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Abstract—Energy efficient and stable operation of the DSL
broadband access infrastructure has become an essential part
of the emerging trend towards green communications. One
promising means to obtain energy savings is the use of low power
“sleep modes”, putting DSL modems to sleep when they are not
used. Executing the optimal sleeping policies is, however, not
straightforward since turning the modem ON and OFF consumes
both energy and time, and it also impacts the stability of the DSL
network. We present an analytic framework providing optimal
sleeping policies that achieve a Pareto-optimal tradeoff between
energy consumption and delay performance. Furthermore, we
present mechanisms achieving stable sleep mode operation that
improve overall stability of DSL systems. Using a realistic DSL
simulator, we demonstrate the three-way tradeoff between energy
consumption, delay performance and stability.

I. INTRODUCTION

Digital subscriber line (DSL) technology is currently the
most widely used wireline Internet access technology, with a
global market share of more than 64%, corresponding to more
than 300 million subscribers. Given this global penetration and
the typical always-ON strategy of off-the-shelf DSL modems,
reducing energy consumption of the DSL broadband access
network has become an essential part of the emerging trend
towards Green Information and Communication Technology
(Green ICT), such as the 50% energy reduction targeted by
EU on broadband access equipments. One approach to reduce
the energy consumption of DSL access networks, is to reduce
the always-ON transmit powers using energy efficient dynamic
spectrum management (DSM) [1][2][3], also referred to as
Green DSL. It jointly optimizes the transmit power of each
DSL modem in order to minimize the overall transmit power
consumption, subject to certain quality of service requirements
such as minimum data rates and fairness objectives.

In this paper, we focus on an alternative approach: the
optimization of sleep mode activation, in which turning on
and off policies are optimally decided based on the arrival data
load. This method can be highly effective because a significant
amount of energy is wasted due to low utilization in light of
bursty IP traffic; for example, a typical DSLAM is on average
not transmitting data during 80% of time [5]. However, the
design of an optimal sleeping policy is nontrivial for two
reasons: (1) the best trade-off point depends on the relative
importance of energy-saving versus delay performance, and
(2) it takes both time and energy to turn a modem on or off.
The latter implies that the optimal policy may be to remain
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ON but idle rather than turning off, if there is a high chance
of having to turn on again soon.

In addition, an important concern, and a bottleneck issue
in practice, of switching DSL modems on and off is the gen-
eration of time-varying crosstalk in the DSL access network
[6], because of the presence of electromagnetic coupling, i.e.
crosstalk, among different lines within the same cable bundle.
This may cause network instability which should be avoided
as much as possible. A solution for sleep mode optimization
should thus also consider the stability issue, in order to obtain
a desirable three-way trade-off among energy consumption,
delay performance and stability of the network.

In this paper we develop a novel analytic framework that
computes optimal ON-OFF policies for DSL modems, that
achieve a Pareto-optimal tradeoff between energy consumption
and delay performance by exploiting sleep modes available
in DSL standards. We pay close attention to the impact
on stability, where we explore solutions along spatial and
temporal dimension that can significantly improve the stability
of sleep mode policies. We evaluate and analyze potential
energy savings with the optimal sleep policies. Numerical
results show that energy savings of about 85% can be achieved
for the traffic load of 10%.

II. DSL SYSTEM MODEL

A standard DSL system model consists of a cable bundle
of M + N DSL lines (modems), in which lines n ∈ N =
{1, . . . , N} are coordinated by a spectrum management center
(SMC), whereas lines m ∈ M = {N + 1, . . . , N + M} are
not coordinated (e.g., they are bundled together while they
belong to different service providers). We assume standard
Discrete Multi-Tone (DMT) modulation for the DSL modems
with perfect synchronization. No joint signal coordination is
assumed between the transmitting and receiving DSL modems.
The crosstalk interference between DSL modems is treated
as additive white Gaussian noise, resulting in the following
achievable data rate expression for each modem n:
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k denoting the received
interference, hn,n

k the channel gain of line n on tone k, hn,i
k

the crosstalk channel gain from line i to line n on tone k, sik
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k the noise power of
line i on tone k, Γco the SNR gap of the code, Γn the noise
margin of line n, and K the number of tones.



2

We also include power management mode parameters wi
k

for each line i on tone k. DSL standards namely define
a number of power management modes for DSL modems
(lines), known as L0, L2 and L3 power management modes.
For instance, L0 mode corresponds to the DSL line being
fully functional, whereas L3 mode corresponds to the case
where no signal is transmitted on the line. For this latter
mode, significant power savings can be obtained, depending
on whether the corresponding chipsets (or ports of the chipset)
are placed in a ‘monitor’ state or on a ‘disabled’ state, where
the latter provides larger savings [6]. We make an abstraction
of the power management modes whose implementations are
typically different among chipsets. We model them by the
parameters wi

k, which can only be coordinated for the coor-
dinated lines i ∈ N , i.e., fixed settings for the uncoordinated
lines wi

k = 1,∀k,∀i ∈ M. The ON mode of a coordinated
DSL modem n is defined as wn

k = 1,∀k, whereas the OFF or
sleep mode is defined as wn

k = 0,∀k. We present an extension
towards intermediate power management modes in Section
V. Note that the ON-OFF power management modes of the
N coordinated DSL modems can be individually controlled
depending on their particular data load.

The data rates and corresponding power consumptions of
the coordinated DSL modems depend on the chosen transmit
powers and the power management modes, and are denoted
as Rn and Pn

ON for the ON mode of modem n, respectively.
The data rate of the OFF mode is zero, and the corresponding
power consumption is also chosen to be zero, although any
other number smaller than Pn

ON can also be allowed. As we
focus on power management mode coordination, i.e., sleeping
coordination, we assume that the transmit spectra are fixed,
and for stability they respect a noise margin Γn when all lines
are ON.

The introduction of ON-OFF sleeping mode coordination
results in time-varying crosstalk, which can significantly im-
pact the stability of the M uncoordinated lines. A proper
definition of stability is however not straightforward and de-
pends on many DSL modem implementation issues. Generally,
if a line m undergoes an increase of crosstalk interference
that is larger than the noise margin Γm, then the line can
get unstable. However, practical rescue mechanisms such as
bit swapping (BS) and seamless rate adaptation (SRA) can
mitigate instability up to a certain degree, depending on
their reaction speed, the target rates, and other practicalities.
Therefore, we define the noise impact zmk (for tone k and
line m) as stability measure, which represents the impact on
the uncoordinated lines caused by the OFF-ON transitions of
coordinated lines:

zmk =
(intmk )after transition

(intmk )before transition
,m ∈ M, k . . . {1, . . . ,K}, (2)

with the nominator and denominator referring to the interfer-
ence of the uncoordinated lines after and before OFF → ON
transitions, respectively. Lower noise impact results in a more
stable line. Between successive transitions, uncoordinated lines
can adapt to the new interference level by using the practical
rescue mechanisms mentioned earlier in order to recover
their noise margin. Definition (2) allows to define stability

improving solutions resulting in stable sleep operation as will
be discussed in Section V.

III. ANALYTIC FRAMEWORK FOR ON-OFF POWER MODE
OPTIMIZATION

We assume that each of the coordinated DSL modems has a
finite buffer of size B and two modes, ON (working) and OFF
(sleeping), where W = ON corresponds to wn

k = 1,∀k, and
W = OFF corresponds to wn

k = 0,∀k. Note that for clarity
we will continue with W instead of the power management
mode parameters wn

k . Furthermore we leave out the modem
index n for notational simplicity, as this section focuses on
modeling ON-OFF behavior and its corresponding energy-
delay trade-off for one modem.

We assume that jobs arrive to the DSL modem according
to a Poisson process with rate λ; The jobs have independent,
identically exponentially distributed service time with mean
1/R. The memoryless property of the arrivals allow us to
formulate the problem as a continuous time Markov Decision
Process (MDP) problem. The notation that will be used in the
problem is summarized in Table 1.

The state space for each modem is Ω = {ON,OFF} ×
{0, 1, 2, . . . , B}. The modem is in state i = (W,Q) if there
are Q jobs in the buffer and the policy was W before the
most recent arrival or departure. We often write i(t), W (t)
and Q(t) to denote the state at continuous time t. The action
space F includes only two actions, i.e., F = {ON,OFF}.
The rate of doing work depends only on the action: If the
action is ON , then the modem is in the ON mode, and jobs
are processed at rate R; otherwise, the modem is OFF and
no jobs are processed. When the modem is ON, it consumes
a constant power PON, and when it is OFF, it consumes no
power. Turning the modem from OFF to ON or from ON to
OFF each consumes energy Ech. Also, turning a modem ON
takes time, which is denoted by τ . For instance, τ = 20sec or
τ = 3sec when fast initialization is used in ADSL2+ [6].

As in [7], our objective is to minimize a weighted sum of
the expected response time and the energy consumed per job,
while at the same time, whenever there is an ON → OFF or
OFF → ON switching an energy cost of Ech is considered.
However, in contrast to our previous work on energy reduction
in servers [7], here we take into account the time it takes for
the modem to wake up. When we put the line to sleep for
a long time we gain in energy saving but we lose in delay
and vice versa. In addition, stability of sleeping in a crosstalk
environment is a new dimension in this work.

The solution to the MDP is a (sleeping) policy denoted by p,
saying which action to perform (which mode to enter) in each
state. In other words, the objective is to find an optimal action
for each state. The action, either ON or OFF, in state i =
(W,Q) is denoted by the binary value p(i), or, equivalently,
p(W,Q). By the Markovian structure, the policy only changes
when a job arrives or departs.

The states evolve as W (t+1) = p (W (t), Q(t)). If an arrival
occurs then Q(t + 1) = Q(t) + 1. However, if a departure
occurs then Q(t+ 1) = Q(t)− 1. The transition probabilities
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TABLE I
MAIN NOTATION

Symbol Meaning [Units]
PON Power consumed when DSL modem is ON [Watts]

B Buffer size [Number of jobs]
i = (W,Q) i-th state in the state space

W Defines whether the DSL modem is ON or OFF
Q Queue length [Number of jobs]
R Service rate [jobs/sec]
λ Arrival rate [jobs/sec]

p(i) Policy for state i

Ech Energy consumed on transitions ON→ OFF and OFF→
ON [kWh]

τ Time required for DSL modem to wake up

M
p(i)
i→j Transition probability of moving from state i to state j

under policy p(i)

V (i) Average cost of state i

g(i, p(i)) Cost per transition of state i under policy p(i)

δ Scaling parameter [Joules/job]
r Congestion cost coefficient [W/job]

wn
k Power management mode parameter for DSL modem n

on tone k

α Discount factor

at state (W,Q) with policy p(W,Q) and 0 < Q < B are

Pr[(W,Q) → (p(W,Q), Q+ 1)] =
λ

λ+Rp(W,Q)
, (3)

Pr[(W,Q) → (p(W,Q), Q− 1)] =
Rp(W,Q)

λ+Rp(W,Q)
. (4)

For Q = 0, there are no departures, hence Pr[(W, 0) →
(p(W, 0), 1)] = 1.

For Q = B, any arrivals are discarded, hence Pr[(W,B) →
(p(W,B), B − 1)] = 1.

We define g(i, p(i)) as the running cost per unit time
incurred at state i under policy p(i). It consists of two
components; the first, g1(i, p(i)), is a weighted sum of the
energy cost due to the DSL modem being ON and the delay
cost incurred by the jobs waiting to be processed. Hence,

g1(i, p(i)) = p(i)PON + rQi, (5)

where r is the tradeoff parameter between the energy cost and
the cost of delay. The second component, g2(i, p(i)), captures
the switching cost. Switching cost is the energy that is spent
for OFF/ON switchings. We also take into account the time
required for the modem to wake up. The latter is expressed
in terms of λτ jobs that accumulate in the buffer while the
modem wakes up. Hence,

g2(i, p(i)) = |Wi − p(i)|Ech + δ|p(i)−Wi|(1−Wi)λτ, (6)

where δ is the scaling parameter. Note that here we take W =
1 for ON mode and W = 0 for OFF mode.

The energy is saved by reducing the number of times we
expend the energy Ech required to turn ON/OFF the modem.
This energy/delay tradeoff is captured by the congestion cost
slope coefficient r, which measures how much emphasis is put
on the congestion cost. For example, if we have an application
that is rather delay insensitive, then r is relatively small. This

allows the modem to sleep longer and decreases the cost
incurred by the line being in ON mode. As a result, the
congestion/delay cost is increased.

The problem thus far is a continuous time problem where
the transition rates are time-varying. By applying the standard
technique of “uniformization” ( [7], [8]), our model can
be analyzed in the discrete time domain, making it more
analytically tractable. The uniformized cost per transition is
given by

ĝ(i, p(i)) =
1

β + v
(p(i)PON + rQi) (7)

+|Wi − p(i)|Ech + δ|p(i)−Wi|(1−Wi)λτ

where v is the uniform transition rate and is given by v =
λ+R.

Our objective is then to minimize the average discounted
sum of costs, given by

V (i) = min
p(i)

{g1(i, p(i))
β + v

+g2(i, p(i))+α
∑
j∈Ω

M̂
p(i)
i→jV (j)} (8)

Here M̂
p(i)
i→j denotes the “uniform” transition probability going

from state i to state j under policy p(i) [8].
The optimal policy can be calculated by solving (8) with

the value iteration algorithm [8].

IV. OPTIMAL POLICY’S STRUCTURE

The following definitions are useful for the analytic results
presented in this section.

Definition 1: A policy p is called hysteretic if p(a,Q) =
γ, a ∈ F implies p(γ,Q) = γ, γ ∈ F .

Definition 2: [9] A hysteretic policy p is called monotone
if there are lα, uα, α = 1, 2, . . . , |A| + 1, where |A| is the
set of service levels, with lα ≤ uα for α = 1, 2, . . . , |A|+ 1,
lα ≤ uα+1 for α = 1, 2, . . . |A|, lα = uα = 0 and l|A|+1 =
u|A|+1 = ∞, such that for all (i, d) ∈ Ω, we have

p(i, d) = d, if ld ≤ i < ud+1, d = 1, . . . , |A|
p(i, d) = p(i, d+ 1), if i ≥ ud+1, d = 1, . . . , |A|
p(i, d) = p(i, d− 1), if i < ld, d = 2, . . . , |A|

Theorem 1: The optimal policy for the above MDP is a
monotone hysteretic policy.
The proof of the above theorem is provided in Appendix I.
Given that there are two modes of operation, the monotone
hysteretic sleeping policy is characterized by two queue length
thresholds, one for turning the modem on and one for turning
it off. Such a policy is useful, since it is particularly easy to
implement in a practical system.

V. STABLE SLEEPING

The introduction of sleeping modes for coordinated DSL
lines results in an increased noise impact on the uncoordinated
lines. The concern about sleeping mode induced instability has
long been a bottleneck issue. To improve the stability behavior
of sleeping mode coordination, we propose the following
solutions along two different dimensions:
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1) Spatial dimension: The number of coordinated lines
that can wake up simultaneously is reduced from N to
a scalar number between N − 1 and 1.

2) Temporal dimension: The wake-up of a DSL modem
from OFF to ON occurs gradually following some
increasing time function instead of being a step func-
tion, and is implemented by discrete increasing in-
termediate power management states with fixed time
intervals equal to the OFF-ON wake up time, e.g.,
wn

k ∈ {0, 1/8, 1/4, 1/2, 1},∀k,∀n ∈ N .
These dimensions allow to reduce the noise impact (2) on the
uncoordinated lines and thus improve the stability of these
lines. In Section VI we demonstrate an improved stable sleep
mode operation by exploiting the time and spatial dimensions.

The following intuitive result (proven in Appendix II)
particularly shows how the time dimension solution improves
the stability of the uncoordinated lines.

Theorem 2: Suppose that for coordinated line n there are
i intermediate states between modes OFF→ON characterized
by transmit powers {0, 1

2i ,
1

2i−1 , . . . ,
1
2 , 1}PON. Then, as the

number of intermediate states i increases, the noise impact on
each uncoordinated line m decreases.

VI. NUMERICAL RESULTS

Practical DSL setup: For the numerical evaluation of our
sleeping policies we consider an upstream DSL setup that
consists of 4 DSL lines; line 1 is 1200m, line 2 is 1000m,
line 3 is 800m and line 4 is 600m. Lines 3 and 4 are under
our control and can be coordinated (they belong to the same
ISP), however lines 1 and 2 are uncoordinated. The transmit
spectra of the uncoordinated lines are fixed at 60 dBm/Hz.
The transmit spectra of the coordinated lines are optimized for
energy efficiency using the following energy efficient DSM
formulation [3], which is solved with the DSB spectrum
optimization algorithm [4]:

maximize
transmit powers

∑
n∈N

Rn

subject to Pn ≤ 0.5Pn,tot, ∀n,
(9)

In the above formulation, Pn and Pn,tot correspond to the per
modem transmit power and available power budget defined
by DSL standards, respectively. This results in both coordi-
nated lines 3 and 4 having a transmit power consumption of
0.5Pn,tot. Furthermore, line 4 has a transmit rate 2.5 times
higher than the transmit rate of line 3, i.e R4 = 2.5R3. The
traffic load for line 3 is assumed to be 50% and for line 4 is
20% (under the same arrival rate).

A. Optimal ON-OFF policy

For the first set of simulations we consider r = 10 W/job,
corresponding to a rather delay tolerant application. The scal-
ing parameter was chosen to be δ = 1000 J/job. We will later
demonstrate how the scaling parameter affects the structure
of the optimal sleeping policy. We also assumed a wake up
process characterized by a switching time of approximately
τ = 20 sec [6]. Fig. 1 demonstrates the optimal policy of
line 4. We can observe that the monotone hysteretic structure

predicted by Theorem 1 is confirmed. The modem of line 4
sleeps until 8 jobs are accumulated in the buffer and then
wakes up. Once awake, the modem sleeps until all the jobs
in the buffer are processed. The optimal policy of line 3 has
the same structure but the ON threshold is 6 jobs. Given the
higher traffic load, line 3 wakes up sooner to process the
jobs that are accumulated in the buffer. Fig. 2 shows how
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Fig. 1. Optimal sleeping policy for modem of line 4. The modem sleeps
until 8 jobs are accumulated in the buffer.

the optimal ON thresholds of lines 3 and 4 vary with the
scaling parameter δ. As the scaling parameter increases, the
ON threshold increases for both lines. Increasing the scaling
parameter makes the switching cost higher, hence modems
stay in sleeping mode for longer periods in order to avoid too
frequent ON/OFF switchings. Also, for any value of δ, the
optimal ON threshold of line 3 is lower than that of line 4,
since line 3 is characterized by a higher traffic load. Compared
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Fig. 2. Optimal ON threshold for different values of δ. The higher the scaling
parameter, the higher the ON threshold for both lines, since both lines try to
avoid too frequent ON/OFF transitions for higher switching costs.

to our previous work in [7], the consideration of the time it
takes a modem to wake up increases the hysteresis of the
optimal policy, given that the switching cost becomes higher.

B. Optimal Trade-off: Energy vs Delay vs Stability

As a key practical consideration, sleeping policies can
cause stability issues on the uncoordinated lines 1 and 2
since the sudden wake up of lines 3 and 4 produces time
varying crosstalk. We will demonstrate the improvement of
the stability of lines 1 and 2 by exploiting the temporal
and spatial dimension (as discussed in Section V), where the
latter corresponds to reducing the number of lines that can
wake up simultaneously to 1. Regarding the time domain,
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the modem’s wake up process is made gradual, via an ex-
ponential waking up function. Specifically, when there are i
intermediate states between OFF→ON, the transmit powers
are {0, 1

2i ,
1

2i−1 , . . . ,
1
2 , 1}PON. Note that the transmit spectra

of the intermediate states correspond to simple power back-
off versions of the optimal transmit spectra obtained from
(9). As noted before, we assume a large enough fixed time
interval between consequent waking up states that allows the
uncoordinated lines to adapt to the new interference level.

Fig. 3 shows the Pareto optimal energy consumption -
average delay tradeoff of line 3 when the monotone hysteretic
sleeping policy is considered. The tradeoff graph is derived by
varying the tradeoff parameter r. Each value of this parameter
corresponds to a different optimal policy. It is clear that
the sleeping policy results in energy being saved in cost
of increased delay. Note that the more intermediate states
considered, the worse the system performance is, since for
given energy consumption the average delay increases. This
is because of the fact that the more intermediate states we
consider, the more time it takes for the modem to wake
up to full ON power (for example, given our assumptions,
one intermediate state doubles the wake up time), hence the
increase in delay. The increase in delay is the price we need to
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Fig. 3. Pareto optimal tradeoff between energy consumption and average
delay of line 3. The more intermediate states introduced, the higher the average
delay for given energy consumption level.

pay in order to reduce the noise impact on the uncoordinated
lines 1 and 2, and thus to improve the stability with respect
to the direct OFF → ON case.

Fig. 4 shows the improvement of the time averaged maxi-
mum noise impact on both lines 1 and 2, from the introduction
of the intermediate states in the wake up process, compared
to the case where there is a direct OFF → ON switching.
The improvement is significant and increases with the number
of intermediate states. Specifically, it is around 35% for 1
intermediate state, around 60% for 2 states and around 70% for
3 states. The additional introduction of the spatial dimension
constraint that lines 3 and 4 cannot wake up at the same
time improves the stability even further for any number of
intermediate states. Fig. 3 and 4 demonstrate the trade-off
between energy consumption, delay performance and stability.
Finally, Fig 5 shows how the energy savings of line 3, achieved
by our sleeping policy, vary with traffic load. These are
compared to the energy savings of a baseline policy that wakes
up the modem as soon as there is one job to be processed
and puts the modem to sleep when there are no jobs in the
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Fig. 4. Improvement of the time averaged maximum noise impact on the
uncoordinated lines by the introduction of the intermediate states and the
spatial dimension constraint. The more the intermediate states, the higher the
improvement. The latter increases more when lines are not allowed to wake
up at the same time.

buffer. The energy savings are expressed in percentage of the
energy that would be consumed if the modem was always
ON. For the optimal policy and for low traffic load the energy
savings are significant (85% for traffic load of 10%), given that
that the modem does not have to be ON for a long time to
process incoming jobs. However, as the traffic load increases,
the energy savings naturally decrease. Also, for any traffic
load, the optimal policy results in higher energy savings than
the baseline policy. It is notable that, for some traffic loads,
the baseline policy demonstrates “negative” energy savings,
implying that keeping the modem ON would consume less
energy than having an ON threshold of one job, which results
in too frequent ON/OFF switchings.
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Fig. 5. Energy savings of line 3 over traffic load.As the traffic load increases,
the modem has to stay ON for longer time, thus decreasing the energy
savings. The optimal policy results in higher energy savings for all traffic
loads compared to a baseline policy that turns the modem ON as soon as
there is 1 job in the buffer.

VII. CONCLUSION

The use of DSL sleeping modes offers a great potential for
decreasing energy consumption of the DSL broadband access
infrastructure. In this work, we develop optimal and stable
sleeping mode policies. The problem formulation is based
on a Markov Decision Process (MDP) with easily tunable
parameters that allow to properly model DSL sleeping modes.
Our MDP-based optimal policies result in a Pareto-optimal
tradeoff between energy consumption and delay performance.
It is shown that the optimal policy has a monotone hysteretic
structure, characterized by two thresholds. Numerical results
demonstrate energy savings of up to 85% for a traffic load of
10%.
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Stability improving mechanisms are then proposed by con-
sidering the impact on uncoordinated lines. These consist of
(1) reducing the number of DSL modems that can simulta-
neously be turned on (spatial dimension), and (2) smoothing
the wake-up process of DSL modems in time by introducing
intermediate power states (temporal dimension). The benefits
of these mechanisms are evaluated by numerical simulation
results, demonstrating a three-way tradeoff between energy
consumption, delay performance and stability. More specif-
ically, the introduction of intermediate states in OFF →
ON transitions significantly improves stability, given that the
time averaged maximum noise impact on the uncoordinated
lines improves by a factor up to 75% when considering 3
intermediate states.

APPENDIX I: PROOF OF THEOREM 1

Proof: First we will show that the optimal policy is
hysteretic. Specifically, Theorem 1 of [9] proves that the
optimal policy is hysteretic if p(γ,Q) takes the form, for some
function σ and m, such as

p(γ,Q) = argminγ′∈F {σ(γ, γ′) +m(Q, γ′)} , (10)

where Q is the number of jobs in the queue and γ is the action
in F , and if the function σ satisfies the conditions

σ(γ, γ′) ≤ σ(γ, c) + σ(c, γ′), ∀γ, c, γ′ ∈ F , (11)

and
σ(γ, γ) = 0, ∀γ ∈ F . (12)

In our problem formulation, if p∗(Wi, Qi) is the optimal
policy of state i, then we can write

p∗(Wi, Qi) = argminγ∈F{σ(Wi, γ) +m(Qi, γ)}, (13)

where

σ(Wi, γ) =|Wi − γ|Ech + |γ −Wi|(1−Wi)λτ (14)

m(Qi, γ) =
1

β + v
(γPON + rQi)

+ α
∑
j∈Ω

M̂γ
i→jV ((Wj , Qj)). (15)

Clearly σ satisfies (11) and (12), and we can see that the
properties of Theorem 1 of [9] are satisfied. Hence the optimal
policy is hysteretic.

According to Theorem 3 in [9], if a policy is increasing in
the queue length and service level and hysteretic, then p is a
monotone hysteretic policy. Hence, what remains to show is
that our optimal policy is increasing. According to Theorem 1
in [10], if the cost function has the following properties then
the optimal policy is increasing in queue length and service
level.

1) The cost function is of the form c(i, a) + s(d, a) where
d, a are service levels, i the number of jobs in the queue
and s(d, a) represents the switching cost from service
level d to level a.

2) c(i, a) has the form u(a)+hi, where u is a function on
the set of all possible service levels.

3) The switching cost is a submodular function.

4) s(e, a) − s(d, a) = s(e, b) − s(d, b), for each a < b ≤
d < e in the set of service levels.

In our problem we can write the cost per transition as

g(i, p(i)) = u(p(i)) + hi+ s(Wi, p(i)), (16)

where u(p(i)) = p(i)PON and s(Wi, p(i)) = |p(i) −
Wi|Ech + |p(i) − Wi|(1 − Wi)λτ Also, the switching cost
s(Wi, p(i)) is submodular and for each a < b ≤ d < e in
the set of service levels we can see that s(e, a) − s(d, a) =
s(e, b) − s(d, b) From the above we can conclude that the
optimal hysteretic policy p is increasing. Hence the optimal
policy is monotone hysteretic.

APPENDIX II: PROOF OF THEOREM 2
Proof: Suppose that coordinated line n is at a state where

the transmit power is wn
k s

n
k , for tone k and that it transits to

the next state where the transmit power is (wn
k + ϵ)snk . Then,

from (1) and (2) we can see that the noise impact of this
transition on the uncoordinated line m is of the form

zmk = 1 +
ϵ

a+ wn
k

, (17)

where a is a positive constant. If the number of intermediate
states increase from i to i + 1, this replaces the transition
0 → 1

2i (transition A) with the transitions 0 → 1
2i+1 (transition

B) and 1
2i+1 → 1

2i (transition C). From (17), transition A has
a noise impact of 1+ 1

a2i . Similarly, transitions B and C have
a noise impact of 1+ 1

a2i+1 and 1+ 1
a2i+1+1 respectively. Both

of these transitions have a lower noise impact than transition
A. Hence,

zmk,i+1 ≤ zmk,i

where zmk,i is the noise impact on line m and tone k when
there are i intermediate states.
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