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Abstract

In this paper, sufficient conditions are investigated for the existence of positive periodic solution for a
nonlinear neutral delay population system with feedback control. The proof is based on the fixed-point
theorem of strict-set-contraction operators. We also present an example of nonlinear neutral delay population
system with feedback control to show the validity of conditions and efficiency of our results. , , ,
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1. Introduction and Preliminaries

The preliminary mathematical model of the population growth is given by the following logistic equation:

dx

e px(t)[1 — ax(t)]. (1.1)

In the real problems, conditions for the population of species is more complicate and simple logistic model
may be generalized in many ways. For some kinds of population systems, when density of species
depends not only on the population at time , but also on the population unit earlier, equation may be
recovered as follows [15]:

d
di; = pz(t)[1 — az(t) — ba(t — 7). (1.2)
One can also consider the non-autonomous version of (|1.2)) [18], i.e.,
dx
5 = POz —a(®)z(t) = b(t)z(t - 7)]. (1.3)
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In the more realistic situation, the biological systems or ecosystems are continuously perturbed via unpre-
dictable forces. These perturbations are generally results of the change in the system’s parameters. In the
language of the control theory, these perturbation functions may be regarded as control variables and, con-
sequently, one should ask the question that whether or not an ecosystem can withstand those unpredictable
perturbations which persist for a finite periodic time. In the mathematical biology, the following population
model of systems of differential equations is a famous feedback control model with delays [6],

Cc% = px(t)[1 — az(t — 7) — bu(t)],
% = —nu(t) + gz(t — 1),

where, a, b, g, u, p € (0,00) and u represent an indirect feedback control mechanism. In recent years, study
of the feedback control models has been further developed and the literature in mathematical biology is rich
with study of such models [6l, 10, [16]. Besides, many scholars did works on neutral systems. Some results
can be found in [9, [I] and references therein.

In ref. [I4], existence of positive periodic solutions for neutral population model was studied. Subse-
quently, Lu et al. [13] investigated the positive periodic solutions for such a neutral differential system with
feedback control. Besides, several scholars had paid their attention to the nonlinear population dynamics
[3, 4, Bl IT]. Tt is because such kinds of systems could simulate the real word more accurately. Recently,
the almost periodic solution of the following nonlinear population dynamics with feedback control has been
studied [17],

Cc% = z(H)lp(z) — al@ Z bi(t)" (t — 0i) — c(t)u(t)] (1.4)

du
- —i—Zg Bi(t — ay).

Investigation of the nonlinear system above is based on the properties of almost periodic systems and
Lyapunov-Razumikhin technique.
In this paper, we consider the following nonlinear neutral non-autonomous delay population model

%=w<t>[p<x>—a Zb Bt — o3) — (1) (¢ — ) — e(t)ul)] L5

Ccl;; —i—Zg bilt — oy), (1.6)

that is a generalization of neutral system dynamics in ref. [I3], where, a, b;, g, p, p, n, v are positive
w-periodic functions and «, 3; are belong to (0, 00).

Our investigation in this paper is based on a fixed point theorem of strict-set-contractive operator which
goes back to Cac-Gatica [2] and which was used for similar purpose in [13]

We recall some preliminaries that will be used in the further section.

Definition 1.1. Let X be a Banach space. For the bounded set  C X, Kuratowski measure of noncom-
pactness defines by:

ux () =inf{d > 0 : there is a finite number of subsets ; C Q
such that 0 = U Q; and diam§); < d}.
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Definition 1.2. (see [7,[8])Let X and Y are Banach spaces. A continuous and bounded map F': E C X — Y
is called k-set contraction if for any bounded set 2 C E

py (F(Q)) < kux ().
Operator F is called strict-set-contraction, where 0 < k < 1.

Theorem 1.3. (see [2,[12]) Let II be a semi-ordered cone in Banach space X and I, p ={z €Il: 0 <r <
l|lz|| < R}. Let F : 11, g — II be strict-set-contraction, satisfying

Fx#zx for any x € Il g and ||z|| =7 (1.7)

and

Fx Lz forany x €I, gp and ||z|| = R (1.8)
Then, F : 11, g — II has at least one fized point in 11, r .
One may easily shows that the following function is a solution of the equation 1.6,
t+w

(®x)(t) = G(t,){D_ 9(s)a” (s — o) }ds, (1.9)
i=1

t

where

*n(0)do
= 0
exp( [y n(0)dd) — 1
Therefore, existence of the w-periodic solution of the system (1.5,1.6) is equivalent to the existence of the
solution of the following equation:

seft,t+w] ,teR.

dz o = .

7 = s@Ip(t) — a(t)®() - D b2l (t = 05) = ()2 (t = ) — e(t) (D) (1)]. (1.10)
i=1

On the other hand, each w-periodic solution of the following integral equation

t+w

x(t) = G(t,s)x(s)[a(s)z*(s) + Z bi(s)xPi (s — 05) +v(s)a' (s — 7) + ¢(s)(Px)(s)]ds (1.11)
t i=1

is a solution of equation [1.10, where

e 7 p(0)do)
GO = (- 2 (o))’

Also, in what follows, we employ the following notations:

f= suw f(t), f=_inf f(t),

te[t,t+w] teft,t+w]

seft,t+w], ,teR.

A = exp(— /Ow p(0)do) < 1, K= exp(/ow n(0)do) > 1,
Co ={z €C(R,(0,+00)), : z(t +w) = =z(t)},
Cl={z e C'(R,(0,+0)) : z(t+w)==xz(t)},

A =min{l,a, f1,....,0n}, B =max{l,«a,p,..., 0},



P. Nasertayoob, S. M. Vaezpour, J. Nonlinear Sci. Appl. 6 (2013), 152-161 155

t+w
vie)= | Gt s)gls)ds,

M = [suIJ)r ][a(t) + Z bi(t) + (t) + ne(t)¥(t)],
teftttw P

N = / w[a(s) + ) " bils) +(s) + ne(s)U(s)]ds.
0 i=1

Clearly, two spaces (C,, ||||) and (Cl,||/||1) are Banach spaces. Where,

ol = max |a(t)]
te(tt+w)

and
lzlly = max{[lz(@)], ll="()]1}-
We define the following integral operator F : II — CJ,
ttw

(Fx)(t) = G(t,s)z(s)[a(s)z™(s) + Z bi(s)xPi (s — 05) +v(s)a' (s — T) + ¢(s)(Px)(s)]ds, (1.12)
t i=1

where, Il = {x € C} : z(t) > A||z|1} is a semi-ordered cone in C..

2. Main results

Lemma 2.1. Let R <1, p <1 and there exist a positive real number Z such that

Z < \BpB-4 (2.1)
and ,
M < (p+ 1)(1Z_AA)N (2.2)
and
~v(t) < Z{a(t) + il bi(t) + nc(t)¥(t)}, (2.3)

then, the integral operator F' maps I, g into II.

Proof -
For x € 11, g with R <1, we have

7 < \BpB-4 < )\B||a;H’19_A < )\gHatH%_A, for any € € {1,a, b1, ..., Bn}s

therefore,
Zl|lz||{ < M|zl < af(t),  for any & € {1,0,B1, ..., Bu}. (2.4)

On the other hands, since ||z[[; < 1, we obtain
lelf < llzll!,  for any & € {1, B1, .. Bu}, (25)

thus
nZ||z(|{ (1) < (®x)(t) < nl|z|{ ¥ (). (2.6)
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Applying (Z:6), (Z4) and (23), we have

2y (t) < Z|zll{'a(t) + 2|z Z bi(t) + nZ||z||e(t) ().

Thus n
+2/(t)y(t) < zliv(t) < a()z(t) + D bi(t)al (¢ — 05) + c(t) (D) (2).
i=1
Consequently,
0<al(t +Zb Bit — o) + 2 ()y(t) + c(t)(Px)(t). (2.7)
On the other hand, since p is a positive and w-periodic function we obtains
A 1
Step 1. We show (F'z)(t) > A||Fz||.
[Fa| = sup |(Fz)(t)]
tett+w]
tHw n
= sup Gty s)a(s)a(s)z(s) + Y bi(s)a" (s — o)
teft, t+w] i=1
+7(s)2’(s — 7) + c(s)(Px)(s)]ds
t4w n
) Bi(o _ .
< 1_A/ () + 3 he)a (o -
+y(s)2(s — T) + c(s)(Px)(s)]ds

v(s
t+w
= {/ +Zb S_Uz
+7(s)a'(s — 7) + c(s)(Pz)(s )]ds}

1 t+w

=3 G(t, s)z(s +Zb i(s — 0y)
+(s)a'(s = 7) + e(s)(Px) (s )]ds
_ %(Fﬂ:)(t). (2.9)
Step 2. We show (Fz)'(t) < Fz. Based on Leibniz integral rule, relations and (2.8), we obtain,
(Fz)'(t) = Gt +w,t)z(t+w)

x la(t+w)z®*(t +w) + i bi(t 4+ w)zli(t +w — oy)
i=1
+yt+w)a(t+w—T1)+ c(t + w)(Px)(t 4+ w)]

- G() +Zb t_Jz

+y@)a'(t —7) +clt )(%)( )]

= (2 - e Olal)a () + Y bt — o)

FA(0)a( — 1)+ olt)(®2)(8)] — p(t)(F) (1)
< pO(F)) < (Fa)(@). (2.10)
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Step 3. We show —(Fz)'(t) < (Fx)(t). Applying (2.2)), (2.10), (2.5), (2.8) and (2.4]), we obtain

n

—(Fa)(t) = z()a(®)z(t) + ) _bi(t)z Pt - o1)

+y)a'(t —7) + (t)( ()]— p(t)(F)(t)
< Hﬂf\lf“teitﬁ]a +Zb t) + ne(®)W ()] — p(t)(Fz)(t)

<l f M~ p(Fa)(2)
2

lall+ (p + 1}(Z_AA)N — p(Fa)(t)

= {p+1}/ S (llz ) as) (2] +Zb )(Z]|z 1)

+ ()22l + e(s)n(Z||z||)w ()]ds— (Fw)()

< {p+1} t+wé(t,s)x( +Zb Bi(s — oy)
+ ()2 (s = 7) + c(s) (P )(s)]ds—,(Fw)()

= Ap+ 1}(F2)(t) — p(Fz)(t) = (Fz)(t).

Steps 1, 2 and 3 result that (Fx)(t) > A||Fz|/1. Thus, Fz € II and proof is completed.

IN

Lemma 2.2. Let the relation satisfies and Ry < 1, then F : 11, g — 11 is strict-set-contraction.

Proof: Clearly, one may indicate that F’ is continuous and bounded operator. Let 2 C II, g be any
bounded set and ey () = d, then, for any positive real number ¢ < R7d there exist a finite family {£2;}
such that Q = (J; Q; and diam$; < d + e. Thus,

|z =yl <d+e  foranyx,y € (2.11)

On the other hands, €2; is precompact in C,, thus there is finite family of subsets €2;; such that €; = J ; Qj
and
max{||z -yl [l2* = y°[|, ™ = y™[|, ... |&” =y |} < for any z,y € Q. (2.12)

Also, F(Q) is precompact in C,. To see this, note that

[(Fz)(t)] < 7“ HA“/ {a(?) bi(t) +(t) + ne(t)(t) pdt

< —_—
- VA“(l*)\)

This inequality together with (2.6|) gives

(FaY O] = la(o)] +Zb (e o)
A7) el + @2)0)] - pOF)0)
< ol ot +Zb )+ ne®¥()] + 5 (o))
N
< @{mw}:g. (213)
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Suppose {&,,} is an arbitrary sequences on €. Clearly, {£,,}is bounded. Based on definition of integral
operator F' in (1.11)) the function (F§,,)(t) is differentiable for all m € N and ¢ € [0,w]. For given £ > 0, if
we consider § = £, then for all m € N and ¢, t' € [0,w] with |t — /| < 0 implies

(F&m)(t) = (F&n)()] < olt —t'| <€

. Thus, {(F&)(t)} as a sequence of functions on [0, w] is equicontinuous. Therefore, Based on Arzela-Ascoli
theorem there exist a subsequent of {(F&,)(t)} {(Fé&m,;)(t)}, say, which is uniformly convergence on [0, w].
Consequently, F' is a compact bounded operator and F'(2) is precompact in C,. As a result, there exist a
family of subsets €;;;, such that Q;; = [J, Q4% and

|Fe — Fy|| <e  for any x,y € Qiji. (2.14)

On the other hands, applying (2.10)), (2.11)), (2.12)) and (2.14)), for any z,y € €, we obtain

I(Fz) = (Fy)|l = o |(Fa)'(t) — (Fy)'(¢)]
< o (&) (Fz)'(t) — p(t)(Fy)'(2)]

+ sup [e(®)a(t) ()25 (t — 1)

te(t,t+w) i—1
+ ()2’ (t = 7) + c(t)(P)(t)] — y(t)[alt)y”(t)

+ Y byt — o) )y (E = ) + c(t)(Dy) (1))
=1

< lpllll(Fa) — (Fy)'|

+ [Sulz ] |(@(t) = y(E)[a®)y™(t) + > bty (t — ov)
teftt+w P

+ @Oy (t = 7) + c(t)(Qy)(1)]]

1 L K
=P pBi = Bi
T {aR* + E bR +~FR +¢cg E RPiw}e

Q
—~
~~
S~—
+
=
N

<
- ; K—1¢4
i=1 =1
+ R{ae+ ;l)is+’y(d+5) + g i new}
< Ryd+ Je, (2.15)

where

1 L
Iy » 12 [ pBi
J = )\—l—a{R +R}+izglbz{R + R}

w{zn: RPi 1+ R}.
=1

K
+ 2YR+7cg

k—1
Therefore, from (2.14) and (2.15) and the condition e < R¥yd, we obtain
|Fox — Fylli1 < Ryd+Je  for any x,y € Qyjp.

Since ¢ is arbitrary small,
ey (F(Q) < Rpiey (9,

w w

and the proof of lemma is completed.
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Theorem 2.3. Let conditions of the Lemma [2.1] hold, also
1—X 1

i 2.16

r< (2 .10

and

{ZAN} <R, (2.17)

then, the integral operator has at least on periodic solution in 11, .

Proof: step 1. Let « € II, g and ||z|| = r. If Fo = z, then the operator F' has fixed point.
Let Fx > x. This means that Fx — x € II — {0}, which implies that (Fz)(t) — xz(t) > A||Fz — z||1,
consequently,

ol < |z, @213
Applying (2.8), and inequality (2.16)), yields
(Fz)(t) = tt"“*’ é’(t, s)z(s)[a(s)x™(s) + Zn: bi(s)zPi (s — oy)
() (s = 7) + o) (B2 s >]Zz?
< % tHw () +Zb Bi(s — oy)
(s = 7) + els) 025
< ﬁ /A |x||[a<s>||x||'f+ibz-<s>ux||ff
SIEIERE) BT
< W I [a(s)+ibi<s>+v<s>+nc<s>ws>1ds
- ””i”iN < |z, (2.19)

therefore,
=] < ||F=]| < lz]|.

which is a contraction. step 2. Let z € II, g and ||z|| = R. If F'x = z, then the operator F' has fixed point.
Let Fz > x. This means that « — Fax € II — {0}, which implies that x(t) — (Fz)(t) > M|Fz — |1,
consequently,

(Fx)(t) < x(t), for any t € [0,w]. (2.20)
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Applying [220), 238). [@4) and (ZT7), one obtains

z(t) = (Fz)(t)
t+w

= G(t,s)z(s) )+ Zb (s — o)

t

+y(8)2’(s —7) + c(s )(‘1>3«“)(8)]d5

S LGS YK
+y(s)2’(s = 7) + (s )(‘1’96)( )]dS

> 3 [0 + el
+y(s)(Allzl1) + c(s) Zzn;()\Hl’H1)’31"1’(8)]618

< W/ +Zb §) + ne(s)W(s)]ds

_ WN>H3;H1.

That is a contraction. Therefore, (1.7)) and (1.8) hold. By Theorem we see that integral operator F' has
at least one fixed point in II, p under appropriate condition.

Remark 2.4. Note that

N = / +Zb 5) + ne(s)U(s)]ds
< /0 teﬁ?iw} a(t) + Zb t) + ne(t)¥(t)ds
< wM.

Thus, for any arbitrary positive w-periodic functions a, b;, v, ¢ and g the real number w is bounded below
by %
On the other hand, inequality (2.2)) yields

1—A N

N 2.21
NZ{p+1} ~ M =" (2:21)

This shows that w is also bounded below by (1 — A)(A2Z{p + 1})~'. However, A depend on both select of
the function p and period number w. This means that p is a w-periodic function with the following property:

exp(2 /O " o(0)d) — exp /0 " p(0)d) < wZ(p+ 1)

that is valid for p(t) = H%Q(?m) ,w=1and Z=0.9.

Remark 2.5. According to Lemma F :1I, p — Il is a strict-set-contraction operator so long as R7y < 1.
Or

1
v(t) < ik
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Thus, with due attention to inequality (2.17]), we obtain

1
<{——1}4.
1) < (2543
On the other hand, inequality 1' yields N X< {1- )\}%r_l, consequently,

1
ZA}A
() < Q
r
Thus, « is bounded above by {Z)\}%r_l.
Remark 2.6. Combining inequalities (2.16) and (2.17]), we obtain

1—X 1—A
- A e Ne 2
Z)\RA< < rd

that indicate that N is bounded above and below.
Universita degli Studi di Palermo, Local University Project R. S. ex 60%.

3. Illustrative Example

Consider the following system of neutral population dynamics with delay and feedback control

dN

—5 = N(O[L+sin(2rt) — w(1 - cos(2rt)) N5 (1

— w(l+ %cos(Zwt))(N%(t —01) + N3 (t — 03))

— w(2+ cos(2rt))N'(t — 1) — w(l + % cos(2rt))u(t)]

du 1 — sin(27t)

= = (F1—cos@rt)ult) + — =2 (N5 (t—o1) + N3 (t — 02)),

which is an example of nonlinear population dynamics system (1.5, 1.6), with

a(t) = w(l —cos(2mt)),  e(t) = w(l + % cos(2rt)),

1 — sin(27t) 1 + sin(27t)
= — = =127
g(t) osss PO TR

Y(t) = w(2 + cos(2mt)), n(t) = 1+ cos(2nt),
bi(t) = bo(t) = w(l + %cos(th)),

31 32 33
@—33,,31—@, 62_a7

1 1 sin(2m
A=exp( [ p0)d0) = expl(~ [ (L yap) —

= 0.9692 < 1,

1 1
K= exp(/0 n(6)do) = exp(/0 1+ cos(2w0)dl)) = e > 1,

R=099, Z=0.9, r=0.5.

(2.22)

(2.23)
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Taking into consideration aforesaid data, we have

1

Z = 0.9 < 0.9692 x (5)% = 0.948 = \ByB-4 (3.1)

and Y 22
10.31w

— = ——=1.97 1)—— = 27.44. 3.2

N~ 527w <l+la—y (32)
Besides, appealing to inequality

L Gt
e—1

we obtain,

24 cos(2mt) < 4.5+ cos(27t)

1 1 10
= 0.9{1 —cos(27t) + 1 + 5 cos(27mt) + 1 + 5 cos(27t) + 2(1 + 8 cos(2nt))}

1 1
= 0.9{1 —cos(27t) + 1+ 5 cos(2mt) + 1 + 3 cos(27t)

10 1 11 —sin(27t)
2(1 + — cos(2nt
+ 214 g cos( 7T))e—l/o 0582

1 1
< 0.9{1 —cos(27t) + 1+ - cos(27rt) +1+ 3 cos(2mt)
— sin(27t)
2(1 4+ — cos(27t)) .
+ 2( + cos ’7T / G(s 0582 — 1}

(3.3)

These three expressions, (3.1)), (3.2) and (3.3|) show that conditions (2.1)), (2.2)) and (2.3]) in Lemmaare

valid for our example.
At the end, for inequality (2.23) we obtain 0.0439 < N < 0.0745, that is valid by proper chose of

w.
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