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Reference tracking control of periodic ramp-like signals is a requirement in nanopositioning applications. Such applications involve atomic force microscopes [1], high density data
storage devices [2], lab-on-a-chip devices [3], nanolithography [4], optical systems [5] and
nanomachining [6] and so on. These signals are high-frequency components and therefore
any control system should exhibit a maximum flat-band low pass filter characteristic in order
to accurately track such signals. The Butterworth filter is known to have a maximum flat-band
frequency response and any control system emulating its behaviour should track ramp-like signals accurately. Further, vibration and nonlinearities such as hysteresis are primary problems
associated with a piezo-driven nanopositioner. The damping loop uses the Integral Resonant
Controller (IRC) to deal with vibration, and the tracking loop uses the Integral (I) or Proportional Integral (PI) to deal with uncertainties. The IRC introduces a low-frequency pole into
the tracking-loop affecting the bandwidth of the closed-loop. This letter presents a PI feedback
control with a selective zero placement imitating the Butterworth filter frequency response and
negating the IRC pole without significant contribution to phase shift profile of the system. The
designed control strategy offers 34% improvement in bandwidth, and the performance is tested
using experimental validation. This improvement in the bandwidth is of vital importance to
capturing the major harmonics of the ramp-like signals, such as a triangular wave.
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The common control closed-loop approach is to invoke two loops for better performance
of the nanopositioners. The two loops, damping and tracking loop, are applied simultaneously.
The damping loop is associated with employing a damping controller in the system to damp
the mechanical resonant of the nanopositioner and facilitate a high-gain tracking controller in
the tracking loop. There are various types of damping controllers used in the literature, such
as Integral Resonant Control (IRC) [7]. The tracking loop is associated with the reduction
of errors from uncertainties such as hysteresis and creep. There are various types of tracking
controllers employed, such as an Integral (I) [8], or a Proportional-Integral (PI) [9], controllers. The IRC, a simple and robust damping controller, will be used in this letter. However,
the IRC introduces a low-frequency pole, thereby limiting the bandwidth. Simultaneous
design improvements for damping and tracking controllers are reported in [10]. However, this
control scheme does not deliver a substantially superior positioning performance over a wider
bandwidth. This is because such methods employ a first-order integrator to track a triangular
trajectory without cancelling the pole of the IRC, which limits the bandwidth and increases
the phase profile of the closed-loop damped system. The reason for selecting PI rather than
I controller is due to the IRC’s low-frequency pole. The PI controller negates the IRC pole,
which increases the bandwidth. Recent research introduces the PI controller as a tracking
controller in the context of nanopositioning, as reported in [11]. On the other hand, cancelling
the IRC pole entirely is not beneficial and has a limited bandwidth. A further method using a
PI controller is reported in [12]; however, the design method of the controller parameters is not
systematic. Another traditional method is reported in [13] using mimicry of the Butterworth.
However, this method is based on a single integral action which do not cancel the IRC pole.
This letter proposes the IRC in the damping loop integrated with a PI controller in the
tracking loop. The closed-loop bandwidth of the proposed controller mimics the Butterworth
frequency response and the zero of the proposed PI is selected to achieve the best bandwidth.
Consider the feedback schemes depicted in Figure 1. The input reference is referred to as 𝑟,

Figure 1. Block diagrams for the traditional control scheme.
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𝑦 is the output, 𝐺 is the plant, 𝐶𝑑 is the damping gain, 𝐶𝑡 is the tracking gain, and 𝑑 is the
feed-through term. The G(s) is given by:
𝐺(𝑠) =

𝜎2
,
𝑠2 + 2𝜁𝜔𝑝 𝑠 + 𝜔2𝑝

(1)

where 𝜁 is the damping ratio, 𝜔𝑝 is the natural frequency and 𝜎 2 is chosen to adjust the gain
of the stage at 0 Hz frequency. The proposed control strategy uses a systematic approach in
identifying the PI controller parameters, engaging the Butterworth filter pattern to achieve the
maximum bandwidth of the closed-loop. The tracking controller is given by:
𝐶𝑡1 =

𝐾𝑖 (𝑠 + 𝜔𝑧 )
𝑠𝜔𝑧

(2)

The closed-loop transfer function with respect to Figure 1 is given by:
𝑠4 + (2𝜁𝜔𝑝 − 𝑑𝐾𝑑 )𝑠3 + (𝜔2𝑝 − 2𝜁𝑑𝑘𝑑 𝜔𝑝 )𝑠2 + (

𝜎 2 𝐾𝑑 𝐾𝑖
− 𝜎 2 𝐾𝑑 − 𝑑𝐾𝑑 𝜔2𝑝 )𝑠 + 𝜎 2 𝐾𝑑 𝐾𝑖 = 0
𝑤𝑧
(3)

The characteristics equation of the fourth-order Butterworth filter at any given frequency (𝜔𝑐 )
is given by:
𝑠4 + 2.6132𝜔𝑐 𝑠3 + 3.4143𝜔2𝑐 𝑠2 + 2.6132𝜔3𝑐 𝑠 + 𝜔4𝑐

(4)

In order to emulate the Butterworth pattern, the characteristics equation for the proposed
PI controller must be equated with the characteristics equation for the Butterworth filter; this
will determine the values for the feed-through term, damping gain and tracking gain. Thus,
(3) must be similar to (4). The following quantities are obtained as a result of linking the two
characteristics equations:
⎧
⎪
2.6132𝜔𝑐 = 2𝜁𝜔𝑝 − 𝑑𝐾𝑑
⎪
⎪
⎪
3.414𝜔2𝑐 = 𝜔2𝑝 − 2𝜁𝜔𝑝 𝑑𝐾𝑑
⎪
⎨
⎪
2
⎪ 2.6132𝜔3𝑐 = 𝐾𝑑 [ 𝜎 𝐾𝑖 − 𝜎 2 − 𝑑𝜔2𝑝 ]
𝜔𝑧
⎪
⎪
⎪
𝜔4𝑐 = 𝜎 2 𝐾𝑑 𝐾𝑖
⎩
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As a result of equating the above equations, the following is obtained:
𝜔2𝑐

− 1.5307𝜁𝜔𝑝 𝜔𝑐 +

𝜔2𝑝 (4𝜁 2 − 1)

the above equation can be solved as below:
𝜔𝑐 =

3.4143

5.2264𝜁𝜔𝑝 ± √27.3153𝜁 2 𝜔2𝑝 − 13.6572(4𝜁 2 𝜔2𝑝 − 𝜔2𝑝 )
6.8286

(6)

(7)

The values of 𝜔𝑝 and 𝜁 are known from the system in equation 1, therefore 𝜔𝑐 can be calculated
(positive value is considered). In the same manner, the value of the damping gain can be
evaluated using the following formula:
𝐾𝑑 =

2.6132(𝜔3𝑐 𝜔𝑧 2𝜁) − 2𝜔4𝑐 𝜁 + 𝜔3𝑐 𝜔𝑧 − 3.4143(𝜔2𝑐 𝜔𝑝 𝜔𝑧 )
−2𝜁𝜎 2 𝜔𝑧

(8)

As can be seen from the above equation, that the value of damping gain is reliant on the zero of
the PI (𝜔𝑧 ). The system has complex conjugate pair poles, plus a pole on the x-axis (real pole
introduced by the IRC). In total four poles are required to form the Butterworth fourth-order.
The proposed PI controller has a real pole at zero frequency and a zero at 𝜔𝑧 frequency, in
addition to two poles of the system. The value of the feed-through term 𝑑 can be determined
using the following formula:
𝑑=

2𝜁𝜔𝑝 − 2.6132𝜔𝑐
𝐾𝑑

(9)

The value of the tracking gain of the PI controller can be calculated as in the following
equation:
𝐾𝑖 =

𝜔4𝑐

𝐾𝑑 𝜎 2

(10)

In order to find the optimal value of 𝜔𝑧 for the proposed controller, Figure 2(a and b) depicts
the optimal values for 𝜔𝑧 such that the bandwidth of the closed-loop of the proposed PIButterworth must not deviate from the 0 dB line by ± 1 dB or ±3 dB.
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Figure 2. The optimal value of 𝜔𝑧 for the proposed PI-Butterworth: (a) deviation from 0 dB
is less than ±1 dB; and (b) deviation from 0 dB is less than ±3 dB.

Two values of 𝜔𝑧 are selected based on ± 1 or 3 dB from 0 dB, achieving maximum
bandwidth so that 𝜔𝑧 is not the same frequency as the pole introduced by the IRC. The
following table provides the values of the controller parameters of the proposed system so
the closed-loop bandwidth mimics the Butterworth frequency response.
Table 1. Tabulates the proposed controller parameters
𝐾𝑑
10268

𝐾𝑖
366.2722

𝐾𝑑
11227

𝐾𝑖
334.9958

±1 from 0 𝑑𝐵
𝑑
−0.6199

𝜔𝑐
2470.9

𝑑
−0.5669

𝜔𝑐
2470.9

±3 from 0 𝑑𝐵

𝑟𝑎𝑑
𝑠𝑒𝑐

𝜔𝑧
3000 𝑟𝑎𝑑
𝑠𝑒𝑐

𝑟𝑎𝑑
𝑠𝑒𝑐

𝜔𝑧
1700 𝑟𝑎𝑑
𝑠𝑒𝑐

It is important to note that the value of 𝜔𝑐 is independent of the zero introduced by
the PI and therefore it remains unchanged for any given value of the 𝜔𝑧 . The mimicry of
the Butterworth filter through PI than I as in [13] has the advantage of reducing the phase of
the system and manipulating the system properties through the choice of 𝜔𝑧 . It also simplifies
the relationship between the damping and tracking controllers. The pole-zero map of the
traditional and proposed methods is plotted in Figure 3(a and b). It can be seen that the pole
is cancelled using the zero of the PI with the traditional method.
of the IRC at 𝜔𝑐 =4066.8 𝑟𝑎𝑑
𝑠𝑒𝑐
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However, the closed-loop system poles are closed to the imaginary axis, thereby affecting the
stability of the system. As the traditional I-Butterworth and PI-Butterworth exhibit the same
𝜔𝑐 , it can be seen the four poles of the Butterworth are almost identical and equally distributed
to form the Butterworth pattern, although there is a slight difference in the location of the
poles. However, the critical advantages of the proposed method lie in negating the IRC police
via the zero of the proposed PI-Butterworth using selective placement, as in Figure 3(a) 𝜔𝑧 is
and in Figure 3(b) 𝜔𝑧 is 1700 𝑟𝑎𝑑
.
3000 𝑟𝑎𝑑
𝑠𝑒𝑐
𝑠𝑒𝑐
Pole-Zero Map

Pole-Zero Map

5000

5000

4000

4000

3000

3000

2000

2000

1000

1000

0

0

-1000

-1000

-2000

-2000

-3000
-4000

-3000

PI-Butterworth
I-Butterworth
PI-tradtional

-4000

-5000
-4500 -4000 -3500 -3000 -2500 -2000 -1500 -1000 -500

PI-Butterworth
I-Butterworth
PI-tradtional

-5000
-4500 -4000 -3500 -3000 -2500 -2000 -1500 -1000 -500

0

(a)

0

(b)

Figure 3. Comparison of the pole-zero map of the Butterworth-based-I and -PI versus
; and (b) 𝜔𝑧 for the PItraditional PI (a) 𝜔𝑧 for the PI-Butterworth-based is 3000 𝑟𝑎𝑑
𝑠𝑒𝑐
Butterworth-based is 1700

𝑟𝑎𝑑
.
𝑠𝑒𝑐

The design procedures for the proposed control method guarantee stability and offer
maximum flat passband. This exhibits high stability margins and therefore it is robust to
uncertainties and disturbances. The stability margin for the proposed control system gain
margin (GM) is around 9 dB. The phase margin (PM) is around 55∘ . In practice the stability
is tested and the system is stable. A triangular wave is traced reasonably well by a closedloop control system whose bandwidth is suﬀicient to capture the major harmonics that form
the triangular wave. The higher the bandwidth, the better the trace for triangular wave. The
following figures provide a comparison of the closed-loop bandwidth using the traditional
and proposed methods where the dotted black line is ±3 dB. The selected value of 𝜔𝑧 is 3000
𝑟𝑎𝑑
for the proposed PI-Butterworth and deviation from 0 dB is less than ±1 dB. Although
𝑠𝑒𝑐
recent research proposes that 3dB deviation is acceptable [14], this can increase the proposed
method’s bandwidth.
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Figure 4. (a) Closed-loop bandwidth for the traditional control scheme using PI; and
(b) closed-loop bandwidth for the traditional control scheme using I; and (c) closed-loop
bandwidth for the proposed control scheme using PI.
Table 2 presents the achievable bandwidth for the closed-loop for both traditional and
proposed methods.
Table 2. Tabulates the obtained bandwidth
PI-traditional

I-Butterworth

PI-Butterworth

105.3 Hz

380.8 Hz

458.8 Hz

The control system design based on frequency response shows the proposed controller is
practically implementable.
The PI-Butterworth shows moderate phase distortion. Thus, the calculated phase-response
of the proposed PI agrees with the expected phase response due to pole-zero cancellation. The
improved Butterworth using PI has achieved a low-pass filter characteristic with maximally
flat amplitude within the filter passband. Magnitude response is almost flat for a significant
duration of the closed-loop bandwidth, for which satisfactory set-point tracking occurs. The
Closed-loop Frequency Response Data (FRD) for the proposed PI-Butterworth is plotted
in Figure 5. The advantage of FRD analysis for controller design is ensuring the desired
closed-loop characteristics are practically implementable. The FRD analysis or bode plot also
includes information about stability with time delays. The PI-Butterworth shows moderate
phase distortion. Thus, the calculated phase-response of the proposed PI agrees with the
expected phase response due to pole-zero cancellation. The improved Butterworth using PI
has achieved a low-pass filter characteristic with maximally flat amplitude within the filter
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passband. The system is experimentally stable from the observed GM and PM. Magnitude
response is almost flat for a significant duration of the closed-loop bandwidth, for which
satisfactory set-point tracking occurs. It can be concluded that control system design based
on frequency response analysis is satisfactory.
Bode Diagram
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102
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103

Figure 5. The Closed-loop Frequency Response Data (FRD) for the proposed PI-Butterworth.
For the realisation and evaluation of the proposed method by means of performance in
time-domain in the presence of disturbances such as hysteresis, Figure 6(a) presents time
domain reference tracking for 5 Hz triangular trajectory. Figure 6(b) shows root mean square
position error (RMSE) for triangular references over a range of frequencies to justify the
improvement in bandwidth in comparison to the traditional method I-Butterworth.
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Figure 6. (a) The time-domain tracking performance for PI-Butterworth in the presence
of disturbances; and (b) comparison of the RMSE for triangular trajectories with different
fundamental frequencies.
As expected, in line with the obtained increased bandwidth, the proposed method produces
less error in comparison to the traditional method. This piece of work effectively increases
the positioning bandwidth of the nanopositioner by about 34% via selective zero placement.
The controller parameters are derived analytically. Simulation and experimental results are in
close agreement and validate the proposed control scheme. Future work will involve parameter
optimisation.
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