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Abstract
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sensitivity is stronger under weaker investor protection. Our model also illustrates that
outside shareholders’ free-rider motives make the controlling shareholder optimally keep
his ownership constant over time, consistent with the empirical evidence (La Porta et al.
(1999)). In equilibrium, the entrepreneur’s ownership is more concentrated under weaker
investor protection.

JEL Classification: E22, G31, G32;

Keywords: Investor protection; agency costs; overinvestment; ownership; Tobin’s q; free
rider.

∗We thank Mike Barclay, Bernie Black, Steve Grenadier, Yaniv Grinstein, Bob Hall, Ross Levine, Roni
Michaely, Erwan Morellec, Tom Sargent, John Shoven, Jerry Zimmerman, and seminar participants at Cornell
and Rochester. The first author thanks John Shoven for his insightful supervision.

†Department of Economics, Stanford University, Stanford, CA 94305. Email: yclan@stanford.edu. Tel.:
650-725-8894.

‡Corresponding author. William E. Simon School of Business Administration, University of Rochester,
Rochester, NY 14627. Email: wang@simon.rochester.edu; Tel.: 585-275-4896.



1 Introduction

In most countries, large publicly traded companies are not widely held as depicted in Berle

and Means (1932), but rather have controlling shareholders. These controlling shareholders

often are members of firms’ founding families and are entrenched (La Porta et al. (1999) and

Claessens et al. (2000)). They have power to pursue private benefits of control at the expense

of minority shareholders, within the constraints imposed by investor protection including cor-

porate laws and their enforcement. The recent “law and finance” literature following Shleifer

and Vishny (1997) and La Porta et al. (1998) argues that the expropriation of minority share-

holders by the controlling shareholder is at the core of agency conflicts in most countries and

thus the extent of investor protection is an important determinant of corporate finance and

governance around the world. Among other empirical findings, this literature documents that

under weaker investor protection, (i) private benefits of control are higher (Zingales (1994),

Dyck and Zingales (2003), and Nenova (2003)); (ii) dividend payout is smaller (La Porta

et al. (2000a)); (iii) firm value is lower (La Porta et al. (2002) and Claessens et al. (2002));

(iv) corporate ownership is more concentrated (La Porta et al. (1999) and Claessens et al.

(2000)); and (v) financial markets are smaller and less developed (La Porta et al. (1997) and

Demirgüc-Kunt and Maksimovic (1998)).1

While much empirical evidence in support of the importance and effects of investor pro-

tection has been discovered,2 there has been limited work focusing on the intertemporal im-

plications of investor protection. Particularly, how investor protection affects firm’s dynamic

investment decisions and thus changes firm value have not been formally analyzed either the-

oretically or empirically. On the other hand, the enormous amount of work on corporate

investment in both corporate finance and macroeconomics argues that firm’s investment de-

cision plays the most essential role in the determination of firm value. Although not modeled

explicitly nor tested empirically, the importance of dynamic investment as a channel for pri-

vate benefits has indeed been widely noted in the investor protection literature. For example,

La Porta et al. (2000a) state that agency problems manifest themselves primarily through
1See La Porta et al. (2000b) for a survey on “law and finance” literature. While the “law and finance”

literature started with cross-country studies, recently there has been some work analyzing whether within-
country variation in corporate governance across firms affect firm values. See Gompers et al. (2003) and Black
et al. (2003) for example.

2For example, both Journal of Financial Economics (JFE) and Journal of Financial and Quantitative Analy-
sis (JFQA) have devoted special issues to international corporate governance. See JFE (2003) volume 58,
numbers 1-2, and JFQA (2003) volume 38, number 1. Also see the edited NBER book Concentrated Corporate
Ownership by Professor Randall Morck. The vast majority of papers in these special issues and the collected
volume are empirical.
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non-value-maximizing investment choices in some countries, particularly wealthy common law

countries, such as the U.S. and the U.K. Because it is very difficult for a third party such

as the court to verify that the controlling shareholder has taken sub-optimal investment de-

cisions for the firm in order to pursue his own private benefits, penalizing the controlling

shareholder based on his investment decisions is effectively infeasible. This naturally provides

the controlling shareholder additional incentives to distort capital accumulation decisions.

We acknowledge the effect of investor protection on investment and firm value in a dynamic

environment by integrating the intertemporal neoclassical Tobin’s q theory3 with the modern

corporate finance literature. In our model, the controlling shareholder, also referred to as the

entrepreneur, dynamically chooses his ownership in the firm, the level of private benefits and

investment for the firm each period in a capital accumulation model with adjustment costs.

In our model, the controlling shareholder’s net private benefits of control increase in firm size.

Therefore, he naturally has incentives to grow the firm at a rate that is larger than the socially

optimal, in order to increase his future private benefits. This gives rise to an empire building

outcome (Jensen (1986)).4 Empire building in this paper is an outcome of the controlling

shareholder’s attempt to acquire future private benefits, and is not due to the assumption

that the controlling shareholder values investment more than outside shareholders do. The

degree of investor protection mitigates the extend to which the entrepreneur has incentives to

overinvest. We derive closed-form solutions for the firm’s investment decisions and the implied

Tobin’s q. The analytically convenient framework substantially simplifies our study of the

effect of investor protection on ownership structure, intertemporal investment and firm value.

In addition to generating predictions that are consistent with all five empirical findings

(i) − (v) mentioned earlier, our model also provides new testable empirical implications on

investment. For example, our model predicts that investment is more sensitive to firm’s cash

flow even after controlling for firm’s investment opportunity set using q, when legal investor

protection is weaker. The intuition is as follows. Weaker investor protection gives rise to

a larger agency costs measured by the difference between the entrepreneur’s value function

and his share of firm value. Not surprisingly, firm cash flow is correlated with any measures

of agency cost. As a result, investment-cash flow sensitivity may simply arise when there is

a conflict of interest between the controlling shareholder and outside minority shareholders.
3See Brainard and Tobin (1968) and Tobin (1969) for seminal work on q theory. Abel (1979) and Hayashi

(1982) show that the neoclassical model with convex adjustment costs yields a q-model, and thus provides an
intertemporal optimization framework supporting Tobin’s q theory.

4For further development of Jensen’s idea on managerial preference of empire building, see Stulz (1990),
Harris and Raviv (1990), Hart and Moore (1995), Zwiebel (1996), and Morellec (2003). An important precursor
of using debt as a disciplinary devise is Grossman and Hart (1982).
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Similarly, the incentive alignment argument suggests that investment-cash flow sensitivity is

larger when the entrepreneur’s ownership is smaller, ceteris paribus.

In an influential and pioneering study on firm investment, Fazzari et al. (1988) (FHP)

regress firm’s investment-capital ratio on Tobin’s q and cash flow. They find that the coefficient

for cash flow in such a regression is positive and significantly different from zero. They conclude

that this empirical result thus rejects the neoclassical investment literature5 and argue that

costly external financing constraints faced by firms may explain the observed investment-cash

flow sensitivity.6 An alternative explanation to the empirically observed investment-cash flow

sensitivity is the possibility that Tobin’s q may be a poor proxy for marginal q7 and even

Tobin’s q may be poorly measured.8 We provide an agency theory-based explanation to the

investment-cash flow sensitivity. Love (2003) finds that stronger legal investor protection

substantially reduces investment distortions supporting our theory.

In addition to the empirical predictions on investment-cash flow sensitivity, our model also

provides an explanation to the empirical finding that the controlling shareholder’s ownership

in the firm is quite stable over time (La Porta, López-de-Silanes, and Shleifer (1999) and

La Porta et al. (2002)). Indeed, our model predicts that the controlling shareholder has

no incentives to change his ownership over time due to the free-rider problem of outside

shareholders. Grossman and Hart (1980) consider a similar free-rider problem of minority

shareholders in the corporate takeover context.9 The intuition of our results is as follows. If

the controlling shareholder decides to purchase shares from outside shareholders, those outside

shareholders anticipate that agency conflicts will be smaller after the controlling shareholder’s

share purchase due to his better aligned ownership incentive. Anticipating the increase of

firm value, outside shareholders will only tender their shares at the after -purchase equilibrium

price. This implies that the controlling shareholder will have to bear the loss of private benefits
5The key underlying assumption of that literature is that firm is a value-maximizing entity following Jorgen-

son (1963) and Hall and Jorgenson (1967). The Euler equation behind the neoclassical investment literature
essentially states that the marginal cost of installing capital is equal to the present discounted value of all
future marginal product revenues of the newly installed capital. The modern neoclassical investment theory is
synonymous to the theory of Tobin’s q, following Brainard and Tobin (1968) and Tobin (1969).

6For more on the theoretical foundation and empirical evidence on the relationship between investment-cash
flow sensitivity and financing constraints, see Kaplan and Zingales (1997) and the rejoinders Fazzari et al.
(2000) and Kaplan and Zingales (2000).

7Note that the neoclassical investment theory has predictions on investment-capital ratio and marginal q.
However, marginal q is not observed. Therefore, empirical researchers often use Tobin’s q as a proxy for marginal
q.

8Poterba (1988) is the first to point out the potential implications of measurement error on investment-cash
flow sensitivity. See Erickson and Whited (2000), Gomes (2001) and Alti (2003) for recent contributions on
measurement error.

9See Pagano and Roell (1998) for similar intuition.
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associated with a higher concentrated ownership without receiving any personal gains from

the increase of firm value. As a result, the controlling shareholder has no incentives to increase

his ownership. Similar logic shows that he also has no incentives to decrease his ownership in

the firm.

Finally, we study the net effects of investor protection on agency costs by taking the en-

dogeneity of ownership into account. We show that there are two offsetting effects of investor

protection on agency costs. The relative strength of these two forces depends on the sensitiv-

ity of the change in the entrepreneur’s endogenous ownership with respect to the change in

investor protection, which we may derive explicitly. Weaker investor protection implies higher

agency costs for existing firms, holding the entrepreneur’s ownership fixed. We dub this chan-

nel the “direct” effect of investor protection. However, two technologically identical firms will

have different degrees of concentrated ownership under different degrees of investor protection.

Weaker investor protection implies that the entrepreneur raises a smaller amount of capital

from outside shareholders. This is the underinvestment problem at the initial financing stage.

Because outside shareholders earn competitive rates of return on their investments, the en-

trepreneur receives all the rents generated from the raised funds. Therefore, the entrepreneur

contributes all his own wealth into the firm and raises as much capital as possible from outside

investors. As a result, weaker investor protection gives rise to more concentrated ownership.

A smaller divergence between cash-flow rights and control rights implies lower agency costs,

ceteris paribus (Jensen and Meckling (1976)). We dub the effect of investor protection via

endogenous ownership on agency costs the “indirect” effect. We show that the indirect effect

is the strongest for investment and the weakest for direct cash diversion. This is consistent

with the observations that outright theft is quite common in countries with weak investor

protection (where the direct effect is more dominant), and overinvestment is often observed in

wealthy common law countries such as the U.S. (where the indirect effect may be relatively

more important).

Our work is most closely related to La Porta et al. (2002), Shleifer and Wolfenzon (2002)

and Himmelberg et al. (2002). La Porta et al. (2002) provide a static model to explain their

empirical findings of lower firm values in countries with weaker investor protection. Shleifer

and Wolfenzon (2002) present a static model of an entrepreneur going public in an environ-

ment under imperfect investor protection, by using the “crime and punishment” framework of

Becker (1968) to model investor protection in an agency environment of Jensen and Meckling

(1976). The driving force of both papers’ results is the direct cash diversion by the controlling

shareholder for his private benefits. Our model extends La Porta et al. (2002) and Shleifer
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and Wolfenzon (2002) by acknowledging that the investment decision is a primary channel for

the controlling shareholder to pursue his private benefits (La Porta et al. (2000a)). The con-

trolling shareholder’s ability to overinvest intertemporally lowers firm value beyond the direct

cash diversion effect as in La Porta et al. (2002) and Shleifer and Wolfenzon (2002). Our

model provides an analytically tractable intertemporal framework to study the relationship

among investor protection, dynamic investment and firm value. Himmelberg et al. (2002)

propose a two-period model with imperfect investor protection in which the cost of capital is

determined endogenously. In their model, the risk-averse entrepreneur determines his own-

ership by trading off the benefit of diversification with the cost of raising capital. A smaller

ownership concentration yields a larger diversification benefit for the entrepreneur, but bigger

agency costs and thus a higher cost of capital. Unlike Himmelberg et al. (2002), our paper

focuses on how investor protection affects firm value via cash diversion and investment in a

dynamic environment. That is, we study the cash-flow effect, not the discount-factor effect, of

investor protection on firm value and endogenous ownership.

The remainder of the paper is organized as follows. Section 2 introduces the setting of

our dynamic model. Section 3 provides a natural benchmark of a neoclassical investment

model without agency costs for future comparison with our agency model. Section 4 analyzes

the effect of investor protection on investment distortions and implied investment-cash flow

sensitivity. Section 5 derives the optimal ownership of the controlling shareholder and analyzes

the total effect of investor protection on agency costs, taking the endogeneity of ownership into

account. Section 6 concludes. Appendices supply related derivations and proofs.

2 The Model

We introduce the modern agency theory into the neoclassical paradigm of intertemporal in-

vestment. While this neoclassical Tobin’s q framework serves as the benchmark in studies

of dynamic investment (Hubbard (1998)), it ignores the effect of agency conflicts on invest-

ment. On the other hand, the corporate finance literature on investment has largely focused

on agency conflicts in the static environment (Stein (2001)). While the corporate finance

literature has studied both underinvestment and overinvestment problems extensively in the

literature, these static models naturally are not capable of analyzing the effect of agency con-

flicts on intertemporal investment. In reality, firms’ investment decisions are dynamic and

directly affect firm value. Indeed, the core of the neoclassical investment literature is the link

between intertemporal investment and Tobin’s q. Furthermore, investment decisions may be
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distorted intertemporally when the entrepreneur pursues his private benefits. In this paper,

we propose an intertemporal model to study the effect of agency conflicts on dynamic invest-

ment and firm value. We focus on the agency conflict between the controlling shareholder and

outside minority shareholders, because much empirical work shows that this conflict is the

primary one in most countries around the world (La Porta et al. (2000a, 2000b)).

Consider a firm with a single controlling shareholder. Theoretically, there are two offsetting

effects of a concentrated ownership on firm value: alignment and entrenchment effects.10 This

paper, like most other papers in the “law and finance” literature, assumes that the entrepreneur

faces no control challenge and is fully entrenched, even when his cash-flow ownership in the

firm is small.11 Therefore, the entrenchment effect is at the maximum level in our model and

increasing the entrepreneur’s ownership only raises firm value, ceteris paribus. Empirically, La

Porta et al. (1999) document that the control of a firm is often heavily concentrated in the

hands of a founding family in many countries. The entrepreneur often controls a higher fraction

of votes than of cash flow rights, by owning shares with superior voting rights, ownership

pyramids, cross ownership, and controlling the board.12 Let α denote the entrepreneur’s cash-

flow ownership in the firm.13 The entrepreneur makes investment decisions for the firm and

also chooses the level of private benefits for himself.

We assume that the infinitely-lived entrepreneur may set up a firm by accessing to a

constant-return-to-scale technology at time 0. For technical convenience, we cast the model

in continuous time. The technology allows the firm to produce gross output at the rate of

fK, using the firm’s capital stock K. The capital stock accumulates at the rate of chosen

investment I, and depreciates at a constant rate of δ > 0, in that

dKt = (It − δKt) dt. (1)

The assumption of the adjustment cost is both empirically plausible and widely adopted

in the investment literature.14 Specifically, we assume that the adjustment cost takes the

following functional form:

Φ(I,K) =
θ

2

(
I

K

)2

K =
θ

2
i2 K, (2)

10See Morck, Shleifer, and Vishny (1988) and McConnell and Servaes (1990) for the U.S. evidence on both
effects on firm value. See Stulz (1988) on managerial control of voting rights and firm value.

11See Zingales (1995), Bebchuk (1999), La Porta et al. (2002) and Shleifer and Wolfenzon (2002).
12See Bebchuk, Kraakman, and Triantis (2000) for example.
13La Porta et al. (2002) state that the entrepreneur’s ownership is extremely stable over time. Later, we

show that keeping the ownership constant is optimal for the entrepreneur.
14See Mussa (1977), Hayashi (1982), and Abel (1983) for early work on adjustment costs. See Caballero

(1999) for a recent survey on aggregate investment and Hubbard (1998) for a survey on empirical investment
research.
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where i = I/K is investment-capital stock ratio and the parameter θ > 0 measures the

magnitude of the adjustment cost. Note that the adjustment cost function given in (2) is

homogeneous of degree one in capital stock K and investment I. The homogeneity assumption

of the adjustment cost is standard in the investment literature and substantially simplifies our

analysis without losing the key economic intuition.15 Together with the assumption of constant

returns to scale, Tobin’s marginal q, which contains information about investment decisions, is

equal to Tobin’s average q, which is the ratio of the firm value to the replacement cost of capital.

Our model is an example that meets the condition for the equality between Tobin’s average

q and marginal q (Hayashi (1982)). Finally, we suppose that an infinitely-lived representative

investor has a time rate of preference that is equal to the interest rate r > 0.

Because of agency costs, firm profits are not shared on a pro rata basis among shareholders.

Indeed, the entrepreneur can divert a part of the firm’s gross output for his own private benefits.

This socially inefficient usage of funds may take a variety of forms such as excessive salary,

transfer pricing, employing unqualified relatives and friends, to name just a few.16 In general,

expropriation is costly to both the firm and the entrepreneur.17 Pursuing private benefits

is more costly when investor protection is stronger, ceteris paribus. We model the degree of

investor protection by using a cost function. If the entrepreneur diverts fraction s of the gross

revenue Π = fK, then he pays a cost C(s,Π) given by

C(s,Π) =
η

2
s2 Π. (3)

The above quadratic form of the cost function builds on the cost function of La Porta et al.

(2002).18 The cost function (3) is increasing and convex in the fraction s of gross output

that the entrepreneur diverts for private benefits. The cost function (3) captures the intuition

that it is more costly to divert a larger fraction for private benefits. Furthermore, the cost

of diverting a given fraction s of cash from a larger firm is assumed to be higher, because a

larger amount sΠ of gross output is diverted. That is, we suppose ∂C(s,Π)/∂Π > 0. Note

that the cost function (3) is quite similar to the adjustment cost function (2), in that the

cost of diversion C(s,Π) is homogenous of degree one in the diverted amount sΠ and firm’s

gross revenue Π before entrepreneur’s diversion. We interpret the parameter η as a measure

of investor protection following La Porta et al. (2002). A higher η implies a larger marginal
15See Hayashi (1982), Abel (1983) and Hubbard (1998), for example.
16See Barclay and Holderness (1989) for early work on the empirical evidence in support of private benefits

of control.
17See Burkart, Gromb, and Panunzi (1998) and La Porta et al. (2002).
18Shleifer and Wolfenzon (2002) model a stronger investor protection with a larger probability that the

manager is caught with diverting cash.
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cost ηΠ of diverting cash for private benefits. We choose the specific functional form (3)

for the cost of diversion and the sequence of diverting and investing in order to capture the

intuition behind the entrepreneur’s incentive to overinvest in an analytically convenient and

plausible way. In the nutshell, the model predicts that the net marginal benefit of capital

to the manager is higher than the net marginal benefit to the outside minority shareholders,

because the entrepreneur’s total private benefits increase in firm size.

When investor protection is imperfect (η < ∞), the entrepreneur naturally has incentives

to divert some cash for his private benefits. Moreover, the entrepreneur’s ability to choose the

evolution of the size of the firm gives him an additional channel through which to pursue his

private benefits. The dividend paid out by the entrepreneur to shareholders is given by

Yt = fKt − It − Φ(It,Kt) − st fKt , (4)

where Φ(It,Kt) is the adjustment cost and the last term deducted from (4) is the total amount

of output diverted from the firm by the entrepreneur as private benefits. The entrepreneur’s

total cash flow M is then given by the sum of his entitled dividend and his private benefits of

control less the cost of diversion, in that

Mt = αYt + stΠt − C(st, Πt). (5)

Note that the entrepreneur only benefits from the portion diverted from outside shareholders,

not his own portion α of the firm. We may re-write (5) as follows:

Mt = (α + (1 − α) st) Πt − [α (It + Φ(It,Kt)) + C(st,Πt)] . (6)

The first term on the right-hand side of (6) is the gross cash inflows, from both the entre-

preneur’s equity ownership and the diverted cash from outside minority shareholders. The

second term is the total cost paid by the entrepreneur, including his shares of total investment

costs (I + Φ(I,K)) and the cost of diversion C(st,Πt). The entrepreneur solves the following

optimization problem:

max
s, I

∫ ∞

0
e−rt Mt dt, (7)

subject to the flow-of-funds equation (6) and a limited capital stock growth condition (8):

lim
T→∞

e−rT KT = 0 . (8)

Let U(K) denote the entrepreneur’s value function when the firm’s capital stock is K. The

entrepreneur’s value function U(K) solves the following Bellman equation:

r U(K) = max
s,I

M + (I − δK) U ′(K) . (9)
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The left-hand side of (9) is the flow measure of the entrepreneur’s utility. The right-hand

side includes both the current cash flow M to the entrepreneur and his marginal benefit of

net installed capital. The entrepreneur’s intertemporal optimality states that he chooses a

total fraction s of gross output to divert and investment rate I in his own interest to equate19

the two sides of (9). While the chosen levels of s and I are optimal from the entrepreneur’s

perspective, they are not in the interests of outside shareholders.

The following theorem summarizes key results of the optimization problem (7).

Theorem 1 The entrepreneur’s value function is linear in capital stock, in that U(K) = uK,

where

u = α(1 + θ i), (10)

and the optimal investment-capital ratio i = I/K is given by

i = (r + δ) −
√

(r + δ)2 − 2
θ

[(1 + ζ)f − (r + δ)], (11)

where

ζ =
(1 − α)2

2ηα
. (12)

The optimal fraction s of gross output to be diverted is given by

s = ξ ≡ 1 − α

η
. (13)

Appendix A contains a detailed proof for the theorem.

Before analyzing the implications of investor protection on investment distortions, we first

sketch out the model’s predictions when investor protection is perfect.

3 First-Best Benchmark: Perfect Investor Protection

When investor protection is perfect, the entrepreneur does not pursue any private benefits be-

cause the marginal cost of diverting any cash is infinity. Thus, the entrepreneur maximizes his

utility via his shareholdings in the firm. That is, he behaves in the interest of outside minority

shareholders. Appendix A shows that under perfect investor protection, the investment rate

is optimal in that I∗ = i∗K, where the first-best investment-capital ratio i∗ is given by

i∗ = r + δ −
√

(r + δ)2 − 2
f − (r + δ)

θ
. (14)

19This statement requires an interior solution, which is our case.

9



Given the investment-capital ratio i∗, the first-best dividend payout level is Y ∗ = y∗K, where

y∗ =
Y ∗

K
= f − i∗ − θ

2
i∗2. (15)

Therefore, we may write firm value as Q∗(K) = q∗K, where

q∗ = 1 + θi∗ , (16)

and i∗ is given in (14). We note that Tobin’s marginal q is then equal to Tobin’s average q

(Hayashi (1982)). For the rest of this paper, we refer to it as Tobin’s q without danger of

confusion. Tobin’s q in excess of unity (q∗ − 1) is proportional to the optimal investment-

capital ratio i∗ and measures the firm value per unit of capital stock. A higher productivity f

implies a larger level of gross investment, which in turn gives a higher Tobin’s q.

Having studied the first-best benchmark, we next turn to the analysis of investment deci-

sions and firm value when investor protection is imperfect.

4 Model Implications under Imperfect Investor Protection

This section studies how investor protection affects agency costs, for example, measured in

reduction of firm value. We then use an argument analogous to that of Grossman and Hart

(1980) in the corporate control context to show that it is optimal for the entrepreneur to keep

his ownership constant over time, consistent with empirical evidence documented in La Porta

et al. (1999). Finally, we show that our model generates predictions linking to the investment-

cash flow sensitivity literature following Fazzari, Hubbard, and Petersen (1988) (henceforth

FHP). Specifically, our model predict that investment-cash flow sensitivity is stronger, in

countries with weaker investor protection and lower entrepreneur’s ownership, ceteris paribus.

4.1 Agency costs

First, we briefly discuss the model’s implication on cash diversion. The fraction s of gross

output diverted by the entrepreneur for private benefits varies with respect to both ownership

α and the degree η of investor protection. There is less expropriation of minority shareholders

in environments with stronger investor protection, in that ds/dη = −1 − α/η2 = −ξ/η < 0.

A larger ownership α discourages the entrepreneur’s interest of pursuing private benefits,

because a smaller payoff goes to the entrepreneur, for a given fraction s to be diverted for

private benefits. This can be seen from ds/dα = −1/η < 0. The intuition for the determinant

of the fraction s of cash diversion is essentially the same as in La Porta et al. (2002).

The next proposition summarizes the implication of Theorem 1 on investment.
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Proposition 1 The entrepreneur overinvests compared with the first-best no-agency level i∗

given in (14), in that i > i∗. The investment-capital ratio i is decreasing in both the degree η

of investor protection and ownership α, in that di/dη < 0, and di/dα < 0.

We may show the overinvestment result by re-writing the investment-capital ratio i of (11) in

terms of the first-best investment-capital ratio i∗ of (14) as follows:

i = r + δ −
√

(r + δ − i∗)2 − 2ζf

θ
> i∗ . (17)

The intuition for overinvestment is as follows. The private benefits of control not only

provide direct incentives for the entrepreneur to divert cash away from the firm’s productive

usage, but also encourage the entrepreneur to overinvest, because his private benefits increase

in firm size. Empire building in this model arises endogenously from the private benefits of

controlling the firm (Jensen (1986)). While the entrepreneur has incentives to build a firm

larger than the socially optimal, his cash-flow ownership in the firm mitigates his incentive to

do so (Jensen and Meckling (1976)). Behaving in his own interest, the entrepreneur trades off

benefits with costs of overinvestment.

Allen et al. (2002) argue that China provides a counter example to the predictions of the

“law and finance” literature. They note that China has weak investor protection both in terms

of the legal system and enforcement, but has grown at a high rate since the open-door reform

policy in late 1970s. Proposition 1 shows that a higher degree of agency costs caused by a

weaker investor protection may be consistent with a socially suboptimal larger growth rate

(Recall that ∂i/∂η < 0).

Next, we turn to the properties of dividend payout and firm value. La Porta et al. (2000a,

2002) document that firms pay more dividends and firm values are higher in countries with

stronger investor protection. Our model predicts a smaller dividend payout y and a lower

Tobin’s q for firms under weaker investor protection in an intertemporal setting.

By substituting the investment-capital ratio i of (11) and the fraction s of cash diversion

into (4), we have the firm’s payout Y = y K, where

y = (1 − ξ) f −
(

i +
θ

2
i2

)
. (18)

In a deterministic environment such as ours, firm value Q(K) is simply given by the present

discounted value of all future cash flows, in that

Q(K) =
∫ ∞

0
e−rt Yt dt =

∫ ∞

0
e−rt yK(t) dt =

∫ ∞

0
e−rty e(i−δ) tK dt = q K,
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where

q =
y

r + δ − i
(19)

is both marginal q and Tobin’s (average) q. Equation (19) is a version of the Gordon dividend

growth model, with endogenous dividend yield y and dividend growth rate (i − δ).

In La Porta et al. (2002) and Shleifer and Wolfenzon (2002), Tobin’s q is given by the one-

period rate of return on the project after deducting the amount diverted away from the firm by

the entrepreneur for his private benefits. Therefore, firm value reduction only reflects the effect

of direct cash diversion, not the distorted effects of investment decisions. Unlike theirs, our

model predicts that the fraction of firm value reduction is greater than the fraction of direct

cash diversion, because the entrepreneur also distorts the firm’s intertemporal investment

decision. Formally, we have

q =
(1 − ξ)f − i − θi2/2

r + δ − i
< (1 − ξ)

f − i − θi2/2
r + δ − i

< (1 − ξ) q∗, (20)

where the first inequality is obvious and the second inequality follows from the optimality of i∗

under perfect investor protection. Therefore, the percentage of firm value reduction (q∗−q)/q∗

in an intertemporal setting is larger than the fraction ξ. Intuitively, the entrepreneur can

pursue his private benefits not only by directly diverting cash, but also by distorting firm’s

intertemporal investment decisions. Therefore, firm value is reduced by the effect of direct

cash diversion as shown in (20).

The next proposition states comparative static results on the dividend payout y and the

Tobin’s q.

Proposition 2 The dividend-capital ratio y is lower than y∗, in that 0 < y < y∗. Tobin’s q

is less than q∗ of (16). Moreover, both y and Tobin’s q are increasing in investor protection η

and ownership α .

Proposition 2 states that the dividend payout is lower when investor protection is weaker. This

prediction is consistent with the empirical evidence documented in La Porta et al. (2000a).

Proposition 2 also predicts that Tobin’s q is higher under stronger investor protection, consis-

tent with the empirical evidence documented in La Porta et al. (2002) and Claessens et al.

(2002). A higher entrepreneur’s ownership provides a better incentive alignment between the

entrepreneur and outside minority shareholders; therefore, it leads to a higher Tobin’s q, ceteris

paribus.
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4.2 Investor Protection and Investment-Cash Flow Sensitivity

The neoclassical investment model predicts that the value-maximizing firm equates the mar-

ginal cost of adjusting firm’s capital stock with marginal q, the present discounted value of all

expected future marginal product of capital. With a reasonable parameterization for the ad-

justment cost and the additional assumption that marginal q may be reasonably well measured

without much error, the neoclassical investment model predicts that investment-capital ratio,

(which essentially captures marginal adjustment cost), shall only be predicted by marginal

q. While the argument behind the neoclassical investment model is logical and theoretically

sound, a large empirical investment literature following the pioneering and influential work by

FHP finds that investment-capital ratio is predicted by cash flows, even after controlling for

firm’s investment opportunity set using q. This empirical evidence thus rejects the neoclassical

investment model and calls for alternative models of investment.

The most popular explanation of the investment-cash flow sensitivity is financing con-

straint, originally proposed by FHP. FHP argue that costly external financing may arise if the

manager is more informed than outside investors and outside investors are concerned about

the lemons problem. Kaplan and Zingales (1997) argue that investment-cash flow sensitivi-

ties do not provide useful measures of financing constraints, by showing that investment-cash

flow sensitivity does not necessarily increase with the degree of financing constraint even in

a static model. Kaplan and Zingales (1997) use quantitative and qualitative information ob-

tained from company annual reports to classify firm’s degrees of financing constraint and find

that investment decisions of the least financially constrained firms are the most sensitive to

the availability of cash flow, contrary to previous literature following FHP.20 An alternative

explanation to the investment-cash flow sensitivity is that Tobin’s q is poorly measured and

may not be a good proxy for marginal q.21

We next show that our model has natural implications on the relationship between invest-

ment and cash flow. Importantly, our model generates new testable empirical implications

across firms under different degrees of investor protection. This is to which we turn next.

Because the entrepreneur’s objective is to maximize his own utility, naturally, even in the

absence of financing constraint, as in our model, we shall not expect that the neoclassical

investment-Euler equation to hold. With the objective of linking the investment decision to
20For more on the debate between FHP and Kaplan-Zingales, see the rejoinders in Kaplan and Zingales (2000)

and Fazzari, Hubbard, and Petersen (2000).
21Poterba (1988) was the first to point out the potential importance of measurement error in q on investment-

cash flow relationship. See Erickson and Whited (2000), Gomes (2001) and Alti (2003) for more on measurement
error.
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Tobin’s q, we may re-write (11) as follows:

i =
1
θ

(q − 1 + AC) . (21)

where AC is a measure of agency cost and is given by

AC =
1
α

(u − αq) =
(

1 − α2

2η

)
f

r + δ − i
. (22)

When investor protection is perfect, the entrepreneur’s utility is simply given by his share of

firm value, in that u∗ = αq∗. This simply reflects that fact that the entrepreneur’s decision-

making rights do not bring him any private benefits and thus he acts in the interests of outside

minority shareholders (AC = 0). When investor protection is imperfect, the entrepreneur may

divert firm’s resource for private benefits, implying AC > 0. We may relate investment to

cash flow by re-writing (21) as follows:

i =
1
θ

(q − 1) + β × CF , (23)

where CF = (1 − ξ)f is the cash flow and the investment-cash flow sensitivity coefficient β is

given by

β =
(

1 − α2

2ηα

)
1

(1 − ξ)(r + δ − i)
. (24)

Therefore, our model predicts that investment is sensitive to cash flow, even though firm faces

no financing constraint and there is no measurement error for Tobin’s q. (Note that by con-

struction, Tobin’s q is marginal q in our model.) That is, by construction, our model controls

for the two effects mentioned in the extant literature on investment-cash flow sensitivity.

We show theoretically that investment-cash flow sensitivity will naturally arise under weak

investor protection. Moreover, our theory has direct empirically testable predictions. Specifi-

cally, it predicts that the investment-cash flow sensitivity decreases with the level of investor

protection and ownership, in that dβ/dη < 0 and dβ/dα < 0, respectively. The intuition is as

follows. Under weaker investor protection, the controlling shareholder is able to expropriate

more from outside minority shareholders, thus implying a larger degree of agency cost. Sim-

ilarly, our model also has the empirical implication that a larger concentrated entrepreneur’s

ownership helps mitigate the agency cost and thus lowers the degree of investment-cash flow

sensitivity.22

In a recent cross-country study, Love (2003) uses the investment Euler equation approach

to show that better financial development lowers the distortions of firm investment. She notes
22However, we remind readers the caveat that ownership is endogenously determined by the legal environment,

as shown in Section 5.
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that financial development might simply capture the effects of legal investor protection to a

large extent, because the legal protection investors receive determines their readiness to finance

firms and thus the legal environment has large effects on the level of financial development,

as forcefully argued and documented in La Porta et al. (1997, 1998). Not surprisingly, she

finds that a stronger investor protection implies a lower degree of investment inefficiency, when

she replaces financial development variables with various legal indicators such as the efficiency

of the legal system, the rule of law, the risk of expropriation, corruption, and legal origin.

Moreover, she finds that the effects of legal indicators on investment are significant at the 1%

level, even when both financial development variables and legal indicators are included. In

summary, her results provide strong support for our theory on the effect of investor protection

on reducing firm investment inefficiency.23

So far, we have assumed that the entrepreneur’s ownership is exogenously given and does

not change over time. However, the entrepreneur and outside shareholders may want to

adjust their shareholdings over time. Firm value accordingly changes with the entrepreneur’s

ownership in the firm. The next subsection provides a dynamic analysis of ownership structure.

4.3 An Envelope Result and a Free-Rider Problem

La Porta et al. (2002) argue on page 1165 that “ownership patterns are extremely stable,

especially outside the United States, and are shaped largely by histories of the companies

and their founding facilities.” In this paper, we provide an explanation for this empirically

observed stable ownership for the entrepreneur over time.24

The argument in support of a stable entrepreneur’s ownership is quite similar to that of

Grossman and Hart (1980) in the corporate control context. Purchasing shares from outside

shareholders helps align the entrepreneur’s incentives with outside shareholders’, and thus

gives the entrepreneur more incentives to increase firm value. Anticipating this positive cash-

flow incentive effect of a higher entrepreneur’s ownership, outside shareholders will only tender

their shares at the higher equilibrium price after the entrepreneur’s purchase of the new shares.

Because all outside shareholders are infinitesimal and think the same way, the collective action

of outside minority shareholders leads to a free-rider problem that prevents efficiency-improving

transaction from happening.

Before formalizing the intuition behind the free-rider argument, we first provide an intuitive

and useful result linking the entrepreneur’s utility to Tobin’s q. Specifically, we show that the
23Her empirical analysis is built on a structural model in which the firm is a value-maximizing entity and

faces financing constraints.
24See Holderness and Sheehan (1988) for the U.S. evidence on stable ownership of large shareholders.
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slope= q(α′)

Figure 1: Illustration of the free-rider problem

marginal change of the entrepreneur’s utility-capital ratio with respect to his ownership is

equal to the Tobin’s q, in that u′(α) = q(α). With a slight abuse of notation, we use u(x) and

q(x) to denote the functional forms of entrepreneur’s utility-capital ratio u and Tobin’s q with

respect to the entrepreneur’s ownership x.

Proposition 3 The entrepreneur’s utility gain with respect to an incremental change of his

ownership α is equal to Tobin’s q, in that

u′(α) =
du

dα
= q(α). (25)

The intuition behind Proposition 3 is as follows. Because the entrepreneur chooses the fraction

of cash diversion and firm’s investment decisions in his self interest, the reduction of both the

fraction of the entrepreneur’s cash diversion and the degree of overinvestment caused by a small

change in the entrepreneur’s ownership has no first-order effects on the entrepreneur’s utility.

As a result, the “total” change of the entrepreneur’s utility, u(α+∆α)−u(α), associated with

an incremental increase ∆α in his ownership, is equal to the “direct” effect, holding s and i

fixed at the levels originally chosen by the entrepreneur. The “direct” effect of an increase of

the entrepreneur’s ownership from α to α+∆α is simply an increase in the amount of q(α)∆α

for the entrepreneur’s utility-capital ratio u. In summary, the above line of logic implies that

approximately u(α+∆α)−u(α) ≈ q(α)∆α. Taking the limit of ∆α to zero gives u′(α) = q(α).

We assume that the entrepreneur can not trade anonymously. This assumption is rea-

sonable, because insiders in general are required to report their trading activities to security

regulators in advance. We also assume that market participants have rational expectations
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about the effect of the entrepreneur’s trading activities on the share price. Figure 1 plots the

entrepreneur’s utility-capital ratio u against his ownership α. Note that the slope of the curve

u(α) is equal to Tobin’s q(α) (see Proposition 3). Figure 1 helps illustrate the intuition be-

hind the outside shareholder’s free rider motive. The entrepreneur does not have incentives to

change his ownership from α to α′ because his payment to outside shareholders q(α′)(α′−α) is

larger than his utility gain u(α′)−u(α). This is a free-rider problem, similar to the one in the

corporate takeover context (Grossman and Hart (1980)). The entrepreneur is held up from

increasing his ownership because he receives no private rewards (associated with increased

share prices) and incurs a partial loss of his private benefits. Similarly, Figure 1 also demon-

strates that the entrepreneur will not sell his shares to the market either. This is because

the payment he receives is not enough to compensate for his utility loss u(α′) − u(α). In

summary, the entrepreneur will not change his shareholdings of the firm at all due to minority

shareholders’ free-rider problem. This provides one explanation to the empirical observation

that the concentration of the entrepreneur’s ownership is quite stable over time (La Porta,

López-de-Silanes, and Shleifer (1999) and La Porta et al. (2002)), namely, the entrepreneur is

locked up from changing his ownership.

We have analyzed the effects of investor protection on investment, firm value and ownership

structure in a deterministic setting. The deterministic model allows us to deliver the intuition

behind our results in a simplest possible setting. Next, we extend our analyses to incorporate

the effect of the business cycle on investment when investor protection is imperfect.

4.4 Investor Protection, Investment and the Business Cycle

We model the business cycle with a regime-switching (RS) model, following Hamilton (1989).

For technical convenience, we cast the model in continuous time. Let S(t) denote the regime

at time t. Let N be the total number of regimes. Let the current regime S(t) be n. Over

a small time interval ∆t, the conditional probability of switching from the current regime n

to a new regime m 6= n is given by λn,m∆t.25 The rest of the model specification remains

the same as in Section 2 after noting that the productivity shock f is now a function of the

current regime. We assume that the entrepreneur observes the underlying regime n, and thus

knows the current level of productivity shock level f(S(t)), when making investment and cash
25Because the probability of staying in one of the N regimes at any time has to add up to unity, the probability

of not changing the regime over the time period ∆t is thus given by
(
1 −

∑
m 6=n λn,m∆t

)
. We may collect

λn,m for all n and m together to form the transition rate matrix Λ, whose (n, m)th element is λn,m. Note that
the diagonal element is negative and is given by λn,n = −

∑
m 6=n λn,m. (The sum of each row is equal to zero

for transition rate matrix.) The transition rate matrix Λ is the continuous-time counter part of the transition
probability matrix in discrete-time models.
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diversion decisions.26

Let the entrepreneur’s value function be U(K,n). The entrepreneur’s optimality implies

that the Hamilton-Jacobi-Bellman (HJB) equation for his decisions is given by

rU(K,n) = sup
s,I

{
M + D(s,I)U(K,n)

}
, (26)

where

D(s,I)U(K,n) = (I − δK) UK(K,n) +
∑

m 6=n

λnm (U(K,m) − U(K,n)) . (27)

The term D(s,I)U(K,n) captures the expected changes of the entrepreneur’s value function

per unit of time, induced by both instantaneous changes of capital stock and the expected

changes of underlying productivity shocks. The HJB equation (26) states that the flow measure

of the entrepreneur’s value function (rU(K,n)) on the left-hand side is equal to the sum of

payments M (including both cash-flow rights and private benefits) received by the entrepreneur

and the expected changes of the entrepreneur’s value function. Appendix D shows that the

entrepreneur’s utility is proportional to the level of capital stock K, in that U(K,n) = unK,

where the proportionality coefficient un depends on the underlying regime n.

The entrepreneur’s optimal level of cash diversion sn = ξ, same as the rule in the deter-

ministic setting. Intuitively, the entrepreneur diverts more when investor protection is weaker

or his ownership is less concentrated. The investment-capital ratio choice in is given by

in =
1
θ

(un

α
− 1

)
, (28)

where un is the utility-capital ratio in regime n. We may solve for the utility-capital ratios in

all regimes by using (D.4) in Appendix D. As a result, our model may be calibrated to yield

empirical predictions on the degree of firm’s investment distortions over the business cycle.

So far, we have analyzed the effects of investor protection on investment and firm value in

a dynamic setting. In all analyses, we have taken the initial ownership concentration as given.

However, the entrepreneur’s initial ownership is endogenous and depends on the degree of

investor protection. Therefore, we naturally need to incorporate the dependence of ownership

on investor protection when analyzing the “total” effects of investor protection on agency costs.

The next section provides a theory of endogenous ownership. For analytical convenience, we

study the determination of the entrepreneur’s ownership using the deterministic model.
26See Guo, Miao, and Morellec (2003) for a model of irreversible investment with regime-switching shocks.
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5 Endogenous Ownership

La Porta et al. (1999) and Claessens et al. (2000) document that ownership is more con-

centrated under weaker investor protection. La Porta et al. (1997) and Demirgüc-Kunt and

Maksimovic (1998) find that financial markets are smaller and less developed in countries with

weaker investor protection. This section provides explanations to these empirical findings by

extending the agency model of Section 4 to allow for endogenous ownership. This section’s

analyses proceed in two steps. Subsection 5.1 shows that there exists an underinvestment

problem in that agency conflicts lead to a more concentrated ownership and a smaller size of

firm’s initial capital stock, consistent with the empirical evidence mentioned above. Subsec-

tion 5.2 then analyzes the implications of endogenous ownership. Specifically, we study the

“total” effects of investor protection on agency costs, by recognizing that ownership is more

concentrated under weaker investor protection.

5.1 Underinvestment

Let X0 be the initial wealth of the entrepreneur. He chooses amount Ke ≤ X0 of his wealth to

invest in the firm.27 Following Zingales (1995), Bebchuk (1999), and Shleifer and Wolfenzon

(2002), we assume that the entrepreneur retains the control of the firm even after his initial

share offering. That is, there is no control challenge from outside shareholders.28 The amount

of additional capital Km that he raises from the external equity market will be determined by

the market equilibrium condition. Because outside shareholders receive the competitive rate

of return r, we have

Km = (1 − α) q(α)K0 , (29)

where K0 is the firm’s initial capital stock and the right-hand side of (29) is the total firm

value held by outside shareholders and the left-hand side is the total fund outside shareholders

contribute to the firm. Note that K0 is equal to the sum of Km and Ke:

K0 = Km + Ke. (30)

The entrepreneur chooses Ke and ownership α to maximize his time-0 utility given by

V = X0 − Ke + u(α)K0, (31)
27In general, the entrepreneur can borrow certain amount from the bank. We shall interpret X0 as the sum

of his own wealth and the amount he can borrow from the bank at rate r.
28A sizable literature deals with optimal ownership structures of firms under different degrees of private

benefits of control. See Grossman and Hart (1988), Harris and Raviv (1988), Bebchuk (1999), Wolfenzon
(1999), and Bennedsen and Wolfenzon (2000). Stulz (1988) analyzes the effect of managerial control of voting
rights on firm value and financing policies.
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subject to

Ke ≤ X0, (32)

K0 = m(α)Ke , (33)

where

m(α) =
1

1 − (1 − α) q(α)
. (34)

Constraint (32) states that capital contributed by the entrepreneur must be lower than his

endowed wealth X0. Equation (33) is obtained by substituting (29) into (30). For every

unit of capital that the entrepreneur invests in his firm, the outside shareholders contribute

(m(α) − 1) > 0 units of capital to make total m(α) units of capital in the firm. Naturally, we

dub m(α) the capital-stock multiplier. The entrepreneur’s ownership α satisfies (1−α) q(α) <

1. Therefore, the capital-stock multiplier is positive and finite. Note that we solve for the

entrepreneur’s time-0 decisions by backward induction. That is, his optimal cash diversion and

investment decisions are already incorporated into the objective function (31). Substituting

(33) into (31) gives

V = X0 + (u(α) m(α) − 1) Ke. (35)

Taking the derivative of (35) with respect to Ke gives

∂V

∂Ke
= −1 + u(α)m(α) = (w(α) − 1) m(α) . (36)

Equation (36) implies that ∂V /∂Ke > 0, for w(α) > 1. Hence, the entrepreneur invests

all his personal wealth X0 in the firm.29 Therefore, the firm’s initial capital stock is given

by K0 = m(α)X0 and the entrepreneur’s time-0 utility is given by V = (w(α) − 1)m(α)X0.

Intuitively, there are two factors affecting the entrepreneur’s utility V : the “quantity” effect,

captured by m(α), and the “value” effect, captured by (w(α) − 1). Inequality w(α) > 1

ensures that the firm’s project is still of sufficiently high quality and the surplus per unit of

capital (w(α)− 1) is positive even in the presence of agency costs.30 Because outside minority

shareholders break even and the entrepreneur receives all the surplus, the project that will be

funded under perfect investor protection (i.e. q∗ > 1) will also receive outside financing under
29We do not consider diversification benefits due to risk aversion. See Himmelberg et al. (2002) for such an

analysis and implications on cost of capital. Also see Castro et al. (2002) for an optimal contracting approach
on investor protection and growth with risk-averse agents in an overlapping generations model.

30One sufficient, but not necessary condition for w(α) > 1 is that firm value (per unit of capital) is larger
than unity (q(α) > 1), in that w(α) = u(α) + (1 − α)q(α) ≥ αq∗ + (1 − α)q(α) ≥ q(α) > 1 . However, even if
q(α) < 1, we may still have w(α) > 1, provided that u(α) is large enough. If w(α) ≤ 1, then the total value
added from implementing the project is non-positive, and thus the firm will not be set up.
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weaker investor protection.31 This is because the endogenous ownership α adjusts to ensure

w(α) > 1, for the project whose value under the first-best benchmark is larger than unity.32

However, the size of the outside funds naturally depends on investor protection.

In summary, the restrictions on the entrepreneur’s optimal ownership are given by (1 −
α) q(α) < 1 < w(α) . The left inequality states that firm size in equilibrium is finite. The

right inequality requires the project to have a positive surplus to the entrepreneur. The

entrepreneur’s problem now is to choose his ownership α in order to maximize

u(α)m(α)X0 = X0 + (w(α) − 1) m(α)X0 . (37)

First, we present the result that the multiplier m(α∗) must decrease in α∗ in the next propo-

sition.

Proposition 4 The outside capital (m(α)− 1)K0 decreases in the entrepreneur’s ownership,

in that m′(α∗) < 0.

Proof A higher α implies (i) a mechanically smaller outside ownership 1 − α; and (ii) a

higher Tobin’s q. We note that (i) and (ii) have opposite effects on the capital-stock multiplier

m(α). At the entrepreneur’s chosen level α∗, we claim that (i) dominates (ii) and leads to

m′(α∗) < 0. We prove this statement by contradiction. If this were not true, then the

entrepreneur should increase his chosen ownership a bit from the current level, because doing

so yields a higher u for each unit of the firm’s capital (∂u/∂α > 0), and also raises a larger

amount of outside equity, (a higher capital-stock multiplier m). Therefore, the entrepreneur’s

time-0 utility V = umX0 is larger, ceteris paribus. This leads to the contradiction that α∗ is

optimally chosen by the entrepreneur.

We now return to the entrepreneur’s optimization problem (37). The next proposition

summarizes the entrepreneur’s first-order condition (FOC).

Proposition 5 At the entrepreneur’s chosen level of ownership α∗, we have

u′(α∗)
u(α∗)

= −m′(α∗)
m(α∗)

=
w′(α∗)

w(α∗) − 1
. (38)

This proposition states that the entrepreneur’s optimality implies that the percentage increase

of his utility-capital ratio u is equal to the percentage reduction of the capital-stock multiplier
31Note that we may use first-best benchmark firm value q∗ and f interchangeably as measures of productivity,

because q∗ is a strictly monotonic function in f .
32The intuition is as follows. For projects with q∗ = 1, there will be no outside financing (α = 1), because

w(1) = q∗ and w′(α) > 0. For projects with q∗ > 1, the entrepreneur is able to raise some amount of outside
funds and still satisfy w(α) > 1 by the monotonicity and continuity of w(α).
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m and is also equal to the percentage increase of social surplus (w − 1), associated with an

increase of ownership α. Appendix C provides details for the verification of the corresponding

second-order condition (SOC).

Our model also predicts that incumbent entrepreneurs oppose improving investor pro-

tection, while future entrepreneurs who want to receive financing for their projects support

improving investor protection. For incumbent entrepreneurs, a stronger investor protection

lowers their private benefits,33 (∂ u/∂ η < 0). Outside minority shareholders gain from im-

proved investor protection, because of smaller distortions in investment and higher firm value.

Future entrepreneurs benefit as well from a stronger investor protection, because they are able

to (i) raise a larger amount of capital and (ii) generate a higher social surplus w − 1 for each

unit of capital. Both (i) and (ii) increase their time-0 entrepreneur’s value function V . The

following proposition formalizes this intuition.

Proposition 6 The future entrepreneur gains from an improvement of investor protection:

dV

dη
=

∂V

∂η
=

[
∂w

∂η
m +

∂m

∂η
(w − 1)

]
X0 > 0 .

The next theorem summarizes the underinvestment result. The entrepreneur’s endogenous

ownership is larger and the amount of equity raised is smaller, when investor protection is

weaker. This is consistent with the empirical evidence documented in La Porta et al. (1997),

La Porta et al. (1999), Claessens et al. (2000), and Kumar et al. (2001).

Theorem 2 The optimal entrepreneur’s ownership in the firm decreases in the degree η of

investor protection, in that dα∗/dη < 0. Both the firm’s external equity market size Km and

the firm’s initial size K0 increase in η, in that dKm/dη = dK0/dη > 0.

In order to highlight the intuition of the results, it is helpful to go through the following

arguments. Consider two levels of investor protection η1 and η2, with η1 < η2. Let α1 and α2

be the corresponding entrepreneur’s optimal ownership. Appendix C shows that the marginal

effect of ownership α on time-0 value function V is smaller, when investor protection is stronger,

in that Vαη < 0. This implies Vα(α1; η1) > Vα(α1; η2). Recall that the entrepreneur’s optimality

implies Vα(α1; η1) = Vα(α2; η2) = 0. Therefore, we have

0 = Vα(α2; η2) = Vα(α1; η1) > Vα(α1; η2) . (39)
33Related work includes Bebchuk and Roe (1999), La Porta et al. (2000b), Rajan and Zingales (2003), and

Shleifer and Wolfenzon (2002).
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Because Vα decreases in ownership α (Vαα < 0) for a given level of investor protection,34 (39)

implies α1 > α2. This proves that the entrepreneur holds a less concentrated ownership in the

firm, under stronger investor protection, ceteris paribus. Shleifer and Wolfenzon (2002) prove

a similar result in a static model.

5.2 Total Effects of Investor Protection

Recall that Section 4 shows that agency costs decrease in both investor protection and entre-

preneur’s ownership, ceteris paribus. Theorem 2 demonstrates that ownership itself is endoge-

nously determined by the degree of investor protection. Therefore, in order to analyze the

total effects of investor protection on agency costs, we need to incorporate both the effect of

investor protection on agency costs (holding ownership fixed as in Section 4), and the effect

of endogenous ownership. Note that (i) ownership is optimally chosen by the entrepreneur as

a function of the degree of investor protection; and (ii) ownership concentration also affects

agency costs.

For illustrative purposes, let us first analyze the total effects of investor protection on

investment i. Taking a total differentiation of investment i with respect to η gives

di

dη
=

∂i

∂η
+

∂i

∂α

dα

dη
, (40)

where the first term on the right-hand side may be dubbed the direct effect and the second

term via ownership the indirect effect. The direct effect reflects how investor protection affects

investment i, holding ownership α fixed. The indirect effect reflects how ownership is affected

by investor protection (Theorem 2) and the subsequent effect of endogenously chosen ownership

on investment. We note that the direct and indirect effects work in opposite directions, because

∂i/∂α < 0, ∂i/∂η < 0 (Proposition 1), and ownership is less concentrated under stronger

investor protection (dα/dη < 0).

Equation (40) implies that the investment-capital ratio i is smaller under stronger investor

protection (di/dη < 0), if and only if the following holds:

dα

dη
> − ∂i/∂η

∂i/∂α
. (41)

For notational convenience, let ε denote the elasticity of outside ownership (1−α) with respect

to the degree of investor protection, in that

ε =
d log (1 − α )

d log η
> 0,

34This is the necessary SOC, proved in Appendix C.
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where ε > 0 follows from Theorem 2. It is straightforward to show that (41) is equivalent to

the following statement:

ε =
d log (1 − α)

d log η
<

∂i/∂η

∂i/∂α

(
η

1 − α

)
=

α

1 + α
≡ εi .

That is, investment i is smaller under stronger investor protection, if and only if outside

ownership elasticity with respect to investor protection is less than εi = α/(1 + α). Provided

that ownership structure is not too sensitive to investor protection, (ε < εi), the indirect effect

of investor protection mitigates, but does not over-turn, the seemingly intuitive result that

stronger investor protection implies less overinvestment. Similar analyses can be done with

respect to the total effects of investor protection on cash diversion s, Tobin’s q and welfare-

capital ratio w. We summarize the main results on “total” effects of investor protection on

agency costs in the following proposition.

Proposition 7 Cash diversion s decreases in η, if and only if ε < εs = 1. Investment-capital

ratio i decreases in η, if and only if ε < εi = α/(1 + α). Tobin’s q increases in η, if and only

if ε < εq where εq is given in (C.29). Welfare-capital ratio w increases in η, if and only if

ε < εw, where εw is given in (C.31). The order of these threshold elasticities is given by

εi < εw < εq < εs = 1 . (42)

The entrepreneur pursues his private benefits by diverting cash and distorting investment

decisions. A higher elasticity ε implies that the sensitivity of the firm’s equilibrium ownership

structure with respect to investor protection is larger, and therefore indicates a bigger “indi-

rect” effect of investor protection on agency costs, ceteris paribus. Note that the threshold

elasticity εi for investment i is smaller than the threshold elasticity εs for cash diversion s. One

implication of εi < εs is the following. Consider two firms A and B with identical production

technology under different degrees of investor protection (ηA < ηB). It is conceivable in our

model economy to observe that the entrepreneur of Firm B diverts a lower fraction of firm

output, but invests more than the entrepreneur of Firm A does, in that 0 < sB < sA and

iB > iA > i∗. That is, the “indirect” effect of investor protection via ownership is stronger for

investment distortions than for direct cash diversion. Our model thus provides one explanation

to the anecdotal evidence that large outright theft is more common in countries with weaker

investor protection (sA > sB), however, overinvestment is quite common in countries such as

the U.S. with stronger investor protection (iB > iA).

The Tobin’s q and the welfare-capital ratio w capture effects of investor protection on

cash diversion and investment in a dynamic environment. For intermediate values of elasticity
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(εi < ε < εs), stronger investor protection implies less cash diversion (ds/dη < 0) and a larger

degree of overinvestment (di/dη > 0). Therefore, the signs of dq/dη and dw/dη are determined

by the outcome of the horse race between the effect through i and that through s. Because

The Tobin’s q and the welfare-capital ratio w are affected by both distortions (direct cash

diversion and overinvestment), threshold elasticities εq and εw for Tobin’s q and welfare w

must lie between εi and εs, in that εi < εq, εw < εs. That is, dq/dη > 0 if and only if ε < εq,

and dw/dη > 0 if and only if ε < εw. Finally, εw < εq is attributed to the fact that welfare is

a weighted average of the entrepreneur’s utility and Tobin’s q; and the entrepreneur’s utility

decreases in investor protection (∂u/∂ η < 0). Therefore, it is easier to have Tobin’s q increase

in η than to have welfare w increase in η. Recall that the incumbent entrepreneur benefits

from the weakness of investor protection.

In summary, our analyses on the “total” effects of investor protection deliver the following

two messages: (i) the indirect effect of investor protection via endogenous ownership weakens

the direct effect of investor protection on agency costs and can be quite substantial; (ii) and the

indirect effect of endogenous ownership has different degrees of impact on different measures

of agency costs, such as cash diversion, investment distortion, firm value reduction and the

welfare loss.

6 Conclusions

This paper provides a dynamic model of investment, firm value and ownership when investor

protection is imperfect. We show that the controlling shareholder pursues his private benefits

in two ways: (i) diverting cash away from the firm for his private benefits and (ii) overinvesting

today as so to increase his future perquisites. Because the entrepreneur’s net private benefits

in the future increase in the future size of the firm, the entrepreneur naturally has incentives

to distort investment decisions upward from the first-best no-agency level. The firm value is

reduced from the first-best no-agency level not only due to the direct cash diversion by the

entrepreneur, as captured in La Porta et al. (2002) and Shleifer and Wolfenzon (2002), but also

due to the entrepreneur’s dynamically inefficient overinvestment decisions. Overinvestment

lowers firm value because of mis-allocation of capital over time. Our model further predicts

that investment is sensitive to cash flow. However, the investment-cash flow sensitivity is not

due to costly external financing as commonly argued in the lierature nor to the measurement

error of Tobin’s q. Investment is sensitive to cash flow, because cash flow is correlated with the

degree of the entrepreneur’s private benefits. Moreover, our model predicts that investment is
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less distorted under stronger investor protection, consistent with empirical evidence.

We also show that the entrepreneur optimally chooses to keep his ownership concentration

unchanged over time, because no outside shareholders will tender their shares to the entrepre-

neur below the after-purchase equilibrium market price. This free-rider problem similar to the

one in the corporate control context (Grossman and Hart (1980)) means that the entrepreneur

has no incentives to reduce agency costs by increasing his ownership in the firm once the firm

is set up. Moreover, the entrepreneur’s future cash diversion and overinvestment decisions

limit his ability to raise outside equity and thus imply a higher ownership concentration under

weaker investor protection. Finally, we analyze the effects of investor protection on investment

decisions and firm value by incorporating the effect of endogenous ownership. We show that

there are two opposite effects of investor protection on firm value. A stronger investor protec-

tion implies a lower cash diversion and a smaller investment distortion. Both lead to higher

firm value, holding the entrepreneur’s ownership fixed. However, stronger investor protection

also leads to a less concentrated ownership and thus implies larger mis-alignments of incen-

tives between the controlling shareholder and outside minority shareholders. The net effect of

investor protection on agency costs depends on the magnitude of these two effects. We show

that cash diversion is the least sensitive, and the investment decision is the most sensitive to

the mitigating indirect effect of investor protection via ownership.
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Appendices

A Investment with Agency Costs of Section 4

This appendix provides the proof for the investment-capital ratio given in (11). When investor

protection is imperfect, the entrepreneur derives utility from both his shareholdings in the firm

and private benefits of controlling the firm.

The following conditions are imposed in order to allow us to focus on economically mean-

ingful cases for the solutions of (9).

Condition 1 Investor protection is not too weak, in that η has a lower bound given by

η > 1 − α.

Condition 1 rules out the trivial case in which the cost of pursuing private benefits is so little

that it is optimal for the entrepreneur to divert all output and leave outside shareholders with

nothing.

Condition 2 The productivity f of the project is not too high, in that f < f̄, where

f̄ =
1

1 + ζ

(
r + δ +

θ

2
(r + δ)2

)
=

f̄1

1 + ζ
< f̄1,

ζ is given in (12), and

f̄1 = r + δ +
θ

2
(r + δ)2 . (A.1)

The upper bound f̄ of f ensures that the transversality condition is satisfied for firm value

under candidate investment policies.

Let the value function for the entrepreneur be U(K). The corresponding Bellman equation

for the entrepreneur is

rU(K) = max
s, I

{
αY + sfK − C(s, fK) + (I − δK) U ′(K)

}
, (A.2)

where Y = fK − I − Φ(I, fK) − sfK is the dividend distributed to the shareholder. The

FOC with respect to s gives

(1 − α)fK = Cs(s, fK) = ηsfK. (A.3)

For quadratic cost of diverting cash for private benefits, fraction s of cash diversion is given in

(13). We are interested in the interior solution in which the fraction s of gross output diverted
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for private benefits is between zero and one. This holds under Condition 1. The FOC with

respect to investment rate I gives

α

(
1 + θ

I

K

)
= U ′(K). (A.4)

We conjecture that utility of the entrepreneur is linear in capital stock, in that

U(K) = uK, (A.5)

for some constant u. Equations (A.5) and (A.4) together give

i =
I

K
=

u − α

θα
. (A.6)

Substituting (13) and (A.6) into the Bellman equation (A.2) gives

θ

2
i2 − (r + δ) θi − (r + δ) + (1 + ζ) f = 0 , (A.7)

where ζ is given in (12). Solving (A.7) gives rise to

i = r + δ ±
√

(r + δ)2 − 2
θ

[(1 + ζ)f − (r + δ)]. (A.8)

Economically, a firm with higher productivity level f should invest more, in that ∂i/∂f > 0,

ceteris paribus. This suggests that we shall pick the smaller root of i in (A.8). That gives the

expression for the investment rule in (11). Under Condition 2, we have r + δ > i. Thus, the

transversality condition (8) is satisfied as shown below:

lim
T→∞

e−rT KT = lim
T→∞

e−rT e(i−δ)T K0 = lim
T→∞

e−(r+δ−i)T K0 = 0 . (A.9)

When investor protection is perfect (η = ∞), investment achieves first best. The corre-

sponding investment-capital ratio i∗ is given by (14).

B Proofs of Propositions

This appendix supplies proofs for propositions not proved in the text.

Proof of Proposition 1

Taking the derivative of investment-capital ratio i with respect to η gives

di

dη
= − (1 − α)2f

2(r + δ − i)θαη2
=

−ξ2f

2(r + δ − i)θα
< 0. (B.1)

Taking the derivative of investment-capital ration i with respect to α gives

di

dα
= − (1 − α2)f

2(r + δ − i)ηα2θ
= − (1 + α)f ξ

2(r + δ − i)α2θ
< 0. (B.2)
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Proof of Proposition 2

The following condition rules out those situations of very high agency costs.

Condition 3 Overinvestment cannot be too high, in that i < ī, where

ī =
1

1 + (r + δ)θ

[
2f − (r + δ) +

f(1 − α)(1 − 3α)
2η α

]
,

and i is investment-capital ratio given in (11).

Taking the derivative of dividend-capital ratio y with respect to η gives

dy

dη
=

∂y

∂s

ds

dη
+

∂y

∂i

di

dη
,

=
(1 − α)f

η2
+

(1 + θi)(1 − α)2f
2(r + δ − i)θαη2

> 0. (B.3)

Dividend-capital ratio y increases in entrepreneur’s ownership α, in that

dy

dα
=

f

η
+

(1 + θi)(1 − α2)f
2(r + δ − i)ηα2θ

> 0. (B.4)

Taking the derivative of Tobin’s q with respect to η gives

dq

dη
=

∂q

∂s

ds

dη
+

∂q

∂i

di

dη
,

=
ξf

η(r + δ − i)
+

(1 + α)f2ξ3

4α2(r + δ − i)3θ
> 0.

Similarly, Tobin’s q increases in entrepreneur’s ownership, in that

dq

dα
=

∂q

∂s

ds

dα
+

∂q

∂i

di

dα

=
f

(r + δ − i)η
+

(1 + α)2f2ξ2

4(r + δ − i)3α3θ
> 0.

Proof of Proposition 3

Optimality of the entrepreneur’s decisions implies

∂u

∂i
= 0 and

∂u

∂s
= 0. (B.5)

Total differentiation of u(α) gives

du(α)
dα

=
∂u

∂i

di

dα
+

∂u

∂s

d s

dα
+

∂u(α)
∂α

=
∂u(α)

∂α
, (B.6)

where the last equality follows from (B.5). We may write the entrepreneur’s utility-capital

ratio u as follows:

u =
1

r + δ − i

(
αy + ξ f − η

2
ξ2

)
. (B.7)
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Then, taking a partial derivative of u given in (B.7) with respect to α gives

∂u(α)
∂α

=
y

r + δ − i
= q(α) , (B.8)

where the last equality follows from (19). Therefore, (B.6) and (B.8) together imply the

envelope condition (25) : u′(α) = q(α).

C Proof of Results in Section 5

This appendix documents proofs of key results in Section 5.

Proof of Proposition 5

The definitions of u and w imply

u(α; η) = w(α; η) − (1 − α)q(α; η) = w(α; η) − 1 + 1 − (1 − α)q(α; η) . (C.1)

Taking the derivative of (C.1) with respect to α gives

u′(α; η) = w′(α; η) +
(
q(α; η) − (1 − α)q′(α; η)

)
. (C.2)

Recall that the FOC (38) implies

u′(α; η)
u(α; η)

=
q(α; η) − (1 − α)q′(α; η)

1 − (1 − α)q(α; η)
. (C.3)

Therefore, (C.2) and (C.3) together show

u′(α)
u(α)

= −m′(α)
m(α)

=
w′(α)

w(α) − 1
. (C.4)

The following argument is used in the proof. If (A+B)/(C +D) = B/D, for A, B, C, D, > 0,

then A/C = B/D. We set A = w′(α; η), B = q(α; η) − (1 − α)q′(α; η), C = w(α; η) − 1, and

D = 1 − (1 − α)q(α; η). Note that for the chosen A, B, C, and D, they are all positive.

Proof of Proposition 6

The first equality sign is due to the envelope condition, implied by the entrepreneur’s opti-

mality condition dV (α∗)/dα = 0, and the second equality results from total differentiation of

(37). We note that
∂m

∂η
= m2

[
(1 − α)

∂q

∂η
− q(α)

dα

dη

]
> 0,

where the inequality follows from ∂q/∂η > 0 (Proposition 2), and dα/dη < 0 (Theorem 2).

Using ∂w/∂η > 0 and ∂m/∂η > 0, we have dV/dη > 0.
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Verification of the SOC for (37)

Let us denote F (α, η) as the left-hand side of the FOC (38):

F (α; η) =
u′(α)
u(α)

+
m′(α)
m(α)

. (C.5)

We first prove that entrepreneur’s ownership α∗ is indeed globally optimal for the entrepreneur.

Taking the derivative of the left-hand side of FOC (38) with respect to α again gives the

following SOC:

∂ F (α; η)
∂ α

=
u′′(α)
u(α)

− u′(α)2

u(α)2
− m′(α)2

m(α)2
+

m′′(α)
m(α)

, (C.6)

=
q′(α)
u(α)

− 2m′(α)2

m(α)2
+

m′′(α)
m(α)

, (C.7)

=
q′(α)
u(α)

− m′(α)
m(α)

[
−m′′(α)

m′(α)
+

2m′(α)
m(α)

]
, (C.8)

=
q′(α)
u(α)

+
u′(α)
u(α)

[
−d log(−m′(α))

dα
+

2 d log(m(α))
dα

]
, (C.9)

=
q′(α)
q(α)

q(α)
u(α)

+
q(α)
u(α)

[
−d log(q(α) − (1 − α)q′(α))

dα

]
, (C.10)

=
q(α)
u(α)

×
[
− d

dα
log

(
1 − (1 − α)q′(α)

q(α)

)]
, (C.11)

where equality (C.7) follows from FOC (38) and u′(α) = q(α) (Proposition 3); and equality

(C.10) uses FOC (38), u′(α) = q(α), and m′(α) = −(q(α) − (1 − α)q′(α))m(α)2 < 0 .

The monotonicity of logarithmic transformation implies that the sign of the SOC (C.7) is

equal to that of

d

dα

[
(1 − α)

q′(α)
q(α)

]
=

q′′(α)(1 − α) − q′(α)
q(α)

− (1 − α)
(

q′(α)
q(α)

)2

< 0. (C.12)

The last inequality follows from q′(α) > 0 and q′′(α) < 0 (Details are available upon request.)

Proof of Theorem 2

Applying the implicit function theorem to (C.5) gives

dα

dη
= −∂F (α; η)/∂η

∂F (α; η)/∂α
, (C.13)
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where

∂F (α; η)
∂η

=
1
u

∂u′

∂η
− u′

u2

∂u

∂η
+

1
m

∂m′

∂η
− m′

m2

∂m

∂η
, (C.14)

=
q

u

∂ log q

∂η
− q

u

∂ log u

∂η
+

m′

m

∂ log(−m′)
∂η

− m′

m

∂ log m

∂η
, (C.15)

=
q

u

[
∂ log q

∂η
− ∂ log u

∂η
− ∂

∂η
log

[(
q − (1 − α)q′

)
m2

]
+

∂ log m

∂η

]
, (C.16)

=
q

u

[
∂ log q

∂η
− ∂ log u

∂η
− ∂ log m

∂η
− ∂ log(q − (1 − α)q′)

∂η

]
, (C.17)

=
q

u

[
− ∂

∂η
log

(
1 − (1 − α)q′

q

)
− ∂ log (um)

∂η

]
. (C.18)

Note that we use u′ to denote for ∂u/∂α and use m′ to denote ∂m/∂α. The equality (C.15)

follows from envelope condition u′ = q, and the equality (C.16) uses the FOC (38) and m′(α) =

− (q(α) − (1 − α)q′(α)) m2 < 0 .

The monotonicity of logarithmic transformation implies that

Sign
(
− ∂

∂η
log

(
1 − (1 − α)q′

q

))
= Sign

(
∂

∂η

(1 − α)q′

q

)
, (C.19)

where
∂

∂η

(1 − α)q′

q
=

(1 − α)
q

∂2q

∂α∂η
− (1 − α)

q2

∂q

∂α

∂q

∂η
< 0, (C.20)

using ∂q/∂α > 0, ∂q/∂η > 0 and ∂2q/∂η∂α < 0. Together with ∂ (um) /∂η > 0 of Proposition

6, we have ∂F (α; η)/∂η < 0.

The SOC and the above result (∂F (α; η)/∂η < 0) together imply

dα

dη
= −∂F (α; η)/∂ η

∂F (α; η)/∂ α
< 0 . (C.21)

That is, the optimal ownership concentration decreases with the level of investor protection.

For the chosen level of entrepreneur’s ownership, the firm’s raised capital is given by Km =

K0 − X0, where K0 is firm’s initial capital stock and is given by

K0 =
X0

1 − (1 − α) q(α)
. (C.22)

The marginal change of initial capital stock associated with a marginal increase in degree of

investor protection is given by
dK0

dη
=

∂K

∂α

dα∗

dη
, (C.23)

where
∂K0

∂α
= X0 m′(α∗) < 0 , (C.24)
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using the fact that multiplier decreases in ownership α. Therefore, a higher investor protection

leads to a higher level of external equity market and larger initial capital stock, in that

dKm

dη
=

dK0

dη
> 0 . (C.25)

Proof of Proposition 7

The total effect of investor protection on investment-capital ratio is given by

di

dη
=

∂i

∂η
+

∂i

∂α

dα

dη
. (C.26)

Therefore, i decreases in η if and only if

dα

dη
> − ∂i/∂η

∂i/∂α
. (C.27)

Using the definition of elasticity of outside equity (1 − α) with respect to η implies that

inequality (C.27) is equivalent to the following inequality:

ε =
d log (1 − α)

d log η
<

∂i/∂η

∂i/∂α

(
η

1 − α

)
=

α

1 + α
≡ εi . (C.28)

Similarly, Tobin’s q increases in η (taking endogeneity of ownership into account), if and only

if ε < εq, where

εq =
∂q/∂η

∂q/∂α

(
η

1 − α

)
=

1
f + Aη

(
f +

Aα

1 + α
η

)
, (C.29)

and

A =
(1 + α)2 f2 ξ2

4 (r + δ − i)2 α3 θ
. (C.30)

Similarly, dw/dη > 0 (taking endogeneity of ownership into account), if and only if ε < εw,

where

εw =
∂w/∂η

∂w/∂α

(
η

1 − α

)
=

1
f + Aη

(
f

2
+

Aα

1 + α
η

)
, (C.31)

where A is given in (C.30).

D Appendix to Section 4.4

Taking the derivative of equation (26) on both sides with respect to investment gives:

α

(
1 + θ

I

K

)
= UK(K,n). (D.1)
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We conjecture that the entrepreneur’s value function in regime n is linearly dependent on

capital stock, in that U(K,n) = unK, where un summarizes the effect of the productivity level

in regime n on the entrepreneur’s value function U(K,n).

The optimal levels of cash diversion is the same as the one in a deterministic setting. The

investment-capital ratio is given in (28), respectively. Therefore, the entrepreneur’s cash flow

is given by

M = αY +
1 − α2

2η
fnK = α

[
(1 + ζ) fn − 1

2θ

((un

α

)2
− 1

)]
K, (D.2)

where Y = ynK and the dividend-capital ratio yn is given by

yn = (1 − ξ)fn − 1
2θ

((un

α

)2
− 1

)
. (D.3)

Plugging sn = ξ and (28) into the HJB equation (26) gives

0 = α

[
(1 + ζ) fn − 1

2θ

((un

α

)2
− 1

)]
− run + (in − δ) un +

∑

m 6=n

λnm (um − un) . (D.4)

Using the entrepreneur’s chosen level of investment-capital ratio, we may solve for Tobin’s q

as follows:



q1

q2
...

qn


 =







r + δ − i1 0 · · · 0
0 r + δ − i2 0 · · ·
...

...
. . .

...
0 0 · · · r + δ − in


 − Λ




−1 


y1

y2
...

yn


 , (D.5)

where the transition rate matrix Λ is

Λ =




λ11 λ12 · · · λ1n

λ21 λ22 · · · λ2n
...

...
. . .

...
λn1 λn2 · · · λnn


 , (D.6)

and its diagonal element is given by λnn = −
∑

m 6=n λnm.
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