefore, Theorem 3.6 generalizes [TYY, Proposition 5.6].

Proposition 3.9. Let R be a Noetherian ring, M a finite R-module and
t=inf{i | Hj ;(M)# 0}. Then

(1) Ass(Hj ;(M)) = Uneri(z,) Ass(Hg(M)).
(i) Ass(Hj ;(M)) € Ugerir(r.) Ass(Hg(M)) for each i > 0.
(i) Ass(R'Dy (M) C Userir(r.5) Ass(R Do(M)) for each i > 0.

Proof. Ttem (i) can be deduced as same as Proposition 3.5 (we do not consider
the grade(depth) in the proof of Proposition 3.5). Further, since

H (M) =ty Hi(M),
and

R0, (M) =l im, _ Extl(a”, M) i, 90D, (M),
items (ii) and (iii) follow by Lemma 2.12. O
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4 Exactness of ideal transforms

In this section, we discuss about exactness of ideal transforms with respect
to a pair of ideals (I,.J). In fact, in this sense the behavior of the functor
Dy ; is very similar to the ordinary case for one ideal.

Remark 4.1. Using the notation of Theorem 2.4, it can be shown that
Dry(nar) = 0py y0p, and further, ngr © R — Dy ;(R) is a ring homomor-
phism. We recall that Dy j(R) carries a structure of a commutative ring
since it is given by limits of commutative rings.

Proposition below may be seen for the usual case in [BS, Proposition
2.2.17].

Lemma 4.2. Let ¢ : R — R’ a ring homomorphism such that Ker¢ and
Coker¢ are both (I, J)-torsion, where R is regarded as an R-module through
¢. Then the unique R-homomorphism ' : R — Dy ;(R) (obtained from
Proposition 2.7) such that the diagram

¢ R

N

D s(R)

R

commutes is a ring homomorphism.

Proof. Firstly, note that ¢'(1g) = ¢'(¢(1r)) = nr(1r) = lp, ,r). Now
let 7,7, € R’ and let 7},r5 be their natural images in Coker¢. So, by
hypothesis, there exists n such that I" C ann(r}) + J for i = 1,2. Let
x = ()Y (ry) — ' (rirh) € Dy j(R). We claim [*® C ann(z) + J so that
v € I'1;(Dry(R)) = 0. In fact, let by,by € I". Thus b; = a; + j; where

a; € ann(r}) and j; € J for i = 1,2. In this way, a;7; = ¢(r;) for some r; € R
and b1by = aya9 + 7 with 57 € J. In conclusion, see that

arazt (r))y'(rh) = ¢/ (arry)¥’ (azry) = ¢ (¢(r1)) ¢ (¢(r2))

= nr(r1)nr(re) = nr(rir:) = ¢,(¢(T1T’2))
= (d(r1)p(r2)) = ¢’ (arriagry) = aragy)’(rirs),

so that ayas € ann(z). O
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Next result is a special case of [BS, Corollary 2.2.18].

Corollary 4.3. Let M be an R-module and S a multiplicatively closed subset
of R formed entirely of non-zerodivisors on M such that S N a # 0 for all
ac€ W(I,J). Then there exists an R-isomorphism

Yt U (M s a) = Dy (M)
acW (I,J)
for which the diagram

C

M;>UaEV~V(I,J)<M IS-1p Cl)

T I

Dy (M)
commutes.

Proof. By the ordinary case (see [BS, Corollary 2.2.15]), we know that there
exists a R-isomorphism

C
M —=U,en(M :5-157 ")

N

By passing to limits, we obtain

—)-g n
M UaeW(I,J) UneN(M is-1a a")

*\ llp;w

DI,J(M)

Note that Uyerirz.) Unen(M is-1ar 0") = Uerir 1) (M i5-101 @). O

The following is about exactness of ideal transforms which is an extension
of [BS, Lemma 6.3.1] and the proof is very similar (we make use of Theorem
2.4(i1)), so we omit it.

Proposition 4.4. Let M be an R-module. Then the following conditions are
equivalent:
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(i) Dy, is an ezact functor;

(ii

(iii

(i

Hj ;(R) =0 for alli>1;

)
)
) HIJ( ) =0 for each finite R-module M ;
v)

H} ;(M) =0 for each R-module M.

We will see the hypothesis from next result implies the exactness of Dy ;.
The usual case for next proposition would be [BS, Proposition 6.3.4].

Proposition 4.5. Set ¢ := Ny, /@ and assume that ¢Dr ;(R) = Dr ;(R).
Then Dy ;(R) is a finitely generated R-algebra.

Proof. The ring R is an (I, J)-torsion if and only if Dy ;(R) = 0 by Remark
2.5. So, we assume I'y ;(R) # R and set R := R/T'; ;(R).

By Remark 2.5, there is an injective homomorphism (induced by ng)
¢r : R — Dy j(R) and Coker(ngp) = H} ;(R), and consequently, Coker(¢r)
s (I,J)-torsion, where I := IR and J := JR. In conclusion, the R-
homomorphism ¢ : Dy ;(R) — D;3(R) (obtained from Lemma 4.2) such
that the diagram

R D, ;(R)

.
Dz 5(R)
commutes is a ring homomorphism. Besides, by [TYY, Theorem 2.7] and
Lemma 2.6(iv), H§77<D]7J(R)) = Hj (D y(R)) = 0 for i = 0,1. Because
of Proposition 2.7(iii), the map ¢ is an isomorphism, so that ¢D;3(R) =
D1 5(R). A fortiori, (ﬂaeW(I’J)ﬁ)Dij(E) = D;3(R). As W, J)={a|ac
W(I,J)} and I'; 3(R) = 0, we may assume I'; ;(R) = 0. It means that for
each a € W (I, J) there exists an element s, € a which is a non-zerodivisor on
R. Now define S := {s7* - -- 577 | 54, € @, n; € N}. By Corollary 4.3, the ring
D = Uperw.y (R 1s-1r @) is such that ¢D = D. Thus, if c1, ..., ¢; generate
¢, then there exist dy,...,d; € D such that 1 = 2221 c;d;. We claim D =
Rldy,...,d;]. Let z € (R :5-1 a), so that ¢;z € (R :5-1g R) C Rldy, ..., d,] for
i=1,..,t Hence, z=Y1_ cidiz =Y ._ (ciz)d; € R[dy, ..., dy]. O

Next result complements Proposition 4.5. See [BS, Proposition 6.3.5] for
the ordinary case.
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Proposition 4.6. Set ¢ := Ny (g 0. The followings are equivalent.
(i) The functor Dy y is exact and ¢ € W(I, J);
(ii) ¢Dry(R) = Dy s(R).
Proof. (i) = (ii) By [BS, Exercise 6.1.8], one has
Drj(R/¢) = Drj(R)/c¢Dry(R). (4.1)

Now see that by Lemma 2.6(i), ¢ € W (I, J) implies Dy (R/c) = 0.
(ii) = (i) We have aD; j(R) = Dy (R) for all a € W (I, J). By Proposi-
tion 4.5, Dy ;(R) is Noetherian, so by the usual Independence Theorem,

Hy(D1,5(R)) = Hyp, ,g)(Dr,s(R)) =0 forall i >0.

Then by [TYY, Theorem 3.2], one has Hj ;(D;(R)) = 0. Lemma 2.6(v)
says Hj ;(R) = Hj ;(Dyy(R)) for i > 1. The exactness of Dj; follows
by Proposition 4.4. On the other hand, by the isormorphism above (4.1),
one gets Dy j(R/¢) = 0, so that R/c = I'; j(R/¢) (see Remark 2.5(ii)). In
particular, I™ C anng(1) + J for some n > 0. As anng(1) = ¢, we have
ce W(I,J). O
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