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Abstract: We introduce a class of partially coherent sources, which are capable of producing
beams with radially quasi-periodic and azimuthally fully periodic intensity profiles. The physical
properties of the source, as well as the propagation of the intensity distribution and the complex
degree of spatial coherence of the ensuing beams are investigated and interpreted. It is shown
that the shape and symmetry of the intensity and the complex degree of spatial coherence are
generally adjustable and modulated by the parameters related to the beam source. Moreover, the
periodic changes of intensity arise from the discontinuity of the phase. The results provide a
method for synthesizing fields with peculiar periodic intensity distributions in polar coordinates.
© 2022 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

Over the past few decades, there has been an increased interest towards the properties of
partially coherent beams, since they hold great potential for a variety of practical applications,
such as optical trapping and manipulation [1], optical coherence tomography [2], and optical
communication [3]. Aside from the analytically simple Gaussian Schell-model (GSM) beams [4],
construction of light fields with non-GSM correlation functions has become one of the main
targets of modern coherence research. This is due to the peculiar correlation induced effects,
which may also shape the intensity pattern of a light beam when the complex degree of
spatial coherence (DOC) is chosen properly. A superposition integral method introduced by
Gori et al. [5, 6] allows for devising genuine spatial correlation functions both for scalar and
electromagnetic beam sources. Following this method, many partially coherent fields have
recently been introduced, including nonuniformly correlated, ring shaped, azimuthally dependent
beams, twisted Laguerre-GSM correlated beams, as well as self-splitting pulses [7–11].
Several recent studies have shown that certain beam arrays or optical lattices can be achieved by
constructing periodic source-plane DOCs. Such sources have found useful applications ranging
from optical rerouting of microflow-driven materials to periodic pinning of viscously damped
particles [12, 13]. To date, common examples of partially coherent spatially periodic beam arrays
includes rectangular GSM array beams [14,15] and annular vortex beam arrays [16,17]. However,
little attention has been paid to arrays with more complex periodicity. Therefore, constructing
beam arrays with adjustable radial and azimuthal periodicity is of practical significance, since
it could offer more opportunities to discover the full potential of optical trapping and guiding
of molecules or nano/micro particles. Besides the symmetric instances of array beams, where
only the magnitude of DOC is modelled, some efforts have been devoted to the construction of
asymmetric coherence gratings [18].
In addition, common to all these array beams is the presence of index of summation. The
GSM array beam, for instance, usually requires two summation indices. However, evaluation of
infinite series reduces, in general, the efficiency of simulation. In this paper, we introduce a class

of partially coherent beam sources, without a summation index, whose DOC is modulated by a
Bessel function and an azimuthally periodic function. Such a beam takes on a quasi radially and
azimuthally periodic (RAP) intensity pattern in the far field, a significant difference to previous
beam models whose intensity patterns are mostly periodic in Cartesian coordinates. We study
the propagation properties of the beam in the Fresnel region and in the far field. The results show
that the periodicity and symmetry of the intensity produced by such a beam can be modulated
by parameters relevant to the beam source, such as the order of the Bessel function and global
coherence. The unique intensity patterns that can be dynamically controllable may match the
requirements of particular applications.
2.

Partially coherent source model with quasi RAP correlations

We consider statistically stationary, spatially partially coherent scalar fields at a frequency 𝜔,
which we leave implicit for brevity. The second-order correlation properties of the fields at two
spatial positions 𝝆10 = (𝑥10 , 𝑦 10 ) and 𝝆20 = (𝑥 20 , 𝑦 20 ) at the source plane 𝑧 = 0 can be characterized
by the cross-spectral density (CSD) function [19]
𝑊 (0) ( 𝝆10 , 𝝆20 ) = h𝐸 ∗ ( 𝝆10 )𝐸 ( 𝝆20 )i,

(1)

where 𝐸 ( 𝝆 0) is the electric field, the asterisk denotes complex conjugation, and the angle brackets
stand for ensemble averaging. The sufficient condition that ensures the non-negative definiteness
of the CSD can be written in the form [5]
∫ ∞
𝑊 (0) ( 𝝆10 , 𝝆20 ) =
𝑝(𝒗)𝐻 (0)∗ ( 𝝆10 , 𝒗)𝐻 (0) ( 𝝆20 , 𝒗)d2 𝒗,
(2)
−∞

where 𝑝(𝒗) is a real, non-negative, and Fourier transformable function of a vector variable
𝒗 = (𝑣 𝑥 , 𝑣 𝑦 ), and 𝐻 (0) ( 𝝆 0, 𝒗) represents the kernel of an arbitrary linear transformation. If we
choose a Fourier kernel
𝐻 (0) ( 𝝆 0, 𝒗) = 𝐻 (0) ( 𝝆 0) exp (−𝑖2𝜋𝝆 0 · 𝒗) ,

(3)

the CSD in Eq. (2) factorizes into the Schell-model [20] form
𝑊 (0) ( 𝝆10 , 𝝆20 ) = 𝐻 (0)∗ ( 𝝆10 )𝐻 (0) ( 𝝆20 ) 𝑓 (Δ𝝆 0),

(4)

where Δ𝝆 0 = 𝝆20 − 𝝆10 and
0

∫

∞

𝑝(𝒗) exp (−𝑖2𝜋Δ𝝆 0 · 𝒗) d2 𝒗,

𝑓 (Δ𝝆 ) =

(5)

−∞

is the inverse Fourier transform of the profile function 𝑝(𝒗).
In what follows, we specifically assume that the spatial part of the Fourier kernel is a real-valued
Gaussian function characterized by a width parameter 𝑤 0 , i.e.,
!
𝝆 02
(0)
0
𝐻 ( 𝝆 ) = 𝐻0 exp − 2 .
(6)
𝑤0
The spectral density of the field can then be written as
𝑆

(0)

0

(𝝆 ) = 𝑊

(0)

!
2𝝆 02
( 𝝆 , 𝝆 ) = 𝑆0 exp − 2 ,
𝑤0
0

0

(7)

where 𝑆0 = 𝐻02 𝑓 (0) and the parameter 𝑤 0 represents the waist width of the beam source. The
complex spatial DOC at the source plane takes the form
𝜇 (0) ( 𝝆10 , 𝝆20 ) = q

𝑊 (0) ( 𝝆10 , 𝝆20 )
𝑆 (0) ( 𝝆10 )𝑆 (0) ( 𝝆20 )

=

𝑓 (Δ𝝆 0)
,
𝑓 (0)

(8)

which depends only on the coordinate difference, i.e., 𝜇 (0) ( 𝝆10 , 𝝆20 ) = 𝜇 (0) (Δ𝝆 0), since 𝐻 (0) ( 𝝆 0)
is real-valued.
To generate a quasi RAP beam, it is convenient to express the spatial-frequency vector 𝒗 in
polar coordinates (𝑣, 𝜙) defined by writing 𝑣 𝑥 = 𝑣 cos 𝜙, 𝑣 𝑦 = 𝑣 sin 𝜙. Here we assume that the
function 𝑝(𝒗) has the particular form


𝑝(𝑣, 𝜙) = 2𝜋𝜎02 𝑝 𝑚 exp −2𝜋 2 𝜎02 𝑣 2 [1 ± 𝐽𝑚 (2𝜋𝑟 0 𝑣) cos(𝑚𝜙)] ,
(9)
where 𝜎0 and 𝑟 0 are real constants with values 𝜎0 > 0 and 𝑟 0 ≥ 0, and 𝐽𝑚 (𝑧) denotes the Bessel
function of the first kind and order 𝑚. The constant 𝑝 𝑚 is chosen as





 1 ± exp −𝑟 02 /(2𝜎02 )

𝑝𝑚 =

 1


−1

when 𝑚 = 0

(10)

when 𝑚 ≠ 0

to ensure that 𝑓 (0) = 1 in Eq. (8). Since 𝐽−𝑚 (𝑧) = (−1) 𝑚 𝐽𝑚 (𝑧), we need to consider only
non-negative values of 𝑚.
It is now convenient to introduce polar spatial-difference coordinates Δ𝝆 0 = (Δ𝜌 0, Δ𝜑 0) by
writing Δ𝑥 0 = Δ𝜌 0 cos Δ𝜑 0, Δ𝑦 0 = Δ𝜌 0 sin Δ𝜑 0. In what follows, we will consider field properties
using two characteristic ratios:
𝑞 = 𝜎0 /𝑤 0
(11)
and
𝑟 = 𝑟 0 /𝜎0 = 𝑅/𝑞,

(12)

where 𝑅 = 𝑟 0 /𝑤 0 and the ratio 𝑞 is a measure of the global DOC of the standard GSM beam.
Then, on inserting from Eq. (9) into Eq. (5) and making use of Eq. (8), we find by straightforward
integration that the source-plane DOC has a rotationally symmetric form (see the Appendix for
details of the derivation)
!
 2


02
𝑟
𝑟Δ𝜌 0
Δ𝜌
(0)
0
𝑚
0
𝜇 (Δ𝜌 ) = 𝑝 𝑚 exp − 2 1 + 𝐶𝑚 (−𝑖) cos(𝑚Δ𝜑 ) exp −
𝐼𝑚
.
(13)
2
𝜎0
2𝜎0
Here 𝐶𝑚 takes values of ±1 for case of 𝑚 = 0, while 𝐶𝑚 = 1 for 𝑚 > 0. Moreover, 𝐼𝑚 (𝑧) is a
modified Bessel function of the first kind and order 𝑚. Considering first the case 𝑚 = 0, Eq. (13)
reduces to the DOC of a GSM beam when 𝐶0 = 1 is chosen and 𝑟 0 → 0. On the other hand, if
𝐶0 = −1 and we again let 𝑟 0 → 0, we have
!
!
Δ𝜌 02
Δ𝜌 02
(0)
0
𝜇 (Δ𝜌 ) = exp − 2 1 −
.
(14)
2𝜎0
2𝜎02
√
This DOC is positive when Δ𝜌 0/𝜎0 < 2 and negative otherwise, therefore having a welldefined central lobe and a single annular side lobe with a maximum value 𝜇 (0) (Δ𝜌 0) = 1/e2 at
Δ𝜌 0/𝜎0 = 2. This solution is recognized as the DOC of a Laguerre–Gauss Schell-model (LGSM)
source [8] of order 𝑛 = 1.

For values 𝑚 > 0, if 𝑟 = 0, Eq. (13) reduces to an azimuthally periodic solution
!
Δ𝜌 02
(0)
0
0
𝜇 (Δ𝜌 , Δ𝜑 ) = exp − 2 [1 + cos(𝑚Δ𝜑 0)] .
2𝜎0

(15)

For values 𝑟 > 0, the presence of index 𝑚 in both the cosine function and the Bessel function
permits simultaneous control of the DOC in both radial and azimuthal directions. We further
note that, for odd values of 𝑚, the DOC at the source plane is complex, meaning that the intensity
pattern in the far field is asymmetric about the origin. For even values of 𝑚, the DOC is real,
indicating that the far field intensity pattern is symmetric about the origin. These observations
follow from basic Fourier optics considerations.
3.

Propagation of partially coherent quasi RAP beams

The source described by 𝑊 (0) ( 𝝆10 , 𝝆20 ), with the spectral density given by Eq. (7) and the DOC
defined in Eq. (13), radiates a beamlike field that propagates towards the positive half-space 𝑧 > 0.
Within the paraxial approximation, the propagation of the CSD function between two position
vectors 𝝆1 = (𝑥1 , 𝑦 1 ) and 𝝆2 = (𝑥2 , 𝑦 2 ) at any transverse plane is governed by the formula [19]
∬ ∞
𝑊 ( 𝝆1 , 𝝆2 , 𝑧) =
𝑊 (0) ( 𝝆10 , 𝝆20 )𝐺 ∗ ( 𝝆1 − 𝝆10 , 𝑧)𝐺 ( 𝝆2 − 𝝆20 , 𝑧)d2 𝝆10 d2 𝝆20 .
(16)
−∞

Here 𝐺 is the propagation kernel that can be written as


𝑖𝑘
| 𝝆 − 𝝆 0 |2
0
𝐺 ( 𝝆 − 𝝆 , 𝑧) = −
exp 𝑖𝑘
,
2𝜋𝑧
2𝑧

(17)

where 𝑘 = 2𝜋/𝜆 is the wave number in the half-space 𝑧 > 0, 𝜆 being the wavelength. Substituting
from Eq. (2) into Eq. (16) and interchanging the order of integration yields
∫ ∞
𝑊 ( 𝝆1 , 𝝆2 , 𝑧) =
𝑝(𝒗)𝐻 ∗ ( 𝝆1 , 𝒗, 𝑧)𝐻 ( 𝝆2 , 𝒗, 𝑧)d2 𝒗,
(18)
−∞

with a kernel

∫

∞

𝐻 ( 𝝆, 𝒗, 𝑧) =

𝐻 (0) ( 𝝆 0, 𝒗)𝐺 ( 𝝆 − 𝝆 0, 𝑧)d2 𝝆 0 .

(19)

−∞

One can readily see that Eq. (18) has a similar mathematical form as Eq. (2), only the integration
kernels are different. Hence, we can use the same treatment as in the derivation of 𝑊 (0) ( 𝝆10 , 𝝆20 )
to obtain an analytic expression of 𝑊 ( 𝝆1 , 𝝆2 , 𝑧). Substituting Eqs. (3) and (17) into Eq. (19) and
performing the integral, the product of the two kernels becomes
(
"
#)
2
2


2
2
𝝆
𝝆
𝑘
𝑖𝑘
𝑘
1
2
𝐻 ∗ ( 𝝆1 , 𝒗, 𝑧)𝐻 ( 𝝆2 , 𝒗, 𝑧) = 2
𝝆 2 − 𝝆12 − 2
+
exp
2𝑧 2
4𝑧 |𝑎(𝑧)| 2
4𝑧 𝑎(𝑧) 𝑎 ∗ (𝑧)
(20)





1
1
𝑘 𝜋 𝒗 · 𝝆1 𝒗 · 𝝆2
2
2
× exp −𝜋
+
𝒗 −
+ ∗
.
𝑎(𝑧) 𝑎 ∗ (𝑧)
𝑧 𝑎(𝑧)
𝑎 (𝑧)
Here we have used a short-hand notation
𝑎(𝑧) = 1/𝑤 20 + 𝑖𝑘/(2𝑧) = (1 + 𝑖𝑧G /𝑧)/𝑤 20 ,

(21)

where 𝑧 G = 𝑘𝑤 20 /2 is the Rayleigh range of a fully coherent Gaussian beam. On performing the
integral in Eq. (18), we may cast the propagated CSD in the explicit form
"
#


𝑤 20
𝝆12 + 𝝆22
Δ𝝆 2
𝑊 ( 𝝆1 , 𝝆2 , 𝑧) = 𝑝 𝑚 2
exp − 2
exp − 2 2
𝑤 (𝑧)
𝑤 (𝑧)
2𝑞 𝑤 (𝑧)




𝑖𝑘
× exp −
𝝆 2 − 𝝆22 𝐹 ( 𝝆1 , 𝝆2 , 𝑧)
(22)
2𝑅(𝑧) 1

with
𝐹 ( 𝝆1 , 𝝆2 , 𝑧) =1 + 𝐶𝑚 (−1) 𝑚 cos [𝑚 𝑓12 ( 𝝆1 , 𝝆2 , 𝑧)]
 2



𝑟
𝑘𝑟 𝑐(𝑧)
× exp − 𝑐(𝑧) 𝐽𝑚
𝑔( 𝝆1 , 𝝆2 , 𝑧) .
2
2 𝑧

(23)

In Eq. (22), we have made use of the two standard propagation parameters of GSM beams [21],
namely the beam width
𝑤(𝑧) = 𝑤 0 [1 + (𝑧/𝑧 R ) 2 ] 1/2
(24)
and the radius of wave front curvature


𝑅(𝑧) = 𝑧 1 + (𝑧R /𝑧) 2 ,

(25)


 −1/2
𝑧R = 𝑧G 1 + 𝑞 −2

(26)

where

denotes the Rayleigh range of the GSM beam. Additionally, in Eq. (23), we have employed the
following shorthand notations:
𝑐(𝑧) =

1 + (𝑧/𝑧 G ) 2
1 + (𝑧/𝑧 R ) 2

,

# 1/2
"
𝜌22
𝜌12
2𝜌1 𝜌2 cos Δ𝜑
1
+
+
,
𝑔( 𝝆1 , 𝝆2 , 𝑧) =
𝜎0 𝑎 2 (𝑧) 𝑎 ∗2 (𝑧)
|𝑎(𝑧)| 2


[𝜌1 /𝑎(𝑧)] sin 𝜑1 + [𝜌2 /𝑎 ∗ (𝑧)] sin 𝜑2
𝑓12 ( 𝝆1 , 𝝆2 , 𝑧) = arctan
,
[𝜌1 /𝑎(𝑧)] cos 𝜑1 + [𝜌2 /𝑎 ∗ (𝑧)] cos 𝜑2

(27a)

(27b)
(27c)

where polar coordinates 𝝆 = (𝜌, 𝜑) have been used. It immediately follows from Eq. (23) that
Eq. (22) reduces to the basic GSM beam when the positive sign is chosen for 𝑚 = 0 and 𝑟 0 = 0.
It can be also seen from Eq. (22) that, apart from common curvature and transverse widening
factors, the CSD retains its mathematical form upon propagation in the sense that 𝐹 ( 𝝆1 , 𝝆2 , 𝑧)
contains both cosine and Bessel terms.
Looking at the spatial distribution of the spectral density of the propagated beam by writing
𝝆1 = 𝝆2 = 𝝆 in Eq. (22) and simplifying, we obtain


𝑤2
2𝝆 2
𝑆( 𝝆, 𝑧) = 𝑝 𝑚 2 0 exp − 2
𝑤 (𝑧)
𝑤 (𝑧)
(

"
#)

𝑅2
2𝑅
𝑧/𝑧R
𝜌
. (28)
× 1 + 𝐶𝑚 (−1) cos(𝑚𝜑) exp − 2 𝑐(𝑧) 𝐽𝑚 p
2
2𝑞
𝑞 1 + 𝑞 2 1 + (𝑧/𝑧R ) 𝑤 0


𝑚

Compared to conventional partially coherent beams with Cartesian or annular symmetry, Eq. (28)
contains a richer variety of intensity profiles, determined by both the azimuthal dependence
in the cosine function and the radial dependence in the Bessel function. More precisely, the
azimuthal periodicity is given by 2𝜋/𝑚, and the radial spacing is governed by the zeros of the
derivative of the Bessel function of 𝑚th order. Further, one can find from the argument of the
Bessel function in Eq. (28) that the radial periodicity depends on the global coherence parameter
𝑞, as well as the propagation distance 𝑧, and is inversely proportional to the parameter 𝑅. Since
the zeros of the derivative of the Bessel function are not equally spaced, the intensity pattern of
the beam has quasi radial periodicity.

Let us next consider the behavior of the field in the far zone, 𝑧  𝑧 R . It follows directly from
Eqs. (24) and (25) that 𝑤(𝑧) → 𝑤 0 𝑧/𝑧R and 𝑅(𝑧) → 𝑧 as 𝑧 → ∞, which give
!
!

2
2 𝝆2 + 𝝆2
2

2
𝑧
𝑧
𝑧
Δ𝝆
𝑖𝑘  2
R 1
2
R
R
(∞)
2
exp − 2 2 2 exp −
𝑊 ( 𝝆1 , 𝝆2 , 𝑧) = 𝑝 𝑚 2 exp − 2
𝝆 − 𝝆2
2𝑧 1
𝑧
𝑧
𝑧 2𝑞 𝑤 0
𝑤 20
× 𝐹 (∞) ( 𝝆1 , 𝝆2 , 𝑧).

(29)

In the far zone we also have the limits 𝑎(𝑧) → 1/𝑤 20 , 𝑐(𝑧) → 1/(1 + 𝑞 −2 ), 𝑔( 𝝆1 , 𝝆2 , 𝑧) →
𝑤 20 | 𝝆1 + 𝝆2 |/𝜎0 , and 𝑓12 ( 𝝆1 , 𝝆2 , 𝑧) → arg ( 𝝆1 + 𝝆2 ). We therefore get


𝑅2
𝑚
(∞)
𝐹 ( 𝝆1 , 𝝆2 , 𝑧) = 1 + 𝐶𝑚 (−1) cos [𝑚 arg ( 𝝆1 + 𝝆2 )] exp −
2(1 + 𝑞 2 )
!
𝑧 R | 𝝆1 + 𝝆2 |
𝑅
.
(30)
× 𝐽𝑚 p
2
𝑤0
𝑞 1+𝑞 𝑧
Hence, the spectral density in the far zone is given by
!
𝑧 2R
𝑧2R 2𝝆 2
(∞)
𝑆 ( 𝝆, 𝑧) = 𝑝 𝑚 2 exp − 2 2
𝑧
𝑧 𝑤0
!)
(


𝑅2
2𝑅
𝑧R 𝜌
𝑚
.
× 1 + 𝐶𝑚 (−1) cos(𝑚𝜑) exp −
𝐽𝑚 p
2(1 + 𝑞 2 )
𝑞 1 + 𝑞2 𝑧 𝑤0

(31)

Therefore, the far-zone beam properties become independent on 𝑧, as they should, if the spherical
phase in Eq. (29) is extracted and we normalize the transverse coordinates to 𝑤 0 𝑧/𝑧R .
At this stage it is appropriate to look at certain limiting cases. In the fully coherent limit
𝑞 → ∞, the intensity profile remains Gaussian at all distances if 𝑚 = 0 and either sign of 𝐶0 is
chosen. If 𝑚 > 0, the far-zone spectral density reduces to
!
𝑧2R 2𝝆 2
𝑧2R
(∞)
𝑆 ( 𝝆, 𝑧) = 2 exp − 2 2 [1 + (−1) 𝑚 cos(𝑚𝜑)] ,
(32)
𝑧
𝑧 𝑤0
which has a periodic azimuthal variation without a quasiperiodic radial dependence. Considering
the opposite limit 𝑞  1, we have
!
 2


𝑧2R
𝑧2R 2𝝆 2
𝑅
2𝑅 𝑧R 𝜌
(∞)
𝑆 ( 𝝆, 𝑧) = 𝑝 𝑚 2 exp − 2 2 1 + 𝐶𝑚 (−1) 𝑚 cos(𝑚𝜑) exp −
𝐽𝑚
.
2
𝑞 𝑧 𝑤0
𝑧
𝑧 𝑤0
(33)
In the limit 𝑧/𝑧R  1 the underlying GSM beam becomes quasihomogeneous, but the RAP
beams considered here do not. The far-zone intensity of any quasihomogeneous field is known
to be of the same functional form as the Fourier transform of the
 source plane DOC, i.e., the
function 𝑝(v). However, in our case an extra factor exp −𝑅 2 /2 appears in front of the Bessel
term.
Considering the fundamental 𝑚 = 0 solution, the propagation equations reduce to those of the
GSM beam when 𝐶0 = 1. When 𝐶0 = −1 and the limit 𝑟 0 → 0 is considered, they reduce to the
expressions for the 𝑛 = 1 LGSM beam [22]. In particular, Eq. (31) takes the form
!
!

 −1
𝑧2R
𝑧2R 2𝝆 2 𝑧 2R 2𝝆 2
(∞)
2
2
𝑆 ( 𝝆, 𝑧) = 2 exp − 2 2
+
𝑞
1
+
𝑞
,
(34)
𝑧
𝑧 𝑤0
𝑧2 𝑤 20

which is consistent with Eq. (18) of Ref. [8]. This intensity profile approaches a Gaussian shape
in the coherent limit 𝑞 → ∞ and has a flat-top profile (second derivative equal to zero) when
𝑞 = 1. When 𝑞 < 1 it becomes annular with a peak at 𝜌0 /𝑤 0 = [(1 − 𝑞 2 )/2] 1/2 𝑧/𝑧R , having an
axial dip that approaches zero when 𝑞 → 0.
4.

Source characteristics and beam propagation features

Having mathematically defined the class of quasi RAP sources and derived expressions for
propagation of the beams they radiate, we proceed to examine in more detail the optical properties
of these sources and beams in terms of the two characteristic ratios 𝑟 (or 𝑅) and 𝑞.
Let us first visualize correlations at the source plane by plotting distributions of the complex
DOC, 𝜇 (0) (Δ𝝆 0) in Eqs. (14) and (13), as a function of normalized coordinates Δ𝝆/𝜎0 , for some
selected values of the parameter 𝑟 and the index 𝑚. Figure 1 displays the 𝜇 (0) (Δ𝝆 0) for different
indices 𝑚 and a fixed ratio 𝑟. The top and bottom rows show the modulus and phase of the DOC,
respectively. To visualize the relatively faint side-lobe structure more clearly, we display on the
top row the square root of the modulus 𝜇 (0) (Δ𝝆 0) .

Fig. 1. Source-plane DOC with fixed 𝑟 = 5 for different values of index 𝑚: (a) 𝑚 = 0,
(b) 𝑚 = 1, (c) 𝑚 = 2, and (d) 𝑚 = 3. The top row shows the square root of the modulus of
the DOC, while the bottom row illustrates the phase.

Column (a) in Fig. 1 illustrates the (real-valued) DOC of the fundamental 𝑚 = 0 solution with
𝐶0 = −1. The modulus of the DOC has a central lobe with 𝑟-dependent width, and a single side
lobe with an 𝑟-dependent scale. The phase of the DOC is zero within the central peak and 𝜋
outside it. With 𝐶0 = 1, the DOC of the 𝑚 = 0 solution is always real and positive. It is close to
Gaussian for small values of 𝑟, and the side lobe begins to form clearly when 𝑟 > 0; for values
𝑟  1 the absolute values of the DOC become identical for both sign choices. Also for 𝑚 > 0,
as illustrated in columns (b)–(d) of Fig. 1, there is a clear central lobe and a single side lobe,
in which the azimuthal variation caused by the cosine term is clearly visible. The nature of the
phase of the DOC depends critically on whether we consider even or odd values of 𝑚. For even
values the DOC is real and hence the phase is either zero or 𝜋. For odd values the phase varies
continuously within the interval [−𝜋/2, 𝜋/2], being close to zero within most of the central lobe
and transforming into a nearly binary form in the side lobe.

In Fig. 2 we fix the order index 𝑚 and consider the effect of varying the scale parameter 𝑟. Here
we concentrate on the (square root of) the modulus of the DOC; the phases (not shown) are again
binary for even 𝑚 and vary continuously for odd 𝑛. In the top row we consider the fundamental
solution 𝑚 = 0 with 𝐶0 = 1.√In the limit 𝑟 → 0 we obtain the LGSM source, for which the radius
of the main lobe is at 𝜌 = 2𝜎0 , and the peak of the side lobe is located at 𝜌 = 2𝜎0 . When 𝑟
is increased, the scale expands as shown in (a) and (b), and for values 𝑟 > 4 a widening dark
annular zone begins to emerge between the bright central lobe and the annular side lobe. The
peak radius of the side lobe increases non-linearly, but in the limit 𝑟  1 we have an asymptotic
solution 𝜌 → 𝑟𝜎0 . In this limit the width of the central lobes no longer changes appreciably. If
the fundamental 𝑚 = 0 solution with 𝐶0 = 1 is chosen, a similar dark annulus is formed (though
at somewhat larger values of 𝑟), and for large 𝑟 the distributions for both sign choices become the
same. Hence, in the limit 𝑟  1, the DOC shows somewhat peculiar features: on one hand we
have high short-range correlations within the main lobe, followed by the dark annulus with a low
DOC, and finally some long-range radial correlations appear within the side lobe.

Fig. 2. Square root of the absolute value of the source plane DOC with the index 𝑚 fixed and
𝑟 varied: (a) 𝑟 = 1, (b) 𝑟 = 4, (c) 𝑟 = 6, and (d) 𝑟 = 8. Top row: 𝑚 = 0. Bottom row: 𝑚 = 5.

The bottom row in Fig. 2 shows the evolution of the DOC for 𝑚 = 5. For small values of 𝑟 we
have an essentially Gaussian main lobe (irrespective of 𝑚). The side lobe, where the azimuthal
periodicity can be clearly seen, starts to form at around 𝑟 > 2. Again a dark annulus begins
to emerge for 𝑟 > 4 between the nearly rotationally symmetric central lobe and an expanding
azimuthally modulated side lobe. Finally, it should be stressed that, even though the side lobe
appears dim, it nevertheless has a decisive effect in the properties of the propagated beam.
Let us now proceed to examine the beam properties in the far zone. We found it convenient to
use normalized spatial coordinates 𝝆˜ = 𝝆𝑧R /(𝑧𝑤 0 ) in this zone, and to normalize the spectral
density as 𝑆˜ (∞) ( 𝝆, 𝑧) = 𝑆 (∞) ( 𝝆, 𝑧) (𝑧/𝑧R ) 2 . With these choices we compare the far-fields of
the quasi RAP beams to those of the underlying GSM beam. When considering the modulus
𝜇 (∞) ( 𝝆˜ 1 , 𝝆˜ 2 , 𝑧) of the far-zone DOC, we again plot its square root. Finally, when considering


the phase arg 𝜇 (∞) ( 𝝆˜ 1 , 𝝆˜ 2 , 𝑧) of the DOC, we plot the residual phase left after the spherical
phase in Eq. (29) has been extracted. In plotting results for propagated beams we additionally
consider the ratio 𝑅 instead of 𝑟.

It is clear from Eq. (31) that the modulation contrast in the far-zone intensity profiles can be
high only if the exponential factor in√the Bessel contribution is of the order of unity, which is
satisfied (for all values of 𝑞) if 𝑅 ∼ 2 or smaller. This condition alone ensures the visibility
of the azimuthal periodicity. However, to observe radial quasiperiodicity, the first zero 𝜌˜ 0(𝑚) of
the 𝑚:th-order Bessel contribution should satisfy (at least) the condition 𝜌˜ 0(𝑚) < 1, which leads
to 𝑞 < 2𝑅/ 𝜌˜ 0(𝑚) if 𝑞  1. To ensure that the first condition is securely satisfied, we now set
𝑅 = 0.5 and examine the dependence of the far-field beam properties on the global coherence
parameter 𝑞 and the index 𝑚.
In Fig. 3 we first consider the case with moderate spatial coherence by fixing 𝑞 = 0.1. At
this value of the coherence parameter the azimuthal periodicity of the intensity profile is clearly
visible and radial quasiperidicity is emerging. When the value of 𝑞 is reduced further, to 𝑞 = 0.01,
also the radial structure of the beam becomes pronounced. On the other hand, the absolute value
of the DOC approaches a Gaussian shape in these two cases. As the DOC takes real values (after
spherical phase removal), its phase is not of interest. Therefore, we do not show the properties of
DOC here to avoid redundancy.

Fig. 3. Far-zone spectral density of the quasi RAP beam with 𝑅 = 0.5, and (a) 𝑚 = 0,
(b) 𝑚 = 1, (c) 𝑚 = 2, and (d) 𝑚 = 3. Top row: 𝑞 = 0.1. Bottom row: 𝑞 = 0.01.

When the beam propagates from the source plane towards to far zone, its quasi RAP features
emerge gradually. The DOC loses its side-lobe structure and the intensity profile its original
Gaussian form, begins to acquire azimuthal periodicity as well as radial quasiperiodicity. These
transformations take place at distances of the order of the Rayleigh range of the corresponding
GSM beam. In Fig. 4 we illustrate the intensity distributions and the DOC at a propagation
distance 𝑧 = 3𝑧R . The spatial coordinates are scaled to 𝑤(𝑧) and the spectral density is also
normalized to (𝑧/𝑧R ) 2 . From Fig. 4 we can see that the quasi RAP effect is obvious in the
intensity distribution and the DOC, in particular in its phase. The phase distribution, compared
to that possessing azimuthal periodicity only in the source plane, exhibits quasi radial periodicity
in the outer radial directions after propagation.

Fig. 4. Spectral density and DOC 𝜇( 𝝆1 , 0, 𝑧) of the quasi RAP beam in the top row of Fig. 3
(𝑞 = 0.1) at a propagation distance 𝑧 = 3𝑧 R . Top row: spectral density. Middle row: square
root of the modulus of the DOC. Bottom row: residual phase of the DOC.

5.

Experimental feasibility

Beams of the type considered here can be generated experimentally along the lines proposed by
Gori and Santarsiero [5], in a 2 𝑓 Fourier-transform setup outlined in Fig. 5. The desired source
plane CSD, 𝑊 (0) ( 𝝆10 , 𝝆20 ), is generated at the output plane of the system, behind a Gaussian
transmission filter of width 𝑤 0 , from an incoherent input-plane field with a spatial intensity
profile proportional to 𝑝(𝒗).
In general, one can use spatially uniform incoherent input-plane illumination and modulate
the intensity profile with a continuous-tone filter P having a transmittance defined by Eq. (9).
However, in our case 𝑝(𝑣, 𝜙) is a product of a radial Gaussian factor and a modulation factor. It
is therefore far more light-efficient to first produce the Gaussian profile using an appropriately
scaled image (provided by L1) of an incoherent Gaussian field generated, e.g., by illuminating
a rotating diffuser RD with a Gaussian laser beam. This leaves only the modulation factor
𝑀 (𝑣, 𝜙) = 𝑀0 [1 ± 𝐽𝑚 (2𝜋𝑟 0 𝑣) cos(𝑚𝜙)] to be produced by the intensity filter P. Here 𝑀0 is
chosen such that the maximum value of 𝑀 (𝑣, 𝜙) does not exceed unity.
The filter P can in principle be produced by techniques such as grey-tone lithography or a
grey-tone SLM. However, using spatially variable diffraction gratings is an attractive option.
Consider, for instance, a linear binary phase grating of period 𝑑, line width 𝑐, and a depth
corresponding to a phase delay of 𝜋 radians between the lines and trenches. In view of the
standard complex-amplitude transmission approach, the zeroth-order efficiency 𝜂0 of such a
grating depends on the fill factor 𝑓 = 𝑐/𝑑 according to 𝜂0 = (1 − 2 𝑓 ) 2 .

Fig. 5. Schematic setup for experimental generation and characterization of quasi RAP
beams: RD is a rotating diffuser, P is an intensity filter, L1 represents an (afocal) imaging
system, L2 is a Fourier-transform lens of focal length 𝑓 , G is a Gaussian transmission filter,
and D is a coherence detector.

Hence, if 𝑓 = 0 or 𝑓 = 1 (no grating), all light ends up in the zeroth order, while for other
values of 𝑓 some of the incident light is diffracted into higher orders indexed by an integer 𝑙 ≠ 0.
In particular, 𝜂0 = 0 if 𝑓 = 1/2, offering us a possibility to encode the modulation function
𝑀 (𝑣, 𝜙) into local fill-factor variations 𝑓 (𝑣, 𝜙) of a linear grating. This is accomplished if we
demand that
[1 − 2 𝑓 (𝑣, 𝜙)] 2 = 𝑀 (𝑣, 𝜙),

(35)

i
p
1h
1 + 𝑀 (𝑣, 𝜙)
2

(36)

which results in a coding
𝑓 (𝑣, 𝜙) =

of 𝑀 (𝑣, 𝜙) into the local fill factor 𝑓 (𝑣, 𝜙). The higher orders 𝑙 ≠ 0 are (in paraxial approximation)
centered at spatial positions 𝑥𝑙 = 𝑙 𝑓 /𝑑 in the 𝝆 0-plane and are therefore filtered out by G if the
parameters are chosen such that |𝑥±1 |  𝑤 0 . As a result, the grating appears as a metasurface
with intensity transmittance 𝑀 (𝑣, 𝜙).
We are currently planning an experimental setup of the type just described, with binary-phase
grating filters fabricated by electron beam lithography and dry etching, and using a mirror-based
wavefront folding interferometer [23] as the coherence (and intensity) detector D in Fig. 5.
6.

Conclusions

We have introduced a class of partially coherent sources that radiate quasi RAP intensity patterns
as a consequence of a combination of a Bessel function and a cosine function in the source-plane
complex DOC. Its primary characteristic is the adjustable periodicity and symmetry. The
periodicity in radial direction is governed by the zeros of the derivative of the Bessel function of
0 , which is a function of source global coherence length 𝑞 = 𝜎 /𝑤 and the radius
the first kind, 𝐽𝑚
0
0
𝑟 0 . The azimuthal periodicity can be modulated by the mode index 𝑚. This can be interpreted by
the phase discontinuity of the CSD that leads to the periodic changes of the intensity distribution
upon propagation. Regarding the symmetry of the intensity patterns, the contribution comes
from the model index 𝑚. If 𝑚 is even, the DOC is a real-valued function, and hence, the intensity
pattern remains symmetric about the origin. When 𝑚 takes odd values, indicating that the DOC is
a complex function, the field is asymmetric about the origin. The ability of the quasi RAP beam
to present peculiar periodic intensity patterns suggests that it may find potential applications in
multi particle trapping and optical fractionation procedures.

Appendix
Using the polar representation also for spatial-difference coordinates and the weight function in
(9), Eq. (5) takes the form
𝑓 (Δ𝜌 0, Δ𝜑 0) = 2𝜋𝜎02

∞ ∫ 2𝜋

∫
0

0



exp −2𝜋 2 𝜎02 𝑣 2 [1 + 𝐽𝑚 (2𝜋𝑟 0 𝑣) cos(𝑚𝜙)]

(37)

× exp [−𝑖2𝜋Δ𝜌 0 𝑣cos(𝜙 − Δ𝜑 0)] 𝑣d𝑣d𝜙.
By using the formulas [24]
∞
Õ

exp (−𝑖𝑎 cos 𝜃) =

(−𝑖) 𝑛 𝐽𝑛 (𝑎) exp(−𝑖𝑛𝜃),

(38a)

𝑛=−∞

∫

(

2𝜋

exp(𝑖𝑛𝜃)d𝜃 =
0

2𝜋

if 𝑛 = 0,

0

if 𝑛 ≠ 0,

(38b)

Eq. (37) becomes
𝑓 (Δ𝜌 0, Δ𝜑 0) = 2𝜋𝜎02

n

o
(−𝑖) 𝑛 exp(𝑖𝑛Δ𝜙)H𝑛 𝑡 𝑛 exp −2𝜋 2 𝜎02 𝑣 2 .

Õ

(39)

𝑛=0,±𝑚

Here 𝑡 0 = 1, 𝑡±𝑚 = 21 𝐽𝑚 (2𝜋𝑟 0 𝑣), and H𝑛 represents the Hankel transform of order 𝑛, defined as
∫ ∞
H𝑛 {𝐺 (𝑣)} = 2𝜋
𝑣𝐺 (𝑣)𝐽𝑛 (2𝜋𝑣Δ𝜌 0)d𝑣.
(40)
0

Then, by employing the formulas [24]
∫ ∞
2
𝑥 𝑚+1 𝑒 −𝛼𝑥 𝐽𝑚 (𝛽𝑥)d𝑥 =

 2
𝛽
𝛽𝑚
exp
−
,
𝑚+1
4𝛼
(2𝛼)
0
 2

 
∫ ∞
1
𝛼 + 𝛽2
𝛼𝛽
−𝛾 𝑥 2
𝑒
𝐽𝑚 (𝛼𝑥)𝐽𝑚 (𝛽𝑥)𝑥d𝑥 =
exp −
𝐼𝑚
,
2𝛾
4𝛾
2𝛾
0

(41a)
(41b)

Eq. (39) yields
Δ𝜌 02
𝑓 (Δ𝜌 , Δ𝜙 ) = exp − 2
2𝜎0
0

0

!"
0

1 + cos(𝑚Δ𝜑 ) exp −

𝑟 02
2𝜎02

!
𝐼𝑚

𝑟 0 Δ𝜌 0
𝜎02

!#
.

(42)

Since 𝑓 (0) = 1 in Eq. (8), we obtain Eq. (13) in the main text.
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