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ABSTRACT | The introduction of turbo and low-density parity-

check (LDPC) codes with iterative decoding that almost attain

Shannon capacity challenges the synchronization subsystems of

a data modem. Fast and accurate signal synchronization has to

be performed at a much lower value of signal-to-noise ratio

(SNR) than in previous less efficiently coded systems. The

solution to this issue is developing specific synchronization

techniques that take advantage of the presence of the channel

code and of the iterative nature of decoding: the so-called

turbo-synchronization algorithms. The aim of this paper within

this special issue devoted to the turbo principle is twofold: on

the one hand, it shows how the many turbo-synchronization

algorithms that have already appeared in the literature can be

cast into a simple and rigorous theoretical framework. On the

other hand, it shows the application of such techniques in a few

simple cases, and evaluates improvement that can be obtained

from them, especially in the low-SNR regime.

KEYWORDS | Iterative methods; maximum likelihood estima-

tion; synchronization

I . INTRODUCTION

Synchronization, from the Greek synchronos [i.e., syn
(together) + chronos (time)] denotes the function of

making two systems or two signals running exactly

together at the same pace. Specifically, the synchroniza-

tion subsystems of a modem have the purpose of achieving

the correct alignment of the incoming waveform with
certain locally generated references [1], [2]. For instance,

in bandpass transmission a coherent receiver needs carrier
synchronization, which means that the sinusoid for

bandpass-to-baseband conversion must be locked in phase

and frequency to the incoming carrier. Good signal

synchronization often turns out to be the key to de-

veloping a good modem with fast signal acquisition and

smooth steady-state operation. How is this related to the
main subject of this special issue, namely, the turbo

principle?

The introduction of turbo codes in the mid-1990s

marked the beginning of a lot of activity in the field of

research, development, and standardization addressing the

performance analysis, the design, and the application of

iterative decoding in digital communications [3]–[5]. The

impressive performance of coded signals when applied to
(wireless) communication terminals, however, implicitly

assumes ideal synchronization of the received signal. So

the adoption of powerful channel codes such as turbo and

low-density parity-check (LDPC) codes [6]–[8] engenders

a main issue for the synchronization subsystems of a

modem: how to derive accurate references from the

received signal at those (extremely low) SNRs typical of

such codes? Furthermore, how to do this with a reasonably
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short acquisition time, possibly using a short preamble of
known (pilot) data, or even no preamble at all?

Earlier attempts of signal synchronization in the low-

SNR regime focused either on the so-called data-aided (DA)
or non-data-aided (NDA) synchronization mode [1], [2]. On

the one hand, DA parameter estimation techniques rely on

the presence of pilot symbols in the data frame and may

lead to unacceptable losses in terms of power and spectral

efficiency. On the other hand, NDA synchronization
algorithms drop some statistical information about the

transmitted data and may lead to very poor results at low

SNR. As a consequence, it was soon recognized [9], [10]

that the only way to get good performance both in terms of

acquisition time and steady-state accuracy (the so-called

jitter variance) is taking advantage of the Bcoding gain[ not

only for data detection, but for synchronization as well.

This led us to the notion of code-aided (CA) synchroniza-
tion, as explicitly mentioned in the title of this paper:

explicitly using the channel code structure and properties

to perform good non-pilot-aided (NPA) synchronization.

Although NPA CA synchronization (hereinafter CA for

short) may appear as a natural solution to improve

synchronization functions, its implementation is at times

critical and has led to numerous contributions in the

technical literature, see, e.g., [11] and [12]. Among these
algorithms, two main approaches can be distinguished.

A first approach consists in modifying the detection/

decoding device in order to embed parameter estimation.

In [11] and [13], for example, combined iterative decoding

and estimation is performed by modifying the decoder

using a sort of per-survivor estimation technique. In [14],

using a simplified error phase model, the authors propose

to output soft-values of the decoders giving an indication of
the sign of the phase error. In [15], the authors propose a

method with polynomial complexity to generate soft

symbol-information taking into account the synchroniza-

tion-parameter uncertainty.

A second category of algorithms proposed in the

literature is based on the estimation of the synchronization

parameters from some information outputs by the decoder.

Early attempts of CA synchronization based on this
approach used (possibly iteratively) hard symbol decisions

computed by the decoder, see, e.g, [16] and [17]. The

Bintertwine[ of channel decoding and synchronization was

further refined in the context of turbo receivers, see, e.g.,

[18] and [19]. The idea was as follows: instead of exploiting

hard decisions on the transmitted symbols (which implies

a loss of information about the decision reliability), the

authors proposed to feed the synchronizer with the so-
called soft symbol decisions carrying both the symbol

decision and its reliability, and to refine the estimate in an

iterative fashion, as long as the reliability of the soft

symbols improves due to turbo decoding. This approach

was soon referred to as turbo synchronization in agreement

with the turbo principle. Earlier approaches for turbo

synchronization aimed at plugging the soft-outputs of an

iterative decoder into the structure of a conventional
synchronizer to gain back reliability with respect to

standard symbols hard-decisions used in a decision-

directed algorithm [18], [19]. Note that similar ideas

simultaneously appeared for the closely related problem of

channel estimation, see, e.g., [20] and [21]. Although

somewhat ad hoc, these approaches were shown to lead to

performance improvement with respect to conventional

NDA synchronization methods. What was however miss-
ing was a general framework to justify the architecture of

such synchronizers and to suggest the development of new

algorithms for new synchronization and estimation pro-

blems (signal amplitude, carrier frequency, channel

frequency response in multicarrier systems, and so on).

One of the first attempts was based on the well-known

expectation-maximization (EM) algorithm [22]. Since

then, other frameworks based on gradient methods [23],
[24] or the sum-product (SP) algorithm [12], [25] have

been proposed in the literature.

The aim of this paper is to summarize and review the

most recent contributions in the field of CA iterative

synchronization. To do this, we will review in the next

section a general model of a data-modulated signal

embedding some unknown synchronization parameters to

be estimated (carrier frequency and phase, symbol timing,
etc.). We will stick for simplicity to the elementary case of

constant parameters on the estimation interval (i.e., the

data burst), and we will introduce on top of that problem

the issue of iterative CA synchronization. After this is

accomplished, we will fully develop the issue of CA

synchronization in Section III, that represents in a sense

the Bcore[ of this paper. In particular, we will show how to

develop CA turbo-synchronization algorithms based on a
rigorous theoretical framework. Some examples of applica-

tion of such techniques to data communication will be given

in Section IV where we will compare the performance of

turbo synchronizers with that of conventional DA and NDA

schemes, and with the ultimate accuracy that can be

attained by any synchronizer, namely, the Cramér–Rao

bound (CRB) [2]. In the last section, we will draw some

conclusions and we will mention some avenues for future
research in this field, such as the extension of turbo

synchronization to the tracking of time-varying parameters.

II . THE BASICS OF TURBO
SYNCHRONIZATION

A. The Synchronization Problem for
Gaussian Noisy Channel

The goal of any communication system consists in

properly conveying some messages from a point (the

transmitter side) to another (the receiver side). Typically,

the messages to be transmitted have the form of a sequence

of bits, say uT ¼ ðu0; u1; � � � ; uL�1Þ. In order to protect

these messages of Binformation[ against the noisy nature
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of the channel,1 coding is commonly used. It consists of
adding some structured redundancy among the transmit-

ted data. In this paper, we will assume that the coding

operation is performed in two steps. First the information

sequence is coded using a binary coder with rate2 r, leading

to a sequence cT ¼ ðc0; c1; � � � ; cN�1Þ of N ¼ L=r coded

bits, with r � 1. Then, in a second step, we assume that the

coded sequence c is transformed into a sequence, say

aT ¼ ða0; a1; � � � ; aK�1Þ, of symbols belonging to an alpha-
bet A of size M. For a particular choice of the binary code

and the constellation alphabet A, we will denote S the set

of all possible sequences a.

In order to be sent through the physical medium (free

space, optic fiber, wired lines, . . .), the sequence a has to

be modulated, i.e., converted into an analog form. The

reverse operation is the demodulation. It consists in the

transformation of the received analog signal to discrete-
time samples which can be further processed by some

numerical algorithms. In practice, the modulation opera-

tions (and the associated demodulation operations)

depends on the kind of channel we are facing. In this

paper, for the sake of keeping things as simple as possible,

we will focus on the simple model of bandpass transmis-

sion over an additive-white-Gaussian-noise (AWGN)

channel. In this particular case, the baseband model of
the received signal may be rewritten as

rðtÞ ¼ A
XK�1

k¼0

akgðt � kT � �Þejð2��tþ#Þ þ wðtÞ (1)

where T is the symbol period, gðtÞ is an analog pulse, wðtÞ
is an additive Gaussian noise with (known) power spectral

density N 0, and A, � , �, # are unknown synchronization/

channel parameters : amplitude, delay, carrier frequency

offset, and carrier phase offset, respectively. In order to

ease notation, we will collect the unknown parameters
into a vector bT ¼ ½A; �; �; ��. Although our signal model

is admittedly simplistic, the concepts and techniques that

will be introduced in the sequel can be applied to different

(more involved) contexts, such as multicarrier or multi-

ple-input multiple-output (MIMO) systems, frequency-

selective wireless channels, etc.

At the receiver, one has to apply some processing to the

observed signal rðtÞ in order to recover the transmitted
message u. First, the signal (1) is digitized at the sampling

rate 1=Ts, and the relevant signal samples are collected into

the observation vector r. From this vector one then

computes an estimate, say û, of the information bits u. The

receiver making the best estimate [in the sense of

minimizing the bit-error rate (BER)] decides on the

transmitted bits ul, 0 � l � L � 1, according to the
maximum a posteriori (MAP) rule

ûl ¼ argmax
~ul

pð~uljrÞf g (2)

where the a posteriori probability (APP) pðuljrÞ is the

marginal of the joint APP pðu;bjrÞ, i.e.,

pðuljrÞ ¼
Z X

unfulg
pðujr;bÞ

2
4

3
5pðbjrÞdb: (3)

We used the notation
P

unfulg to indicate a summation
over all the variables in u but ul. Considering the presence

of the channel code, evaluation of (3) is rather unfeasible,

due both to the integration over the synchronization

parameters b, and also to the summation over the 2L�1

combinations of the transmitted bits u0; u1; � � � ; ul�1;
ulþ1; � � � ; uL�1. Accordingly, our problem can reasonably

be solved in a few specific cases only. In particular, if a

Bgenie[ provides the receiver with perfect prior knowledge
of b, i.e., pðbÞ¼	ðb� b0Þ, where 	ð�Þ is the Dirac func-

tion and b0 the actual parameter value, we have from (3)

pðuljrÞ ¼
X
unfulg

pðujr;b0Þ ¼ pðuljr;b0Þ (4)

that means carrying out the function of channel decoding
only. This can be efficiently accomplished (possibly with a
certain loss of optimality) by well-known (possibly

iterative) algorithms, based on the sum-product (SP)

[26], [27] algorithm.

In practice, perfect a priori knowledge of the synchro-

nization parameters is not available. As a consequence, we

have to resort to some approximations of the optimal

receiver. For example, in some contributions, see, e.g.,

[12] and [28], the authors propose to modify the metrics of
the decoder in order to take the synchronization-

parameter uncertainty into account. In this paper, we

will stick to a simpler approach. We assume that pðbjrÞ is

well approximated as

pðbjrÞ ’ 	 b� b̂ðrÞ
� 	

(5)

where b̂ðrÞ is a value that is derived from the observation

vector (in the sequel, we will use the shorthand notation
b̂ ¼	 b̂ðrÞ for the sake of conciseness). This is tantamount

to saying that the pdf function pðbjrÞ is concentrated

around a given point b̂ or, in other words, that the amount

of information contained in the received observations

enables us to remove most of the uncertainty about b. At

1I.e., the physical medium between the transmitter and the receiver.
2We see that r is a measure of the amount of redundancy added by the

coder.
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first sight, approximation (5) may appear quite strong;
however, it is often valid in practice, and gives

pðuljrÞ �
X
unfulg

pðujr; b̂Þ ¼ pðuljr; b̂Þ: (6)

Comparing (4) and (6), we see that approximation (5)

leads to a well-known strategy in digital receivers which

consists in first obtaining an estimate b̂ of the synchro-

nization parameters, followed by decoding as if b was
known and equal to b̂. Task of computing b̂ is just what we

call synchronization.

B. The Synchronization Criterion
The first step in the design of a synchronizer is the

choice of the criterion to derive our estimate b̂. Since the

ultimate goal of the receiver is to minimize the error rate,

the choice of b̂ should, in principle, be made in that sense.
In practice, however, this solution is too complex. An

alternative approach is thus computing b̂ according to a

specific criterion taken from estimation theory. A popular

criterion is the mean square estimation error (MSEE)

minimization [29], [30]. Estimates (asymptotically) satis-

fying this criterion may be computed via the MAP

estimator, i.e.,

b̂ ¼ argmax
~b

log pð~bjrÞ

 �

: (7)

In the absence of any a priori side-information, (7) reduces

to the simpler maximum-likelihood (ML) estimation rule

b̂ ¼ argmax
~b

log pðrj~bÞ

 �

: (8)

Due to its good asymptotic properties, the ML (MAP)

criterion is often considered in practice. Another key point

of the success of the ML criterion is that, unlike other

criteria, it straightforwardly leads to estimators that are

not restricted to be linear. This is obviously a desirable

feature in the context of synchronization where the
observations depend in a nonlinear way on the synchro-

nization parameters.

C. Synchronization Modes
Another key point in design of an estimator is the

choice of the statistical information which will indeed be

taken into account in the computation of b̂. In the context

of ML estimation, the function to be maximized may be
rewritten as

pðrjbÞ ¼
X
a

pðrja;bÞpðaÞ: (9)

It is clear from (9) that the computation of pðrjbÞ, and
consequently the implementation of the ML estimator,

requires the knowledge of i) the noise distribution, i.e.,

pðrja;bÞ and ii) the symbol sequence a priori knowledge,

i.e., pðaÞ. When the transmission is coded, this a priori
information has the following mathematical structure

pðaÞ ¼ 1=jSj if a 2 S
¼ 0 otherwise

(10)

where S � AK is set of possible coded sequences. The
synchronizers which take (10) into account are said to

operate in a CA mode. Unfortunately, the complexity

required in taking the whole available statistical information

into account may often turn out to be too large. For

example, the evaluation of (9) for a nontrivial code is

unfeasible due to the large number of terms in the sum.

Hence, a solution to simplify the synchronizer implemen-

tation consists in dropping/approximating some parts of the
available statistical information. Two particular approaches

are commonly considered within the synchronization

framework: the DA and the non-code-aided (NCA) modes.

The DA mode is intrinsically based on the fact that some

symbols known to the receiver (pilots) have been inserted

into the frame. We might call more properly this operating

mode as pilot-aided. The DA approach consists in

computing the estimate b̂ as if only the pilot symbols
had been transmitted, i.e., by neglecting the received

signal energy associated with the data symbols. Consider-

ing without loss of generality that the first P symbols in the

data burst correspond to the pilots, the DA (pilot-aided)

mode is characterized by the assumption that

pðaÞ ¼
YP�1

k¼0

	ðak � �akÞ (11)

where �ak is the value of the pilot symbol at time k and

where we let K ¼ P. Since pðaÞ is a Dirac function, the
summation in (9) actually contains only one nonzero term

and so closed-form expression of the (DA) ML estimator

can be derived. In particular, we have [1], [2]

ð�̂DA; �̂DAÞ ¼ argmax
~�;~�

�ð~�; ~�Þj jf g

#̂DA ¼ arg �ð�̂DA; �̂DAÞf g
ÂDA ¼ �ð�̂DA;�̂DAÞj jPP�1

k¼0

j�akj2

8>>>><
>>>>:

(12)

where

�ð~�; ~�Þ ¼	
XP�1

k¼0

�a�kxkð~�; ~�Þ (13)
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and where xkð~�; ~�Þ is the output at time kT of the filter
matched to gðtÞ, assuming timing offset ~� and frequency

offset ~�, i.e.,

xkð~�; ~�Þ ¼
	

Z1
�1

rðtÞe�j2�~�tgðt � kT � ~�Þdt: (14)

It follows from (13) that the estimates are computed from

the function �ð~�; ~�Þ, which is obtained as the correlation

of the pilot symbols �ak with the matched filter output

samples xkð~�; ~�Þ.
When pilot symbols are not available, we change to

NPA modes. In the past, the most common NPA mode was
called non-data-aided (NDA) in the literature [1], [2]. Since

it does not use any information about the possible channel

code, we will call it non-code-aided (NPA-NCA or NCA for

short). It is based on the assumption that

pðaÞ ¼ 1

jAjK
8a 2 AK: (15)

In words, it assumes that all possible transmitted
sequences are a priori equiprobable. This assumption is

equivalent to dropping the statistical a priori information

about the transmitted sequence: one transforms an

informative prior (10) into a noninformative one, i.e., (15).

The conventional NDA synchronizers [1], [2] make

use of the NCA mode. In addition, in order to cope with

the huge summation in (9), these NDA synchronizers

use an approximation for pðrjbÞ that gives rise to a
closed-form expression of the summation (9). Two well-

known synchronizers based on such an approach are

the Viterbi&Viterbi carrier phase synchronizer [31] and

the Oerder&Meyr timing synchronizer [32], which give

an analytical solution for the (approximate) ML esti-

mate of b.

D. Lower Bounds on the
Synchronization Performance

Until a few years ago, synchronizers were almost

exclusively based on the (PA-)DA or the (NPA-)NCA

modes [1], [2]. One of the motivations is that they bear a

low implementation complexity (see Section II-E). How-

ever, as mentioned above, this reduction of the complexity

involves a loss of statistical information: the DA synchro-

nizer only considers the signal energy relative to pilots, see
(12); the NCA mode does not take into account the a priori
information available about the transmitted sequence,

see (15).

In this context, we may ask the question of the

degradation of the synchronizer performance due to these

approximations. In order to answer this question, lower
bounds on the MSEE have been proposed in the literature.

In particular, the CRB [9], [10], [33], [34] and the modified

CRB (MCRB) [35], [36] are good indicators of the best

performance achievable by any estimator.

For simplicity, we consider the received signal rðtÞ
from (1), assuming that A, � , and � are known to the

receiver; hence, only the carrier phase # needs to be

estimated. Formally, we have that the MSEE related to the
estimation of a random uniformly distributed phase offset

# is lower bounded by the CRB, i.e., Er;#½ð#� #̂Þ2� �
CRB#, with

ðCRB#Þ�1 ¼ Er;#
d log pðrj#Þ

d#

� �2
" #

(16)

where Ev½:� denotes averaging with respect to v. The

extension related to the estimation of a vector parameter b
can be found in [1], [2].

We see from (16) that the CRB is a function of the
likelihood function pðrj#Þ, which in turn is a function

of pðaÞ [see (9)]. We can therefore compute the CRB

with different hypotheses about pðaÞ: (PA-)DA (11),

(NPA-)NCA (15) and also NPA-CA with no pilots but with

the aid of the code structure (10). The DA assumption

enables the derivation of a closed-form expression of the

CRB, i.e.,

CRB#;DA ¼ 1

2P

Es

N 0

� ��1

(17)

where Es is the energy per transmitted symbol at the

receiver input and P is the number of pilots. In both the

NCA and CA scenarios, the evaluation of the CRB is

considerably more difficult than in the DA scenario,

because of the summation over a in (9). CRBs related to
phase and timing estimation have been presented in [33]

and [34] for the NCA scenario and in [9] and [10] for the

CA scenario.

In order to avoid the complexity of (9) that is

associated with the summation over a, a modified CRB

has been derived in [35], [36]: Er;#½ð#� #̂Þ2� � MCRB#,

with

ðMCRB#Þ�1 ¼ Er;#;a
d log pðrja; #Þ

d#

� �2
" #

: (18)

and where a is as in (15). When pðrja; #Þ is Gaussian, the

computational complexity related to evaluating the MCRB
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is much smaller than with the CRB. The MCRB related to
phase-offset estimation is easily obtained:

MCRB# ¼ 1

2K

Es

N 0

� ��1

: (19)

Comparing (19) with (17), it follows that the MCRB equals

the CRB that would be obtained if all symbols were known

to the receiver.

The MCRB is in general looser than the CRB (i.e.,

CRB# � MCRB#), but is simpler to evaluate. It has been
shown in [37] that for large Es=N 0 the CRB converges to

the MCRB.

Fig. 1 shows the CRBs related to carrier phase

estimation for the DA, NCA, and CA scenarios. We

consider a burst of 100 QPSK symbols with convolutional

encoding (constraint length 3, rates 1/2 and 1/5). In the

DA scenario, five pilot symbols are transmitted. This

amounts to a 5% content of pilots in the data burst, that
represents a typical figure in digital communications. No

pilot symbols are of course added in the (NPA) CA and

NCA scenarios. In the NCA scenario, the synchronizer

does not exploit the encoding rule, but assumes that all

sequences of 100 QPSK symbols are equally likely (which

is equivalent to uncoded QPSK transmission). Only in the

CA scenario the encoding rule is taken into account when

estimating the carrier phase. Also shown is the MCRB
corresponding to 100 symbols [which is equivalent to a DA

scenario where all 100 symbols are known to the receiver,

see (17) and (19)].

It is clear from Fig. 1 that the performance of the DA

mode is outperformed by the CA and NCA modes on a

wide range of SNRs. This is due to the fact that the DA

mode only allows to take benefit from the received signal
energy associated with the pilots. From (17), we may

notice that improving the performance of the DA

synchronizer implies to increase either the number of

pilots or the transmitted power. In practice, these

solutions lead to losses in terms of power and spectral

efficiency. Hence, the use of pilot should be avoided as

much as possible.

Comparing the CA and NCA modes, we see that the
corresponding CRBs are equal at sufficiently high SNRs (as

predicted by [37]). In words, it means that operating in

NCA or CA will lead to the same synchronization

performance as long as the SNR is high enough. At lower

SNRs, however, there is a gap between the performance

that can be achieved by a NCA and a CA synchronizer. In

our illustrative example, we see that the stronger the code,

the larger the penalty when operating in NCA mode. As a
consequence, CA synchronization has more and more

become of crucial importance these recent years. Indeed,

powerful error-correcting codes (such as turbo codes [6]

and LDPC codes [7], [8]) allow state-of-the-art communi-

cation systems to operate very close to the channel

capacity, i.e., at very small Es=N 0. It follows from Fig. 1

that NCA synchronizers might fail to provide reliable

estimates when operating at such small Es=N 0. In such
cases, CA estimators are needed to achieve accurate

synchronization.

E. The Implementation: From Conventional to
BTurbo[ Synchronization

Once the modem designer has set the synchronization

criterion (e.g., MMSE, MAP, ML. . .) and the synchroni-

zation mode (e.g., NCA, DA, CA. . .), s/he has to find a

practical way to compute the estimate of the synchroni-

zation parameters.
Sometimes, especially in the DA mode, a simple closed-

form expression of the ML estimator can be found. In

other situations (typically in NPA-CA mode), it is

unfortunately not feasible to do so. In such cases, an

alternative solution consists in computing the estimate of

the synchronization parameters by means of iterative

methods. The conventional NPA Decision-Directed (DD)

approach [1], [2] is an example of such an implementation.
The principle of DD synchronizers is as follows. Starting

from an initial estimate of the synchronization parameters,

a decision is made about the transmitted symbols. This

decision is in turn used to compute a new estimate of the

synchronization parameters and so forth.3 As an example,

in the ML context a batch DD synchronizer would

Fig. 1. CRBs associated with DA, NDA, and CA modes for

carrier-phase synchronization and QPSK transmission.

3Note that the DD principle can be applied either in batch mode, i.e.,
by making a decision about all the symbols before recomputing a
synchronization estimate, or in a sequential mode, i.e., the estimate of the
synchronization parameters is updated after each new symbol decision.
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compute a new estimate of the synchronizer parameter as
follows:

b̂ðnþ1Þ ¼ argmax
~b

p rjâðnÞ;~b
� 	

(20)

where âðnÞ is the symbol-sequence decision based on the

previous estimate b̂ðnÞ. The DD approach can be used to

implement CA and NCA synchronizers: if the symbol

decisions are made by taking (10) into account, i.e., at the

decoder output for example, the synchronizer will be CA;

if the decisions are made assuming (15), the synchronizer

is NCA.

Although quite straightforward to implement, the DD

suffers from some drawbacks. First, the estimates
computed from (20) do not necessarily converge to the

actual ML solution (8). Second, the convergence of DD

synchronizers is usually critical at low SNR: detected data

are bad due to the low SNR, bad values are fed back into

the synchronizer that fails to provide good values for the

synchronization parameters, thus making the successively

detected data even worse, and so on.

In order to attenuate this Bhang-up[ phenomenon
occurring in the DD implementation, the concept of

Soft-Decision-Directed (SDD) implementation has ap-

peared in the literature, see, e.g., [18]. The principle is

as follows: instead of computing the estimate of the

synchronization parameters based on hard decisions, one

considers soft symbol decisions carrying some measure of the

confidence in the symbol decision. The intuitive idea

behind the SDD approach is that less-reliable decisions
should also have less Bweight[ in the synchronizer. The

concept of SDD synchronization is a key ingredient of

Bturbo synchronization[ since, in agreement with the Turbo

Principle, it is based on the exchange of soft (rather than

hard) information.

As such, the SDD implementation may appear as ad hoc
as the DD implementation. In the sequel, we will however

show that the (iterative) SDD approach can be cast in the
framework of very well-known signal processing tools.

F. Turbo Synchronization: A First Naive Approach
Before formalizing a theoretical framework that will

support the rigorous design of specific turbo-synchronization

schemes (as detailed in Section III), we present now a

simple, rather naive, example about the use of the soft

information provided by an iterative channel decoder to
derive a simple iterative SDD (ISDD) synchronization

scheme. To keep our discussion as simple as possible, we

assume that the only unknown synchronization parameter to

be recovered is the carrier phase offset, and we focus on the

approach suggested in [18] for a turbo-coded 16-QAM signal.

As mentioned in Section II-E, the idea of a (CA) SDD

synchronizer would be to replace hard-detected data by soft

symbol decisions that are derived from the decoder. As the

computation of the soft decisions requires the availability of
a phase estimate, the SDD synchronizer (just like the DD

synchronizer) is iterative. According to this approach, the

phase estimate at iteration l will have the form

#̂ðlÞ ¼ arg
XK�1

k¼0

xkð�; �Þ
ðlÞ�
k

( )
(21)

where 

ðlÞ�
k is the soft symbol decision corresponding to

symbol ak.

In [18], the authors propose to compute the soft symbol

decision 

ðlÞ�
k as follows. First, they note that for a 16-QAM

constellation, the symbol ak can be represented as

ak ¼ c
ð1Þ
k 2 þ c

ð2Þ
k

h i
þ jc

ð3Þ
k 2 þ c

ð4Þ
k

h i
(22)

where fc
ðiÞ
k ; i ¼ 1; 2; 3; 4g 2 f�1; 1g4 is the quadruplet of

coded bits that are mapped onto ak. As a consequence,

finding a soft decision about ak is immediate if we have

soft decisions about coded bits c
ðiÞ
k . Soft decisions about

the coded bits can be derived by taking into account the

principle of a turbo decoder: at each turbo iteration, the

soft-in soft-out (SISO) modules in the turbo decoder

exchange reliability metrics about the transmitted bits. In
particular, the so-called logarithmic a posteriori probability

ratios (LAPPR) L
ði;lÞ
k are available at each iteration in the

receiver. Denoting by ĉ
ði;lÞ
k the soft decision about the bit

c
ðiÞ
k at the l-th iteration, we can for example set

ĉ
ði;lÞ
k ¼ tanhðL

ði;lÞ
k =2Þ where

L
ði;lÞ
k ¼ log

pðlÞ c
ðiÞ
k ¼ 1jr; #̂ðl�1Þ

� 	
pðlÞ c

ðiÞ
k ¼ �1jr; #̂ðl�1Þ

� 	
0
@

1
A (23)

and pðlÞðc
ðiÞ
k jr; #̂ðl�1ÞÞ is the approximation, at iteration l, of

the actual a posteriori probability pðc
ðiÞ
k jr; #̂ðl�1ÞÞ [26], [27].

The 16-QAM soft symbol 

ðlÞ
k at iteration l is now formally

coincident with ak in (22), provided that c
ðiÞ
k is replaced

with its soft counterpart ĉ
ði;lÞ
k . Note from (23) that the

LAPPR to be used in the l-th iteration depends on the

phase estimate obtained in the previous iteration. A few

comments on this approach are in order.
• The tanh nonlinearity is the Bsoft[ counterpart of

a conventional threshold detector, and can take

any value between �1 and þ1.

• Unlike the hard-detected symbol provided by a

conventional symbol-by-symbol detector or by a

remapper, the soft-detected symbol does not

necessarily coincide with a symbol of the constel-

lation. In fact, the soft-symbol is close to a
constellation point when the reliability is high,

Herzet et al. : Code-Aided Turbo Synchronization

Vol. 95, No. 6, June 2007 | Proceedings of the IEEE 1261



and to 0 if the reliability is low. This clearly seems

beneficial to estimation because low-reliability
terms in (21) are automatically weighted less.

• The ad hoc phase recovery algorithm illustrated so

far is not optimal in the ML sense, although it can

be loosely related to an ML criterion [18].

Nonetheless, we will show in Section III that one

can end up to the same basic algorithm by means of

a more rigorous approach.

To conclude, the (simulated) BER performance of the
ad hoc turbo decoder/synchronizer scheme discussed

above is illustrated in Fig. 2 at Eb=N 0 ¼ 6 dB as a

function of the number of decoder iterations for some

values of the phase offset #, assuming an initial phase

estimate #̂ð0Þ ¼ 0. The ISDD algorithm estimates the true

phase offset without any degradation of the turbo-decoder

performance compared to ideal phase recovery up to a

phase error j#j ¼ 20�, provided that the number of
iterations can be extended up to 20. Conversely, for

j#j 9 20� the convergence appears to be more critical, and

some conventional algorithm for a rough initialization of

the turbo synchronizer is requested.

III . MATHEMATICAL FRAMEWORKS FOR
TURBO SYNCHRONIZATION

In the early days of turbo synchronization, the algorithms

proposed in the literature were based on ad hoc rea-

soning and ingenuity, see, e.g., Section II-F. Although the

efficacy of such approaches was soon recognized, a

theoretical framework to justify their performance was

missing. In particular, the following questions remained

unanswered: i) Which is the ultimate performance one

can expect from the synchronizer? ii) What kind of soft
information (a posteriori, extrinsic, . . .) should we use in

the turbo synchronizer? iii) How should we exploit the

available soft information to compute a Bgood[ estimate

of the synchronization parameters?

Since then, several frameworks for turbo synchroniza-

tion have appeared in the literature. The common idea of

these frameworks is to consider turbo synchronization as an

iterative solution to the ML synchronization problem (8).
Based on this approach, turbo synchronizers can be

regarded as particular instances of powerful signal proces-

sing tools. In the remainder of this section, we will present

some of the different turbo-synchronization frameworks

which have been proposed so far in the literature. In

particular, we consider frameworks based on the EM

algorithm [22], [38], the gradient method [23], [24], [39],

[40] and the sum-product (SP) algorithm [12], [25], [41].

A. Turbo Synchronization Based
on the EM Algorithm

The EM algorithm [42] is an iterative method for

solving ML problems. This algorithm proceeds in two

steps: the expectation step (E-step) and the maximization

step (M-step). At iteration ðn þ 1Þ we have

E-step : Q b; b̂ðnÞ
� 	
¼

Z
p zjr; b̂ðnÞ
� 	

log pðzjbÞdz (24)

M-step : b̂ðnþ1Þ ¼ argmax
~b

Q ~b; b̂ðnÞ
� 	

(25)

where b̂ðnÞ is the estimate computed at the (previous) n-th

iteration, and z is related to r by r ¼ fðzÞ, with fð�Þ
denoting a many-to-one mapping. The actual observation

set r and the extended observation set z are usually

referred to as the incomplete and the complete data set,

respectively. The so-called complete-data set, may actually

be chosen in many different ways. In practice, however,
some choices are more relevant than others. In particular,

we may want to choose the complete-data set so that the

M-step is easy to implement. Accordingly, z may often be

thought as an (unavailable) observation vector such that

the corresponding ML problem is Beasy[ to solve.

Like most iterative algorithms, the final convergence

point of the EM algorithm depends on its initialization. In

[43] it has however been shown that the fixed points of the
EM algorithm must be stationary points of log pðrjbÞ.
Note that the reverse is not true: all the stationary points of

log pðrjbÞ are not necessarily fixed points of the EM

algorithm. Therefore, depending on its initialization, the

EM algorithm may converge either to a saddle point, or to

a local or the global maximum. In practice, the conver-

gence to the global maximum is ensured as long as the

initial estimate is Bclose enough.[

Fig. 2. BER of turbo-coded 16-QAM versus the number of

turbo-decoder iteration at Eb=N 0 = 6 dB for some values of

the phase offsetVrate-3/4 turbo parallel concatenated

convolutional code with generators g1 ¼ ð31Þ8 and g2 ¼ ð33Þ8
and pseudorandom interleaver with length L ¼ 1500.
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Let us now apply the EM algorithm to our ML
synchronization problem (8). In order to keep our

subsequent discussions as simple as possible, we will

concentrate on the case where all the synchronization

parameters but the carrier phase offset # are known. All

conclusions we will draw are however valid in the general

AWGN case. From our previous discussion in Section II,

we know that the main problem in finding a tractable

solution to the ML problem is the huge summation
appearing in the expression of pðrjbÞ, see (9). The EM

algorithm alleviates this problem by breaking down the

global maximization problem (8) into a sequence of easier

problems, i.e., the M-steps (25), according to the choice of

the complete data set. In the context of CA ML

synchronization, the authors of [22] and [38] define the

complete data set as z ¼ ðrT;aTÞT
. Using this definition,

we have that the function that has to be maximized (with
respect to #) at each EM iteration is

Q #; #̂ðnÞ
� 	

¼ Re
XK�1

k¼0

��k #̂ðnÞ
� 	

xkð�; �Þe�j#

( )
(26)

where

�k #̂ðnÞ
� 	

¼	
X
a2A

a p ak ¼ ajr; #̂ðnÞ
� 	

: (27)

Given the particular structure (26) of Qð#; #̂ðnÞÞ, the

solution of the M-step is

#̂ðnþ1Þ ¼ arg
XK�1

k¼0

��k #̂ðnÞ
� 	

xkð�; �Þ
( )

: (28)

The EM synchronization framework represents a solution

to the issues that we mention at the beginning of this

Section: i) Bturbo[ synchronizers based on the EM

algorithm achieve the ML performance as long as the

EM algorithm is properly initialized; ii) the soft informa-

tion handled by the synchronizer has to be delivered under

the form of symbol a posteriori probabilities pðakjr; b̂ðnÞÞ
[see (27)]; and iii) the new estimate of the phase offset has

to be recomputed according to (28).

Note that the EM update (28) is very similar to the

carrier-phase (PA-)DA-synchronizer (12). In fact the

former is equal to the latter wherein the pilot symbols

are replaced by Bsoft[ symbol values �k. This exactly cor-

responds to the intuitive approach we used in Section II-F

to derive our carrier-phase turbo synchronizer. We can
justify the Bnaive[ turbo-synchronization approach pre-

sented in Section II-F by means of the EM framework, at

least up to a point. In our naive approach, we used
approximations of the coded-bit a posteriori probabilities

instead of the actual symbol a posteriori marginals

pðakjr; b̂ðnÞÞ as required by the EM algorithm, see (27).

The computation of symbol a posteriori probabilities

pðakjr; b̂ðnÞÞ is a critical point in the implementation of the

EM synchronizer as it represents the most complex

operation. In some specific cases, these probabilities may

be (exactly) computed with reasonable complexity by
means of well-known algorithms. For example, in the case

of BPSK convolutionally coded transmission, posterior

probabilities pðakjr; b̂ðnÞÞ can be computed using the BCJR

algorithm [44]. In other cases, the computation of such

probabilities is far too complicated and suboptimal

approaches are then considered. Turbo demodulation

and turbo decoding are examples of such algorithms.4 An

exact EM synchronizer may therefore not be easily
implemented in such receivers. In [38], a practical

approximation of the EM synchronizer was proposed:

the authors update the synchronization-parameter esti-

mate at each turbo iteration by replacing in (27) the true

a posteriori probabilities pðakjr; b̂ðnÞÞ with their most
recent approximation. Note that, making this approxi-

mation, the convergence properties of the EM algorithm

are no longer ensured. In particular, such an algorithm is

no longer ensured to reach the ML solution. In fact, it

has recently been shown that, although the approximated

EM algorithm is not ensured to converge, its fixed points

must be stationary point of the Bethe approximation of

the system free energy [45]. Despite of its suboptimality,
the efficiency of this approach has nevertheless been

shown in several contributions, see, e.g., [46] and [47].

B. Turbo Synchronization Based on
Gradient Methods

In the previous section, we emphasized that a proper

application of the EM algorithm to our synchronization

problem naturally leads to a framework for turbo
synchronization. A direct extension of this approach is to

examine whether other iterative maximum-search algo-

rithms could lead to other, different, solutions of the ML

synchronization problem. In particular, we present in this

section a synchronization framework based on gradient

methods, see [23], [24], [39], [40]. Again, for the sake of

clarity, we limit our discussion to the case of an unknown

carrier phase offset.
Gradient methods are based on the simple fact that the

likelihood function log pðrjbÞ is ensured to locally

increase in the Bdirection[ of its gradient. Based on this

idea, we can update our estimates as follows:

b̂ðnþ1Þ ¼ b̂ðnÞ þ �ðnÞ r log pðrjbÞð Þb¼̂bðnÞ (29)

4These algorithms are actually particular instances of the sum-product
algorithm applied on factor graphs with cycles [26], [27].

Herzet et al. : Code-Aided Turbo Synchronization

Vol. 95, No. 6, June 2007 | Proceedings of the IEEE 1263



where �ðnÞ 9 0. This equation has an easy interpretation:
we update the previous estimate b̂ðnÞ in the direction

ðr log pðrjbÞÞb¼̂bðnÞ with an amplitude given by �ðnÞ. Now,

since log pðrjbÞ is ensured to locally increase in the

direction of its gradient, we know that there exists �ðnÞ 9 0

such that b̂ðnþ1Þ increases the likelihood function. The

choice of the step factor �ðnÞ is therefore crucial for the

convergence of gradient algorithms. There exist a number

of rules for choosing the stepsize �ðnÞ: the minimization
rule, the Armijo rule, the Goldstein rule, etc. We refer the

interested reader to [48].

Regarding the direction of update, there actually exist

many other choices than r log pðrjbÞ which still ensure a

local increase of the likelihood function. Different choices

of the update direction lead to methods such as the

conjugate-gradient methods, the Newton–Raphson meth-

ods [48], etc. In fact, some direction choices are more
Bsuitable[ in some problems than others and lead

therefore to higher speed of convergence. In the remain-

der of this section, we will however restrict our discussion

to the case of the steepest-descent (SD) methods described

in (29) for the sake of conciseness.

We see from (29) that a crucial point in gradient

methods consists in efficiently evaluating the gradient of

log pðrjbÞ. In [10], [24], [39], and [40], the authors have
derived expressions to do so. In particular, coming back to

our tutorial model (1) and assuming that only # is

unknown, we have

@

@#
log pðrj#Þ ¼ 2A

N 0
Im

XK�1

k¼0

��kð#Þxkð�; �Þe�j#

( )
(30)

where �kð#Þ is defined in (27). We see from (30) that, like

the EM synchronizer, the SD-based approach only requires

the knowledge of the symbol a posteriori marginals

pðakjr;bÞ to compute the updated estimates of the
synchronization parameters. Hence, CA synchronization

by means of the SD algorithm can be implemented by

iteratively exchanging information between the symbol-

detection module (which computes probabilities

pðakjr;bðnÞÞ) and the synchronizer module [which com-

putes b̂ðnþ1Þ according to (29) and (30)].

Unlike the EM algorithm, the set of fixed points of

gradient methods contains all the stationary points of
log pðrjbÞ. It is easy to see from (29) that a zero gradient

implies b̂ðnþ1Þ ¼ b̂ðnÞ. Therefore, denoting by �Gradient

(resp. �EM) the set of fixed of points of the gradient (resp.

EM) synchronizers, we have

�EM � �Gradient: (31)

This means that the gradient synchronizer is more Blikely[
than the EM synchronizer to get stucked to a point which

is not the ML solution. However, like the EM algorithm,
the convergence of the gradient method to the ML solution

is ensured as long as it is initialized Bclose enough.[ Note

moreover that the speed of convergence of the gradient

methods may much larger than the EM algorithm in a

number of situations [49].

Finally, notice that the implementation of gradient-

based synchronizers requires to compute the symbol

a posteriori marginal probabilities pðakjr; b̂ðnÞÞ. The same
discussion as the one made in Section III-A applies here:

symbol a posteriori probabilities may be exactly evaluated

in some specific cases; in other cases, we have to resort

to approximations. In the approximated case, the fixed

points of the gradient synchronizers are equal to the

stationary points of the Bethe approximation of the free

energy.

C. Turbo Synchronization Based on the SP Algorithm
In this section, we place turbo synchronization into the

context of factor-graph representations and the sum-

product (SP) algorithm [26], [27].

A factor graph is a bipartite graph which represents the

factorization of a function. A factor graph has a variable

node for each variable vi, a factor node for each function fj

and an edge connecting variable node vi to factor node fj if
and only if vi is an argument of fj. The SP algorithm is a

Bmessage-passing[ algorithm to be run on factor graphs

and that allows efficient computation of the marginals of

the function that the graph represents. If the graph has no

cycles, the SP algorithm can compute all the marginals in a

finite number of steps. Well-known algorithms, like the

BCJR decoder for example, may be viewed as particular

instances of the SP algorithm applied on graphs without
cycles [26]. On the other hand, if the graph has cycles,

message updates along cycles lead to an iterative algorithm

with no natural termination. In this case, it can no longer

be proved that the results delivered by the SP algorithm

are exact. The SP algorithm for channel decoding may or

may not perform well, depending on the chosen code

structure, block length, SNR, etc. The Bturbo[ decoder is

an example of the SP algorithm applied on cyclic factor
graphs.

We intend to show now how to derive turbo-

synchronization methods based on the SP-algorithm

framework. Before entering into deeper considerations,

let us sketch the main ideas behind the SP-algorithm

synchronization. First, remember that the synchronization

operation is a direct consequence of an approximation of

the bitwise optimal receiver (see Section II-A). Now, the
implementation of the optimal receiver (which requires

the computation of marginals pðuljrÞ) may actually be

placed into the SP-algorithm framework. As we will see in

the remainder of this section, applying the same kind of

approximation as (5) to the SP-implementation of the

optimal receiver will lead to new turbo-synchronization

algorithms.
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First, notice that marginals pðuljrÞ required to

implement the bitwise optimal receiver (2) may be

computed by applying the SP algorithm on a factor graph

representation of pðr; a; c;u;bÞ (see Fig. 3). Unfortu-

nately, the implementation of the SP algorithm on the

factor graph in Fig. 3 is often cumbersome because one has

to handle messages �b!fkðbÞ of continuously variable b.
In order to deal with this difficulty, an approach first

proposed in [50] consists of approximating �b!fkðbÞ by a

message ~�b!fk
ðbÞ which can be characterized by a finite

number of parameters. The simplest example of such an

approach is

~�b!fk
ðbÞ ¼ 	ðb� b̂Þ 8k (32)

where all messages ~�b!fk
ðbÞ are fully characterized by the

value of b̂. This approach has been followed in [12], [25],

[41]. Based on some considerations about the messages
exchanged by the SP algorithm, the authors of these papers

compute b̂ according to

b̂ ¼ argmax
b

X
a

pðrja;bÞ
Y

k

�ak!fkðakÞ: (33)

Let us pause a moment to compare (33) with (8) and (9).
We see that the function maximized in (33) has the same

structure as a likelihood function wherein the data

symbols are assumed to be distributed according toQ
k �ak!fk

ðakÞ. From this observation, we see that (33) can

be understood as a modified ML problem in which SP

messages �ak!fkðakÞ are used as a priori information on

the transmitted symbols.

In the general case, the factor graph contains cycles
and the SP algorithm is therefore iterative. A new estimate

b̂ðnÞ may then computed at each iteration according to

(33). This kind of synchronizers has been first proposed

based on intuitive reasoning in [19] and later justified

throughout the SP framework in [12], [25], and [41].

A direct consequence of the observation that (33) has

the structure of an ML problem is that synchronization

frameworks presented in Sections III-A and B may be used
to computed the value which satisfies the modified

maximization problem (33). In fact, all the relevant

equations still hold provided that we replace pðaÞ withQ
k �ak!pðakÞ. In [25] and [41], for example, the authors

propose to apply the EM algorithm to (33). In [12], [24],

and [39], the authors apply gradient methods to solve the

modified ML problem. Note that, since both the SP and the

EM (resp. gradient) algorithms are iterative, the combi-
nation of these algorithms leads to a doubly iterative
synchronization procedure. In a first step, SP messages

�ak!fk
ðakÞ are computed using the previous estimate

b̂ðn�1Þ. Then, a new estimate b̂ðnÞ is computed by solving

(33) via an EM (resp. gradient) algorithm. Some com-
ments about this approach are as follows.

• The complexity associated with one iteration of the

EM/gradient algorithm is usually much smaller

[25] when considering the maximization problem

(33) than when considering the maximization of

pðbjrÞ. This is due to the fact that
Q

k �ak!fk
ðakÞ

has a nice factorization whereas actual prior pðaÞ
does not necessarily factor [12], [41].

• The number of EM/gradient iterations performed

to solve (33) may be tuned according to system

requirements. In particular, it is emphasized in

[25], [39], and [41] that if only one single EM

(resp. gradient) iteration is performed at each SP

iteration, the resulting synchronizer is equivalent5

to the EM (resp. gradient) synchronizer presented

in Section III-A.
Before concluding this section, let us discuss the

important question of the fixed points of the SP

synchronizer (33). In [41], it is emphasized that the EM

synchronizer may be regarded as a particular case of the SP

Fig. 3. Factor-graph representation of pðr; a; c;u;bÞ. The box pðajcÞ
represents the factor graph relative to bit-to-symbol mapping. The box

pðcjuÞ represents the factor graph characterizing the error-correcting

code used for the transmission. Functions fkðak;bÞ are such that

pðrja; c;u;bÞ ¼
QK�1

k¼0 fkðak;bÞ.

5The resulting synchronization algorithm is equivalent to an exact EM
synchronizer if the factor graph on which is based the computation of
�ak!fk ðakÞ is cycle-free and approximated otherwise (see Section III-A).
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synchronizer (when the modified ML problem (33) is
solved via an EM algorithm). As a direct consequence, it

turns out that any fixed point of the SP synchronizer must

also be a fixed point of the EM synchronizer, the reverse

being not necessarily true. Denoting by �SP the set of

stationary points of the SP synchronizer, we have therefore

�SP � �EM � �Gradient: (34)

The SP synchronizer seems therefore to further restrict the

set of fixed points at which the synchronizer can be

stucked. Let however make two important remarks on

(34). First, the set ordering (34) only holds for Bpure[ SP

synchronizer as described in (33), i.e, if we indeed

compute the solution of (33) at each iteration. In particular
if we use an EM (resp. gradient) algorithm to solve (33), it

is straightforward from our second remark above that

�SP ¼ �EM (resp. �SP ¼ �Gradient). Secondly, note that

unlike the EM and gradient synchronizers, the SP

synchronizer is not ensured to converge to its fixed points.

When the factor graph on which are based the

computation of messages �ak!fkðakÞ contains cycles, the

result mentioned above may be translated in terms of
Bethe approximation of the system free energy. In

particular, the fixed points of the SP synchronizer must

be stationary point of the Bethe approximation of the free

energy.

IV. APPLICATIONS AND
PERFORMANCE ANALYSIS

In this section, we illustrate, by simulation results, the

performance of the turbo synchronizers in terms of i) their

accuracy, i.e., the MSEE they can achieve; ii) their

acquisition or operating range, i.e., the range of parameter

values for which they properly recover synchronization;

and iii) their impact on the BER performance in synchro-

nizing state-of-the-art receivers.

A. Accuracy Evaluation
We first compare the MSEE achieved via turbo syn-

chronization (after convergence) with the MSEE achieved

by conventional NCA synchronizers (see Section II-C). For

the sake of illustration, we consider a Gray-mapped QPSK

convolutionally coded transmission. In such a scenario, the

symbol a posteriori probabilities may be computed exactly

by means of a BCJR algorithm. As a consequence, the EM
and the SD synchronizers, respectively described in

Sections III-A and B, can be implemented exactly. It can

also be shown [39] that, in such a situation, the factor

graph associated with the computation of messages

�ðnÞ
ak!pðakÞ (see Section III-C) is cycle-free. Hence, the

fixed points of the EM, SD and SP synchronizers must be

stationary points of pðrjbÞ.

Fig. 4 depicts the MSEE achieved by different carrier-

phase synchronizers. The channel code is a rate-1/2
nonsystematic convolutional code with generator poly-

nomials ½5; 7�8 [51]. The transmitted frames consist of

500 QPSK symbols. We have considered: i) the conven-

tional NCA Viterbi&Viterbi carrier phase synchronizer [31]

and ii) the EM, SD and SP turbo synchronizers. The turbo

synchronizers have been initialized Bclose[6 to the global

maximum and run until convergence. Their performance is

similar and has been illustrated by one single curve. For
the sake of comparison with the synchronizer performance,

the CRB (in both the NCA and the CA scenarios) and the

MCRB have also been represented.

We see that the turbo synchronizers attain the CA

CRB. This is a direct consequence of the fact that, as

shown in Section III, turbo synchronization is an iterative

implementation of the ML CA estimator. Since the ML

estimator is (asymptotically) efficient [29], i.e., reaches
the CRB for sufficiently long frame lengths, we may

expect the turbo synchronizers do so if they are properly

initialized. On the contrary, we may notice that the MSEE

achieved by the Viterbi&Viterbi synchronizer does not

exactly attain the NCA CRB. This is due to the fact that the

Viterbi&Viterbi synchronizer is only an approximation of

the ML criterion (see Section II-C). The reason of the gap

between the performance achievable by turbo synchroni-
zers and the conventional V&V synchronizer is therefore

twofold: i) the Viterbi&Viterbi operates in a NCA mode

and drops therefore important statistical information

about the transmitted sequences and ii) the V&V does

not implement the actual NCA ML solution but is based

on an approximation.

Fig. 4. Phase estimation: MSEE versus Es=N 0-ratio for a QPSK

convolutionally coded transmission.

6By Bclose,[ we mean at a value such that any problem of miscon-
vergence is avoided.
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B. Operating Range
Another important feature of any synchronizer is its

ability to attain synchronization for a large range of

synchronization-parameter values, i.e., its acquisition
range. For the sake of illustration, we consider the fol-

lowing scenario: phase synchronization of a BPSK

convolutionally coded transmission with # ¼ 0.

We have illustrated in Fig. 5 the MSEE achieved by

different synchronizers versus the actual phase offset. All

the turbo synchronizers are initialized at #̂ð0Þ ¼ 0�. We
may notice that the turbo (EM and SD) synchronizers

exhibit the same acquisition range as the V&V NCA

synchronizers, namely both of them are unable to properly

synchronize the system when the absolute value of the

phase offset is larger than 90�. The justification of such a

behavior is however quite different in the conventional

(NCA) and the turbo (CA) scenarios: i) the V&V is a NCA

synchronizer and has its (phase-offset) acquisition range
intrinsically limited by the constellation symmetry [1] and

ii) the turbo-synchronizer acquisition range is limited due

to convergence failure.

Fig. 6 illustrates these considerations: we have

represented the log-likelihood function (LLF) log pðrjbÞ
in both the NCA and the CA scenarios. We first notice that

the NCA LLF has a 180� symmetry.7 This symmetry

implicitly means that, irrespective of its implementation,
the NCA synchronizer will not be able to distinguish

between two phase offsets that are 180� apart. As a direct

consequence, NCA synchronizers, like the V&V, are

unable to attain synchronization for phase offsets

j#j 9 90� unless the ambiguity is somehow solved. On

the other hand, we may notice that the CA log-likelihood

function exhibits one single global maximum in the range

½�180�; 180��. In the considered scenario,8 the CA ML

synchronizer appears to be able to get rid of the 180�

ambiguity typical of NCA synchronizers. However, the

turbo synchronizers described in Section III are based on
iterative maximum-search methods, and we see that the

CA LLF in Fig. 6 has additional local maxima at �180�. If

the algorithm is initialized at j#̂ð0Þj 9 90�, the Bhill-

climbing[ nature of iterative methods (i.e., the EM

algorithm, the gradient methods. . .) on which the turbo

synchronizers rely will lead them to converge to a local

maximum rather than to the global one. Hence, although

having the necessary statistical information at their
disposal, the iterative nature of the turbo synchronizer

makes them unable to recover the correct synchronization

on the whole range ½�180�; 180�� as well. In such cases,

ambiguity resolution methods have to be considered, see,

e.g., [53]–[55] and references therein. Another approach

consists of using codes robust to a 180�-rotation [20], [52].

Using such codes, the FER-BER performance achieved by

the system are identical irrespective of the maximum
(local or global) to which converges the synchronizer.

C. Synchronization of State-of-the-Art Receivers
In this section, we illustrate the impact of turbo

synchronization algorithms on the performance achieved

by state-of-the-art receivers. Admittedly, not all data

modems require turbo synchronization. In some cases,

conventional synchronization methods will just perform as
fine and will be sufficient for properly locking the received

signal. In other cases, the use of more powerful

synchronizers is required. In practice, the choice of a

Fig. 5. MSEE versus the phase offset for different synchronizers. Fig. 6. One realization of the log-likelihood function logpðrj#Þ in the

NCA and the CA cases.

7It is easy to show that this symmetry is actually due to the NCA
nature of the synchronizer [1], [2].

8Depending on the considered code, the log-likelihood function may
or may not exhibit a global maximum [39]. For example Bnoncoherent[
codes (i.e., codes enabling to recover the transmitted sequence under a
180�-rotation [20], [52]), exhibits a CA LLF similar to the NCA LLF due to
the problem symmetry.
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proper synchronization method has to be made on a case-
by-case basis.

Our case study will be here the joint phase and timing

synchronization of a turbo-coded transmission. The

considered turbo encoder consists of the parallel concat-

enation of two rate-1/2 recursive systematic convolutional

(RSC) encoders with polynomial generators ð37, 33Þ8,

separated by a random interleaver. The turbo-encoder

output is punctured so that the overall code rate is 1/2.
Transmitted frames consist of 999 BPSK symbols. The

rolloff factor is set to 0.1. The timing and the phase offset

are changed for each new transmitted frame and are

assumed to be uniformly distributed respectively on

½�T=2; T=2� and on ½��=2; �=2�. We assume that the

frame synchronization and the phase ambiguity problems

are perfectly solved i.e., at each iteration the timing and

the phase estimates are constrained to be such that
j� � �̂ j � T=2 and j#� #̂j G �=2.

Figs. 7 and 8 represent the BER achieved by the

receiver versus the Eb=N 0-ratio and the number of

required operations, respectively. We have considered

the V&V and Oerder&Meyr (O&M) [1] conventional NCA

synchronizers and the EM, SD and SP turbo synchronizers

described in Section III. In the SP case, we consider the

computation of the maximum of log pðnÞðrjbÞ according to
EM and SD algorithms. The resulting synchronizers are

respectively denoted SP-EMðnÞ and SP-SDðnÞ, where n is

the number of EM (resp. SD) iterations performed per SP

(or equivalently turbo) iteration. As mentioned in

Section III-C, the approximated versions of the EM and

the SD synchronizers are respectively equivalent to SP-

EM(1) and SP-SD(1), and will be referred to as such in

the sequel. All the iterative synchronizers are initialized
by means of the V&V and O&M NCA synchronizers.

Fig. 7 illustrates the BER versus Eb=N 0 after 15 turbo

iterations. We note that the conventional synchronizers

lead to dramatic BER degradations, while the turbo

synchronizers enable to improve the BER achieved by

the system. In particular, we see that, in the considered

scenario, the SP-SD(5) synchronizer enables to recover the

performance of the perfectly synchronized system. Hence,
it is clear from this example that turbo synchronization is

beneficial to improve system performance.

As far as the considered setup is concerned, it

seems that increasing the number of EM (resp. SD)

iterations at each SP iteration improves the final BER,

i.e., the SP-EM(5) [resp. SP-SD(5)] leads to better

performance than the SP-EM(1) [resp. SP-SD(1)]. The

increase of the number of iterations however implies a
higher computational cost per turbo iteration. In this

context, we may ask the question of the turbo-synchroni-

zation method leading to the best tradeoff between BER

and complexity. In order to have a measure of the

computational complexity, we have represented in Fig. 8

the BER versus the number of operations9 required by each

method. Each point corresponds to an (additional)

Bdecoding-synchronization[ iteration. For the sake of
comparison, the BER of both the perfectly synchronized

system and the system synchronized via conventional

NCA synchronizers has also been plotted. We first note

that the system synchronized by means of the V&V and the

O&M synchronizers can no longer improve the BER after

a few iterations. This is due to the bad estimation quality

of these synchronizers at such a low SNR. On the

contrary, the systems based on turbo synchronization keep
on improving the BER throughout the iterations. The

computational complexity associated with this improve-

ment is however quite different depending on the

Fig. 7. BER achieved at the 15th turbo iteration with different

synchronization algorithms.

Fig. 8.BER versus the number of required operations at Eb=N 0 ¼ 2 dB.

9We consider the (approximated) number of multiplications required
by the system.
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considered turbo-synchronization method. As far as our
simulation setup is concerned, the SP-SD(5) turbo

synchronizer exhibits the best tradeoff between perfor-

mance and complexity. Also, notice that increasing the

number of SD iterations per SP iteration reduces the

system complexity: achieving a BER of 10�4 requires about

three times more multiplications when the system is

synchronized via the SP-SD(1) than when using the SP-

SD(5). This is not the case for the SP-EM synchronizer:
both the SP-EM(1) and the SP-EM(5) exhibit the same

Brate[ of improvement. In a general way, it is not possible

to draw conclusions about the turbo-synchronization

method leading to the best BBER-complexity[ tradeoff.

As mentioned at the beginning of this section, the Bbest[
synchronization method is a function of the considered

setup and has to be made on a case-by-case basis.

V. CONCLUSIONS AND PERSPECTIVES

The paper has illustrated a few techniques to perform

joint iterative detection and synchronization, i.e., turbo-
synchronization in digital modems. Turbo synchronization

has been emphasized to be a suitable implementation

when synchronizer is wished to operate in CA mode

(i.e., when it takes the code structure into account in
the synchronization process).

In the authors’ opinion, CA turbo synchronization has

to be adopted whenever possible in modem design to make

data detection more robust. This specifically applies when

the SNR is low and/or when the number of pilot symbols

the receiver can rely on is limited. The complexity of such
techniques, although nonnegligible with respect to con-

ventional synchronization, turns out not to be crucial in

the context of the whole modem design when compared to

that of the channel decoder for iterative decoding.

Attention has to be paid to the initialization of the

iterative algorithm, but this issue can be usually solved

with the aid of a very short preamble, on which traditional

data-aided synchronization can provide a good coarse
(initial) value of the parameter under estimation. Different

approaches can then be adopted as far as the iterative

algorithm is concerned (EM, gradient, and so on)

depending on the required performance, and on the

affordable complexity.

The paper has not touched upon a few topics that

comes naturally to one’s mind. First and foremost, we

mention here the estimation through the same iterative
techniques of time-varying signal parameters, such as the

signal amplitude out of a time-selective wireless channel,

or the phase noise process of a receiver equipped with a

low-cost, consumer-grade oscillator. In such cases the

issue of constant parameter estimation is turned into that

of estimation of the realization of a random process. A few

techniques such as forward-backward estimation on a code

block of the random process (fading channel or phase
noise), as well as augmentation of the sum-product

decoding/estimation algorithm to perform the same

function are exhibiting good results. And they all can be

seen as belonging to an enlarged family of Bextended

turbo-synchronization[ techniques. h
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