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Let � be an automorphism of a ring R. We study the skew Armendariz of Laurent
series type rings (�-LA rings), as a generalization of the standard Armendariz condition
from polynomials to skew Laurent series. We study on the relationship between the
Baerness and p.p. property of a ring R and these of the skew Laurent series ring
R��x� x−1� ���, in case R is an �-LA ring. Moreover, we prove that for an �-weakly
rigid ring R, R��x� x−1� ��� is a left p.q.-Baer ring if and only if R is left p.q.-Baer
and every countable subset of S��R� has a generalized countable join in R. Various
types of examples of �-LA rings are provided.

Key Words: Armendariz rings; Skew Laurent series rings; Baer rings; Weakly rigid rings.

2000 Mathematics Subject Classification: Primary 16A05; Secondary 16N40.

1. INTRODUCTION

Throughout this article, R denotes an associative ring with unity, and � is an
automorphism of R. Denote R��x� x−1� ���, the ring of formal skew Laurent series,
whose elements are of the form

∑�
i=−m aix

i, with usual addition and multiplication
subject to the rule xia = �i�a�xi, for each i.

A ring R is called Baer (resp., quasi-Baer) if the left annihilator of every non-
empty subset (left ideal) of R is generated, as a left ideal, by an idempotent of R.
Kaplansky [16] introduced the Baer rings to abstract various properties of rings of
operators on a Hilbert space. Clark [8] introduced the quasi-Baer rings and used
them to characterize a finite dimensional twisted matrix units semigroup algebra
over an algebraically closed field. The definitions of Baer and quasi-Baer rings are
left-right symmetric. A ring R is called a left (resp., right) p.p.-ring if the left (resp.,
right) annihilator of each element of R is generated by an idempotent.

In [5], Birkenmeier, Kim, and Park, defined a ring to be called left (resp., right)
principally quasi-Baer (or simply left [resp., right] p.q.-Baer) if the left (resp., right)
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4000 HABIBI ET AL.

annihilator of every principal left (resp., right) ideal of R is generated by an
idempotent, as a left (resp., right) ideal of R. Equivalently, R is left p.q.-Baer if R
modulo the left annihilator of any principal left ideal is projective. Note that in a
reduced ring R (which has no nonzero nilpotent elements), R is a p.q.-Baer ring if
and only if R is a p.p.-ring. The class of p.q.-Baer rings includes all biregular rings,
all quasi-Baer rings, all abelian (i.e., every idempotent is central) p.p.-rings and is
closed under direct products and Morita invariance.

Recall from [2], an idempotent e ∈ R is left (resp., right) semicentral in R if
ere = re (resp., ere = er), for all r ∈ R. The set of all left semicentral idempotents
of R is denoted by S��R�. Since the left annihilator of a left ideal is an ideal, we see
that the left annihilator of a principal left ideal is generated by a right semicentral
idempotent in a left p.q.-Baer ring. The set of all idempotent elements of R is
denoted by I�R�.

In [4], Birkenmeier, Kim, and Park showed that the quasi-Baer condition is
preserved by R��x� x−1� ���. In [3], they showed that R is left p.q.-Baer if and only
if R�x� is left p.q.-Baer. But it is not equivalent to that R��x�� is left p.q.-Baer. In
fact, there exists a commutative von Neumann regular ring R (hence p.q.-Baer) such
that the ring R��x�� is not p.q.-Baer [3, Example 3.6]. In [9, Theorem 3] Fraser and
Nicholson proved that the ring R��x�� is reduced and left p.p. if and only if R is
reduced and left p.p. and any countable family of idempotents in R has a join in
I�R�. Liu in [21, Theorem 3] showed that R��x�� is right p.q.-Baer if and only if R
is right p.q.-Baer and any countable family of idempotents in R has a generalized
join when all left semicentral idempotents are central. Indeed, for a right p.q.-Baer
ring, the condition “left semicentral idempotents are central” is equivalent to assume
R is semiprime [9, Proposition 1.17]. Huang [15] showed that, in Liu’s result, the
condition requiring all left semicentral idempotents being central, is redundant. In
[22, Theorem 3.5], the authors extended Huang’s result and showed that for any
�-compatible ring R, R��x� ��� is right p.q.-Baer if and only if R��x� x−1� ��� is right
p.q.-Baer if and only if R is right p.q.-Baer and every countable subset of right
semicentral idempotents has a generalized countable join.

A ring R is said to be Armendariz if the product of two polynomials in R�x� is
zero if and only if the product of their coefficients is zero. This definition was given
by Rege and Chhawchharia in [25] using the name Armendariz since Armendariz
had proved in [1] that reduced rings satisfied this condition. Kim et al. in [17] called
a ring R power-serieswise Armendariz, if aibj = 0, for all i� j, whenever power series
f�x� = ∑�

i=0 aix
i, g�x� = ∑�

j=0 bjx
j in R��x�� satisfy f�x�g�x� = 0. In [14] Hong, Kim,

and Kwak extended the Armendariz property of rings to skew polynomial rings
R�x� ��: For an endomorphism � of a ring R, R is called an �-skew Armendariz
ring if for polynomials f�x� = ∑n

i=0 aix
i and g�x� = ∑m

j=0 bjx
j in R�x� ��, f�x�g�x� =

0 implies that ai�
i�bj� = 0, for each i� j.

In this note, we apply the concept of Armendariz ring to skew Laurent series
rings over general noncommutative rings. We shall call a ring R is an �-Armendariz
of Laurent series type ring (or simply, �-LA ring), if for each f�x� = ∑�

i=−m aix
i and

g�x� = ∑�
j=−n bjx

j ∈ R��x� x−1� ���, f�x�g�x� = 0 implies that ai�
i�bj� = 0, for each

i ≥ −m and j ≥ −n. We show that a number of interesting properties of an �-LA
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4001

ring R such as the Baer and the �-quasi Baer property transfer to R��x� x−1� ��� and
vice versa. Also, we study various types of examples of �-LA rings, extending the
class of �-LA rings to non-semiprime rings.

2. SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS

In this section, we resolve the structure of �-LA rings and obtain various
necessary or sufficient conditions for a ring to be �-LA, unifying and generalizing a
number of known Armendariz-like conditions.

We start by the following example which shows that there exists an
Armendariz ring R with an automorphism � that is not an �-LA ring.

Example 2.1. Let R = R1 ⊕ R2, where Ri is a reduced ring, for i = 1� 2. Then
R is reduced and hence Armendariz. Let � 	 R → R be an automorphism defined
by ���a� b�� = �b� a�. Then for f�x� = �1� 0�− �1� 0�x and g�x� = �0� 1�+ �1� 0�x +
�0� 1�x2 + · · · in R��x� x−1� ���, f�x�g�x� = 0 but �1� 0�2 �= 0. Thus R is not an �-LA
ring.

In the following, we prove that R is an �-LA ring, if it satisfies the equivalent
conditions of the following theorem.

Theorem 2.2. Let R be a ring and � an automorphism of R. Then the following
statements are equivalent:

(i) R is an �-LA ring;
(ii) For each f�x� = ∑�

i=−m aix
i and g�x� = ∑�

j=−n bjx
j ∈ R��x� x−1� ���, if f�x�g�x� =

0, then a0bj = 0, for each j ≥ −n;
(iii) For each f�x� = ∑�

i=0 aix
i and g�x� = ∑�

j=0 bjx
j ∈ R��x� x−1� ���, if f�x�g�x� = 0,

then ai�
i�bj� = 0, for each i� j ≥ 0;

(iv) For each f�x� = ∑�
i=0 aix

i and g�x� = ∑�
j=0 bjx

j ∈ R��x� x−1� ���, if f�x�g�x� = 0,
then a0bj = 0, for each j ≥ 0.

Proof. We only need to prove �iv� ⇒ �i�. Let f�x�g�x� = 0, where f�x� =∑�
i=−m aix

i and g�x� = ∑�
j=−n bjx

j ∈ R��x� x−1� ���. We have

f�x�g�x� =
( �∑

i=−m

aix
i

)( �∑
j=−n

bjx
j

)

=
( �∑

i=−m

aix
i+m

)
x−m

( �∑
j=−n

bjx
j

)

=
( �∑

i=−m

aix
i+m

)( �∑
j=−n

�−m�bj�x
j−m

)
= 0


By multiplying xm+n from the right-hand side of above equation, we get
�
∑�

i=−m aix
i+m��

∑�
j=−n �

−m�bj�x
j+n� = 0. Thus a−m�

−m�bj� = 0, for each j ≥ −n, by
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4002 HABIBI ET AL.

(iv). Therefore,

f�x�g�x� =
( �∑

i=−m+1

aix
i

)( �∑
j=−n

bjx
j

)

=
( �∑

i=−m+1

aix
i+m−1

)
x−m+1

( �∑
j=−n

bjx
j

)

=
( �∑

i=−m+1

aix
i+m−1

)( �∑
j=−n

�−m+1�bj�x
j−m+1

)
= 0


By multiplying xm+n−1 from the right-hand side of above equation, we get
�
∑�

i=−m+1 aix
i+m−1��

∑�
j=−n �

−m+1�bj�x
j+n� = 0. Thus a−m+1�

−m+1�bj� = 0, for each j ≥
−n, by (iv). By continuing in this way, we get ai�

i�bj� = 0, for each i ≥ −m and
j ≥ −n and the proof is complete.

In [18, Lemmas 7, 8] Kim and Lee proved that Armendariz rings are abelian
and when R is an abelian ring, then every idempotent of R��x�� is in R and R��x�� is
abelian. Now, we state similar results for the skew Laurent series ring R��x� x−1� ���.

Proposition 2.3. Let R be an �-LA ring. Then we have the following statements:

(i) ��e� = e, for each e2 = e ∈ R�
(ii) If e2 = e ∈ R��x� x−1� ���, then e ∈ R�
(iii) R is an abelian ring;
(iv) R��x� x−1� ��� is an abelian ring.

Proof. (i). Let e2 = e ∈ R. Suppose that f�x� = ex−1 − e and g�x� = �1− ��e��+
�1− �2�e��x + �1− �3�e��x2 + · · · ∈ R��x� x−1� ���. We have f�x�g�x� = 0. Since R
is an �-LA ring, e�1− ��e�� = 0 and, consequently, e = e��e�. On the other
hand, h�x�k�x� = 0, where h�x� = �1− e�x−1 − �1− e� and k�x� = ��e�+ �2�e�x +
�3�e�x2 + · · · ∈ R��x� x−1� ���. Thus�1− e���e� = 0, since R is an �-LA ring and
consequently ��e� = e��e�. Hence e = ��e� and the result follows.

(ii) Let e = ∑�
i=−m eix

i be an idempotent of R��x� x−1� ���. Since �1− e�e = 0,
we have �1− e0�ei = 0, for each i. Thus ei = e0ei, for each i. On the other hand,
since e�1− e� = 0, we have e0�1− e0� = 0 and e0ei = 0, for each i �= 0. Thus ei = 0,
for each i �= 0. Hence e = e0 ∈ R and the proof is complete.

(iii) Let e2 = e and r ∈ R. Suppose that f�x� = ex−1 − er and g�x� = �1−
e�+ ��r��1− e�x + ��r��2�r��1− e�x2 + · · · ∈ R��x� x−1� ���. We have f�x�g�x� = 0.
Since R is an �-LA ring, er�1− e� = 0 and so er = ere. Next, let h�x� =
�1− e�x−1 − �1− e�r and k�x� = e+ ��r�ex + ��r��2�r�ex2 + · · · ∈ R��x� x−1� ���. We
have h�x�k�x� = 0. Since R is an �-LA ring, it implies that �1− e�re = 0. Therefore,
re = ere and so re = er, which implies that R is abelian.

(iv) It is clear by (i), (ii) and (iii).

Let � be an endomorphism of a ring R. According to Krempa [19], an
endomorphism � of a ring R is said to be rigid if a��a� = 0 implies a = 0, for a ∈ R.
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4003

A ring R is called �-rigid if there exists a rigid endomorphism � of R. In [12], the
authors introduced �-compatible rings and studied its properties. A ring R is �-
compatible if for each a� b ∈ R, ab = 0 ⇔ a��b� = 0. Clearly, this may only happen
when the endomorphism � is injective. Also by [12, Lemma 2.2], a ring R is �-rigid
if and only if R is �-compatible and reduced.

Lemma 2.4. Let � be a compatible automorphism of a ring R. Then we have the
following statements:

(i) If ab = 0, then a�k�b� = �k�a�b = 0, for all integers k;
(ii) If �k�a�b = 0 for some integer k, then ab = 0.

Proof. Since � is an automorphism, it is clear, by [12, Lemma 3.2].

In [14], Hong, Kim, and Kwak asked a question that: “Let � be a
monomorphism (or automorphism) of a (commutative) reduced ring R and R be �-
skew Armendariz. Is R �-rigid?” A positive answer to this question have been given
in [23, Theorem A] by Matczuk, and in [6, Theorem 1] by Chen and Tong. Now,
we generalize this result to �-LA rings.

Theorem 2.5. Let � be an automorphism of a ring R. Then R is �-rigid if and only if
R is reduced and �-LA ring.

Proof. Suppose R is an �-rigid ring. Let f�x� = ∑�
i=−m aix

i and g�x� = ∑�
j=−n bjx

j

by elements of R��x� x−1� ��� with f�x�g�x� = 0. We prove that ai�
i�bj� = 0, for each

i ≥ −m and j ≥ −n. The proof is by induction on i+ j. It can be easily checked that
a−m�

−m�b−n� = 0. Now, we suppose that our claim is true for i+ j < k. We have

a−m�
−m�bk+m�+ a−m+1�

−m+1�bk+m−1�+ · · · + ak+n�
k+n�b−n� = 0� (∗)

since
∑

i+j=k ai�
i�bj� is the coefficient of xk in f�x�g�x�. On the other hand,

a−m�
−m�bj� = 0, for j < k+m. Thus �t�bj�a−m = 0, for each t and j < k+m,

since R is �-rigid. Therefore, by multiplying a−m from the right-hand side of
Eq. (∗), we have a−m�

−m�bk+m�a−m = 0 and consequently a−m�
−m�bk+m� = 0, since

R is reduced. Thus, by multiplying a−m+1 from the right-hand side of Eq. (∗), we
have a−m+1�

−m+1�bk+m−1�a−m+1 = 0 and consequently a−m+1�
−m+1�bk+m−1� = 0. By

repeating this method, we obtain ai�
i�bj� = 0, for i+ j = k and so R is an �-LA ring.

Conversely, let a��a� = 0. Let f�x� = ��a�x−1 − ��a� and g�x� = ��a�+ �2�a�x +
�3�a�x2 + · · · ∈ R��x� x−1� ���. Therefore, f�x�g�x� = 0 and so ��a���a� = 0, since R
is an �-LA ring. Thus ��a2� = 0 and consequently a = 0, since � is an automorphism
and R is reduced. Hence R is �-rigid, and the proof is complete.

In [14, Proposition 3] the authors showed that R is an �-rigid ring if and only
if R�x� �� is a reduced ring. Also, in [19, Corollary 2.5], Krempa proved that R is
�-rigid if and only if R��x� ��� is reduced. Now, we have the following result.

Proposition 2.6. Let � be an automorphism of a ring R. Then R is an �-rigid ring if
and only if R��x� x−1� ��� is a reduced ring.
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4004 HABIBI ET AL.

Proof. Suppose that R is �-rigid. Let f�x� = ∑�
i=−m aix

i ∈ R��x� x−1� ��� and f 2 =
0. Thus a−m�

−m�a−m� = 0 and so a−m = 0, since R is �-rigid. Hence f = 0 and
R��x� x−1� ��� is reduced. Conversely, suppose that R��x� x−1� ��� is a reduced ring and
a��a� = 0. Thus ���a�x−1�2 = 0 and so a = ��a� = 0, since R��x� x−1� ��� is reduced.
Hence R is �-rigid, and the proof is complete.

Recall that for an ideal I of R, if ��I� ⊆ I , then �̄ 	 R/I → R/I defined by �̄�a+
I� = ��a�+ I is an endomorphism of a factor ring R/I . If � is an automorphism and
��a� � I , for each a ∈ R\I , then �̄ is automorphism. The following example, shows
that there exists an �-LA ring R with a nonzero proper ideal I such that R/I is not
an �̄-LA ring.

Example 2.7. Let � be the ring of integers and �4 the ring of integers modulo
4. Consider the ring R = ��a� b� � a ∈ � and b ∈ �4� with addition point-wise
and multiplication given by �a� b��c� d� = �ac� ad + bc�. Let � 	 R → R be an
automorphism defined by ���a� b�� = �a�−b�. We show that R is an �-LA ring.
Suppose that f�x� = ∑�

i=−m �ai� bi�x
i and g�x� = ∑�

j=−n �cj� dj�x
j in R��x� x−1� ���

such that f�x�g�x� = 0. We prove that �ai� bi��cj� �−1�idj� = 0, for each i and j. Let
f1�x� =

∑�
i=−m aix

i and g1�x� =
∑�

j=−n cjx
j ∈ ��x�, f2�x� =

∑�
i=−m bix

i and g2�x� =∑�
j=−n djx

j ∈ �4�x�. Since f�x�g�x� = 0, we have �f1� f2��g1� g2� = 0, and so f1g1 =
f1 ∗ g2 + f2g1 = 0, where aix

i ∗ djx
j = ai�−1�idjx

i+j . f1g1 = 0 implies that f1 = 0 or
g1 = 0. If f1 = 0, we get f2g1 = 0 and so bi ∈ �0� 2� and cj = 2tj . So one can see
that �ai� bi��cj� �−1�idj� = �0� bi��cj� �−1�idj� = 0, for each i and j. If f2 = 0, we get
f1 ∗ g2 = 0, and so ai = 2ti and cj ∈ �0� 2�. So one can see that �ai� bi��cj� �−1�idj� =
�ai� bi��0� �−1�idj� = 0, for each i and j. Hence R is an �-LA ring. However, for an
ideal I = ��a� 0� � a ∈ 4�� of R, the factor ring R/I = ��a� b� � a� b ∈ �4� is not �̄-LA,
since ��2� 0�+ �2� 1�x�2 = 0, but �2� 1��̄��2� 0�� �= 0.

Let I be an ideal of a ring R with ��I� ⊆ I and ��a� � I , for each a ∈ R\I .
Clearly, R/I an �̄-rigid ring if and only if a��a� ∈ I implies that a ∈ I , for each
a ∈ R. So if a��a� ∈ I implies that a ∈ I , for each a ∈ R, then R/I is an �̄-LA ring,
by Theorem 2.5. Also if a��a� ∈ I implies that a ∈ I , for each a ∈ R, then I is
completely semiprime ideal (i.e. a2 ∈ I implies that a ∈ I). In fact, if a2 ∈ I , then
a��a���a��a�� = a��a2��2�a� ∈ I , since ��I� ⊆ I . Therefore, a��a� ∈ I and so a ∈ I .

In Example 2.7, the ideal I = �4�� 0� of R does not satisfy the condition
(a��a� ∈ I implies that a ∈ I , for each a ∈ R). In fact, �2� 0���2� 0� ∈ I , but �2� 0� � I .
Thus the condition (a��a� ∈ I implies that a ∈ I , for each a ∈ R) is not superfluous.

Clearly, if R is a domain with an automorphism �, then R is an �-LA ring.
In particular, for a completely prime ideal P (i.e., if ab ∈ P, then a ∈ P or b ∈
P), a factor ring R/P is �̄-LA. The following example shows that there exists an
automorphism of an abelian ring R whose prime radical N∗�R� is a completely
semiprime ideal and an �-LA ring. Also R/N∗�R� is an �̄-LA ring, but R is not �-LA.

Example 2.8. Let R = �� a c
0 b � � a− b ≡ c ≡ 0 (mod 2) and a� b� c ∈ ��. Let � 	

R → R be an automorphism defined by ��� a c
0 b �� = � a −c

0 b �. One can see that N∗�R� =
�� 0 c

0 0 � � c ≡ 0 (mod 2)�. Clearly, N∗�R� is �-LA. Also, A��A� ∈ N∗�R� implies that A ∈
N∗�R�, since N∗�R� is completely semiprime and ��N∗�R�� = N∗�R�. So R/N∗�R� is
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4005

an �̄-LA ring. However, R is not an �-LA ring. Since for f�x� = � 2 2
0 0 �+ � 0 2

0 0 � x and
g�x� = � 0 2

0 −2 �+ � 0 2
0 0 � x, we have f�x�g�x� = 0, but � 0 2

0 0 � ���
0 2
0 −2 �� �= 0.

Note that we use Mn�R� and Tn�R�, for the ring of n-by-n matrices over R
and the ring of n-by-n upper triangular matrices over R, respectively. We denote the
identity matrix and unit matrices in ring Mn�R�, by In and Eij , respectively.

The last example of this section shows that there exists a non-identity
automorphism � of a ring R such that I is an �-LA ring and R/I is an �̄-LA ring, for
any nonzero proper ideal I of R, but R is not an �-LA ring.

Example 2.9. Let F be a field, R = T2�F� and � an automorphism of R defined
by ��� a b

0 c �� = � a −b
0 c �. We have f�x�g�x� = 0, where f�x� = E11 + �E11 + E12�x, g�x� =

−E22 + �E12 + E22�x. But �E11 + E12�E22 �= 0. Thus R is not an �-LA ring. Note that
the only nonzero proper ideals of R are

I1 = �aE11 + bE12 � a� b ∈ F�� I2 = �aE12 + bE22 � a� b ∈ F�� I3 = �aE12 � a ∈ F�


Clearly, R/I1 is an �̄-LA ring, since R/I1 � F . Now, we show that I1 is an �-
LA ring. For f�x� = ∑�

i=−m Aix
i and g�x� = ∑�

i=−n Bjx
j in I��x� x−� ���, where Ai =

aiE11 + biE12 and Bj = cjE11 + djE12, assume that f�x�g�x� = 0. Therefore, a−mc−n =
a−md−n = 0, since A−m�

−m�B−n� = 0. If 0 �= a−m, then B−n = 0, a contradiction;
whence a−m = 0. This implies that A−m�

−m�Bj� = 0, for all j ≥ −n. On the other
hand, A−m+1�

−m+1�B−n�+ A−m�
−m�B−n+1� = 0 and so A−m+1�

−m+1�B−n� = 0. This
implies that a−m+1 = 0, since 0 �= B−n and consequently A−m+1�

−m+1�Bj� = 0, for
each j. By continuing in this way, we have Ai�

i�Bj� = 0, and so I1 is an �-LA ring.
Similarly, one can see that R/I2 is an �̄-LA ring and I2 is an �-LA ring. Finally, it
can be easily checked that I3 is an �-LA ring. Moreover, R/I3 is an �̄-LA ring, since
R/I3 is reduced and �̄ is an identity map on R/I3.

3. ON ANNIHILATOR IDEALS OF SKEW ARMENDARIZ OF LAURENT
SERIES TYPE RINGS

In this section, we study relations between the set of annihilators in R and the
set of annihilators in R��x� x−1� ���. We then consider the relationship between the
properties of being Baer, quasi-Baer, p.p., and p.q.-Baer of a ring R, and of the skew
Laurent series ring R��x� x−1� ���, respectively. For a nonempty subset X of R, �R�X�
denotes the left annihilators of X in R.

In [4, Theorem 1.2], Birkenmeier, Kim, and Park proved the following
theorem.

Theorem 3.1. Let R be a ring and � an automorphism of R. If R is a quasi-Baer ring,
then so is R��x� x−1� ���.

The following example shows that the converse of Theorem 3.1 is not true in
general.

Example 3.2. Let S be a prime ring which is not simple and assume that
I is a nontrivial ideal of S. Consider the ring R = ��a� b� ∈ S ⊕ S� b − a ∈ I�
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4006 HABIBI ET AL.

and the automorphism � of R given by ���a� b�� = �b� a�, for each �a� b�∈R.
In [11, Example 2.9], it is shown that R is not quasi-Baer. Now, we show
that A = R��x� x−1� ��� is quasi-Baer. Let L be a nonzero ideal of A. Put
0 �= f�x� = ∑�

i=−m �ai� bi�x
i ∈ L. Since L is an ideal of A, f ′�x� = ��1� 1�x�f�x� ∈

L. Suppose that 0 �= g�x� = ∑�
j=−n �cj� dj�x

j ∈ �A�L�. Then g�x�f�x� = g�x�f ′�x� =
0. So we have �c−n� d−n��

−n�a−m� b−m� = �c−n� d−n��
−n�b−m� a−m� = 0. Therefore,

�c−na−m� d−nb−m� = �c−nb−m� d−na−m� = �0� 0�. On the other hand, one of the a−m

or b−m is nonzero, since �a−m� b−m� �= �0� 0�. Without loss of generality, suppose
that a−m �= 0. Thus c−na−m = d−na−m = 0 implies that c−nSa−m = d−nSa−m = 0.
Therefore, c−n = d−n = 0, since S is a prime ring. So �S�I� = 0, and hence
R��x� x−1� ��� is a quasi-Baer ring.

In [24], Nasr-Isfahani and Moussavi called a ring R with an endomorphism
�, an �-weakly rigid ring if for each a� b ∈ R, aRb = 0 if and only if a��Rb� = 0.
Note that, when R is �-weakly rigid, then � is injective and every prime ring with
an automorphism � is �-weakly rigid. Also, for any n, a ring R is weakly rigid if
and only if Tn�R� is weakly rigid [24, Theorem 2.6] if and only if Mn�R� is weakly
rigid [24, Theorem 2.3]. Also, If R is a semiprime weakly rigid ring, then the ring of
polynomials R�X�, for X an arbitrary nonempty set of indeterminates, is a semiprime
weakly rigid ring [24, Corollary 2.12].

The next lemma appears in [24, Lemma 3.1] and will be helpful in the sequel.

Lemma 3.3. Let R be an �-weakly rigid ring, where � is an automorphism of R, then
for each a� b ∈ R and positive integers i and j, aRb = 0 if and only if �i�a�R�j�b� = 0.

Proposition 3.4. Let R be an �-weakly rigid ring, where � is an automorphism of R
and A = R��x� x−1� ���. Let U = ��R�I�� I is an ideal of R�, V = ��A�J�� J is an ideal
of A�, 
 	 U → V and � 	 V → U , given by 
�L� = L��x� x−1� ��� and ��L′� = L′ ∩ R,
respectively; then �o
 = idU .

Proof. Let I be an ideal of R. We prove that �R�I���x� x
−1� ��� = �A�AIA�. Let

f�x� = ∑�
i=−m aix

i ∈ �R�I���x� x
−1� ���. Thus ai ∈ �R�I�, for each i ≥ −m and so

aiRa = 0, for each a ∈ I . Therefore, by Lemma 3.3, aiR�
k�a� = 0, for each k ∈ �.

So f�x� ∈ �A�AIA� and hence �R�I���x� x
−1� ��� ⊆ �A�AIA�. Now, assume that g�x� =∑�

j=−n bjx
j ∈ �A�AIA�. So �

∑�
j=−n bjx

j�ra = 0, for each r ∈ R and a ∈ I . Therefore,
bj�

j�ra� = 0, for each j ≥ −n and hence bj�
j�Ra� = 0. So bjRa = 0. Hence bj ∈

�R�I�, for each j ≥ −n and so g�x� ∈ �R�I���x� x
−1� ���. Thus, �R�I���x� x

−1� ��� =
�A�AIA�. Therefore, 
 is well defined. Next assume that J is an ideal of A. Clearly,
CJ is an ideal of R and �A�J� ∩ R = �R�CJ�, where CJ is the set of all coefficients of
elements of J . So � is well defined. Therefore, �o
�U� = U��x� x−1� ��� ∩ R = U , and
the result follows.

The following theorem shows that if R is an �-weakly rigid ring, then the
converse of Theorem 3.1 is indefeasible.

Theorem 3.5. Let R be an �-weakly rigid ring, where � is an automorphism of R. If
R��x� x−1� ��� is quasi-Baer, then so is R.
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4007

Proof. Let I be an ideal of R. Since A = R��x� x−1� ��� is a quasi-Baer ring,
�A�AIA� = Ae�x�, for some idempotent e�x� = ∑�

i=−m eix
i ∈ A. Thus we have

�R�I���x� x
−1� ��� = Ae�x�, by Proposition 3.4. So ei ∈ �R�I�, for each i ≥ −m. Thus

Re0 ⊆ �R�I�. Also by Proposition 3.4, �R�I� = �R�I���x� x
−1� ��� ∩ R = �A�AIA� ∩ R =

Ae�x� ∩ R. So for each a ∈ �R�I�, a = ae�x�. Thus a = ae0 and so �R�I� = Re0. Also,
since e0 ∈ �R�I�, we have e0 = e20. Thus �R�I� = Re0, and the proof is complete.

An ideal I of R is called an �-ideal if ��I� ⊆ I . Let � be an automorphism of
R, then �̄ 	 R��x� x−1� ��� → R��x� x−1� ���, given by �̄�

∑�
i=−m aix

i� = ∑�
i=−m ��ai�x

i is
an automorphism.

According to Hirano [13], a ring R is called �-quasi Baer if the left annihilator
of every �-ideal of R is generated, as a left ideal, by an idempotent. Example 3.2
enables us to construct numerous examples of �-quasi Baer rings which are not
quasi-Baer; for more details see [11].

Theorem 3.6. Let � be an automorphism of a ring R. Then we have the following
statements:

(i) If R is an �-quasi Baer ring, then R��x� x−1� ��� is an �̄-quasi Baer ring;
(ii) If R is an �-LA ring and R��x� x−1� ��� is �̄-quasi Baer, then R is an �-quasi Baer

ring;
(iii) If R is an �-weakly rigid ring and R��x� x−1� ��� is �̄-quasi Baer, then R is an

�-quasi Baer ring.

Proof. (i). Let I be an �̄-ideal of R��x� x−1� ���. It is easy to see that I0 = �a ∈
R � ax−m + a−m+1x

−m+1 + · · · ∈ I� for some ai ∈ R and m ∈ �� an �-ideal of R. The
rest of the proof is similar to that of Theorem 3.1.

(ii) Assume that I is an �-ideal of R and A = R��x� x−1� ���. Clearly, AIA is
an �̄-ideal of A. Since A is an �̄-quasi Baer ring, we have �A�AIA� = Ae for an
idempotent e ∈ A. Since R is an �-LA ring, e ∈ R, by Proposition 2
3. Thus Re ⊆
�R�I�. Now, let r ∈ �R�I�. Since ��I� ⊆ I , r ∈ �A�AIA� = Ae. Hence �R�I� = Re and
so R is �-quasi Baer.

(iii) Let I be an �-ideal of R. Since AIA is an �̄-ideal of A, the proof is similar
to that of Theorem 3.5.

In [14, Theorems 21 and 22] Hong, Kim, and Kwak proved that, when R is an
�-skew Armendariz ring with ��e� = e, for any e2 = e ∈ R, then R is a Baer (p.p.-)
ring if and only if R�x� a� is a Baer (p.p.-) ring. Now, we have the following results.

Theorem 3.7. Let R be an �-LA ring. Then R is a Baer ring if and only if
R��x� x−1� ��� is a Baer ring.

Proof. Assume that R is a Baer �-LA ring. Let V be a nonempty subset of
A = R��x� x−1� ��� and CV the set of all coefficients of elements of V . We have
�R�CV �=Re, for some idempotent e ∈ R. So e ∈ �A�V�. Thus Ae ⊆ �A�V�. Now,
let g�x� = ∑�

i=−n bjx
j be a nonzero element of �A�V�. Thus, g�x�f�x� = 0, for each

f�x� = ∑�
i=−m aix

i ∈ V . On the other hand, by Proposition 2.3, R is an abelian Baer

D
ow

nl
oa

de
d 

by
 [

M
oh

am
m

ad
 H

ab
ib

i]
 a

t 0
8:

38
 2

4 
Se

pt
em

be
r 

20
12

 



4008 HABIBI ET AL.

ring, and so R is a reduced Baer ring. Since R is an �-LA ring and reduced ring,
R is an �-rigid ring, by Theorem 2.5. Therefore, g�x�f�x� = 0 implies that bjai =
0, for each i and j. So bj ∈ �R�CV � = Re, for each j ≥ −n. Thus bj = bje. Hence
g�x� = g�x�e, by Proposition 2
3 and so �A�V� = Ae. Conversely, assume that A is
a Baer ring. Let U be a nonempty subset of R. Then �A�U� = Ae, for some e2 =
e ∈ R. Thus, �R�U� = �A�U� ∩ R = Ae ∩ R = Re. Hence R is Baer, and the proof is
complete.

In [21, Definition 2], Liu defined the notion of generalized join for a countable
subset of idempotents. Let �e0� e1� 
 
 
 � ⊆ I�R�. The set �e0� e1� 
 
 
 � is said to have a
generalized join e if there exists an idempotent e ∈ R such that:

(i) �1− e�Rei = 0, for all i;
(ii) if f is an idempotent and �1− f�Rei = 0 for all i, then �1− f�Re = 0.

Theorem 3.8. Let R be an �-LA ring. Then R��x� x−1� ��� is a left p.p.-ring if and only
if R is a left p
p
-ring and every countable family of idempotents of R has a generalized
join in I�R�.

Proof. Suppose that A = R��x� x−1� ��� is a left p.p.-ring and r ∈ R. So �A�r� = Ae,
for some idempotent e ∈ R, by Proposition 2.3. Thus �R�r� = �A�r� ∩ R = Ae ∩ R =
Re. Hence R is a left p.p.-ring. Now, let �e0� e1� 
 
 
 � ⊆ I�R�. Put g�x� = ∑�

k=0 ekx
k ∈

R��x� x−1� ���. Since R��x� x−1� ��� is left p.p., �A�g�x�� = Af , for some idempotent
f ∈ R. Let e = 1− f . Since f ∈ �A�g�x��, we have fek = 0, for each k. Thus, �1−
e�ek = 0 and so R�1− e�ek = 0. This implies that �1− e�Rek = 0, since R is abelian,
by Proposition 2.3. If h is an idempotent of R such that �1− h�Rek = 0, for each k ≥
0, then �1− h�R ∈ �A�g�x�� = Af and hence �1− h�r = �1− h�rf , for each r ∈ R.
Thus we have �1− h�Re = 0. This shows that e is a join of �e0� e1� 
 
 
 �. Conversely,
suppose that f�x� = ∑�

i=−m aix
i ∈ R��x� x−1� ���. Since R is a left p.p.-ring, �R�ai� =

Rei, for each i ≥ −m, where e2i = ei ∈ R. Let 1− e be a join of �1− ei � i ≥ −m�. We
prove that �A�f�x�� = Ae. Since 1− e be a join of �1− ei � i ≥ −m�, we have e�1−
ei� = 0 and hence e = eei. Thus eai = eeiai = 0, for each i. Therefore, e ∈ �A�f�x��
and so Ae ⊆ �A�f�x��. Next, if g�x� = ∑�

j=−n bjx
j ∈ �A�f�x��, then bj�

j�ai� = 0, for
all i ≥ −m and j ≥ −n. Thus �−j�bj�ai = 0. Therefore, �−j�bj� ∈ �R�ai� = Rei and
so �−j�bj��1− ei� = 0. This implies that bj�1− ei� = 0, by Proposition 2.3. Since
R is abelian, �1− ei�bj = 0. Also, �R�bj� = Rfj , where f 2

j = fj ∈ R, since R is a
left p.p.-ring. So �1− ei� = �1− ei�fj and hence �1− ei��1− fj� = 0, for each i� j.
Since R is abelian, �1− fj��1− ei� = 0. So �1− fj�R�1− ei� = 0, since R is abelian.
Since 1− e is a join of �1− ei � i ≥ −m�, we have �1− fj��1− e� = 0, for each
j ≥ −n. Therefore, bj = bj − fjbj = bj�1− fj� = bj�1− fj�e ∈ Re, for each j ≥ −m.
Thus g�x� = g�x�e, since ��e� = e, by Proposition 2.3. Hence R��x� x−1� ��� is a left
p.p.-ring, and the proof is complete.

The following example shows that p.q.-Baerness property of a ring R is not
inherited by R��x� x−1� ���, in general.

Example 3.9. Let R = ��ai�
�
i=1 ∈

∏�
n=1 Fn � an is eventually constant�, where F is a

field and Fn = F , for each n. Then R is a von Neumann regular ring (hence p.q.-
Baer). But the ring R��x� x−1�� is not p.q.-Baer [3, Example 3.6].
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4009

In [22, Theorem 3.5], the author showed that if R is an �-compatible ring, then
R��x� x−1� ��� is a left p.q.-Baer ring if and only if R is a left p.q.-Baer ring and every
countable subset of S��R� has a generalized countable join in R.

Although �-compatible left p.q.-Baer rings is a fairly narrow class of rings, in
[24] it is shown that there are many rich classes of weakly rigid left p.q.-Baer rings.
The class of �-compatible left p.q.-Baer rings does not contain the class of prime
rings and is not closed under extensions to matrix rings or triangular matrix rings.
However, the notion of a weakly rigid left p.q.-Baer ring overcomes these shortfalls.
Now, we show that if R is an �-weakly rigid ring, then R��x� x−1� ��� is a left p.q.-
Baer ring if and only if R is a left p.q.-Baer ring and every countable subset of S��R�
has a generalized countable join in R.

Following Tominaga [26], an ideal I of R is said to be right s-unital if, for each
a ∈ I there exists an element b ∈ I such that ab = a.

Proposition 3.10. Let R be an �-weakly rigid ring, where � is an automorphism of R.
Then we have the following implications: �i� ⇒ �ii� ⇒ �iii� ⇒ �iv�.

(i) �A�Af�x�� is right s-unital in A = R��x� x−1� ���, for each f�x� ∈ A.
(ii) �R�Ra� is right s-unital in R, for each a ∈ R.
(iii) If f�x�Ag�x� = 0, for f�x� = ∑�

i=−m aix
i and g�x� = ∑�

j=−n bjx
j ∈ A, then

aiRbj = 0, for all i and j.
(iv) � 	 ��R�I� � I is an ideal of R� → ��A�J� � J is an ideal of A�; ��U� = U��x� x−1� ���

is bijective.

Proof. �i� ⇒ �ii�. Let a ∈ R. Since R is �-weakly rigid, we have �R�Ra� ⊆ �A�Aa�.
So, for each b ∈ �R�Ra�, there exists f�x� = ∑�

i=−m aix
i ∈ �A�Aa� such that bf�x� =

b, since �A�Aa� is right s-unital in A, by (i). Therefore, ba0 = b. This implies that
�R�Ra� is right s-unital.

�ii� ⇒ �iii�. Assume that �
∑�

i=−m aix
i�A�

∑�
j=−n bjx

j� = 0. Using induction on
i+ j, we show that aiRbj = 0, for each i and j. It is clear for the case i+ j = −m−
n. Now, suppose that aiRbj = 0, for i+ j < t. Let r be an arbitrary element of R.
Then we have

�∑
k=−m−n

( ∑
i+j=k

aix
irbjx

j

)
=

�∑
k=−m−n

( ∑
i+j=k

ckx
k

)
= 0� (∗)

where ck = a−m�
−m�rbk+m�+ a−m+1�

−m+1�rbk+m−1�+ · · · + ak+n�
k+n�rb−n� = 0. Since

�R�Rbj� is right s-unital, there exists eij ∈ �R�Rbj� such that aieij = ai, for i =
−m� 
 
 
 � n+ t − 1 and j = −n� 
 
 
 � t − i− 1. If we put fi = ei�−n · · · ei�t−i−1, for i =
−m� 
 
 
 � n+ t − 1, then aifi = ai and fi ∈ �R�Rb−n� ∩ · · · ∩ �R�Rbt−i−1�. For k = t,
replacing r by �m�f−m�r in Eq. �∗� and using �-weakly rigidness of R, we obtain
a−mRbt+m = a−mf−mRbt+m = 0. Continuing this process (replacing r by �−i�fi�r in
Eq. �∗�, for i = −m� 
 
 
 � n+ t − 1, respectively, and using �-weakly rigidness of R),
we obtain aiRbj = 0 for i+ j = t. So R satisfies condition (iii).

�iii� ⇒ �iv�. Let U = �R�I�, for some ideal I of R. We claim that �A�AIA� =
U��x� x−1� ���. Since R is �-weakly rigid and UI = 0, we have U��x� x−1� ��� ⊆
�A�AIA�. Let f�x� = ∑�

i=−m aix
i ∈ �A�AIA�. Then ai ∈ U = �R�I�, for each i ≥ −m.
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4010 HABIBI ET AL.

Hence f�x� ∈ U��x� x−1� ���. Therefore, � is a well-defined injective map. Assume
that V = �A�J�, for some ideal J of A. Let V ′ and J ′ denote the set of coefficients
of elements of V and J , respectively. Clearly, V ′ and J ′ are ideals of R. Now,
we prove �R�J

′� = V ′. Clearly, �R�J ′� ⊆ V ′. Let f�x� = ∑�
i=−m aix

i ∈ J and g�x� =∑�
j=−n bjx

j ∈ V . Then g�x�Af�x� = 0. Since R satisfies condition (iii), bjRai = 0, for
all i ≥ −m and j ≥ −n. Thus V ′J ′ = 0 and so V ′ ⊆ �R�J

′�. Thus �R�J ′� = V ′ and so
V = �R�J

′���x� x−1� ���.

The following definition is given by Huang in [15].

Definition 3.11. Let E = �e0� e1� 
 
 
 � be a countable subset of S��R�. Then E is
said to have a generalized countable join e if for a given a ∈ R, there exists e ∈ S��R�
such that:

(1) eei = ei, for all positive integers i;
(2) If aei = ei for all positive integers i, then ae = e.

As it is mentioned in [15], if there exists an element e ∈ R that satisfies
conditions (1) and (2) above, then e ∈ S��R�. Indeed, the condition (1): eei = ei, for
all i implies ee = e by (2), and so e is an idempotent. Further, let a ∈ R be arbitrary.
Then the element d = e− ea+ eae is an idempotent in R and dei = ei, for all i.
Thus de = e by (2). Note that de = �e− ea+ eae�e = d. Consequently, e = d = e−
ea+ eae or ea = eae
 Thus e ∈ S��R�. In particular when R is a Boolean ring or a
reduced p.p. ring, then the generalized countable join is indeed a join in R.

Observe that �1− e�rei = �1− e�eirei = �ei − eei�rei, when ei ∈ S��R�. Thus,
ei = eei if and only if �1− e�rei = 0 for all r ∈ R when ei ∈ S��R� for all i. Now, let
E = �e0� e1� e2� 
 
 
 � ⊆ S��R� and e a generalized countable join of E. To show e is a
generalized join (in the sense of Liu), it remains to show condition (ii) holds. Let f
be an idempotent in R such that �1− f�Rei = 0. Then, in particular, �1− f�ei = 0,
for all i. Thus �1− f�e = 0 by hypothesis. It follows that �1− f�re = �1− f�ere = 0
and thus �1− f�Re = 0. Therefore, e is a generalized join of E. Thus, in the content
of left semicentral idempotents, a generalized countable join is a generalized join in
the sense of Liu. Conversely, let e ∈ S��R� be a generalized join (in the sense of Liu)
of the set E = �e0� e1� e2� 
 
 
 � ⊆ S��R�. Observe that condition (ii) is equivalent to

(ii′) if d is an idempotent and dei = ei then de = e.
Let a ∈ R be arbitrary such that aei = ei for all i. Then condition (ii′) and

a similar argument used in the case of reduced p.p.-rings implies that ae = e.
Thus e is a generalized countable join. Therefore, in the content of left semicentral
idempotents, Liu’s generalized join is equivalent to generalized countable join.

Theorem 3.12. Let R be an �-weakly rigid ring, where � is an automorphism of R.
Then R��x� x−1� ��� is a left p.q.-Baer ring if and only if R is left p.q.-Baer and every
countable subset of S��R� has a generalized countable join in R.

Proof. Let A = R��x� x−1� ��� be a left p.q.-Baer ring and a ∈ R. Then �A�Aa� =
Ae�x�, for some idempotent e�x� = ∑�

i=−m eix
i ∈ A. By Proposition 3.10, there exists

an ideal I of R such that �A�Aa� = I��x� x−1� ���. Hence ei ∈ I , for each i ≥ −m.
Also r = re�x� implies that re0 = r, for all r ∈ I . Thus I = Re0. This implies
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4011

that eiRe0 = 0 and so eiR�
k�e0� = 0, by Lemma 3.3. Therefore, �A�Aa� = Ae0. So

�R�Ra� = Re0 and R is left p.q.-Baer. Now, suppose that E = �f0� f1� 
 
 
 � ⊆ S��R�
and ��x� = ∑�

i=0 fix
i ∈ A. Since A is left p.q.-Baer, there exists a right semicentral

e�x� = ∑�
i=−m eix

i ∈ A, such that �A�A��x�� = Ae�x�. By a similar argument, we
have �A�A��x�� = Ae0, where e0 is the constant term of e�x�. Hence e0fi = 0, for
i ≥ 0. Let g = 1− e0. Then gfi = fi, for each i. Suppose that h is an element
of R such that hfi = fi, for each i. So �1− h� ∈ �A�A��x��. Thus 1− h = �1−
h�e0 and �1− h�g = �1− h��1− e0� = 0. Hence g is a generalized countable join
of the set �f0� f1� 
 
 
 �. Conversely, assume that R is left p.q.-Baer and every
countable family of left semicentral idempotents in R has a generalized countable
join in S��R�. Let f�x� = ∑�

i=−m aix
i ∈ A. Then there exist idempotents ei ∈R, i ≥

−m, such that �R�Rai� = Rei. Suppose that e ∈ S��R� is a generalized countable
join of the set �1− ei�

�
i=−m. Hence 1− e = �1− e�ei, for all i ≥ −m. Therefore,

�1− e�rai = �1− e�eirai = 0, each r ∈ R and i ≥ −m. Thus we have �1− e�rf�x� =∑�
i=−m �1− e�raix

i = 0. So 1− e ∈ �A�Af�x��, by �-weakly rigidness. Thus A�1−
e� ⊆ �A�Af�x��. Suppose that g�x� = ∑�

j=−n bjx
j ∈ �A�Af�x��. Then bjRai = 0 for

i≥ −m and j ≥ −n, by Proposition 3
10. Since � is an automorphism, for each
j there exists cj ∈ R such that bj = �j�cj�. So cjRai = 0 for all i and j, by
Lemma 3.3. Hence cj = cjei, for i ≥ −m and j ≥ −n. Consequently, cj�1− ei� = 0
or �1− cj��1− ei� = 1− ei, for i ≥ −m and j ≥ −n. Thus, �1− cj�e = e or cj�1−
e� = cj , for j ≥ −n. It follows that g�x� = ∑�

j=−n bjx
j = ∑�

j=−n �
j�cj�1− e��xj =

�
∑�

j=−n �
j�cj�x

j��1− e� = g�x��1− e� ∈ A�1− e�. Therefore, �A�Af�x�� = A�1− e�,
and the result follows.

4. EXTENSIONS OF SKEW ARMENDARIZ OF LAURENT SERIES
TYPE RINGS

In this section, we study various types of examples of skew Armendariz of
Laurent series type rings, extending the class of skew Armendariz of Laurent series
rings to non-semiprime rings.

Note that the n-by-n (triangular) matrix ring over a ring R needs not to be
id-LA, by [25, Remark 3.1]. Also, in the following example we show that Mn�R� and
Tn�R� are not �-LA rings, for a nontrivial automorphism � of R.

Example 4.1. Let S be a ring, R = M2�S� and � an automorphism of R, defined
by ��� a b

c d �� = � a −b−c d �. For f�x� = E11x
−1 − E12 and g�x� = E22 − E12x + E22x

2 −
E12x

3 + · · · in R��x� x−1� ��� we have f�x�g�x� = 0, but E12E22 �= 0. Thus R is not an
�-AL ring. Moreover, this also shows that the upper triangular matrix ring T2�S� is
not an �-AL ring.

Let R be a ring and � denotes an endomorphism of R with ��1� = 1. In [7]
the authors introduced skew triangular matrix ring as a set of all triangular matrices
with addition point-wise and a new multiplication subject to the condition Eijr =
�j−i�r�Eij . So �aij��bij� = �cij�, where cij = aiibij + ai�i+1��bi+1�j�+ · · · + aij�

j−i�bjj�,
for each i ≤ j and denoted it by Tn�R� ��.

The subring of the skew triangular matrices with constant main diagonal
is denoted by S�R� n� ��, and the subring of the skew triangular matrices with
constant diagonals is denoted by T�R� n� ��. We can denote A = �aij� ∈ T�R� n� �� by
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4012 HABIBI ET AL.

�a11� 
 
 
 � a1n�. Then T�R� n� �� is a ring with addition point-wise and multiplication
given by:

�a0� 
 
 
 � an−1��b0� 
 
 
 � bn−1�

= �a0b0� a0 ∗ b1 + a1 ∗ b0� 
 
 
 � a0 ∗ bn−1 + · · · + an−1 ∗ b0��
with ai ∗ bj = ai�

i�bj�, for each i and j. On the other hand, there is a
ring isomorphism � 	 R�x� ��/�xn� → T�R� n� ��, given by ��

∑n−1
i=0 aix

i� =
�a0� a1� 
 
 
 � an−1�, with ai ∈ R, 0 ≤ i ≤ n− 1. So T�R� n� �� � R�x� ��/�xn�, where
R�x� �� is the skew polynomial ring with multiplication subject to the condition
xr = ��r�x for each r ∈ R, and �xn� is the ideal generated by xn.

Now, we consider two following subrings of S�R� n� ��:

A�R� n� �� =
{� n

2 �∑
j=1

n−j+1∑
i=1

ajEi�i+j−1 +
n∑

j=� n
2 �+1

n−j+1∑
i=1

ai�i+j−1Ei�i+j−1

∣∣∣∣ aj� ai�i+j−1 ∈ R

}

B�R� n� �� = �A+ rE1k �A ∈ A�R� n� �� and r ∈ R� n = 2k ≥ 4


For example:

A�R� 3� �� =



a b c
0 a d
0 0 a


 � a� b� c� d ∈ R


 �

A�R� 4� �� =






a1 a2 a b
0 a1 a2 c
0 0 a1 a2

0 0 0 a1


 � a1� a2� a� b� c ∈ R


 


In the special case when � = idR, we use S�R� n�, A�R� n�, B�R� n�, and T�R� n�
instead of S�R� n� ��, A�R� n� ��, B�R� n� ��, and T�R� n� ��, respectively. Notice that,
for a reduced ring R, Lee and Zhou [19] introduced A�R� n�, B�R� n� and denoted
them by An�R� and An�R�+ RE1k, respectively, and used them to provide special
Armendariz subrings of Tn�R�.

Let � and � be endomorphisms of R such that �� = ��. Then �̄ 	 S�R� n� �� →
S�R� n� ��, given by �̄��aij�� = ���aij�� is an endomorphism of S�R� n� ��. Also
�̄ 	 R��x� x−1� ��� → R��x� x−1� ���, given by �̄�

∑�
i=−m aix

i� = ∑�
i=−m ��ai�x

i is an
endomorphism of R��x� x−1� ���.

Proposition 4.2. Let � and � be endomorphism and automorphism of a ring R,
respectively, such that �� = �� and k ≥ 2 a natural number. Then R is an �-LA ring,
when the ring S�R� k� �� is an �̄-LA ring.

Proof. Let f�x� = ∑�
i=−m aix

i and g�x� = ∑�
j=−n bjx

j ∈ R��x� x−1� ��� such that
f�x�g�x� = 0. Let F�x� = ∑�

i=−m Aix
i and G�x� = ∑�

j=−n Bjx
j ∈ S��x� x−1� �̄��, where

S = S�R� k� ��, Ai = aiIn and Bj = bjIn, for each i ≥ −m and j ≥ −n. It is clear that
F�x�G�x� = 0. Thus Ai�̄

i�Bj� = 0, since S is an �̄-LA ring. Hence ai�
i�bj� = 0 and R

is an �-LA ring.
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4013

Proposition 4.3. Let � be a rigid automorphism and � an endomorphism of a ring R
such that �� = ��. If R is a �-rigid ring, then R��x� x−1� ��� is a �̄-rigid ring.

Proof. Let f�x� = ∑�
i=−m aix

i ∈ R��x� x−1� ��� and f�x��̄�f�x�� = 0. So we have
a−m�

−m���a−m�� = 0 and consequently a−m���
−m�a−m�� = 0, since �� = ��. Thus

a−m�
−m�a−m� = 0, since R is �-rigid and so am = 0, since R is �-rigid. Hence f�x� =

0, and the proof is complete.

Theorem 4.4. Let � be a rigid endomorphism of a ring R and A = �aij�, B = �bij� ∈
A�R� n� �� such that AB = 0, then aikbkj = 0, for each 1 ≤ i� j� k ≤ n.

Proof. The proof is by induction on n. For n = 1, the proof is clear. Assume
that the result is true for A�R� n− 1� ��. Let A = �aij� and B = �bij� in A�R� n� ��
such that AB = 0. We have A = (

A′ X
0 a

)
and B = (

B′ Y
0 b

)
, where A′� B′ ∈ A�R� n−

1� ��. Since AB = 0, we have A′B′ = 0. Thus aikbkj = 0, for 1 ≤ i� j� k ≤ n− 1, by
induction hypothesis. Now, it is sufficient to show aikbkn = 0, for each i� k. For i =
n, we have ab = 0. If i = n− 1, we have abn−1�n + an−1�n��b� = 0. By multiplying a
from the right-hand side, we obtain abn−1�na = 0, since ��b�a = 0 and so abn−1�n =
0, since R is reduced. Thus abn−1�n = an−1�nb = 0. By continuing in this way, we
conclude that aikbkn = 0, for each i� k and the proof is complete.

Theorem 4.5. Let � be a rigid endomorphism of a ring R and A = �aij�, B = �bij� ∈
B�R� n� �� such that AB = 0, then aikbkj = 0, for each 1 ≤ i� j� k ≤ n.

Proof. Let A = �aij�, B = �bij� in B�R� n� �� such that AB = 0. We have A = (
A′ X
0 a

)
and B = (

B′ Y
0 b

)
, where A′� B′ ∈ A�R� n− 1� ��. Since A′B′ = 0, we have aikbkj = 0,

for 1 ≤ i� j� k ≤ n− 1, by Theorem 4.4. The rest of the proof is similar to that of
Theorem 4.4.

Theorem 4.6. Let � be a rigid endomorphism of a ring R. Then the following
statements are equivalent:

(i) R is an �-rigid ring;
(ii) For each integer k ≥ 2, D�R� k� �� is an �̄-LA ring;
(iii) For some integer k ≥ 2, D�R� k� �� is an �̄-LA ring,

where D�R� k� �� is one of the rings A�R� k� ��, B�R� k� �� or T�R� k� ��.

Proof. �i� ⇒ �ii� We only prove this theorem for D�R� k� �� = A�R� k� ��. The
proof of the other cases are similar. First consider the map 
 	 A�R� k� ��
��x� x−1� �̄�� → A�R��x� x−1� ���� k� �̄�, given by 
�

∑�
i=−m Aix

i� = �frs�x��, where Ai =
�a�i�

rs � and frs�x� =
∑�

i=−m a�i�
rs x

i, for each i ≥ −m and r� s ∈ �1� 
 
 
 � k�. It is not hard
to see that 
 is an isomorphism. Let f�x� = ∑�

i=−m Aix
i and g�x� = ∑�

j=−n Bjx
j ∈

A�R� k� ����x� x−1� �̄�� and f�x�g�x� = 0, where Ai = �a�i�
rs � and Bj = �b�j�rs �. So we have

�frs�x���grs�x�� = 0, where frs�x� =
∑�

i=−m a�i�
rs x

i and grs�x� =
∑�

j=−n b
�j�
rs x

j . Since R is
�-rigid, R��x� x−1� ��� is �̄-rigid, by Proposition 4.3. Thus frt�x�gts�x� = 0, for each
r� s� t ∈ �1� 
 
 
 � k�, by Theorem 4.4. Also, R is an �-LA ring, by Theorem 2.5, since
R is �-rigid. So a

�0�
rt b

�j�
ts = 0, for each j ≥ −n. Thus A0Bj = 0, and hence A�R� k� �� is

an �̄-LA ring.
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4014 HABIBI ET AL.

�ii� ⇒ �iii� It is clear.

�iii� ⇒ �i� Let a��a� = 0. Take f�x� = �aIk�x
−1 − Ik and g�x� = ���2�a��E1k

+��3�a��E1kx + ��4�a��E1kx
2 + · · · ∈ D�R� n� ����x� x−1� �̄��. Then h�x�k�x� = 0. So

we get �Ik���
2�a�E1k� = 0, since D�R� n� �� is an �̄-LA ring. Hence a = �2�a� = 0, and

so R is �-rigid.

Recall that A�R� 2� = T�R�R� is the trivial extension of R. So by Theorem 4.6,
if R is an �-rigid ring, then T�R�R� is an �̄-LA ring.

Let � be an endomorphism of a ring R and M an �R�R�-bimodule. Consider
T�R�M� �� as follows:

T�R�M� �� =
{(

r m
0 r

)
� r ∈ R and m ∈ M

}
�

with the addition component-wise and the multiplication defined by �aij��bij� =
�cij�, where c11 = a11b11 and c12 = a11b12 + a12��b11�.

Theorem 4.7. Let R be an integral domain with monomorphism �, M a torsion free
R-module, and c an invertible element of R. Suppose � 	 T�R�M� �� → T�R�M� �� given
by, � � r m

0 r � = � r cm
0 r � � which is an automorphism of T�R�M� ��. Then T�R�M� �� is an

�-LA ring.

Proof. Let f�x� = ∑�
i=−p Aix

i and g�x� = ∑�
j=−q Bjx

j be two nonzero elements of

T�R�M� ����x� x−1� ���, with Ai =
( ri mi
0 ri

)
, Bj =

(
sj nj
0 sj

)
and f�x�g�x� = 0. We prove

that Ai�
i�Bj� = 0, for each i and j. Clearly, A−p�

−p�Bq� = 0. So r−ps−q = 0, and
r−p�c

−pn−q�+m−p��s−q� = 0. If r−p �= 0, then s−q = 0 and so n−q = 0. This implies
that B−q = 0, a contradiction. Thus r−p = 0, and consequently s−q = 0, since A−p �=
0. Also r−p+1s−q+1 = 0, since the coefficient x−p−q+2 in fg is zero. On the other
hand, m−p��s−q+1�+ r−p+1�c

−p+1n−q� = 0, since the coefficient x−p−q+1 in fg is zero.
Therefore, r−p+1 = s−q+1 = 0. By continuing in this way, we get ri = sj = 0, for each
i ≥ −p and j ≥ −q. Hence, Ai�

i�Bj� = 0, for each i and j and so T�R�M� �� is an
�-LA ring.

Corollary 4.8. Let R be an integral domain with its field of fractions k. Suppose � a
monomorphism of R and � 	 T�R� k� �� → T�R� k� �� given by, � � a b

0 a � =
(
a b/c
0 a

)
� which

is an automorphism of T�R� k� ��. Then T�R� k� �� is an �-LA ring.

Let for each i ∈ I , Ri be a ring, �i an automorphism of Ri, and R = ∏
i∈I Ri.

Then the mapping � on R given by ���ri�� = ��i�ri�� is an automorphism of R. Now,
if Ri is an �i-LA ring for each i, then R is also an �-LA ring.

Theorem 4.9. Let R be an �-LA ring and 2 an invertible element of R. Then the ring
R�x�/�x2 − 1� is an �̄-LA ring, where �̄�a+ bx + �x2 − 1�� = ��a�+ ��b�x + �x2 − 1�.

Proof. Since 2 is invertible, it is easy to see that f 	 R�x�/�x2 − 1� → R⊕ R� given
by f�a+ bx + �x2 − 1�� = �a− b� a+ b�, is an automorphism. On the other hand,
since R is an �-LA ring, R⊕ R is an �̄-LA ring. So R�x�/�x2 − 1� is an �̄-LA ring, and
the proof is complete.
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ON SKEW ARMENDARIZ OF LAURENT SERIES TYPE RINGS 4015

Let R be a ring with automorphism � and S = �� a b
b a � � a� b ∈ R� a subring of

M2�R�. So �̄ on S given by �̄�aij� = ���aij�� is an automorphism. Now, we have the
following corollary.

Corollary 4.10. Let R be an �-LA ring and 2 an invertible element of R. Then the ring
S = �� a b

b a � � a� b ∈ R� is an �̄-LA ring.

Proof. The result follows by Theorem 4.9, as R�x�/�x2 − 1� � S.

Theorem 4.11. Let � be a rigid automorphism of a ring R, where � is an
automorphism of R. Consider S = �

(
aIn−2 B
0 A

) �a� b ∈ R� as a subring of Tn�R�. Then S is
an �̄-LA ring.

Proof. The mapping f 	 S → ⊕n−2
i=1 A�R� 3�� given by 
�

(
aIn−2 B
0 A

)
� = �

(
a B1
0 A

)
�
(
a B2
0 A

)
,


 
 
 �
(
a Bn−2
0 A

)
�� where Bi is the ith row of B, is a monomorphism and so S is

isomorphic with a subring of ⊕n−2
i=1 A�R� 3�. By Theorem 4.4, A�R� 3� is an �̄-LA ring,

so ⊕n−2
i=1 A�R� 3� is also an �̄-LA ring. Therefore, S is an �̄-LA ring.

A ring R is called right Ore if, for each a� c ∈ R with c regular there exist
a1� c1 ∈ R with c1 regular such that ac1 = ca1. It is well-known that R is a right Ore
ring if and only if there exists the classical right quotient ring of R. Let R be a ring
with a classical right quotient ring Q. Then each automorphism � of R, extends to Q,
respectively, by setting �̄�ac−1� = ��a���c�−1, for each a� c ∈ R, assuming that ��c�
is regular for each regular element c ∈ R.

Theorem 4.12. Let R be an Ore ring with the classical quotient ring Q and � an
automorphism of R. If R is an �-LA ring, then for each f�x� = ∑r

i=−m pix
i and g�x� =∑s

−n qjx
j in Q��x� x−1� �̄��, f�x�g�x� = 0 implies that pi�̄

i�qj� = 0, for each −m ≤ i ≤ r
and −n ≤ j ≤ s.

Proof. First, for every f�x� = ∑r
i=−m pix

i ∈ Q��x� x−1� �̄�� (all pi are nonzero), we
define �f�x�� = m+ r + 1. We claim that for each element f�x� ∈ Q��x� x−1� �̄��,
there exists a regular element c ∈ R such that f�x� = h�x�c−1� for some h�x� ∈
R��x� x−1� ���, or equivalently, f�x�c ∈ Q��x� x−1� �̄��. The proof is by induction on
�f�x��. If �f�x�� = 1, then f�x� = ac−1x−m. So f�x� = �ax−m��m�c�−1. Now, suppose
that for all elements which the number of its summands is less than t, the
assertion holds, and let f�x� = ∑r

i=−m pix
i ∈ Q��x� x−1� �̄��, where all pi = aic

−1
i

are nonzero and m+ r = t − 1. Let �r�d� = cr , for some regular element d ∈
R. Then arc

−1
r xrd = arx

r . So we have f�x�d = �a−mc
−1
−m + · · · + ar−1c

−1
r−1x

r−1�d +
arx

r . By induction hypothesis, there exists some regular element e such that
�a−mc

−1
−m + · · · + ar−1c

−1
r−1x

r−1�e ∈ R��x� x−1� ���. Thus we have f�x�de = �a−mc
−1
−m +

· · · + ar−1c
−1
r−1x

r−1�e+ arx
re ∈ R��x� x−1� ���. Also de is a regular element in R

and the result follows. Now, suppose that f�x� = �a−mc
−1
−m�x

−m + · · · + �arc
−1
r �xr

and g�x� = �b−nd
−1
−n�x

−n + · · · + �bsd
−1
s �xs in Q��x� x−1� �̄�� such that f�x�g�x� = 0.

Let aic
−1
i = f−1a′

i and bid
−1
i = h−1b′j with f� h regular elements in R. Then we

have �a′
−mx

−m + · · · + a′
rx

r�h−1�b′−nx
−n + · · · + b′sx

s� = 0. By the above argument,
there exist a regular element l ∈ R and b′′−nx

−n + · · · + b′′s x
s ∈ R��x� x−1� ���, such
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that h−1�b′−nx
−n + · · · + b′sx

s� = �b′′−nx
−n + · · · + b′′s x

s�l−1. Hence �a′
−mx

−m + · · · +
a′
rx

r��b′′−nx
−n + · · · + b′′s x

s� = 0. Since R is an �-LA ring, a′
i�

i�b′′j � = 0, for each i and
j. Therefore, �f−1a′

i��
i�b′′j ��

i+j�l�−1 = 0. Hence �aic
−1
i ��̄i�h−1b′j� = �aic

−1
i ��̄i�bjd

−1
j � =

0, for each i and j, and the proof is complete.

Proposition 4.13. Let R be an Ore ring with the classical quotient ring Q and � an
automorphism of R. If R is an �-LA ring, then we have the following statements:

(i) �̄�e� = e, for each e2 = e ∈ Q;
(ii) If e2 = e ∈ Q��x� x−1� �̄��, then e ∈ Q;
(iii) Q is an abelian ring;
(iv) Q��x� x−1� �̄�� is an abelian ring.

Proof. (i). Let e2 = e ∈ Q. Suppose that f�x� = �1− e��̄−1�e�x−1 + �1− e� and
g�x� = −�1− e��̄−1�e�+ ex ∈ Q��x� x−1� �̄��. We have f�x�g�x� = 0. Since R is an �-
LA ring, by Theorem 4.12, �1− e���̄−1�e�� = 0, and consequently, e�̄−1�e� = �̄−1�e�.
On the other hand, h�x�k�x� = 0, where h�x� = e�̄−1�1− e�x−1 + e and k�x� =
−e�̄−1�1− e�+ �1− e�x ∈ Q��x� x−1� �̄��. Thus, e�1− �̄−1�e�� = 0, by Theorem 4.12.
Therefore, e = e�̄−1�e�. Hence e = e�̄−1�e� = �̄−1�e� and so �̄�e� = e.

(ii) It is similar to that of Proposition 2.3, part (ii).

(iii) Let e2 = e and p ∈ Q. Suppose that f�x� = −ep�1− e�x−1 + e
and g�x� = ep�1− e�+ �1− e�x ∈ Q��x� x−1� �̄��. We have f�x�g�x� = 0. So by
Theorem 4.12, ep�1− e� = 0. Thus ep = epe. Next, let h�x� = −�1− e�pex−1 +
�1− e� and k�x� = �1− e�pe+ ex ∈ Q��x� x−1� �̄��. We have h�x�k�x� = 0. So by
Theorem 4.12, �1− e�pe = 0. Therefore, pe = epe and so pe = ep, which implies
that Q is abelian.

(iv) It is clear by (i), (ii), and (iii).

Theorem 4.14. Let R be a semiprime right Goldie ring, � an automorphism of R, and
Q the classical quotient ring of R. Then the following statements are equivalent:

(i) R is an �-LA ring;
(ii) Q is an �̄-LA ring;
(iii) R is an �-rigid ring;
(iv) Q is an �̄-rigid ring.

Proof. We need to prove only �i� ⇒ �iv�. Let R be an �-LA ring. By Theorem 4.13,
Q is abelian. Therefore, Q is an abelian semisimple ring and hence is reduced.
Let p��p� = 0, for p ∈ R, f�x� = �̄�p�x−1 − �̄�p� and g�x� = �̄�p�+ �̄2�p�x in
Q��x� x−1� �̄��. We have f�x�g�x� = 0. Thus, 0 = �̄�p��̄�p� = �̄�p2�, by Theorem 4.12.
So p2 = 0. Since Q is reduced, we have p = 0. Thus Q is �̄-rigid, and the proof is
complete.

Note that by [18, Proposition 18], semiprime right and left Goldie rings are
Armendariz if and only if it is reduced. But the following example shows that this
is no longer true for �-LA rings.
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Example 4.15. Let R = �⊕ � and � 	 R → R given by ��a� b� = �b� a�. Then � is
an automorphism of R. Note that R is a reduced Goldie ring. On the other hand,
�1� 0���1� 0� = �0� 0� but �1� 0� �= 0. Thus R is not �-rigid, and so R is not an �-LA
ring, by Theorem 2.5.

Theorem 4.16. Let R be a Von Neuman regular ring and � an automorphism of R.
Suppose that there exists the classical quotient ring Q of the ring R. Then the following
statements are equivalent:

(i) R is an �-LA ring;
(ii) Q is an �̄-LA ring;
(iii) R is an �-rigid ring;
(iv) Q is an �̄-rigid ring.

Proof. The proof is similar to that of Theorem 4.14, since abelian von Neuman
regular rings are reduced.
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