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Mechanics of a Rock Anchor with a Penny- 
shaped Basal Crack 
A.P.S. SELVADURAI  1 

The present paper examines the linear elastostatic problem related to a 
cylindrical elastic anchor which is embedded in partial bonded contact 
with an elastic medium. The base of the elastic anchor contains a fiat 
circular crack, the boundary of which extends beyond the elastic an- 
chor. The analysis focusses on the utilization of the boundary element 
technique for the evaluation of the axial stiffness of the anchor and the 
stress intensity factors at the boundary of the crack. 

I N T R O D U C T I O N  

In the classical formulation of the near surface an- 
chor problem it is usually assumed that there is perfect 
bonding between the anchoring element and the elastic 
medium with the resulting continuity of displacements 
and tractions at the interface. In many practical sit- 
uations involving relatively long flexible anchoring de- 
vices, this assumption is realized over a major part 
of the interface except perhaps in the vicinity of the 
surface of the geological medium where delaminations 
may occur due to radial deformations of the anchor. 
In the case of anchoring elements with low length to 
diameter ratios and/or  high relative stiffness, the in- 
terface delaminations and cracking could be induced 
particularly in the basal region. Such defects could 
be induced by impact loads or thermal effects at load 
levels which are well below the pull-out capacity of 
the anchor. Other forms of interface degradation can 
include failure of the interface as a result of inelas- 
tic behaviour and degradation particularly along the 
cylindrical interface (Selvadurai and Boulon [1]). 

In this paper we examine the axisymmetric prob- 
lem of the load transfer from a cylindrical anchor to a 
halfspace region particularly for the situation where a 
delamination has occured in the form of an open circu- 
lar crack at the base of the cylindrical anchor (Figure 
1). The analysis of the problem is approached via a 
boundary element formulation which takes into consid- 
eration the bi-material nature of the domain and the 
singular character of the stress field at the tip of the 
crack which extends to the geological medium. The re- 
sults of the numerical analysis illustrate the influence 
of the extent of stable basal cracking on the elastic 
stiffness of the anchor and the crack opening and crack 
shearing mode stress intensity factors at the crack tip. 

1 Department of Civil Engineering and Applied Mechanics, " 
McGill University, Montreal, P.Q., Canada, H3A 2K6. 
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Figure 1. Cylindrical anchor with basal crack. 

T H E  B O U N D A R Y  E L E M E N T  M E T H O D  

The boundary integral equation applicable to ax- 
isymmetric deformations of the elastic medium can be 
written in tile form (see e.g., Brebbia et al. [2]) 

fp f °*('~)u(~) *(~')" ] clku~ ~)+ [~ ek k -- U/k rkj ,  r--dF = 0 (1) 
(,~) r i  

P*(~) and *(~) where ~ tk uek are the traction and displace- 
ment fundamental solutions which are given in [2]. In 
(1) cek is a constant (cij = O, if the point is outside 
the body; cij = 6ij, if tile point is inside the body and 
cij = 6ij/2, if the point is located at a smooth bound- 
ary). By discretizing the boundaries F~ into boundary 
elements, the boundary integral equation (1) can be re- 
placed by its discretized equivalent. Upon completion 
of the integrations and summations, the discretized 
equation can be written in matrix form 

p ~ a ) ]  (2) 

where u~ ~) and P ~ )  are respectively the displacements 
and tractions at the interface between the cylindri- 
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1286 ROCK MECHANICS IN THE 1990s 

cal anchor and the geological medium. For complete 
bonding at the interface 

u(/b) = U(/m) = uI ; p(/b) = _p(/m) = e I  (3) 

Using the above constraints, the boundary element 
matrix equation (2) can be written as [.(,)] H b) H~ b) 0 I 

0 H~ m) H (m) u(m) 

M b) M (b) 0 P!  (4) 
= 0 -M(/m) M('*) p(m) 

which is the resulting bi-material boundary element 
matrix equation for the anchor-elastic medium system. 

T H E  M O D E L L I N G  OF T H E  BASAL 
F R A C T U R E  

In the present study we consider the possible exis- 
tence of a fiat circular crack at the base of the anchor 
as shown in Figure 1. The presence of such cracks can 
lead to the initiation of brittle fracture at the bound- 
ary of the crack region. Boundary element techniques 
can be used to evaluate the "stress intensity factors" at 
the crack boundaries. The stress intensity factors re- 
flect the states of stress associated with the method 
of loading of the crack tip. When considering the 
local geometry of the circular crack tip, the state of 
stress can be modelled by a state of two dimensional 
plane strain. Considering classical developments for 
linear elastostatic crack problems we observe that the 
stresses at the tip of a plane crack in a single mate- 
rial region exhibits a singularity of the 1/vfr where r 
represents the radial distance from the crack tip. The 
displacements near a crack tip which is located along 
the y-axis (Figure 2) are given by 

4Guy ~ 2@ cos~0_ } 
- K , l ( 5 - S u )  cos -  /772  
÷ gll ( 9 - S u )  s i n ~ + s i n ~  (5) 

v/ .~/27 r - K1  (7 - 8 u ) s i n  ~ - s in  - -  

- Kll (3-8u)cos20---+c°s-~ - (6) 

In (5) and (6) the parameters KI and KH represent 
the stress intensity factors for the crack opening and 
crack shearing modes of deformation. The results (5) 
and (6) also imply x/~- and 1/v~-type variation in the 
displacements and stresses, respectively, at the crack 
tip. In the finite element modelling of crack behaviour, 
the quarter-point element can be used to model the 
v~-type variation in the displacements i.e., 

IA =13 
E D crack tip 

elastic medium 

Figure 2. Crack tip geometry. 

ti") = b0 + biv  + b2r (7) 

where b0, bl and b2 are constants. If the same type 
of element is implemented in the boundary element 
scheme to generate a quarter point boundary element, 
the tractions do not exhibit the appropriate singular 
behaviour at the crack tip. To alleviate this limitation, 
Cruse and Wilson [3] developed a singular traction 
quarter point boundary element where the variation 
of tractions are expressed in the form 

c0 

where co, cl and c2 are constants. The traction varia- 
tion (8) is obtained by multiplying the traction varia- 
tion given by (7) by ~/L/r where L is the length of the 
crack tip element (Figure 2). The accuracy and per* 
formance of both types of crack tip elements has been 
investigated by a number of authors including Selvadu- 
rai and Au [4]. These studies indicate that the results 
derived via the singular traction quarter point element 
compare very accurately with known exact solutions. 

To obtain the stress intensity factors KI and KH 
one could apply the displacement correlation method 
which utilizes the nodal displacements obtained from 
the crack tip elements at opposite sides of the crack. 
Referring to the Figure 2, the stress intensity factors 
can be derived from the following general relationships 

Kx = (1 u) {[u~(B) 

- u~ (D)] ÷ u x ( E ) -  u~(A)} (9) 

K .  = (1--  (B) 
- uy (D)] + u, (E) - u~ (A)} (t0) 

where L is the length of the crack-tip element and 
A, B, C, D and E are the nodes of the two crack tip 
elements on either side of the crack. T h e  boundary 



ROCK MECHANICS IN THE 1990s 1287 

element scheme can be used to evaluate the relative 
magnitudes of the stress intensity factors IQ and K u  
at the crack tip. In order to determine the conditions 
at which the crack will extend in a brittle fashion it is 
necessary to specify a fracture extension criteria. Such 
brittle fracture criteria will contain experimentally de- 
rived critical values of the stress intensity factors (Kf  
and K,~i) which are utilized either individually or in 
a mixed mode. The fracture toughness of the brittle 
material  under the separate modes of fracture propa- 
gation are directly related to K~ and K~I. 

B O U N D A R Y  E L E M E N T  M O D E L L I N G  O F  
T HE  E M B E D D E D  B A R  P R O B L E M  

Prior to the solution of the problem related to the 
axial loading of the embedded anchor with the base 
delamination, the accuracy of the boundary element 
scheme was verified by comparison with known exact 
solutions and numerical solutions. The accuracy in the 
evaluation of the mode I stress intensity factor at the 
crack tip was assessed by comparison with the exact 
closed form results for a penny-shaped crack located 
in an elastic solid of infinite extent (Sneddon [5]). It is 
found that  the boundary element scheme can evaluate 
the stress intensity factor at the crack tip to within 
an accuracy of 0.50£. The discrepancy is within com- 
putational  efficiency desired, and could be partly at- 
tr ibuted to the finite nature of the domain used in the 
boundary element modelling. 

We now apply the boundary element technique to 
examine the problem of the axial loading of an elas- 
tic anchor embedded in an elastic medium and weak- 
ened by a crack with a circular planform, located at 
the base of the anchor. The upper surface of the an- 
chor is assumed to be at the surface of the halfspace 
region. The anchor is subjected to a uniform axial 
stress of magnitude q (i.e., P = 7rqa2). The bound- 
ary element discretization adopted in the analysis is 
shown in Figure 3. The outer boundaries of the elastic 
medium are located at finite distances from the embed- 
ded elastic anchor sufficient to simulate the effects of a 
halfspace region to within the accuracies discussed pre- 
viously. The boundary supports are constrained with 
zero shear tractions. Special crack tip elements are 
incorporated at the boundary of the crack. Since the 
cylindrical anchor is subjected to a uniform axial stress 
at the exterior boundary the axial displacements on 
any plane z--const., will in general be non-uniform. 
Consequently, the axial displacement within the an- 
chor can be defined in an average sense according to 
the following 

' ]0 ° A = a uz (r ,O)dr  (11) 

The introduction of the average displacement mea- 
sure enables the calculation of the effective stiffness 
of the anchor in a realistic and specific manner, par- 
ticularly for situations where Eb ~ Era. For conve- 
nience in the presentation of the numerical results, we 

shall consider numerical results for the case where the 
Poisson's ratios for the elastic anchor and the elastic 
medium are both equal. 

I . ~  . . . ' 0 a d i n  g. b_~n~tlry f f r ? e  boundary 
_ _ . . . . . . . .  | 

subregion interface 
_t_ l  - 1 2  . . . . . . . . . . .  I , m 

a ' ~--~-crack ~'~ subregion interfac 

.•---node : - I  ~ element 

20a q 

(Em, v m) 

4-  

4 

H°20a 

4 

Figure 3. Boundary element discretization. 

N U M E R I C A L  R ES U LTS  

The variables in the problem include the following: 
the anchor-elastic medium modulus ratio (Eb/E,~) the 
length to radius ratio of the cylindrical anchor (H/a),  
the radius of the crack region in relation to the radius 
of the cylindrical anchor (g/a) and the Poisson's ratios 
of the elastic medium and the elastic anchor (vra, vb). 
For purposes of illustration, the numerical results are 
developed for the specific case in which Vr~ = vb = 
0.25. The numerical analysis can of course be extended 
to cover other specific combinations of the Poisson's 
ratios Vm and vb. 

The Table 1 gives values for the axial stiffness of 
a cylindrical anchor which is embedded in an elastic 
halfspace region in the absence of a basal fracture. The 
results derived from the boundary element scheme are 
compared with equivalent results obtained by Kara- 
sudhi et al. [6] and Selvadurai and Rajapakse [7], for 
the special case when vm = 0.25; vb = 0.25. The study 
by Karasudhi et al. [6] utilizes the fundamental  so- 
lution given by Mindlin [8] to develop the discretized 
compatibili ty equations at the boundary of the anchor- 
elastic medium interface for the situation where the 
state of stress in the anchor is assumed to be uniax- 
ial. Selvadurai and Rajapakse [7] used a variational 
procedure where the displacements of the anchor with 
a uniaxial state of stress are prescribed to within a 
set of arbitrary constants. The results for the non- 
dimensional axial displacement of the anchor derived 
via these two methods agree very closely and the max- 
imum discrepancy does not exceed 50£. The numerical 
results for the non-dimensional axial displacement of 
the anchor derived via the boundary element scheme 



1288 ROCK MECHANICS IN THE 1990s 

are also shown in Table 1. The maximum discrepancy 
between the results derived via the boundary element 
scheme and the results given by Karasudhi et al. [6] 
or Selvadurai and Rajapakse [7] does not exceed 2.5%. 
This discrepancy can be attributed to the fact that in 
the boundary element scheme the region is specified 
to be of finite extent whereas in the other numerical 
schemes the elastic medium is modelled a a halfspace 
region. In the limit when Eb --* E,~, the dependence 
on H/a disappears and the problem reduces to that of 
the surface loading of a homogeneous elastic halfspace 
region by a circular loading of intensity q and radius 
a. The classical solution to Boussinesq's problem for 
the surface loading of a halfspace region by a concen- 
trated load can be integrated to obtain the appropriate 
results for the surface displacements (see e.g., Timo- 
shenko and Goodier, [9]). The analytical solutions for 
the surface displacements at the centre and edge of the 
loaded region are given by 

[uz(O,O); uz(a,0)]-- 2qa(1-_E~n V~m) [1; 2] 

For the special case when v = 0.25 we obtain 

[u~ (0,0)]analytical = 0.9904 ; 
(0, 0)]BEM 

[u~ (a, 0)]~nalytic~ l = 0.9969 
[uz (a, 0)]BE M 

The above results indicate that the boundary el- 
ement technique can be used to evaluate, reasonably 
accurately, the axial stiffness of the embedded anchor. 
The Figures 4 and 5 illustrate the manner in which the 
axial stiffness of the embedded anchor with a basal 
fracture is influenced by the anchor-elastic medium 
modular ratio (Eb/Em), the relative dimensions of the 
basal crack (£/a) and the geometry of the anchor (H/a). 
As is evident, the basal crack has the overall effect of 
reducing the axial stiffness of the anchor. As Eb 
FEn, the problem reduces to that of the surface load- 
ing of a homogeneous elastic halfspace with a crack, by 
a circular loading of intensity q and radius a. In this 
sense, the stiffness of the halfspace region is influenced 
by H/a, the depth of location of the crack and the 
geometry of the crack t/a. Although the crack has a 
minor influence on the surface stiffness of the halfspace 
region it is evident that as H/a decreases the effective 
stiffness also decreases. 

We shall now focus attention on the stress inten- 
sity factors which occur at the tip of the cracked re- 
gion. The Figures 6 and 7 illustrate the variations 
in the stress intensity factors for the crack opening 
(Kz) and crack shearing (KI1) modes, as a function 
of the anchor-elastic medium modular ratio (Eb/Em), 
the geometry of the anchor (H/a) and the relative di- 
mensions of the crack region (l/a). It is evident that 
the dominant mode for fracture initiation is the crack 

opening mode. In all instances pertaining to variable 
crack lengths (i/a in the range 1 to 2) Kx > KH. 
The value of KI and KII when l/a - 1, has to be 
interpreted with some clarification, In the instance 
when the crack boundary terminates in a region with 
different elastic properties the stress singularity at the 
crack tip exhibits oscillatory phenomena (see e.g., Kas- 
sir and Sih [10]). This is in contrast to the regular be- 
haviour (i.e., a stress singularity of order l/x/7 where 
r is the distance from the crack tip) encountered at 
a crack tip located in a single medium. Consequently 
the stress intensity factors evaluated for t/a = 1 should 
be interpreted as a "smeared average" of the oscilla- 
tory phenomena at the crack tip. The boundary ele- 
ment method gives the regular estimates for KI and 
KII when (l/a) > 1. Following the investigations on 
bonded disc anchors conducted by Selvadurai [11] it 
may also be noted that the oscillatory singularities 
have virtually no influence on the axial stiffness of the 
embedded disc anchor. Finally, it may be observed 
that for all choices of g/a, the stress intensity factors 
decrease as H/a increases. This can be attributed to 
the load transfer effect along the bonded length of the 
anchor. 

Table 1: Compar i son  of  non-dimensional  axial 
d isp lacement  of  an elastic anchor  e m b e d d e d  in 

an elastic halfspace 

(a) H/a = 10 

Eb/E,~ Ref.[6] 

1 
5 0.7896 
10 0.6256 
50 0.4019 
100 0.3618 
500 0.3266 
1000 0.3220 

10,000 0.3167 

ub = u,~ = 0.25 

AEm/qa 
Ref:[7] Present 

Study 
1.6578 

0.7729 0.7912 
0.6043 0.6071 
0.3904 0.3893 
0.3431 0.3521 
0.3182 0.3195 
0.3137 0.3152 
0.3096 0.3021 

(b) H/a = 5 Ub = Um = 0.25 

AEm/qa 
Eb/E,~ Ref.[6] Ref.[7] 

1 
5 0.8261 0.8140 
I0 0.6893 0.6812 
50 0.5285 0.5457 
i00 0.5049 0.5232 
500 0.4850 0.5043 
i000 0.4820 0.5019 
i0,000 0.4810 0.4995 

Present 
Study 
1.6578 
0.8250 
0.6715 
0.5194 
0.4972 
0.4791 
0A768 
0.4667 
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Figure 4. Axial stiffness of the anchor with a basal crack. 
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Figure 5. Axial stiffness of the anchor with a basal crack. 
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C O N C L U S I O N S  

In the mechanical response of embedded anchors it 
is usually assumed that the interface between the an- 
chor and the surrounding geological medium exhibits 
perfect bonding. This paper focusses on the situa- 
tion where imperfect bonding can occur at the basal 
plane of the anchor leading to the development of a 
crack with a circular planform. It is shown that the 
boundary element technique can be successfully ap- 
plied to evaluate the stiffness of the embedded anchor 
and the stress intensity factors at the tip of the basal 
crack. The stress intensity factor is an indicator of the 
propensity for crack propagation. At the basal crack 
the stress intensity factor in the crack opening mode 
is consistently greater than that for the crack shear- 
ing mode, for all choices of the anchor-elastic medium 
modulus ratio (Eb /E~) ,  anchor geometry ratio (H/a )  
and basal crack geometry (~/a). It should be noted 
that if the crack were to extend, the orientation of the 
crack path will deviate from the simple circular plan- 
form stable basal crack configuration assumed in the 
modelling. The boundary element technique, however, 
can be readily adopted for the study of crack exten- 
sion into the elastic rock mass region due to the attain- 
ment of critical criteria for the initiation and extension 
of fracture. The orientation of the crack extension 
can also be determined by specifying, an orientation 
of crack extension criterion. The boundary element 
technique can be conveniently adopted for iterative 
techniques associated with such analysis. The results 
provided in this study can also be used as guidelines 
for the assessment of the extent of stable basal cracks 
which can occur in rock anchoring devices which can 
be subjected to dynamic and other tensile loads. 

A P P E N D I X  

The fundamental solutions for the axisymmetric 
problem can be written as 

,(~) C I [ { 4 ( I - v ~ ) ( P 2 + Z - 2 ) - P 2 } K ( m )  
Urr : 2rR 

- 4r 4 r - ~ m l  E ( m )  (A1) 

+ (m)] 
u~*(")=C12[ 2~3m 1 S ( m ) - 2 R  

.d  

*(a) = Clri-z E (m) + 
Uzr 2r~am1 2rR 

(A3) 

Uz z,(a) _ Ctri  (3 -R4V~) K (m) + ~ m l E  (m) 

(g4) 

where 

-~ = z -- zi; r =  r + ri; p2 = r2+r/2 

e 2 = r 2 - r~; -~2 +-52; C1 = 1 /47rGa(1 -  va) 

and K (m) and E (m) are, respectively, the complete 
elliptic integrals of the first and second kinds where 

m = 4rri/-R 2 and ml = 1 - m. The corresponding 
components of the fundamental solution for the trac- 
tion Pt *(a) can be obtained by the proper manipulation 
of the results (h l )  to (h4). 
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