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Abstract—We present a reputation-based framework for allocating power to plug-in electric vehicles (EVs) in the smart
grid. In this framework, the available capacity of the distribution
network measured by distribution-level phasor measurement
units is divided in a proportionally fair manner among connected
EVs, considering their demands and self-declared deadlines. To
encourage users to estimate their deadlines more precisely and
conservatively, a weight is assigned to a each deadline based on
the user’s reputation, which comprises two kinds of evidence:
deadlines declared before and after the actual departure times
in the recent past. Assuming reliable communication between
sensors installed in the network and charging stations, we design
a decentralized algorithm which allows the users to independently
compute their fair share based on signals received from upstream
sensors without sharing their private information, e.g., their
deadline, with a central scheduler. We prove that this algorithm achieves quadratic convergence under specific conditions
and evaluate it empirically on a test distribution network by
comparing it with a centralized algorithm which solves the
same optimization problem, a decentralized gradient-projection
algorithm with linear convergence, and earliest-deadline-first and
least-laxity-first scheduling policies. Our results corroborate that
the proposed algorithm can track the available capacity of the
network despite changes in the demands of homes and other
inelastic loads, improves a fairness metric, and increases the
overall allocation to users who have a better reputation.
Index Terms—Decentralized Optimal Control, Power Distribution Grid, Reputation-based Service.

I. I NTRODUCTION
Electric vehicles (EVs) have become increasingly popular
in recent years as they are essential to reduce petroleum
dependence and carbon emissions in developed and developing
countries [1]. A high penetration of plug-in EVs in distribution
networks is anticipated to give rise to several problems, such
as transformer overloading, voltage sags, and increased heat
losses [2], [3]. This necessitates a demand-side management
strategy to control the real power drawn by charging stations,
especially as residential and workplace electric vehicle charging stations increase in number. Controlling the EV charging
demand is possible due to its elasticity, i.e., the charge power
of an EV connected to a charging station can be adjusted
within certain bounds as long as its battery is charged to a
desired level by a deadline [4]. Hence, the EV charging load
is characterized with a demand that must be met by a deadline.
To accommodate a higher penetration of EVs safely and efficiently in today’s distribution networks, many control methods
have been proposed, including centralized methods [2], [5],
[6], where a central controller decides on the charge powers

of EVs, and decentralized methods [7]–[9], where the control problem is decomposed into several subproblems which
are solved by individual charging stations or neighbourhood
controllers to determine the charge powers of the respective
connected EVs. Nevertheless, existing methods ignore the
user-specified deadlines entirely or assume they must be met
at all times. The former leads to best-effort service, as in the
Internet, which is not be suitable for the power grid.
Incorporating the user-specified deadlines in a scheduling
policy is nontrivial. Specifically, prioritizing EV charging
according to the user-specified deadlines [10] will only work
if there is a well-structured billing mechanism in place, which
ensures users with earlier deadlines pay a higher price for
electricity. Without such a mechanism, this prioritization opens
the door for manipulation in any scheduling problem [11],
[12]. For example, users may claim an earlier deadline hoping
to receive better service compared to their neighbours. This
could strain the distribution grid and increase losses if the
deadlines were taken into account without any adjustment.
What makes scheduling with deadlines even more challenging
is the non-deterministic nature of trips especially in the context
of residential charging. Users can at best report their estimated
deadline after adding (or subtracting) a value to it, leading to
two different types of users: conservative and risk-taking.
This paper addresses how to handle deadlines, fairness, and
efficiency requirements simultaneously by proposing a novel
framework for EV charging centred around the notion of reputation. We propose a deadline-aware mechanism which takes
into account the user’s reputation in the recent past, thereby
preventing users from gaming the system by claiming false
deadlines repeatedly. The reputation comprises two kinds of
evidence: deadlines declared prior and past the actual departure
times. Furthermore, to minimize the communication overhead
and protect user privacy we design a decentralised control
algorithm which allows the charging stations to compute
their fair share independently based on coordination signals
they receive from sensors in the distribution network. Our
contribution is threefold:
• We propose a reputation-based mechanism for charging
plug-in EVs that fairly allocates charge powers to prevent
overloading of substation and distribution transformers;
• We present a scaled gradient-projection algorithm for
decentralized control of EV charging and prove that it has
super-linear convergence when its parameters are tuned
carefully;

We simulate our method on a test distribution network
with real EV data and compare it with different baseline
algorithms to show its superior performance and that it
favors conservative users.
We make several assumptions in this paper. We assume that
every transformer that is likely to be overloaded is equipped
with a sensor that measures its loading level, and that these
sensors are connected to downstream charging stations via a
broadband communication network. Modern distribution grids
are being equipped with such monitoring and communication
infrastructure [13]. We assume that the sensing nodes have
memory to store past behavior of each user and can perform
basic arithmetic operations to generate the congestion signal.
•
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and exhibits a slow convergence rate. In [26] a SPDS algorithm
is developed for decentralized control. However, this method
requires two-way communications between charging stations
and operators, whereas the method we propose in this work
requires only one-way communication by leveraging local
information and the physical system. Moreover, their proposed
algorithm is first-order and exhibits linear convergence which
is slower than the convergence rate of our algorithm. In [27]
authors propose an EV charging controller inspired by the TCP
slow start mechanism used in the Internet. The authors use
the traffic light model, a congestion notification mechanism
to report the status of the grid in real time. However, this
method does not solve an optimization problem to establish
the optimal control, and therefore fairness is not theoretically
guaranteed.

A. EV Charging Scheduling
Optimal scheduling of EV charging has been extensively
studied in recent years. The scheduling objectives can be
broadly divided into two categories. The main objective of the
first category is to provide voltage and frequency support to the
grid. For example, [14], [15] focus on voltage regulation using
the EV charging load, while [16], [17] focus on providing secondary frequency support to the grid. In the second category,
the emphasis is on optimizing some performance metric for
PEV owners rather than considering the services that can be
offered to the grid. References [18], [19] propose day-ahead
scheduling methods to maximize the revenue of EV owners
considering electricity prices. A method is proposed in [20]
for secondary frequency support, while reducing the battery
degradation and maximizing the revenue of EV owner.
The scheduling algorithms can be divided into centralized
and decentralized. In centralized algorithms all user data and
measurements are sent to a control center which solves an
optimization problem and sends back control signals to individual charging stations. For example, centralized scheduling
methods are proposed to maintain the voltage profiles [21],
to minimize losses in the grid besides improving the voltage
profiles [22], and to prevent congestion in the grid [23]. These
methods do not scale with the size of the network since
the control center is a bottleneck which is responsible for
all computation. When there are many sensors and charging
stations in the system, there might be congestion in the
communication network as well. Furthermore, transmitting
data to a control center raises privacy concerns, especially if
this data contains EV arrival and departure times.
To overcome these problems, several decentralized methods
are proposed in the literature [24], [25]. These methods are
compelling when the EV penetration level is high, but they
typically suffer from slow convergence in large distribution
systems. Reference [14] proposes a decentralized algorithm,
i.e., shrunken-primal-dual sub-gradient (SPDS), to improve the
demand profile while meeting heterogeneous individual charging requirements of EVs and satisfying distribution grid power
quality requirements. This method is a variant of regularized
Lagrangian which requires two-way explicit communication

B. Deadline-Aware Scheduling
Incorporating deadlines in scheduling has been extensively
studied over the past three decades in the context of realtime scheduling of computer systems, including operating
system, distributed systems, and data centers. Reference [28]
studies the minimum laxity policy (ML) with multiple processors/servers and the preemptive earliest deadline (ED)
policy with a single server, and presents different performance
bounds for these policies. In [29], the impatient customers
queue model is introduced where jobs (customers) request to
complete execution or, at least, reach the server before a given
deadline. The problem is modelled as a stochastic recursive
sequence that keeps track of all service and patience times of
the customers present in the system. The Earliest Progressive
Deadline First is proposed in [30] as a class of policies considering server-side job scheduling with progressive deadlines.
However, little work has been done on EV scheduling
considering inaccuracies in the reported deadlines. In an expandable service system, variability in service capacity incurs
infrastructural and operational costs. To address this problem,
an optimization framework is proposed in [31] to reduce
service variance while maintaining deadlines and demands
of jobs. Although it primarily focuses on cloud services, the
authors have considered an EV charging scenario. Our work
differs from this work in several ways. First, their proposed
method solves the optimization problem once at the beginning
of the time horizon based on some statistics about future behavior, whereas our approach is real time and makes decisions
based on the currently available information. Second, they
assume that the user-specified deadlines are precise, whereas
in our model, the specified deadlines may be different from the
actual deadlines. The closest work to ours formulates the EV
charging control with deadline as a feasibility problem [32].
However, inspired by the best effort service in the Internet, our
proposed method uses “soft deadline” which means that it does
its best to meet the demand of urgent EVs first. Additionally,
we safeguard the system from manipulation that could result
from claiming urgency in a deceitful manner.

C. Gradient-Projection Algorithms
The first-order gradient-projection algorithm (GPA) has
been applied to many resource allocation problems to find the
solution in a distributed fashion. For example, this method is
employed in [33] to solve the network utility maximization
problem. The authors present the synchronous and asynchronous versions of GPA. The synchronous version of GPA
is also used in [7], [34] to control charge powers of EVs
in a power distribution system. In these papers the power
grid is used as a medium for sending implicit messages from
the end nodes to distributed controllers, thereby reducing
the communication overhead. Although GPA exhibits stable
convergence, its rate of convergence is linear, taking many
iterations to converge especially in large distribution systems.
The second-order gradient-projection algorithm converges
faster than the first-order algorithm. The scaled gradientprojection algorithm was discussed by Bertsekas and Tsitsiklis [35]. Our method differs from this method in two ways.
First, they discuss the convergence of this algorithm under a
different coordinate system (projection which is not vertically
decomposable), whereas our method works for positive orthant
projection. Second, we present sufficient conditions for the
second-order projection method to converge super-linearly (or
quadratically).
III. S YSTEM M ODEL
This work focuses on controlling residential EV chargers
connected to the low-voltage feeders of a power distribution
network, which has a tree-like (radial) operational structure at
any given time and delivers power to various types of loads
as shown in Figure 1. The root of this tree is the substation
transformer which steps down the voltage from the transmission level to the primary distribution level. The leaf nodes in
this tree (i.e., the end nodes) are loads connected to secondary
distribution feeders. The intermediate nodes (i.e., Nodes 2−33
in Figure 1) are the load buses in the primary distribution
network. We assume that these nodes are connected to the
secondary feeders via distribution transformers which step
down the voltage to the secondary distribution level. Figure 1
shows a lateral originating from Node 25 in the primary
network feeding several loads (homes, PEV chargers, etc.)
connected to the secondary distribution network that spans a
residential neighbourhood. The laterals originating from other
nodes in the primary network and their downstream loads are
not shown in this figure for brevity. We note that a leaf node in
the secondary distribution network represents one or multiple
homes (and the installed EV chargers). We assume that a leaf
node has at least one upstream distribution transformer besides
the substation transformer.
We aim to schedule EV charging to avoid overloading of
transformers1 . Following [7] we define the congestion state
of a transformer as the difference between its rated capacity
1 Equipment overloading in the distribution network is analogous to congestion in the Internet. Thus, we use transformer and link interchangeably
throughout this paper.

Fig. 1: The one-line diagram of a radial distribution network.
The network is divided into primary (Nodes 1-33) and secondary feeders (an example shown in the dashed-box).
and its present loading level (both expressed in volt-ampere).
We assume that a distribution-level phasor measurement unit
(DPMU) is installed on the secondary-side of each transformer
sampling the current passing through the transformer and its
secondary voltage at short intervals (every few cycles for example). These phasor measurements can be easily converted to
the apparent power loading of equipment. We also assume that
there is point-to-point communication between EV chargers
and the (distribution or substation) transformers that supply
their demand. Figure 2 presents the logical view of the system
with the communication links depicted by dotted lines. Similar
to homes, the EV chargers located at the leaves of this network
are supplied by the substation and (at least) one distribution
transformer.
Each EV is characterized by a tuple hUe , αe , de , σe i where
Ue (xe ) represents the utility of its owner (a measure of their
satisfaction) which is an increasing function of its charge
power xe at any time, αe represents its arrival time, de
represents its energy demand (the difference between its
current state-of-charge and its desired state-of-charge), and σe
which is the user-specified deadline (the latest time by which
its energy demand must be met). We denote the remaining
charging duration by σ
ee = σe − αe . The specified deadline of
an EV may not be precise, meaning that it may depart before
or after its specified deadline. We use a discrete time model
and assume that EVs arrive or depart at the beginning of a
time slot. We denote the length of time slots by τ .
We denote the set of transformers installed in the distribution network by L, the set of all connected EVs in the network
by E. We use matrix T to encode the point of connection
of EV charging stations. In particular, Tel = 1 for every
transformer l which supplies the charging station indexed by e.
This element of the matrix is zero otherwise. Figure 2 shows
an EV connected to a charging station e. This EV is supplied
by distribution transformer l but not distribution transformer l0 .
Hence we have Tel = 1 and Tel0 = 0. We denote the available

reputation is a numerical value calculated based on historical
discrepancies as explained in this section.
A. Centralized Control of EV Charging Stations
In the beginning of a time slot, t, each active charging
station computes a weight, we (t) = f (∆e , Λe (t)) for the
corresponding EV, where ∆e is a statistic of historical discrepancies (e.g., the mean) and Λe (t) is the laxity defined as
Λe (t) = σ
ee (t) −
Fig. 2: The logical view of a radial distribution network.
capacity (i.e., the difference between its rated capacity and the
total demand of inelastic loads downstream of the transformer)
of transformer l by al . Note that we use a ballpark estimate of
losses in primary and secondary distribution feeders and use
a fixed power factor to calculate the loading of a transformer
from the net demand of its downstream inelastic loads. This
approximation leads to a small error as we discuss later.
We assume that each charging station keeps track of discrepancies between the claimed and true deadlines of the
corresponding EV. Each time an EV is plugged in, the charging
station records the specified deadline which is then compared
with the time that the EV is unplugged from the charger. The
charging station computes the difference between these two
values, which we refer to as historical discrepancy, and stores
it for every user (EV driver). The historical discrepancies
collected in a fixed-size window are used by the charging
station to update the reputation of a user at the beginning
of each time slot. This reputation is used as a weight in
the optimization problem discussed in the next section. In
case of the centralized method, user reputation is sent to the
central controller which solve the optimization problem. For
decentralized methods, the reputation is used by the charging
station to independently compute its charge power for the next
time slot in a number of iterations.
The charging station is assumed to be tamper-resistant and
can charge one EV at a time. It delays charging of an EV for
some time, i.e., known as the idle time, if it is unplugged and
plugged again after a short period of time. This prevents users
from reporting an unrealistically early deadline and simulating
a departure event at that deadline to maintain a high reputation.
IV. M ETHODOLOGY
A possible approach to charging EVs with different urgency
parameters is to design a mechanism that allows EV drivers
to buy electricity at a higher price if their charging demand
is more urgent. This approach assumes the existence of a
billing system and is therefore impractical in today’s distribution grids, because existing electric vehicle supply equipment
(EVSE) installed in residential buildings has a simple plugand-charge interface. An alternative approach, which we take
in this paper, is to design a real-time scheduling mechanism
that relies on user-specified deadlines. These deadlines are
modified according to the reputation of EV drivers, where the

de (t)
Me

where Me is the maximum charge power supported by EVSE.
The function f should have some intuitive properties. Specifically, it should be (a) positive valued and bounded (otherwise
the objective function (2) may lose concavity); (b) decreasing
as discrepancy or laxity becomes larger; (c) robust to outliers
(i.e., outliers in historical data should not greatly affect the
weight); (d) numerically stable, i.e., does not return very small
or large values. Hence, we choose the following function that
satisfies all these properties:


−(∆e + Λe )
(1)
F (∆e , Λe ) = exp
β
Here β is a scaling factor to normalize the sum, ∆e + Λe .
Let 0 < ζ ≤ 1 be an efficiency factor that approximates
losses in the distribution network. Hence, the effective capacity
of transformer l can be written as ζal . Solving the following
optimization problem yields the charge power, xe (t), of every
charger e for interval [t, t + 1):
X
maximize:
we log Ue (xe )
(2)
e∈E

X

subject to:

Tel xe ≤ ζal ,

∀l ∈ L

(3)

∀e ∈ E

(4)

e∈E

0 ≤ x e ≤ Me ,

Suppose Ue (xe ) = xe and we = F (∆e , Λe ). For brevity the
time index is dropped from all variables in the above problem.
This convex optimization problem can be modelled in CVXPY
and solved using Mosek software. It is shown in [7] that the
solution of this problem is a proportionally fair allocation of
the available network capacity to EV chargers. We refer to this
solution as the centralized solution and use it as a baseline.
B. Dual Problem and Projected Gradient Descent Algorithm
The Lagrangian function of the primal problem is:
(
!)
X
X
X
g(λ) = max
we log xe +
λl ζal −
Tel xe
0xM

e

e

l

where, λ = (λ1 , λ2 , . . . , λ|L| )  0 are the Lagrangian
multipliers for the constraints (3) and (4), respectively. Following [7], the Lagrangian function, g(.) can be expressed
more compactly as:
(
)
X
X
g(λ) =
λl ζal + max
fe (xe ; λe )
(5)
l

0xM

e

where
!
fe (xe ; λ) = we log xe −

X

λl Tel

xe

(6)

l

Thus, the dual problem can be written as:
minimize: g(λ)

(7)

subject to: λ  0
By decomposing the dual problem into a number of subproblems that can be solved given the Lagrangian multipliers [36], it is possible to develop an iterative algorithm to
compute the fair shares of EV chargers in a decentralized
fashion. It requires synchronization among charging stations
and sensors installed at transformers. This GPA-based method
is described in Section IV-D and is considered as a baseline
in this paper. In the next section, we propose a synchronous
algorithm that is faster and has lower communication overhead
compared to baseline algorithms.
C. Scaled Gradient Projection Algorithm (SGPA)
We propose a projected Newton’s method that computes the
second-order partial derivatives of the dual objective function.
Specifically, in each iteration, it updates the Lagrange multiplier λ as follows:

h 
i−1

+
(k+1)
(k)
(k)
(k)
λ
= λ −γ D λ
∇g λ
(8)

This algorithm exhibits some desirable properties: (a) fast
convergence: in Theorem A.1 we show that, under some
mild conditions, our algorithm converges super-linearly to
the optimum point, which is an improvement over first-order
projected gradient methods [7]; (b) low computational cost:
computing the inverse of a diagonal matrix is easier than the
inverse of Hessian and greatly reduces the computational cost
of the Newton’s method; (c) low communication overhead:
this algorithm leverages only local information to compute the
second-order partial derivatives; in Equation 10, each sensing
node (installed at a transformer) only requires to track the
previous loading level and λ.
Our decentralized EV charging algorithm is based on SGPA.
Hence, it updates each Lagrangian multiplier and send this
congestion signal to downstream charging stations. Algorithm 1, which is run at each sensing node (corresponding to a
transformer) in the distribution network, describes the update
that happens once in every iteration.
Algorithm 1: Algorithm for Transformer l
input : rating and measured load of transformer l
(k+1)
output: {λl
} which will be sent to downstream
EV chargers
∂g
1 ∂λ ≈ ratingl − loadl
l
2

∂2g
∂λ2l

≈

(k+1)
3 λl

∆load
∆λl


= max

(k)
λl

−γ



∂2g
∂λ2l

−1



∂g
∂λl , 0

Here k denotes a specific iteration, 0 < γ ≤ 1 is the step-size
parameter, ∇g(.) is the gradient, and D(.) is a diagonal matrix
consisting of the principal-diagonal elements of the Hessian
matrix H projected onto the positive axis:
(
η,
if, [H(λ)]ll < η
[D(λ)]ll =
(9)
[H(λ)]ll , otherwise

When a charging station receives the Lagrangian multipliers
from the substation and the distribution transformer supplying
its demand, it computes its charge power:
)
)
(
(
w
e
x(k+1)
= min max P
, 0 , Me
(11)
e
(k)
l Tel λl

Note that η is a small positive number used to make the matrix
D invertible, and

and begins charging the connected EV with a power that equals
(k+1)
. Algorithm 2 updates the charge power of each EV.
xe

[H(λ)]ll =

∂2g
∂λl ∂λl

Algorithm 2: Algorithm for EV charging station e
(k)

∂
ζal −
Tel x∗e
∂λl
e
X
∂x∗e
=−
Tel
∂λl
e
P
∗
e Tel ∆xe
≈
∆λl
=

=

input : we and a sequence of {λl } received from
transformers supplying e (l : Tel = 1).
(k+1)
output: the charge
of charger 
e: xe 
 power


!

X

(k)

− loadl

(k)

− λl

loadl

λl

1

(k−1)

(k−1)

(10)

The last derivation above holds if inelastic demands change at
a slower rate than the rate at which we update the charge power
of EV chargers. Note that [H(λ)]ll is a non-negative number
(cf. Eq. (20) in the appendix). Thus, we take the absolute value
in the above derivations.

(k+1)

xe

= min max

we

P

(k)

l:Tel =1

λl

, 0 , Me

The change in the charge power of charging stations affects
the loading of transformers, thereby enabling them to update
the Lagrangian multiplier in every iteration. We assume that
τ iterations take place in one time slot, i.e., in [t, t + 1), and
the time between two consecutive iterations is on the order of
hundred milliseconds.
D. Baseline Algorithms
To evaluate our proposed scaled gradient projection algorithm, we consider the following baseline algorithms:

Gradient Projection Algorithm (GPA): this is the decentralized algorithm outlined in Section IV-B. It is basically updating the Lagrangian multiplier using the projected gradient
descent algorithm:
(k+1)

λl


+
∂g
(k)
= λl − γ
∂λl

(12)

P
∂g
The gradient ∂λ
= ζal − e Tel x∗e can be calculated
l
by simply subtracting the transformer loading (including the
demands of elastic and inelastic loads) from its rated capacity
as shown in [7]. Thus, we do not need to separately measure
the demand of each EV charger.
Earliest Deadline First (EDF): it simply priorities charging
EVs based on their deadlines; thus, EVs with earliest deadline
are charged at the maximum rate supported by their charging
station first. To fully utilize the network, we charge as many
EVs as possible at any given time without overloading the
transformers.
Least Laxity First (LLF): it is similar to EDF except that
charging EVs is prioritized based on their laxity. EVs with
the lowest laxity are charged at the maximum rate supported
by the charging station first. At any point int time, we charge
as many EVs as possible until the network is congested.
V. C ASE S TUDIES
We implement the proposed EV charging mechanism and
baselines introduced in Section IV-D in Python and use the
simulation platform depicted in Figure 3 to compare their
performance in four different simulation scenarios. The platform takes as input the structure of the distribution network,
including points of connection of homes and EV charging
stations, the household demands, the EV arrival and departure
times, and the initial state-of-charge (SoC) of their batteries.
To build the household demands, we take advantage of the real
and reactive power consumption of several real homes. We use
this data along with the charge powers of EVs determined by
the algorithm to perform power flow analysis and obtain the
loading levels of transformers. The sensor emulator module
subsequently adds Gaussian noise to these values to imitate
the measurement noise of sensors in real-world applications.
These measurements are used to construct the congestion
signal which is then sent to downstream EV charging stations
via communication links. These signals are used by the control
algorithm to update the charge power of EV charging stations
in a single iteration.
The control algorithm needs to know which EVs will be
connected to chargers in the next time step along with their
demands and claimed deadlines. This data is produced by the
traffic generator. We also store historical data about EVs to
update their reputation throughout the simulation. Besides this
data, the simulation platform adopts a battery model which
expresses the capacity, and charge and discharge inefficiencies
of the battery. This model is necessary to update the state-ofcharge of the battery given its charge power.

Fig. 3: Overview of the simulation framework.
A. Test System
We consider the 33-bus test system [37] shown in Figure 1
as the primary distribution network in our simulations. For
modelling the secondary (low-voltage) distribution network,
we assume that a feeder originates from every bus in the
primary network (except Node 1). We adopt the IEEE European test feeder [38] as the secondary feeder. Figure 1
illustrates how a low-voltage network is connected to Node
25. We assume that a sensor, e.g., a distribution-level phasor
measurement unit, is deployed at each of the transformer
locations measuring the active and reactive powers in real time,
and that there are communication links connecting the sensor
at the substation to the sensors at distribution transformer
locations, and these sensors to downstream charging stations.
There are 55 single-phase load connection points in each
secondary feeder. Therefore, we have a total of 1760 (32×55)
load connection points in the system. We assume a certain
number of homes are connected to these points. To represent
the household demand, we utilize sample household consumption data provided in the ADRES-CONCEPT project [39]2 .
The data set contains real and reactive power consumption of
30 households with 1-second resolution over two weeks. Since
our simulation spans one day, we split the data into 1-day
segments. This yields 420 daily load profiles. We add white
Gaussian noise with 10% standard deviation to each sample
to increase the size of the data set; this way we create a total
of 8400 unique household load data. We consider the active
power consumption at the primary nodes provided in [37] to
determine the appropriate level of aggregation at each lowvoltage node (i.e., the houses connected to the same lowvoltage node). We select houses randomly and connect them to
a secondary node (i.e., a single-phase load connection point)
2 The data was generated in the research project ”ADRES-Concept” (EZIF: Development of concepts for ADRES- Autonomous Decentralized Regenerative Energy Systems, project no. 815 674). This project was funded
by the Austrian Climate and Energy Fund and performed under the program
”ENERGIE DER ZUKUNFT”.

Fig. 4: Distribution of arrival times.
until the sum of all loads in the low-voltage network under
each primary node matches the load given in the specification
of the 33-bus system.
To have a realistic EV schedule (i.e., arrival and departure
times of the EVs), we exploit the EV usage data provided
in the Pecan Street data set [40]. The data set contains the
power usage of many home appliances with up to 1-second
resolution. We use the data recorded in 2016. Since there are
only about 80 EVs in this data set, we take the daily arrival
times of these EVs over one year and fit a Gaussian Mixture
Model (GMM) to the probability distribution function (pdf).
The distribution of arrival times and the fitted model with 7
Gaussian distributions are shown in Figure 4.
We assume that there are 500 EV chargers installed at
random locations in our secondary distribution network. We
sample the daily arrival times of the EVs from the fitted
GMM. Since the Pecan Street data set does not provide the
EV departure/disconnection times, we randomly sample the
stay time of each EV from a Gaussian distribution with µ = 8
and σ = 2 (in hours). The departure time is the sum of the
arrival time and the stay time. The initial SoC of each EV
when it arrives is sampled uniformly between 0 and 0.1. We
consider 4 different battery sizes that belong to popular EVs in
the market: a) 16kW h for Chevy Volt and Mitsubishi iMiEV,
b) 30kW h for Nissan Leaf, c) 42kW h for BMW i3, and d)
75kW h for Tesla 3. For an EV, the battery size is selected
randomly from the above types. We set the maximum charging
fe = 7kW for all charging stations.
rate to M
For SGPA and GPA, we define the step-size to be γ =
0.008 and 0.0008, respectively. We tune these values based
on simulations, using the bounds suggested by our theoretical
results as a hint. Furthermore, we assume 100 iterations in
each time slot, which is 10 minutes long. Hence, the time
between two iterations is 6 seconds.
B. Performance Metrics
Jain index: is used to evaluate fairness of a power allocation
scheme (a higher value suggests a fairer scheme):
P
2
( i xi )
J(x) = P 2
n i xi
where x is a vector containing charge powers of all chargers
in a given time slot and n is the number of active chargers.

Fig. 5: Predicting and adjusting deadlines. µ and  represent
the actual and predicted deadlines respectively. Conservative
(risk-taking) users add (subtract) δ to (from) their prediction.
Note that the Jain index is calculated for every time slot and
then averaged over all time slots in one day.
Percentage of EVs with a certain SoC: it is the percentage
of connected EVs with a SoC greater than or equal a certain
threshold when they depart. We consider 90% as the threshold
for Scenarios A, C and D (described below). For Scenario B,
it is 80%.
Energy supplied above the rated capacity: it is the total
amount of energy (in kWh) supplied by a transformer above
its rated capacity for all the time slots in one day.
C. User Types
To study the efficacy of our charging mechanism, we consider conservative and risk-taking users. Both types estimate
their duration of stay based on their information, but report
their estimation after a slight modification. This modification is
necessary as they may not know precisely when their EV will
be used again. In particular, conservative users add a positive
offset to their estimation so that they reduce the chance of
declaring a deadline before their actual deadline when their
estimation is not precise. This helps this type of users to
maintain a better reputation in the system. Unlike conservative
users, risk-taking users subtract a non-negative offset from
their estimation, running the risk of ruining their reputation
if the actual deadline is after their declared deadline.
Figure 5 presents the difference between these user types.
We consider historical discrepancy data for the past 3 days and
take their average to compute ∆e . To obtain each discrepancy,
we have to model how EV drivers predict their deadline. We
sample their prediction from a Gaussian distribution which
has the same mean as the true deadline and σ = 0.5. To
simulate conservative (risk-taking) users, we add (subtract) a
positive number, δ, to (from) the predicted deadline, where
δ is sampled from a Gaussian distribution with µ = 3 and
σ = 0.5 (in hours). This gives us the user-specified deadline.
Based on these two user types, we develop four scenarios:
(a) Scenario A: both types of EV drivers are present in the
system (50% of population each) and all the other parameters
(arrival times and locations) are sampled as described earlier,
(b) Scenario B: is similar to Scenario A except that the arrival
times and connection points of EVs are chosen in such a way
that the first transformer is congested, (c) Scenario C: only
conservative users are in the system, and (d) Scenario D: only

Fig. 6: Substation loading at different time slots for centralized, GPA and SGPA. The horizontal (purple) dashed line
represents the rating of the substation transformer.

Fig. 7: Comparing performance of different algorithms for
conservative and risk-taking users (Scenario A).

risk-taking users are in the system. In the first two scenarios,
we assume that risk-taking users have lower reputation compared to the conservative users when the simulation starts.
D. Scenario A
Figure 6 shows the substation transformer’s loading for centralized, GPA, SGPA, and baseline algorithms. The congestion
period is from 6:00pm to 9:00pm. It can be readily seen that,
for most of the time, GPA and SGPA follow the centralized
solution. Note that LLF and EDF policies are quite similar to
the centralized solution so we do not show them in this figure.
Figure 7 compares the performance of different algorithms
considering the first two performance metrics presented in
Section V-B. The centralized algorithm outperforms leastlaxity-first and earliest-deadline-first both in terms of fairness
and percentage of EVs with ≥ 90% SoC for both conservative
and risk-taking users. Moreover, the performance gap between
two types of users for the centralized algorithm is higher
than baseline algorithms. This indicates that our centralized
mechanism can better differentiate between the two types
of users than baseline algorithms. Both of the distributed
algorithms follow the power allocation of the centralized
algorithm most of the time. That said, our mechanism (SGPA)
follows the centralized solution more closely than GPA. We
attribute this to the faster convergence of this algorithm.
E. Scenario B
To investigate the performance of our proposed methods
during congestion, we study a scenario in which 54 EVs
(27 conservative and 27 risk-taking) arrive at same time
(i.e., 9:00am) to charging stations that are fed by the same
distribution transformer (i.e., the first distribution transformer).
The initial SoC (5%) and claimed charging duration (8 hours)
are the same for all EVs. This ensures that the distribution
transformer is congested for a relatively long period of time.
However, conservative and risk-taking users stay in the system
for 7 and 9 hours, respectively (hence, the discrepancy is
1 hour). Figure 8 and 9 depict the transformer loading for
different algorithms during the congestion period. Both SGPA

Fig. 8: Transformer loading over one day using centralized,
SGPA and GPA. The top plot is for a distribution transformer
and the bottom one is for the substation transformer.

Fig. 9: Transformer loading over one day using centralized,
LLF and EDF. The top plot is for a distribution transformer
and the bottom one is for the substation transformer.
and GPA (as well as LLF and EDF) follow the centralized
algorithm, though they exhibit some fluctuations.
Figure 10 shows the performance of all the algorithms in
this scenario. The centralized algorithm, just as SGPA and
GPA, assigns a higher priority to conservative users because
of their better reputation. In fact for the centralized algorithm,
all the EVs are charged up to 80% of their capacity by the end
of the simulation. However, LLF and EDF algorithms provide
more power to risk-taking users than our proposed algorithms

Fig. 10: Comparing performance of different algorithms for
conservative and risk-taking users (Scenario B).

Fig. 12: 95% convergence analysis of SGPA and GPA for a
specific time slot (7:00 pm) for scenario A. Here the initial
points for both algorithms are same
TABLE I: Energy supplied above the rated capacity of a
transformer. In Scenarios A, C and D, the values are calculated
for the substation; In Scenario B, it is computed for the first
distribution transformer.
Scenario
Scenario
Scenario
Scenario

Fig. 11: Comparing performance of different algorithms for
conservative and risk-taking users (Scenarios C and D).
as they neglect their reputation.
F. Scenario C & D
Figure 11 compares the performance of different algorithms
in Scenarios C and D, which consist of only conservative and
risk-taking users, respectively. As expected, when all the users
belong to the same category, our mechanism does not differentiate between them. Here, the difference in performance
between the two types is merely due to the different laxity
values they have.
G. Analyzing the Rate of Convergence
Figure 12 compares the rate of convergence of SGPA and
GPA. This analysis is done for a time slot (7:00pm) in Scenario
A when the network is congested. Here, convergence is defined
as the event when the total power allocated by SGPA (or
by GPA) reaches 95% of the total power allocated by the
centralized algorithm. As the step-size becomes larger, GPA
converges in fewer iterations. Interestingly, SGPA converges
after less than 8 iterations, irrespective of the step size.
H. Excursion from the Rated Capacity
When the network is congested, SGPA and GPA may
overshoot the target, thereby loading the transformer above
its rated capacity temporarily. Table I shows the total energy
(in kWh) supplied above the rated capacity of the substation

A
B
C
D

Energy supplied above the rated capacity
SGPA
GPA
70.58 kWh
52.81 kWh
5.78 kWh
2.28 kWh
58.50 kWh
46.96 kWh
93.51 kWh
48.14 kWh

transformer by centralized, SGPA and GPA for Scenarios A, C
and D. For Scenario B, we examine the first distribution transformer which is expected to be overloaded. As expected, both
SGPA and GPA overload the transformer for a short period of
time; SGPA results in slightly higher overloading which we
attribute to its higher responsiveness. In any case, this level
of overloading is not problematic because transformers can be
loaded above their rated capacity for a short period of time
without being excessively overheated.
VI. C ONCLUSIONS AND F UTURE W ORK
This paper presents a deadline-aware, reputation-based, proportionally fair and efficient power allocation to EV charging
stations connected to a power distribution network. This power
allocation is determined in real time by individual charging
stations using a decentralized algorithm which converges
rapidly to the available capacity of the network. The proposed
algorithm has a lower communication overhead as it utilizes
the power system instead of sending explicit messages from
charging stations to nodes installed in the network. Hence the
only communication that is necessary is for sending congestion
signals to the charging stations. We show through extensive
simulations that our algorithm tracks the available capacity of
the network, favors conservative users (with better reputation),
and is as efficient as a centralized control algorithm. We
also prove that the scaled gradient projection algorithm has
quadratic convergence under some conditions.
Our work has several limitations that we plan to address in
the future. Specifically, we assume that the hessian matrix of
the dual objective function is almost diagonal at the optimum
point in Theorem A.1. We have not verified whether this
assumption holds in practice; nevertheless, our simulations

have so far shown the superior rate of convergence over
the first-order gradient projection algorithm. We intend to
perform extensive experiments with data obtained from a
real test system to further corroborate our theoretical results
in future work. Furthermore, the weight function defined in
Section IV-A can have other forms. The design of an incentive
compatible mechanism is deferred to future work. Lastly,
we use the DC approximation of power flow in distribution
systems and therefore cannot address voltage problems that
may occur as a result of charging a large number of EVs.
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A PPENDIX
A. Vector and Matrix Norms
Let x be a d dimensional vector, A be a symmetric d × d
matrix, A0 be its transpose and k.kk be a vector norm (or
an induced norm for matrices). From Reference [35] we have
these propositions:
√
√
1) kxk1 ≤ d kxk2 ≤ d kxk1
2) kAxk ≤ kAk kxk
3) kABk ≤√kAk kBk [Let B be a d × d matrix]
4) kAk1 ≤ d kAk2
5) kAk∞ = kA0 k1 = kAk1
2
6) kAk2 ≤ √
kAk∞ kAk1 √
7) kAk1 ≤ d kAk2 ≤ d kAk1
Proposition 7 is derived from Propositions 4, 5, and 6.
B. Projections
In (9), we use a matrix projection which can be written as:
η

[A] = arg min kA − Dk2
D∈D

where D is the set of diagonal matrices whose diagonal
components are greater than or equal to a small positive
number η. More precisely:

D = D ∈ Rd×d |D is diagonal and, [D]ll ≥ η > 0, ∀l
η −1

η

1
η,

It is easy to verify that [A] is invertible, [[A] ] ≤
and
D is a nonempty and closed convex set. Hence, this projection
is non-expansive [See [35], Page 211, Proposition 3.2.:(c)]:
η

η

k[A] − [B] k2 ≤ kA − Bk2 =⇒
√
√
η
η
d k[A] − [B] k2 ≤ d kA − Bk2 =⇒
√
η
η
k[A] − [B] k1 ≤ d kA − Bk1

(13)

Similarly in (8), we use a projection that can be written as:
+

[λ] = arg min kλ − µk2
µ∈C



d

where C = µ|µ ∈ R , µ  0 . This projection is also nonexpansive. Thus, we have:
+

+

[λ] − [µ]

2
+

+

[λ] − [µ]

1

≤ kλ − µk2 =⇒
√
≤ d kλ − µk1

(14)

C. Quadratic Convergence of SGPA
Theorem A.1. Let g(λ) be a twice
continuously differentiable

function in the domain C = λ ∈ Rd |λ  0 , λ∗ ∈ C be a
point such that ∇g(λ∗ ) = 0, H(λ) be the Hessian matrix,
η
D(λ) = [H(λ)] be a diagonal matrix, and the following
assumptions hold:
(i) the Hessian matrix is diagonal and invertible at λ∗ , i.e.,
η
H(λ∗ ) = [H(λ∗ )] for some small η;
(ii) there exist constants L > 0, θ > 0 such that ∀λ, µ ∈ D
we have kH(λ)−H(µ)k1 ≤ L kλ − µk1 if kλ − µk1 ≤ θ.
h
−1
i +
Now if λ(k+1) = λ(k) −γD λ(k)
∇g λ(k)
and γ → 1
then we have the following:

1)

λ(k+1) − λ∗

2)

λ(k+1) −λ∗ < λ

1

≤

L
η
(k)



γ

√

d

2
∗

−λ

+d



, if

2
1
λ(k) −λ∗ 1<  γ √dη 
+d L

λ(k) − λ∗

2

Proof. The proof idea is similar to [41]. For convenience we
use the following notation: λ := λ(k) , Ht := H(λ∗ + t(λ −
λ∗ )), H ∗ := H(λ∗ ), D := D(λ), D∗ := D(λ∗ ), ∇g := ∇g(λ)
and ∇g ∗ := ∇g(λ∗ ). Based on (14) and (13) we have the
following derivation:
kγHt − Dk1 = kγHt − γH ∗ + γH ∗ − Dk1
≤ γ kHt − H ∗ k1 + kγH ∗ − Dk1
≤ γ kHt − H ∗ k1 + kH ∗ − Dk1 + (1 − γ) kH ∗ k1
≈ γ kHt − H ∗ k1 + kH ∗ − Dk1
∗ η

∗

as γ → 1
η

= γ kHt − H k1 + k[H ] − [H] k1
√
≤ γ kHt − H ∗ k1 + d kH ∗ − Hk1
√
≤ γL kt(λ − λ∗ )k1 + dL kλ − λ∗ k1

√ 
= γt + d L. kλ − λ∗ k1

(15)

Let φ(t) = ∇g (λ∗ + t (λ − λ∗ )). Then φ0 (t) = Ht .(λ − λ∗ )
and
Z 1
∇g − ∇g ∗ = φ(1) − φ(0) =
Ht .(λ − λ∗ )dt
(16)
0

Based on the propositions and equations, we have the following derivation:
√
λ(k+1) − λ∗ ≤ d λ(k+1) − λ∗
1
2
√
+
(k+1)
∗ +
− [λ ]
= d λ
since [λ∗ ] = λ∗
2
√ 
+
+
= d λ − γD−1 ∇g − [λ∗ ]
2
√
≤ d λ − γD−1 ∇g − λ∗ 2
√
= d λ − λ∗ − γD−1 (∇g − ∇g ∗ ) 2
Z 1
√
γHt .(λ − λ∗ )dt
= d λ − λ∗ − D−1
0
Z 1
 2
√
= d D−1
(γHt − D).(λ − λ∗ )dt
0
Z 1
2
√
−1
∗
≤ d D
(γHt − D).(λ − λ )dt)
√

−1

Z

0
1

1
∗

kγHt − Dk1 kλ − λ k1 dt
Z 1
√
kγHt − Dk1 dt
= d D−1 kλ − λ∗ k1
0
Z 1
√
√ 
≤ d D−1 kλ − λ∗ k1
γt + d L. kλ − λ∗ k1 dt
0
Z 1
√ 
√
2
= d D−1 kλ − λ∗ k1
γt + d Ldt
0
!
√
γ d
−1
∗ 2
= D
kλ − λ k1
+d L
2
≤

d D

0

≤

!
√
γ d
L
2
+d
kλ − λ∗ k1
2
η

(17)

< kλ − λ∗ k1

(18)

We have
kH(λ) − H(µ)k1 = max
=

Note that (17) and (18) prove the first and second parts of the
theorem, respectively.

D. Values of d and L
Here d is the dimension of λ or equivalently the number
of transformers in the system. As we use the IEEE 33-bus
system, d = 33 in our test system. To find the value of L, we
first list the following definitions and propositions:
X
∂g
Tek x∗e
= ak −
∂λk
e
X
X
∂2g
∂x∗
(x∗ )2
=
=−
Tek e =
Tek Tel e
∂λk ∂λl
∂λl
we
e
e

gk =
gkl

(19)

M = max {Me }
e
X
e
Tel0
L = max

(23)

l

l0

|glk (λ) − glk (µ)|

let, k be the argmax

l

= k∇gk (λ) − ∇gk (µ)k1
eE
e
2M 3 L
≤
kλ − µk1
2
w
eE
e
2M 3 L
=⇒ L =
2
w
Hence in our test network, the parameters should be set as
follows:
• γ →1
eE
e
2M 3 L
• L=
w2
• d = 33
E. Proof of Descent Direction Update
λ(k+1) = λ(k) − γSD−1 ∇g

(20)
(21)

e

X

|glm (λ) − glm (µ)|

l

The projection in (8) can be written as

∇gk = (gk1 , gk2 , . . . , gkd )
X
∂3g
2(x∗e )3
0
gkll0 =
=
−
T
T
T
ek
el
el
∂λk ∂λl ∂λ0l
we2
e
w = min {we }
e
X
e
Tel
E = max

X

m

(22)

(24)

e

Here, S is a diagonal matrix defined as follows:
(
(k)
1,
if γ[D−1 ∇g]i ≤ λi
(k)
Sii =
λi
(k)
if γ[D−1 ∇g]i > λi
γ[D −1 ∇g]i ,

(26)

This matrix scales each component of the vector, γD−1 ∇g,
to project the difference (i.e., λ(k) − γD−1 ∇g) on the positive
orthant. Since SD−1 is a non-negative diagonal matrix, the
direction, −γSD−1 ∇g, is a descent direction.

Note that, the charge power, xe (so the dual objective function,
g) is not rigorously differentiable for all, λ  0. It is because of
the projection we use on xe (11) changes abruptly at xe = Me .
We can approximate this sharp change by a smooth function.
In that case, xe and g will become differentiable at all points
and (19), (20) and (22) will hold. Also from (11), gkl and gkll0
will be zero, if P wTeel λl > Me .

F. Convergence Rate Analysis

Now we show that ∇gk is Lipschitz continuous (i.e.
k∇gk (λ) − ∇gk (µ)k1 ≤ L kλ − µk1 ) by showing that the
corresponding Hessian, [Hk ]ll0 = gkll0 , is bounded, i.e.,
kHk k1 ≤ L:


From (18) it is evident that, near λ∗ , the sequence, λ(k)
converges to λ∗ (i.e., limk→∞ λ(k) − λ∗ 1 → 0). From (17)
we have:
!
√
λ(k+1) − λ∗ 1
γ d
L (k)
≤
+d
λ − λ∗
(k)
∗
2
η
1
λ −λ 1

Definition: We say that a sequence of real vectors {vk }
converging to v ∗ , has a super-linear rate of convergence (under
a vector norm, k.k) if
kvk+1 − v ∗ k
=0
k→∞ kvk − v ∗ k
lim

l

kHk k1 = max
l

X

|gkll0 | ≤

l0

X
e

Tek Tel Tel0

2(x∗e )3
we2

=⇒ lim

k→∞

2 X
≤ 2
Tel Tel0 (x∗e )3
since Tek ≤ 1
w e
XX
2M 3
≤
max
Tel Tel0
l
w2
e
l0
3
X
2M 3
e ≤ 2M L
eE
e =⇒
max
Tel L
≤
2
2
l
w
w
e
k∇gk (λ) − ∇gk (µ)k1 ≤

2M 3 e e
LE kλ − µk1
w2

λ(k+1) − λ∗
λ(k) − λ∗

1

=0

1

Moreover, the rate of convergence of a sequence is quadratic
if
kvk+1 − v ∗ k
lim
<C
k→∞ kvk − v ∗ k2

(25)

for some positive constant C. From (17) 
it is easy to show
that this condition holds for the sequence, λ(k) , and hence
it converges quadratically to λ∗ .

