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TILTING THEORY AND FUNCTOR CATEGORIES I.
CLASSICAL TILTING

R. MARTINEZ-VILLA AND M. ORTIZ-MORALES

ABSTRACT. Tilting theory has been a very important tool in the classification
of finite dimensional algebras of finite and tame representation type, as well as,
in many other branches of mathematics. Happel [Ha] proved that generalized
tilting induces derived equivalences between module categories, and tilting
complexes were used by Rickard [Ri] to develop a general Morita theory of
derived categories.

In the other hand, functor categories were introduced in representation
theory by M. Auslander [A], [AQM] and used in his proof of the first Brauer-
Thrall conjecture [A2] and later on, used systematically in his joint work with
I. Reiten on stable equivalence [AR], [AR2] and many other applications.

Recently, functor categories were used in [MVS3] to study the Auslander-
Reiten components of finite dimensional algebras.

The aim of the paper is to extend tilting theory to arbitrary functor cate-
gories, having in mind applications to the functor category Mod(mod,), with
A a finite dimensional algebra.

1. INTRODUCTION AND BASIC RESULTS

Tilting theory traces back his history to the article by Bernstein, Gelfand and
Ponomarev ([BGP] 1973), where they defined partial Coxeter functors. These func-
tors were generalized by Auslander Platzeck and Reiten ([APR] 1979), but a major
brake through was the article by Brenner and Butler ([BB] 1979). The notion of
tilting was further generalized by Miyashita ([Mi] 1986) and Happel ([Ha] 1987).
Happel showed that generalized tilting induces derived equivalence between the
corresponding module categories. These results inspired Rickard [Ri] to develop his
Morita theory of derived categories.

This paper is the first one in a series of articles in which, having in mind applica-
tions to functor categories from subcategories of modules over a finite dimensional
algebra to the category of abelian groups, we generalize tilting theory from modules
to functor categories.

The first paper is dedicated to classical tilting and it consists of four sections:

In the first section we fix the notation and recall some notions from functor cat-
egories that will be used through the paper. In the second section, we generalize
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Bongartz s proof [B] of Brenner-Butler ‘s theorem [BB] to arbitrary functor cate-
gories. In the third section we deal with two special cases: first we extend tilting
from subcategories to full categories, and second we apply the theory so far devel-
oped, to study tilting for infinite quivers with no relations, and apply it to compute
the Auslander-Reiten components of infinite Dynkin quivers. In the last section
we recall results from [MVS1], [MVS2], [MVS3] on graded and Koszul categories
and we apply our results from the third section, to compute the Auslander-Reiten
components of the categories of Koszul functors over a regular Auslander-Reiten
component of a finite dimensional algebra. These results generalize previous work
by [MV] on the preprojective algebra.

1.1. The Category Mod(C). In this section C will be an arbitrary skeletally small
pre additive category, and Mod(C) will denote the category of contravariant functors
from C to the category of abelian groups. Following the approach by Mitchel [M],
we can think of C as a ring ”with several objects” and Mod(C) as a category of
C-modules. The aim of the paper is to show that the notions of tilting theory can
be extended to Mod(C), to obtain generalizations of the main theorems on tilting
for rings. To obtain generalizations of some tilting theorems for finite dimensional
algebras, we need to add restrictions on our category C, like: existence of pseudo
kernels, Krull-Schmidt, Hom-finite, dualizing, etc.. To fix the notation, we recall
known results on functors and categories that we use through the paper, referring
for the proofs to the papers by Auslander and Reiten [A], [AQM], [AR].

1.2. Functor Categories. Let C be a pre additive skeletally small category. By
Mod(C) we denote the category of additive contravariant functors from C to the
category of abelian groups. Then, Mod(C) is an abelian category with arbitrary
sums and products, in fact it has arbitrary limits and colimits, and filtered limits
are exact (Ab5 in Grothendiek terminology). It has enough projective and injective
objects. For any object C' € C, the representable functor C( ,C) is projective,
arbitrary sums of representable functors are projective, and any object M € Mod(C)
is covered by an epimorpism [[,C( ,C;) — M — 0. We say that an object M in
Mod(C) is finitely generated if there exists an epimorphism [[,.; C(,C;) — M — 0,
with I a finite set.

Given a finitely generated functor M and and an arbitrary sum of functors | i N,
there is a natural isomorphism Home (M, [; N;) = [[; Home (M, N;) (finitely gen-
erated are compact).

An object P in Mod(C) is projective (finitely generated projective) if and only
if P is summand of [[;.;C( ,C;) for a family (finite) {C;}ics of objects in C.
The subcategory p(C) of Mod(C), of all finitely generated projective objects, is a
skeletally small additive category in which idempotents split, the functor P : C —
p(C), P(C) =C(,Q0), is fully faithful and induces by restriction res : Mod(p(C)) —
Mod(C), an equivalence of categories [A]. For this reason we may assume that our
categories are skeletally small additive categories such that idempotents split, they
were called annuli varieties in [A].

Definition 1. [AQM] Given a preadditive skeletally small category C, we say C
has pseudokernels, if given a map f : C1 — Cy there exists a map g : Co — C

such that the sequence: C( Cs) 9 C(Ch) Y C(,Cy) 1is exact.
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A functor M is finitely presented if there exists an exact sequence C( Cy) —
C(,Cp) = M — 0. We denote by mod(C) the full subcategory of Mod(C) consisting
of finitely presented functors. It was proved in [AQM] mod(C) is abelian if and only
if C has pseudokernels.

We will say indistinctly that M is an object of Mod(C) or that M is a C-module.
A representable functor C( , C') will be sometimes denoted by ( ,C).

1.3. Change of Categories. According to [A], there exists a unique up to isomor-
phism functor — ®¢ — : Mod(C°?) x Mod(C) — Ab, called the tensor product,
with the following properties:

(a) (i) For each C-module N, the functor ®cN : Mod(C°?) — Ab, given by
(®@cN)(M) = M ®c N is right exact.
(i) For each C°P-module M, the functor M®c : Mod(C) — Ab, given by
(M®c)(N) =M ®¢ N is right exact.
(b) The functors M ®¢ — and — ®¢ N preserve arbitrary sums.
(¢) For each object C'in C M ®¢ (,C) = M(C) and (C, ) ®c N = N(C).
Given a full subcategory C’ of C. The restriction res : Mod(C) — Mod(C’) has
a right adjoint, called also the tensor product, and denoted by C®¢: : Mod(C') —
Mod(C). This functor is defined by: (C ®@¢ M)(C) = (C, )|er ®cr M , for any M
in Mod(C’) and C in C. The following proposition is proved in [A Prop. 3.1].

Proposition 1. Let C' be a full subcategory of C. The functor C®c/ : Mod(C') —
Mod(C) satisfies the following conditions:

(a) C®cr is right exact and preserves arbitrary sums.

(b) The composition Mod(C") 8, Mod(C) =% Mod(C") is the identity in
Mod(C").

(¢) For each object C" in C', C®c C'( ,C")=C( ,C").

(d) C®c is fully faithful.

(e) CRc: preserves projective objects.

The functor M in Mod(C) is called projectively presented over C’, if there exists
an exact sequence [[,c; C(,Cj) = [[;c,C( ,C}) = M — 0, with Cj, C} € C'. The
category C®¢ Mod(C’) is the subcategory of Mod(C) whose objects are the functors
projectively presented over C’. The functor res and C®¢/ induces an equivalence
between Mod(C’) and C ®¢: Mod(C').

We say that an exact sequence P; = P, LNy — 0 is a minimal projective

presentation of M if and only if the epimorphisms P, 2y M and P, — Ima, are
minimal projective covers (in the sense of [AF)).

It is of interest to know under what conditions minimal projective presentations
exist.

Theorem 1 (A Theor. 4.12). The following conditions are equivalent:

(a) Ewvery object in mod(C) has a minimal projective presentation.
(b) For each object C in C, every finitely presented End(C)°P-module has a
minimal projective presentation.

A ring R is semiperfect, if every finitely generated R-module has a projective
cover.
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Corollary 1. If C is a category, such that for every C in C, End(C)°P is semiper-
fect, then every object in mod(C) has a minimal projective presentation.

1.4. Krull-Schmidt Categories. We start giving some definitions from [AR].

Definition 2. Let R be a commutative artin ring, an R-category C, is a pre additive
category such that C(C1,C2) is an R-module and composition is R-bilinear. Under
these conditions Mod(C) is a R-category which we identify with the category of
functors (C°P,Mod(R)).

An R-category C is Hom-finite, if for each pair of objects C1,Co in C the R-
module C(C1,C2) is finitely generated. We denote by (C°P,mod(R)), the full sub-
category of (C°?,Mod(R)) consisting of the C-modules such that; for every C in C
the R-module M(C) is finitely generated. The category (C°P,mod(R)) is abelian
and the inclusion (C°P, mod(R)) — (C°?,Mod(R)) is ezact.

The category mod(C) is a full subcategory of (C°?, mod(R)). The functors D :
(C°?,mod(R)) — (C,mod(R)), and D : (C,mod(R)) — (C°?,mod(R)), are defined
as follows: for any C' in C, D(M)(C) = Homgr(M (C), I(R/r)), with r the Jacobson
radical of R, and I(R/r) is the injective envelope of R/r. The functor D defines a
duality between (C,mod(R)) and (C°?,mod(R)). If C is an Hom-finite R-category
and M is in mod(C), then M (C') is a finitely generated R-module and is therefore
in mod(R).

Definition 3. An Hom-finite R-category C is dualizing, if the functor D :
(C°?,mod(R)) — (C,mod(R)) induces a duality between the categories mod(C) and
mod(C°P).

It is clear from the definition that for dualizing categories mod(C) has enough
injectives.
To finish, we recall the following definition:

Definition 4. An additive category C is Krull-Schmaidt, if every object in C
decomposes in a finite sum of objects whose endomorphism ring is local.

1.5. The radical of a category. The notion of the Jacobson radical of a category
was introduced in [M] and [A], it is defined in the following way:

Definition 5. The Jacobson radical of C, rade( , ), is a subbifunctor of Home( , )
defined in objects as: rade(X,Y) = {f € Home(X,Y) |for any map g : ¥ — X,
1—gf is invertible }.

If M is a C-module , then we denote by radM the intersection of all maximal
subfunctors of M.

Proposition 2. [A], [BR], [M] Let C be an additive category and radc( , ) the
Jacobson radical of C. Then:
(a) For every object C in C radc(C, C) is just the Jacobson radical of Ende(C).
(b) If C and C' are indecomposable objects in C, then the radical rade(C,C")
consists of all non isomorphisms from C to C'.
(c) For every object C in C, rade(C, ) = radC(C, ) and rade( ,C) =
radC( ,C).
(d) For every pair of objects C and C’" in C, radc(C’, )(C) =rade( ,C)(C").

Definition 6. By an ideal of the additive category C we understand a sub bifunctor
of Home( , ).
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Given two ideals of I; and I of C we define I I3 as follows: f € I1I5(Cq,Cs),
if and only if, f is a finite sum of morphisms C LN Co L Cs, with h € I (C1,C3)
and g < IQ(CQ, Cg)

Given an ideal I of C and a C-module M, we define a C-sub module IM of M by

IM(C) = Xerc,cnImM(f),

with C' in C. We say a C-module S is simple, if it does not have proper C-sub
modules.

Lemma 1. [MVS1 Lemma 2.5], [BR] Let C be a Krull-Schmidt K-category. Then
the following statements are true:
(a) Any simple functor in Mod(C) is of the form C( ,C)/rade( ,C), for some
indecomposable object C' in C.
(b) For all finitely generated functors F in Mod(C), the radical of F is isomor-
phic to rade F.
(¢c) All finitely generated functors F in Mod(C) have a projective cover.

1.6. A Pair of Adjoint Functors. Let C be a skeletally small additive category,
and T a skeletally small full subcategory of Mod(C). Let’s define the following
functor

¢ : Mod(C) — Mod(T), ¢(M)=Hom( ,M)r.

Our aim in this subsection is to prove ¢ has a left adjoint. Since Mod(C) is
abelian, it has equalizers, and it was remarked above it is Ab5. In this way Mod(C)
is complete [SM V.2 Theo.1l ]. Since the functor Home (T, —) preserve limits, for
every T in T it follows that the functor ¢ preserve limits.

Lemma 2. The category Mod(C) has an injective cogenerator.

Proof. Denote by D the functor D : Mod(C) — Mod(C°?), D(F')(C) = (F(C), @/Z)
and let F' be a functor in Mod(C°?). Then we have an epimorphism [], C(C;,
DF and hence, a monomorphism

F prp 2L HDC i),

iel
where no(z)(f) = f(z). Moreover, D(C;, ) is injective. Hence {DC(C, )}cec is a
small cogenerator set consisting of injective objects in Mod(C). (]

We need the following

Definition 7. Let A be an arbitray category and X —»Y = {X; ELN Y}ier a family
of morphisms. A fibered product of X — Y is a pair ({P 2% X;Yier, L), where
L: P —Y is a morphism such that f;p; = L, and satisfies the following universal
property:

If {Q % XiYier, L') is a pair such that for each i € I, fiq; = L', then there
exists a unique morphism n : Q — P, such that Ln = L', and for each i € I,
pin = q;-

Using the fact Mod(C) is Ab5 and ¢ is left exact, the reader can verify the
following

Proposition 3. In Mod(C) any family of monomorphisms X — Y = {X; EiN
Y}ier has a fibered product. Moreover, ¢ preserves fibered products of monomor-
phisms.
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Freyd’s special adjoint functor theorem [MS V.7 Theo. 2] justifies the following
assertion.

Theorem 2. Let C be a skeletally small pre additive category. Then the following
18 true:
(a) The category Mod(C) is complete-small, has a small cogenerator, and any
set of subobjects of a functor M has a fibered product.
(b) Let T be a small full subcategory of Mod(C). Then the functor ¢ : Mod(C) —
Mod(T) preserves small limits and fibered products of families of monomor-

phisms.
(¢) The functor ¢ : Mod(C) — Mod(T) has a left adjoint.

Remark 1. Denote by —®7T the left adjoint of ¢, it follows from Yoneda’s Lemma,
that for any pair of objects T in T and M in Mod(C), there are natural isomor-
phisms:

Home((,T)7r @ T, M) = Homy(( ,T)7,¢(M)) = Home (T, M).
By Yoneda’s Lemma again, ( ,\T)7 T =1T.

Since there are enough projective and enough injective objects in Mod(C), and
Mod(T), we can define, for any integer n, the nth right derived functors of the
functors Home(M, ), Home( ,N), which will be denoted by Ext;(M, ) and
Extg( , N) respectively. Analogously, the nth left derived functors of M ®¢ — and
— ® N, can be defined. They will be denoted by Tor’(M, ) and TorS( ,N),
respectively.

In the same way, the right derived functors of the functor ¢ can be defined, they
will be denoted by Exts( ,—)7 : Mod(C) — Mod(T), and they are defined as
Exte(,—)7(M) = Exte( , M)

Of course, we can also define the left derived functors of the functor — ® 7, they
will be denoted by Tor! ( ,T) : Mod(7T) — Mod(C).

We will see below relations among these functors.

Proposition 4. If M is finitely presented, then the functors Exté(M, ) commute
with arbitrary sums.

Proof. There is an exact sequence
(1.1) 0 — Ker(a) = C( ,0) S M —0

with Ker(a) finitely generated and C' an object in C. Let {N;};c; be a family
of objects in Mod(C). After applying Home( ,[[;c; Vi) to (LI, it follows the
existence of a isomorphism 7, such that the following diagram commutes

€0, [Ny .y (Ker(e), [T Ni) _ BExcte(M, [ Vi) 0
el iceJ el
~| ~| "l
[Tec.onn) ., [TKer(a), i) _, [ Exte(M,Ny)
iel iel iel
O

Corollary 2. If T consists of finitely presented functors, then the functors ¢ and
Exti( , —)7 commute with arbitrary sums.
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2. BRENNER-BUTLER 'S THEOREM

2.1. The main theorem. In this section we introduce the notions of tilting cate-
gories and we show, that with slights modifications, Bongartz’s proof [B] of Brenner-
Butler’s theorem [BB], extends to tilting categories over arbitrary skeletally small
pre additive categories. We also have the corresponding theorems on the invariance
of Grothendieck groups under tilting, and the relations between the global dimen-
sion of a category and the global dimension of the tilted category. Then we prove,
that under mild conditions, tilting functors restrict to the categories of finitely pre-
sented functors. For dualizing categories we have theorems analogous to classical
tilting for finite dimensional algebras.

The first definition is a natural generalization of the classical notion of a tilting
object.

Definition 8. Let C an annuli variety, a subcategory T of Mod(C) is a tilting
category, if every object in T is finitely presented and the following conditions are
satisfied:

(i) pdim7 < 1.

(ii) We have Extg(Ti, T;) = 0, for every pair of objects Ty, Tj in T.

(iii) For every object C in C, the representable functor C( ,C) has a resolution

0—=C(,C)—=Ty —T>—0,
with Tl, T2 m T

Definition 9. Given a skeletally small pre additive category C, we introduce the
following notion of tensor product: given an abelian group G and an object M in
Mod(C) the tensor product G ®z M, is the functor defined in objects as (G ®z
M)(C) =Gz M(C).

Given a subcategory T of Mod(C), we define for every M in Mod(C) and every
object T of T the evaluation map ™M) : C(T, M) @z M — M, e(CT’M)(f ®m) =
fe(m), where, C € C, m € M(C) and f = {fc}cec € C(T,M). Define the trace
of T in M, as the image of the sum [ e [ic; C(T;, M) @7 T; — M, where
{T;}ier is a set of representatives of the isomorphism classes of objects in T.

Let T; be an object in {T;}icr, and X; = {f;}je]i a set of generators of the

abelian group C(Tj, M), let Z(X?) be the free abelian group with basis X; and
X = UX;. Then the epimorphism of abelian groups

@ 25D 5 C(T;, M) = 0
Induces an epimorphism

o [0 =[]z @ i = [[ (T M) @2 T; — 0
icl il icl
composing with the sum of the evaluation maps we obtain a map

[Ty T[T — M

icl

Let’s denote [[,.; Ti(Xi) by T, then the map: @y = [JeToMyp: T - M
has the following property:
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Proposition 5. Let M be in Mod( C), and Oy : T'X) — M the map given above.
Then for every object T' € T and every map n : T' — M, there exists a map
v : T = TX) such that Oy v =1.

Given a skeletally small pre additive category C and 7 a tilting subcategory
of Mod(C), we denote by 7 the full subcategory of Mod(C) whose objects are
epimorphic images of objects in 7. We want to prove that .7 is a torsion class of
Mod(C).

The above proposition implies the following:

Proposition 6. Let M be an object in Mod(C). Then M is in 7, if and only if,
]_[e(T“M) s an epimorphism.

We can prove now:

Proposition 7. If M is in 7, then, for every object T € T, Exté(T, M) =0.
Proof. Let’s assume M is in .7. Then there exists a short exact sequence
(2.1) 0 — Ker(a) = [[7; & M =0,

jedJ
where {T}};cs is a family of objects in 7. Since T is finitely presented, it fol-
lows Extg (T, ) commutes with arbitrary sums. By hypothesis, Extg (T, T;) =0
for every j € J, and T of projective dimension one, implies for every object K,

ExtZ(T, K) = 0. Applying Home (T, ) to the above exact sequence, it follows from
the long homology sequence, that the sequence Extg (T, ] jed T;) — Exty (T, M) —

Ext2(T, K) is exact. Finally we have Ext}(T, M) = 0. O

Proposition 8. The category 7 is closed under extensions, direct sums and epi-
morphic images. This is: 7 1is a torsion class of a torsion theory of Mod(C).

Proof. We only need to see it is closed under extensions. Consider the exact se-
quence
0— My — My — M3 — 0,
with My, M3 in 7. Then Ext}(T;, My) = Extg(T;, M3) = 0, by Proposition [1
For every object T; € {T;}icr , we apply the functor C(T;, ), to the above exact
sequence to obtain, by the long exact sequence, an exact sequence of abelian groups
0 — C(T;, My) — C(Ti, My) — C(Ti, M3) — Extt(Ti, My) = 0.

Applying the tensor product ®zT; to the sequence, and adding the exact se-
quences, we obtain the exact sequence:
[Te@, m) @z T - [ (T, Ma) @2 T; — [[ C(Ti, M) @2 T; — 0,
il il il
which induces a commutative diagram:

[Hewm myer _, [Je@ M)ye T, , [[C(T, M) @ T, -0
el iel el
[IeTiMDy LI e F2)y LI e M)y

0 M1 MQ M3 — 0

The morphisms ]_[e(Ti’Ml) and ]_[e(T“MS) are epimorphisms, by Proposition
Then it follows, by the Snake lemma, ]_[e(TivMﬂ is an epimorphism. Again by
Proposition [6] My is in 7. O
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We will prove next that the trace of 7 in M, denoted by 77 (M), is the idempotent
radical corresponding to the torsion theory with torsion class T .

Proposition 9. For any M in Mod(C) and T" in T, Home(T', M /7 M) = 0. In
particular T (M /T (M)) = 0.

Proof. Consider the exact sequence
(2.2) 0 77(M) L ML M/rr(M) = 0

and a natural transformation n : T — M/7r(M). Taking the pull back of the
maps 71 and p we get the following commutative exact diagram:

0 —— 77 (M) W T’ 0
[ |
0 —— (M) —25 M -2 M/rr(M) — 0

By Proposition [l the top exact sequence splits, hence there exists a map f :
T' — M, such that pf=n. By the properties of the trace, f(T') C M and
n=0. ([

We have the following characterization of the torsion class:

Proposition 10. Let T be a tilting category in Mod(C). Then:
T ={M € Mod(C)|Ext;(T,M) =0, T € T}.
Proof. Let’s assume M € Mod(C) and for each T in T, Exty(T, M) = 0. Then

applying the functor Home (T, —) to the sequence (2.2), it follows from the long
homology sequence and the fact pdim7T = 1 that

0 = Extg (T, M) — BExty (T, M/7r(M)) — Ext3(T, 7(M)) =0
is exact, and in consequence, Extg (T, M/7r(M)) = 0.

Let C € C. Then we have an exact sequence 0 — C( ,C) — Ty — T1 — 0, with
T, € T,i=0,1. After applying Home( ,M/7r(M)) to the sequence, we get, by
the long homology sequence, the exact sequence

0 = Hom(Ty, M /77 (M)) — Hom(( ,C), M/7r(M)) — Ext*(T1, M/7r(M)) = 0.
By Yoneda’s Lemma, 0 = Hom(( ,C),M/rr(M)) = M(C)/rrM(C), this is:
M = 77(M) is in 7. The other inclusion is already proved in Proposition[@l O

The torsion class 7 induces a torsion pair (<, .%), where

F ={N € Mod(C)|Hom(M,N) =0, M € T},
[see S].
Proposition 11. % = {N € Mod(C)}|Hom(T,N) =0, T € T}.

Proof. Let M be an object in 7. Then there is an epimorphism HjeJ T; - M — 0,
with {T}}ics a family of objects in 7, and let N € {N € Mod(C)|Hom(7T,N) =
0, T € T}. Then there is a monomorphism
0 — Home (M, N) = Home (] [ 7j, N) = [ | Home (T}, N) = 0,
= =

and M is in %#. The other inclusion is clear. O
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Let T be a tilting subcategory of Mod(C), we define AddT as the full subcategory
of Mod(C) whose objects are direct summands of arbitrary sums of objects in 7.
Let ¢ : Mod(C) — Mod(T) be the functor defined as ¢(M) = Hom( ,M)r. We
adapt Bongartz ’s proof of Brenner-Butler’s theorem to our situation. We start
with a version of [B Prop. 1.4]:

Proposition 12. (i) If Ms LN VAN VA ER My is an ezact sequence in
Mod(C), such that M; belongs to 7, then the sequence

¢(Mz) — ¢(M1) — d(Mo)

18 ezact.
(ii) For each M € T there is an exact sequence

tn t t
e TP T 2 M0

with T in AddT, such that the maps T™ o Imt,, — 0, have the following
property: gwen T in T and a map f : T — Imt,, there exist a map
h:T — T", such that 6,h = f.

(iii) For each M in T there exists an isomorphism
dM)RT — M.

(iv) Tor{ (¢(M),T) = 0. _
(v) For any pair of objects M, N in 7 we have an isomorphism Exts (M, N) =
Extr(¢(M), p(N)).

Proof. (i) Since 7 is closed under epimorphic images, then Im(g), Im(f) and
Coker(f) are in .7. From the exact sequences: 0 — Imh — My — Img — 0,
0 — Img - M; — Imf — 0,0 - Imf — My — Cokerf — 0, we obtain exact
sequences in Mod( T) :

0 — ( ,Imh)r — ( ,Ms)7— ( ,Img)7 — Ext'( ,Imh)r =0,
0 — (,Img)r = ( ,M)7 — ( ,Imf)r — Ext'( ,Img)7 =0,
0 — (,Imf)r —(,Mo)7 — ( ,Cokerf)7 — Ext'( ,Imf)7 =0.

Gluing the sequences, the result follows.
(ii) By the Propositions B and [6 for each M € 7 there is an exact sequence

(2.3) 0— Ko— T Ly pp 0

such that; every map n : T — M factors through 7.

It follows that Home (7", T(X0)) &mo), Home (77, M) is an epimorphism. Since

Extg (T, T0)) = 0, after applying Home(T7, ) to (Z3), it follows by the long
homology sequence, that Exté (T",Kp) =0, and Ky is in 7. The claim follows by
induction.

(iii) By part (ii) there exists an exact sequence - -+ — T% — T — M — 0. After
applying ¢ we obtain an exact sequence - -- — ¢(T') — ¢(TY) — ¢(M) — 0. Since
¢ and —®T preserve arbitrary sums, for i > 0, we have, ¢(T) QT = ( ,T)7QT =
T;. It follows, the existence of an isomorphism 7, such that the following diagram
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commutes:
HTHRT — HTHRT — ¢(M)R@T —— 0

=] ~| nl

T! T° M 0

(iv) Tt is also clear from the above diagram Tor] (¢(M), T) = 0.

(v) Using the sequence constructed in (ii) and the relation Ext} (7™, N) = 0 for
all j > 0 and n > 0, we get by dimension-shift Ext}(M, N) = Extg(Im(t;_1), N),
for j > 1. The exact sequences

Tt — T9 — Im(t;) — 0,
0—Im(t;) - 77! = Im(t;—1) — 0,
induce the following commutative diagram:
0

. om, N
Home (191, N) 2% Home (Tm(t;), N) —— Ext:(Im(t;_1), N) —— 0

W Home (p,N)

Home(T7, N)

Home (t]‘+1,N)

Home (771, N)
Hence, there are isomorphisms:
(2.4) Extl (M, N) = Extl(Im(t;—1), N) = H’ (Home(T, N)).

Applying ¢ to the exact sequence in (ii), we obtain the following projective
resolution of ¢(M)

(,T)—=( ,Myg:—(,TH—(,T% = ( ,M)7 —0.
By Yoneda’s Lemma, Homy(( ,7T)),( ,N)7) = Home (T, N), therefore:
(2.5) Exti(¢(M), $(N)) = H'(( ,T.), ¢(N)) = H’ (Home(T', N)).
The claim follows from (23] and (24). O
We will see next how to compute — ® T, and its left derived functors.

Proposition 13. For each C in C, and M € Mod(T) there is a natural isomor-
phism in Mod( C),

Proof. Let’s consider the following presentation of M
(2.6) 1.7 “L7 110 1) —» M=o,
icl jeJ
Applying ®7 and evaluating in C', we obtain the following short exact sequence,

(2.7) [[1) L2 [ 10) = MeT (©) — 0.
el jeJ



12 R. MARTINEZ-VILLA AND M. ORTIZ-MORALES

By the properties of the tensor product, and Yoneda’s Lemma, we have isomor-
phisms:

(C( 70)7 )®TH( 7Ti) %JH(C( 70)7 )®T( 7Ti) %JH(C( ,C),Ti) gHTi(C)
iel iel iel iel
Since (C( ,C), )®7, is right exact, when we apply it to the presentation (2.6,

and compare the exact sequence we get, with the exact sequence (27), we obtain
the desired isomorphism. It is easy to verify that this isomorphism is natural. [

Proposition 14. For each C in C, and M € Mod(T ), and any non negative integer
n, there exists an isomorphism

(2.8) Tor7((C( ,C), )7, M) = Tor] (M, T)(C),

which is natural in C' and M.

Proof. Let’s consider an exact sequence

(2.9) 0—-QM = ( ,T)—= M — 0,

where T is a sum of objects in 7. Applying @7 to ([Z9) we get the exact sequence
0— Tor] (M,T) = QM QT = ( ,T)QT,

and applying (C( ,C), ) ®7 — to (23], we get the exact sequence:

0= Tor] ((.C), ) M) = ((,C), )& QM = ((,0), Y& ( .T).

By Proposition [[3] there exists an isomorphism ~¢c, such that the following
diagram commutes

0—— Tor] ((( ,C), ),M)——(( ,C), )@ QM —(( ,C), )& ( ,T)

T

0—— TorT(M, TC) ——— WM T(C) — = T(C)
We can easily verify that v = {yc}cec is a natural transformation.
We leave to the reader the proof of the naturality in M. O

Remark 2. Let C an C’ be two objects in C, and T a tilting subcategory of Mod(C).
Then we have two exact sequences: 0 — C( ,C) L Ty - T1 — 0 and 0 —
c( ,0") LTy — T = 0, with Ty and T in T, fori=0,1. Let f : C — C" be
a morphism. Then, taking the push out, we have the following commutative exact
diagram:

0—=C(,0) 3Ty — T — 0

(.0)
g/ (C( ,f))l l H

0— T — W —T1 — 0

Since Exté (Th,T4) = 0, the lower exact sequence in the diagram splits. Hence, there
exist morphisms wu, v, such that the following exact diagram commutes:

0C(,0) 3Ty — T —0
(2.10) e Nt Jul vl
0 — C( ,C’)g—>T5—>T{—>O
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Proposition 15. Let T be a tilting subcategory of Mod(C). Then for each M in
Mod(C), there is an exact sequence

0— ¢(M)®T — M — Tor] (Exti( ,M)r,T)— 0.
Moreover, Ext( , M) @ T = 0.
Proof. For each C in C we have an exact sequence
(2.11) 0—-C(,C)—=Ty—T1—0,
which induces the following exact sequence
(2.12) 0 — Home(Th, )7 — Home(Ty, )7 — Home(C( ,C), )7 — 0.
After applying — @7 Exté( , M) to (Z12]), we get the following exact sequence
(213) 0 — Tor] ((C( ,0), )7, Exts( , M)y) — Exts (T, M) —
- Ext(To, M) — Hom(C( ,C), )7 @7 Extt( , M) — 0.

Applying Home( , M) to ([Z.I1)), we get from the long homology sequence, the
exact sequence

(2.14) 0 — Home(T1, M) — Home(To, M) — Home(C( ,C), M) —
- Bxtg(Th, M) — Exty(To, M) — Extt(C( ,C), M) = 0.
Then, for each C' in C we have the following isomorphisms:
(Ext( , M) @ T)(O) C( ,C), )7 @7 Exts( ,M)T, by Proposition [[3]
Exté(C(,C), M) =0, by @I3) and 2I4),

which proves the second part of the Proposition.
Now, by Proposition [I4] we know that

(2.15) Tor{ (Exte( , M)7,T)(C) = Tor{ ((C( ,C), )7, Exte( , M)T).
It follows by 210, and the isomorphism Home(C( ,C), M) = M(C), together

with 213), and (ZTI4)), that there exist a isomorphisms v¢ such that the following
diagram commutes:

IR

IR

M(C) ————— Ext}(Ty, M) — Ext;(To, M) — 0
Yo 14 14
0 — Tor] (Extl( , M), T)(C) » Ext(Ty, M) —— Ext}(To, M)

Moreover, the Snake Lemma implies ¢ is epimorphisms. Using Remark 210, the
reader can check that v = {vc}cec is a natural transformation.

After applying — ®7 ¢(M) to the exact sequence (2.12]) we obtain the following
exact sequence

¢(M)(T1) = ¢(M)(To) — Hom(C( ,C), ) @7 ¢(M) — 0.

By the isomorphism ¢(M) ® T(C) = Hom(C( ,C), )5 @7 ¢(M), and the
exact sequence ([2.14)), there exist a morphisms 7 such that the following diagram
commutes:

(M) (T1) — ¢(M)(Tp) — ¢(M)@T(C) —— 0
> >y nod
0 — Hom(Ty, M) — Hom(Tp, M) > Hom(C( C), M)
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Using the Snake Lemma again, the map n¢ is monomorphism. The reader can
check 1 = {nc}cec is natural transformation. In this way we have the following
exact sequence

0= o(M)®T L M 2 Tor] (Exti( ,M),T) — 0.
Proving the proposition. (I

Proposition 16. Let T be a tilting subcategory of Mod(C). Then for each N in
Mod(T) there exists an exact sequence

0 — BExti(—, Tor] (N,T)) = N = ¢(N®@T) = 0.
In addition ¢(Tor] (N,T)) = 0.

Proof. We choose the projective resolutions

(216) L =N : o (= Tp) 82 oy S oy s N o
(2.17) 0P =P —-T—0

such that for ¢ > 0, T; is a sum of objects in T .

Applying —® T to the complex L., we obtain the complex L.® T, whose objects
are in AddT, and we have Ext; (T, L.®7) = 0. In this way, we obtain the following
exact sequence of complexes:

(2.18) 0 — Home (T, L. ® T) — Home(Po, L. @ T) — Home(Py, L. ® T) — 0.
Observe that L (T) and Home (T, L. ® T) are isomorphic, hence the exact se-
quence (ZI8) becomes
0 — L (T) — Home(Py, L. ® T) — Home (Py, L. © T) — 0.

By the above sequence, and the long homology sequence, we get an exact se-
quence:

(2.19) 0= H,(L (T)) - Hi(Home(Py, L. ® T)) — Hi(Home (P, L. ®T)) —
— Ho(Home (L (T))) — Ho(Home (Po, L. ® T)) = Ho(Home(Py, L. ® T)) — 0.

Since P;, i = 0,1 are projective, there exists an isomorphism
Hy(Home(P;, L. ® T)) = Home (P;, Hi (L. ® T)) = Home (P;, Tor] (N, T)).
Finally, the exact sequence ([Z19) can be written as:
(2.20) 0 — Home(Py, Tor] (N,T)) — Home(Py, Tor] (N, T)) —
N(T) — Home¢(Py, N ®T)— Home(Pi,N®T)—0.

After applying Homg ( ,TorT(N ,T)) to the projective resolution of T', we obtain
the following exact sequence:
(2.21) 0 — Home(T, Tor] (N, T)) — Home(Py, Tor] (N,T)) —
—  Home/(Py, Tor] (N, T)) — Extg(T, Tor] (N,T)) — 0.
Comparing (Z20) and Z21)), we get ¢(Tor] (N, T))(T) = 0, which proves part

of the Proposition. In addition (2:20) and (2.21]), imply the existence of a morphism
nr, such that the following diagram commutes:
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(Py, Tor] (N, T)) — (P1, Tor] (N, T)) » Exts(T, Tor] (N, T) = 0
~| >~ nrd
0— (P07 TOYT(Nv T)) - (Pl,TOFT(N, T)) B N(T)
By the Snake Lemma, 77 is mono.

After applying Home( , N ® T) to the projective resolution of T', we obtain the
following exact sequence:

(2.22) 0 — Home(T,N®T)— Home(Py,N®T) —
— Home(P,N®T) — Exte(T,N®T) — 0.

The sequences (2.20), and (2:22)), imply the existence of a morphism vz : N(T') —
Home(T,N®T) = ¢(N @ T). It follows by the Snake Lemma that v is epimor-
phism. Moreover,

(2.23) Exti( ,N®T)=0.

It’s not hard to check that n = {nr}re7 and v = {y7 }re7 are natural transfor-
mations. We leave the details to the reader. In this way the following sequence of
functors

0 — Exté(—, Tor] (N,T) LN L g(N@T) =0
is exact, proving the Proposition. (I
We call F, F’ : Mod(C) — Mod(T) to the functors defined by:
F(M) = ¢(M),
F'(M) = Extg( ,M)r,
and, G, G : Mod(T) — Mod(C)
G(N) = N&T,
G'(N) = Tor] (N, T).

Let T be a tilting subcategory of Mod(C), and (.7,.%) the torsion theory con-
sidered above. We look to the full subcategories 2" and % of Mod(T), defined
by:

to the functors:

Z = {NeMod(T)|N®T =0},
% = {N & Mod(T)|Tor] (N,T) = 0}.
From the previous results, the main theorem of the section follows:
Theorem 3 (Brenner-Butler). With the above notation, the following statements
are true:

(i) F and G induce an equivalence between 7 and ¥ .
(ii) F’ and G’ induce an equivalence between F and Z .
(iii) The following equations FG' = F'G =0 and G'F = GF’ =0 hold..

Corollary 3. The pair of subactegories (2 ,%) form a torsion theory in Mod(T).

Proof. Tt is easy to check that for pair of objects X in 2", and Y in ', Hom(X,Y) =
0.
For every N in Mod(7) there is an exact sequence:
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0 — Exti(—, Tor] (N,T)) 5 N L ¢(N @ T) — 0.
By condition (iii) of the Theorem, Ext}(—, Tor] (N, T)) is in 2 and ¢(N @ T)
is in %/, which implies the pair (27, %) is a torsion theory. O
We want next to generalize the following result on tilting of finite dimensional
algebras:
Let A be a finite dimensional K-algebra and 4mod the category of finitely gener-
ated left A-modules. Let’s suppose that 47 is a tilting A-module and B = End 4 (7).

Tilting theorem [B] proves Ts is a right tilting B-module and A°P is isomorphic to
EndB (TB )

Proposition 17. Let T be a tilting subcategory of Mod(C). Let’s assume each T
in T has a projective resolution of finitely generated projectives,

0—-P —-P—T—0.
Then the following statements hold:

(a) The full subcategory 6 of Mod(T°P), with objects {(C( ,C), )1}cec is a
tilting subcategory in Mod(T°P).
(b) The category 0 = {(C( ,C), )T}cec is equivalent to CP.

Proof. (a)(i) For each object C in C there is a resolution

(2.24) 0-C(,0)=To LT =0,

with T; € T, for i = 0, 1. By the long homology sequence, there is an exact sequence
of objects in Mod(C),

(2.25) 0= (T1, ) L% (T, ) = (@ ,C), V- — Ext(Ty, )7 =0,

this is; pdim(C( ,C), )7 <1.
(ii) Let C” be another object in C. After applying the functor Homyor ( , (C( ,C"), )7)
to (Z28)), we get an exact sequence:

(2'26) 0— ((C( 70)7 )Tu (C( 7Cl)7 )T)_> ((TOa )7(6( 70/)7 )T)_>
_>((T17 )7(6( 70/)7 )T)%EXt%’OP((C( 70)7 )Tv(c( 70/)7 )T)_>O'

By Yoneda’s Lemma the following diagram:

((T07 )7(6( 70/)7 )T) B— ((Tla )7(6( 70/)7 )T)

:l :J

€ .01 —ED e enm)
To(C") Jer T.(C")

commutes.
Evaluating (224) in C’, and using Yoneda’s Lemma, together with (226]), there
exist the following isomorphisms of abelian groups:
(227) ((C( 70)7 )Ta (C( aO/)v )T)
EXt%—OP((C( 70)7 )Ta (C( acl)v )T)

e, c)
0.

12
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(iii) The sequence
0— (T, )7 — (Po, )7 — (P1, )7 = Extro, (T, )7 =0
is exact, and each (P;, )7 is in add{(C( ,C), )7}cec-
(b) We define the functor:
a:C? =40, aC)=(C(,0), )r
Which by 227, is full and faithful, giving the desired equivalence. O

2.2. The Grothendieck Groups K((C) and Ky(7). Given aring A and a tilting
A-module T it is a classical theorem [B] that the Grotendieck groups of A and
B = End4(T')° are isomorphic. In this subsection we will prove that there is also an
isomorphism between the Grotendieck group, K¢(C), of an arbitrary skeletally small
pre additive category C, and the Grotendieck group, Ko(T), of a tilting subcategory
T of Mod(C). The proof will follow closely [CF].

Definition 10. Let C a skeletally small pre additive category C and let T be a tilting
subcategory of Mod(C). Let’s denote by [Mod(C)| the set of isomorphism classes of
objects in Mod(C). Let A be the free abelian group generated by |Mod(C)| and R
the subgroup of A generated by relations M — K — L such that 0 - K — M —
L — 0 is a short exact sequence in Mod(C). Then, the Groethendiek group of C is
Ko(C) = A/R.

Proposition 18. The Groethendieck groups Ko(C) and Ko(T) are isomorphic.

Proof. We define the group homomorphism ¢E : A = Ko(T), sending ¢E(M ) =
|F(M)|— |F'(M)|, where F and F’are the functors given in Brenner-Buttler’s the-
orem. We claim R is contained in the kernel of ¢. In fact, let M — K — L be a
generator of R. Then there exists an exact sequence in Mod(7),
0 —- (,K)r—(,M)7—(,L)7— EBExti( ,K)r —
(2.28) - Exto( ,M)7 — BExté( ,L)7 — Ext3( ,K)7 =0,
hence, the alternating sum,

—([F(E)| = [F/(K)]) = (IF(L)] = [F(L)]) + (IF(M)] + [F'(M)]) = 0.
Which means ¢(M — K — L) = 0. Then, there is a unique map ¢ : Ko(C) = Ko(T),
given by ¢(|M]) = [F(M)| — [F'(M))].

For each object C in C, there is a short exact sequence 0 — C( ,C) — T° —
T' — 0 with T% in T, for i = 0, 1, which induces the exact sequence in Mod(7°P):
0— (T, )7 — (To, )7 — (C( ,0), )7 — Extt(Ty, )=0.

Therefore: for n > 1, and any object N in Mod(7), pdim(C( ,C), )7 < 1 implies
Tor! ((C( ,C), )7r,N) = 0. For an exact sequence 0 - K — N — L — 0 in
Mod(T), and any object C in C, there is an exact sequence:
0 — Tor]/(C(,C), ),K)— Tor] (C( ,C), ),N)— Tor] (C( ,C), ),L)—
— (C(,0), )K= (C( ,C), Y® N—=(C( ,C), Y L—0.
Which can be re written as follows:
0 — Tor] (K,T)— Tor] (N,T)— Tor] (L,T) —
(2.29) - KT ->NT—-LT —0
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In an analogous way, there is a group homomorphism 1 : Ko(7) — K(C), given
by ¥(IN]) = [G(N)| = |G'(N)].

By Brenner-Butler’s theorem, there are isomorphisms:

vo(IM]) = ¢(IF(M)| - |F'(M)])
Y(IF(M)]) —w(|F'(M)))
(IGF(M)| = |G'F(M)]) = (IGF'(M)| = |G'F'(M)])
= |GF(M)| - |G'F'(M)],
and from the exact sequence
0—-GF(M)—- M —GF(M)—0

it follows: |M| = |GF(M)| — |G"F'(M)], this is: ¢¢ = 1k, (). With a similar
argument we prove ¢y = 1 g (). O

2.3. Global Dimension and Tilting. In this subsection we will compare the
global dimensions of a category C and its tilting category 7, obtaining results
similar to the ring situation. The proof given here uses the same line of arguments
as in [ASS].

Let C be a skeletally small pre additive category and T a tilting subcategory of
Mod(C). Let 7 be the torsion class of Mod(C), whose objects are epimorphic images
of arbitrary sums of objects in 7. We proved 7 = {M € Mod(C)|Ext' (T, M) = 0}.
We use this fact in the following:

Lemma 3. Let M be an object in 7 and assume Exts(M, )z = 0. Then M is
in AddT.

Proof. Let M be an object in 7. By Proposition[I2 there is a short exact sequence
O—>Ker(a)—>HTii>M—>O,
iel
with Ker(a) in .7. Therefore: the sequence splits and M is in AddT. O
Proposition 19. If M is in 7, then pdimHome( , M)7 < pdimM.

Proof. By induction in pdimM. If pdimM = 0, then M is projective, and since M is

in .7 there is an epimorphism f : [[,.; T: — M — 0, with T; in 7, which splits and

M is a summand of [[,.; T;. Tt follows M is in Add7T, and Hom¢( , M)7 is sum-

mand of [[,.,;( ,T3), this is, Hom¢( , M)7 is projective and pdimHome( , M) = 0.
Let’s assume pdimM = 1. There is an exact sequence

(2.30) 0—L—Ty—M~—0,
with Tp in Add7 and L in . The sequence (2:30)) induces an exact sequence:
0= (,L)7r—(,To)r — ( ,M)T — Exts( ,L)r = 0.
Since pdM = 1, then Ext2(M, )z =0, and from (Z30) and the long homology
sequence, it follows the sequence

0 = Bxt:(To, )7 — Exti(L, )7 — Ext3(M, )7 =0

is exact. In consequence, Ext5(L, )z = 0, and by Lemma B L is in AddT.
Therefore Home( , L) is projective and Home( , M), has projective dimension
less or equal to one.
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Suppose n > 2 and the claim is true for all objects in .7 with projective dimension
less than n. Let M be an object in .7 with pdimM = n. Then from (230) and the
long homology sequence we get an exact sequence

0 = Ext3(Ty, ) — Ext¢(L, ) — Exti™ (M, )=0.
Then pdimZL < (n — 1). By induction hypothesis pdHome( ,L)7 < n — 1 and
Home(, To)7 is projective. Applying the contravariant functor Homy(—, ) to the
exact sequence ([2.30), we obtain by the long homology sequence the inequalities:
pdimHome( , M)7 < pdimHome( ,L)7+1<1+4+(n—1)
O

Theorem 4. With the same assumptions as above, we have the inequality:
gdim(7) < 1+ gdim(C).

Proof. Let X be an object in Mod(T), and cover it with a projective object, to get
an exact sequence

(2.31) 0=Y = JJ( . 7)) = X o0,
i€l

The functor ¢ : .7 — % is an equivalence, and [[,c;( ,T;) is in &/, and & is
closed under sub-objects, hence Y is in . Since ¢ is dense, there exists an object
M in 7, such that ¢(M) = Home( ,M)7 2 Y, and pdimY < pdimM. From the
exact sequence ([231)) we have the following inequalities:

pdimX <1+ pdimY <1+ pdimM < 1+ gdim(C)

and gdim(7) < 14 gdim(C). O
2.4. Brenner-Butler’s theorem for categories of finitely presented func-
tors. In this subsection we will prove that, under mild assumptions on the cate-
gories C and T, Brenner-Butler’s theorem holds in the categories of finitely pre-
sented functors. To prove it we need to see under which conditions the functor
¢ : Mod(C) — Mod(T) restricts to the categories of finitely presented functors,
¢ : mod(C) — mod(T).

It was recalled in Section 1, that the category of finitely presented functors

mod(C) is abelian, if and only if, C has pseudokerneles [AR]. Hence; it is natural to
assume C and T have pseudokerneles. Under these conditions we have the following.

Proposition 20. Let’s assume C and T have pseudokerneles. Then the functor
¢|mod(C) : mod(C) — Mod(T),

has image in mod(T).

Proof. (a) For each object C, the functors ( ,C( ,C))7 and Extl( ,C( ,C))7 are

in mod(T).
To see this, consider the exact sequence

O—)C( ,O)—)To—>T1—)O,

with Tp, Ty in 7. From the above exact sequence, and the long homology sequence,
we get an exact sequence:

0 — ( ,C( aO))T%( aTO)T_>( 7T1)T—>
—  EBxtg( ,C(,C) 1 — BExts( ,To)T = 0.
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The claim follows from the fact mod(7) is abelian.
(b) Let M be in mod(C). Since C has pseudokernels, then M has a projective
resolution
e, 0n) S e ) (.ol )= M =0

Let K; be Im( , f;). Then for all i > 0, the functors Ext5( , K;)7 and ( , K;)7
are finitely presented. Indeed, from the exact sequences,

(f1)

O—>Ki+1 &}C( ,Ci)p—i>Ki—>0,

the long homology sequence, and the fact pdim7 < 1, we obtain for each ¢ an exact
sequence:

LR (e e S (LK) 2y Ext( L Ki)r -

Ext'( ,ps
( ,pi)

0—(,Kiy1)T
X L 4
B CRe) pd (e, 0)7 Ext!( , K;)7 — Bxt?( , Kip1)7 = 0.
By (a), for all i > 0, the functor Ext;( ,C( ,C;))7 is finitely presented. Hence;
each Ext'( , K;)7 is finitely generated .
From the exact sequence

Extg( kig1) Extg( ,ps)
—e —

EXté( 5Ki+1)T EXté( ,C( 701))T EXté( aKl)T — 0,
it follows Extg( , K;)T is actually finitely presented. Since mod(7) is abelian, the

xth i . .
kernel of Extl( , Kit1)1 Bte ki), Exts( ,C( ,C;)) 7 is finitely presented.
In a similar way, each ( ,K;)7 is finitely generated, and it follows that the

cokernel of the map 0 — (, Kiy1)71 ASELUEN ( ,C( ,Cy))7 is finitely presented.

We have proved each ( , K;)7 is an extension of two finitely presented functors,
therefore: it is finitely presented.

(c) From the exact sequence 0 — K o, C( ,Cy) - M — 0, and the long
homology sequence, we have an exact sequence

0— ( ,Ko)7 — ( ,C( ,Co)) T — ( ,M)T — Exté( ,KQ)T — Exté( ,C( ,00)7*.
Using again mod(7) is abelian, it follows ¢(M) = ( , M) is finitely presented. O

Corollary 4. Assume C and T have pseudokernels. Then T is contravariantly
finite in mod(C).

Proposition 21. Assume C and T have pseudokernels. Then the following state-
ments hold:

(i) The functors F, F',G, G’ in Brenner-Buter’s theorem restrict to the subcat-
egories of finitely presented functors.
(ii) Given a functor M in & Nmod(C), there exists a resolution

ST, B S AT BT 8 M=o

such that, each T; is in addT, and T}, U Imt,, is a T-approximation of
Imt,,.
(iii) If M is a functor in mod(C), then the the trace 7r(M) of T in M, and
M/ (M) are finitely presented.
(iv) Denote by tg the radical of the torsion theory (Z,%) of Mod(T). Then
for any functor N in mod(T), ta (N) and N/tg (N) are finitely presented.
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(v) For any pair of finitely presented functors M, N in 7, we have an isomor-
phism Exta(M, N) = Exti-(¢(M), 6(N)).

Proof. (i) We proved F preserves finitely presented functors. If ( ,T1) — (,Tp) —
N — 0 is a presentation of N € mod(T) , To,T1 € addT, then tensoring the exact
sequence with 7, we obtain an exact sequence To — 77 — T Q@ N — 0. Since Ty, Ty
are finitely presented, and mod(C) is abelian, G(N) = 7 ® N is finitely presented.

We left to the reader to prove that the functors F’ and G’, preserve finitely
presented functors.

(ii) Let M be in mod(C) and a map & : T° — M with T° in Add(T), as in
Proposition [ its image is 77 (M). If f : Ty — M is a T-approximation, then
f factors through §, and § factors through f. In consequence, Imf = 77 (M). In
particular, if M € .7, then f is an epimorphism.

Using again the fact mod(7) is abelian, the kernel of f, Ky, is finitely presented.
From the exact sequence

0—Kog—>Ty— M —0,

the long homology sequence, and the fact f : Ty — M is a T-approximation, it
follows Extg( , Ko)7 = 0. Hence, Ky is in .7, and the claim follows by induction.
(iii) Let M be in mod(C). Then by the proof of (ii), 77(M) finitely generated, and
M finitely presented, implies M /7 (M) is finitely presented, and mod(C) abelian,
implies 77 (M) is finitely presented.
(iv) Assume N in mod(7). Since the functors: F,F’,G,G’ preserve finitely
presented functors, all terms in the exact sequence:

0 — Bxts(—, Tor] (N,T) BN L G(N@T) =0
are finitely presented. The claim follows by observing the isomorphisms: ¢ 2 (N)
Exté(—, Tor] (N, 7)) and N/ to (N) = ¢(N @ T).
(v) Follows as in Proposition 21 O

o~

We denote by (7, .%) and (2, %) the intersection of the torsion theories (.7, .%)
and (2, %) with the categories of finitely presented functors, mod(C) and mod(7),
respectively. From the previous proposition we obtain the following:

Theorem 5 (Brenner-Butler). Let T be a tilting subcategory of mod(C) and assume
C and T have pseudokernls. With the above notation the following statements hold:

(i) The functors F and G induce an equivalence between T and ¥ .
(ii) The functors F' and G’ induce an equivalence between F and 2.

(iii) We also have: FG' = F'G =0 and G'F = GF' = 0.
Proof. The proof is clear from (i) in the above proposition. O

2.5. Classical tilting for dualizing varieties. In order to have a complete anal-
ogy with tilting theory for finite dimensional algebras, we need to add more re-
strictions in our categories, in particular, we need the existence of duality. We will
assume in this subsection that C and T are dualizing varieties.

It was proved above that the category 6 = {0c}cec, where 0c = (C( ,C), )T,
is a tilting subcategory of mod(7°P). Then by Brenner-Butler’s theorem, there are
torsion pairs (7 (0),.%#(0)) and (Z°(0),# (0)) in mod(7°P) and mod(f), respec-
tively, and equivalence of categories
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7(0) Z(6)
N ot

Tor{( ,6) 20

3{(9)/ \@(9)

By Proposition[IT] there is an equivalence of categories a(C) : C? — 0, a(C) =
0c = (C( ,C), )7 , which induces an equivalence ax : mod(f) — mod(C°) given
by:
for each C'in C, and H in mod(6).

Lemma 4. Let N be an object in mod(T) and C one object in C. Then the following
statements hold:

(a) There is an isomorphism ((C( ,C), )7,DN) = D(N ® T)(C), such that
the following square

mod(€) L mod(T)

axpg

mod(C?) «—— mod(7T°P)

commautes.
(b) There is an isomorphism Exti,((C( ,C), )7, DN) = D(Tor] (N, T))(C),
such that the following square

orz— ,
mod(€) T od(T)

axExt( ,—)|0
mod(C?§ & hod(Top)
commutes.

(¢) We have the following equivalences of categories:
(i) D(2(T)) = Z(0), D(Z(T)) = 7(0)
(i) D(F(T)) = Z(0), D(F(T)) = 2 (0)

Proof. Applying the functor ( , DN) to the exact sequence
(2.32) 0— (T, )= (T°% )= (C(.,C), )7 —0.

We obtain by the long homology sequence, and Yoneda’s Lemma, the following
exact sequence:
(2.33)

0—((,C), )7DN)— DN(T") - DN(T") — Ext'(( ,C), )7.DN) =0,
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and applying QN to (Z32), by the long homology sequence, we get an exact se-
quence

(2.34) 0 — Tor] (N, T)(C) = N(T') = N(T°) = (N @ T)(C) — 0.
Dualizing (2.34)), and comparing it with (233)), we obtain the isomorphisms in (a)
and (b).

To see that the first square commutes, let N be in mod(7). Then there are
equalities:

ax(¢g(DN))(C) = ax(( ,DN)6)(C
= (((,0), ),DN)=D(N@T)(C).
The equalities

ax (Ext'( ,=)|0(DN))(C) = ax(Ext'( ,DN)|0)(C)
= Ext{ ((( ,C), ), DN) = D(Tor] (N & T))(C),

imply, the second square commutes.
It only remains to prove (c). By (a) it follows

T(0) = {N € mod(T°P)|Ext' (0, N) = 0} = D(#(T)).
By Brenner-Butler’s Theorem, there are equivalences of categories:
b9 : F(0) = Z(0)
-T : Z(T)— T(T).
Then we have a commutative square

T

T(T) «—— Z(T)

> (0) <2 7(0)

By part (b), it follows
ZF(0) = {N € mod(T°P)|Hom(fc, N) =0} = D(Z(T))
From the equivalence of categories given in Brenner-Butler’s Theorem:
Tor] (,T) : 2(T)— .Z(T)
Extro( ,—)o : T(0) = Z(0)

We have a commutative square:

oT(
Z() D (1
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Definition 11. [ASS] Let C be Krull-Schmidt. A torsion theory (7 ,.%) in mod(C)
splits, if every indecomposable M € mod(C) is, either in  or in F.

Proposition 22 (ASS Prop. 1.7). LetC be dualizing category and (7, .F) a torsion
pair in mod(C). Then the following conditions are equivalent:

(a) The torsion theory (7 ,.F) splits.

(b) Let T be the radical of the torsion theory. Then for any M en mod(C), the
exact sequence: 0— 7(M) — M — M/T(M) — 0, splits.

(c) For any N in F and any M in 7, Ext;(N, M) = 0.

(¢) If M € F, then TTtDM € 7.

d) If N € &, then DTrN € Z.

—~

We say that a tilting subcategory 7 of mod(C) separates, if the torsion the-
ory (Z(T),#(T)) in mod(C) splits, and we say it splits, if the torsion theory
(Z(T), % (T)) in mod(T) splits.

Lemma 5. Let T be a tilting subcategory of mod(C) that splits. Then the following
statements hold:

(a) Let 0 = M LES TrD(M) — 0 be an almost split sequence, with M
in Z(T). Then the three terms are in (T), and 0 — (M) — ¢(E) —
d(TrD(M)) — 0 is an almost split sequence, whose terms are in % (T).

(b) Let 0 —» DTr(M) — E — M — 0 be an almost split sequence, with M in
F(T). Then the three terms are in F(T), and 0 — Ext( ,Dtr(M))r —
Extg( , E)r — Exti( , M) — 0 is an almost split sequence, whose terms
are in Z(T).

Proof. We will prove only (a), being (b) similar. By previous Lemma, TrD(M) €
T (T), therefore: E € 7(T). By the long homology sequence, we get the exact
sequence

235 0= ( M)y D By S ( TiD(M))F - Extl( M)y =0,
whose terms are in %/ (T).

The morphism ( ,g)7 is right minimal. Let 7 : ( ,E)7 — ( ,E)7r be an
endomorphism, such that ( ,g9)79 = ( ,g)7. Since ¢ : T(T) — #(T) is an
equivalence of categories we have (( ,E)7r,( ,E)r) 2 (E,E) and 7 = ( ,n)7T,
with 7 : E — E. Then gn = g, and since g is right minimal, it follows 7 is an
isomorphism, hence, 7 is an isomorphism.

Let N be indecomposable and ¥ : N — ( ,TrD(M)) a non isomorphism and
non zero map. Then, either N € Z(T) or N € #(T). If N € Z(T), then
5y € Hom(Z'(T),#(T)) = 0, hence, N = ( ,H)y, with H € J(T) and 7 =
( ,v)7:(,H)r = ( ,Tt'DM)7, where « is non isomorphism and non zero. Then
7 factors through E, and 7 factors through ( , E)7. O

As a consequence of Lemma [B] and Proposition 2T we have:

Lemma 6 ( ASS Lemma 5.5). Let T be a tilting subcategory of mod(C). If M €
T(T) and N € F(T), then for any j > 1, there is an isomorphism

Extl (M, N) = Ext) ' (¢(M), Exte( , N)7).

From the fact § = {0c = (( ,C), )7}cec is a tilting subcategory in mod(7°P),
we obtain the following:
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Theorem 6. Let T be a tilting subcategory of mod(C). Then:

(a) T separates, if and only if, for any Y € #(T), pdimY = 1.

(b) T splits, if and only if, for any N € Z#(T), idimN = 1.
Proof. (b) Is proved in [ASS Theo. 5.6], but, for he benefit of the reader, we repeat
the proof here.

First, the sufficiency of the condition. Assume that for every N € Z(T), we
have idimN = 1. Let X € 2°(T) and Y € #(T). Then there exist M € 7(T)
and N € .Z(T) such that X = Exti( ,N)7 and Y = ¢(M), by Brenner-Buttler
theorem. Hence, by the above Lemma

Exti-(Y, X) = Ext™-(¢(M), Extg( , N)7) = ExtZ (M, N) =0,

Conversely, assume that (2°(T), #(T)) is spplitting and let N € .#(T). Take an
injective resolution of N

0 1 2
o-NS oL e
Let L° = Imd' and L' = Imd?. Since 7(T) = KerExt (T, ) contais the

injective objects and it is closed under epimorphic images, and N € Z(T), it
follows L' € 7(T). Then, by the above Lemma, we have:

Extg (L', LY) = Extg (L', N) = Exti-(¢(L'), Exts(, N)7)
But, ¢(L') € #(T), Exti( ,N)r € 2 (T) and (%(T),@(T)) is splitting, by
hypothesis. By Proposition[22] this implies ExtT( (LY, Exté( ,N)7) =0, proving
that the exact sequence 0 — L% — I' — L' — 0 splits . Therefore, L° is injective
and idimN < 1. Finally, N € % (T ), implies N is not injective, thus idimN = 1.
We prove that (a) follows from (b):

By definition, T separates, if and only if, the torsion pair (Z(T),Z(T)) in
mod(C) splits. By duality, this occurs if and only if, the pair (2 (0 ), ) =
(DZ(T),DT(T)), is a splitting torsion theory in mod(C°?) = mod(d). By (b), 6
is a tilting subcategory that splits in mod(7°P), if and only if for all N € .7 (0),
idimN = 1. But % (0) = D% (T), and (a) follows. O

Corollary 5. If gdimC < 1, then any tilting subcategory T C mod(C) splits.
As a consequence of the previous theorem and Lemma 4, we have the following:
Corollary 6. If C and T are hereditary, then T splits and separates

The last theorems in this subsection will have important implications in the
hereditary case, that we will consider in next section.

3. INFINITE QUIVERS

We begin this section showing that there exist natural examples of the notions
discussed in the previous section.

We prove first that for a finite dimensional algebra A, having a finitely generated
generator M, such that there exists a tilting Enda (M )°P-module T, the module T
can be extended to a tilting category of modj.

We study next locally finite infinite quivers @, and consider the quiver algebra
-category. We prove that for locally finite infinite quivers, a section on the pre-
projective component produces a tilting category. To apply the tilting functor is
analogous to apply an infinite sequence of partial Coxeter functors, to change the
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orientation of the quiver. We next use these results to computate the Auslander-
Reiten components of the locally finite infinite Dynkin quivers.

To describe the shape of all Auslander-Reiten components, it is enough to com-
pute them for a fixed orientation, and then to apply tilting. We choose quivers with
only sinks and sources.

A simple modification of the arguments given by [ABPRS], proves that regular
Auslander-Reiten components of locally finite infinite quivers are of type A.

3.1. Extending tilting. In this subsection we will prove that there exist examples
of tilting subcategories. The first source of examples is produced in the following
way:

Let C be a K-category, K a field, which is Hom-finite, with an additive generator
A, such that there is a tilting End(A)°P-module T, ¢’ = {addA} is a subcategory
of C containing the generator of C, Mod(C’) is equivalent to Mod(End(A)°?) and
it has tilting subcategory which corresponds to T under the equivalence. We will
extend first the tilting subcategory of Mod(C’) to a partial tilting subcategory of
Mod(C) and then using Bongartz’ argument [B], [CF] we will extend it to a tilting
subcategory of Mod(C).

Lemma 7. Let C' be a subcategory of C. If T is a self orthogonal subcategory of
Mod(C’), consisting of finitely presented objects, then C ®c: T is a self orthogonal
subcategory of Mod(C).

Proof. Let Ty, T, be objects of T, with presentations C'( ,C7) — C'( ,Cf) = Th1 —
0,C'( ,C{) = C'( ,C{)— To — 0. Let’s consider the functors: res : Mod(C) —
Mod(C"), C®¢r : Mod(C") — Mod(C), as in [A].

We claim Exté (C®c/ T1,C®c Tz) = 0. Indeed, let e be an element of Exté (C®¢
T1,C@cTr),e:0 = CRcTe = F = CcTi — 0. We apply C®¢ to the projective
presentations of 77 and T», to get projective presentations of the corresponding
extension. By the Horse Shoe Lemma, we obtain the following commutative exact
diagram:

0 0 0
1 ! !
c(,0) ——C(,C0) —— CQ®cTy ————— 0
~+ ~
daNe | [eORYdaNey | ke F 0
~ ~ \l/
e(,0)) ——C(,C)) —— C®c Ty ——— 0
1 1 i
0 0 0

By [A Prop. 3.2], there exists an isomorphism C ®c: res(F') = Idyjoq(e) (F) = F.
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Since the functor res is exact, we have the following commutative exact diagram:

0 0 0
{ 1 l
CI( 501) E— C/( 70(/)) Tl 0
+ <+
deNe | [eORNAaNe | k=4 resF 0
v v l
c'(,Cy ——C'(,Cl) Ty 0
{ { l
0 0 0

By assumption, the column at the right of the diagram splits, hence tensoring
with C®¢s and using C ®¢ res(F) = F, the columns in the first diagram split, hence
e splits. O

Definition 12. A full subcategory T of Mod(C) is a partial tilting, if its objects
satisfy the following two conditions:

(i) For each object T in T there is an exact sequence 0 — P, — Py —» T — 0,
with P; finitely generated projective.
(ii) For every pair of objects T; and Tj in T, Ext;(T;, Tj) = 0.

Proposition 23. Let C’' be a subcategory of C containing an additive generator A
of C. If T is a partial tilting subcategory of Mod(C’), then C®c/ T is a partial tilting
subcategory of Mod(C).

Proof. By Lemma[7l C ®¢: T is self orthogonal. (ii) Let T be an object in 7, and
0—=C'(,CY) clh, C( ,C)) — T — 0, a projective resolution with C} and C] in

C'. Applying C ® — , we get the projective presentation C( ,C1) A, c(,CH) —
C®c T — 0. Since A is in C’, then C'(A, C)) = C(A, Cp) and C'(A, Cy) = C(A, CY).
In consequence, C®¢/T(A) = T'(A). We need to see C( , f) is monomorphism. Let C
be an object in C. Since A is an additive generator of C, then there is an epimorphism
g: A" — C — 0, and hence a monomorphisms 0 — C(C,C!) — C(A,CY), for
i=0,1.

In this way, we obtain a commutative exact diagram:

0 0
l e )

cc,cl) ==X ¢, ¢l — C@e T(C) —— 0
lcpq,c;) lcm,ca) lC®C/T(9)
YA f)

e, C) =ScAn, ¢l — C@e T(A™) —— 0

0 —— ooy Yooy —— Ty ——— 0

and for any object C' in C the map C(C, f) is a monomorphism. ]
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Theorem 7. Let C be an Hom-finite, K-category with additive generator A and
let Ry be the endomorphism ring Ry = End(A)°P. Assume Mod(R4) has a partial
tilting module. Then Mod(C) has a tilting subcategory.

Proof. From the equivalence Mod(R,) and Mod(add{A}), it follows the category
Mod(add{A}) has a partial tilting object. The category C’ = add{A}, is a subcat-
egory of C containing A. By Proposition 23] there exists an object T in Mod(C)
which is a partial tilting in Mod(C). Since T is finitely presented, we have an exact
sequence

(3.1) 0—->L—=C(,C)—T—0,

with L finitely generated.
Let C be an object in C. Applying Home( ,C( ,C)) to 1), and using the long
homology sequence, we obtain the following exact sequence:

Home(C( ,Ch),C( ,C)) = Home(L,C( ,C)) = Exte(T,C( ,C)) — 0.

(
Since L is finitely generated, there is an epimorphism C( ,C;) — L — 0, and
hence a monomorphism 0 — Home(L,C( ,C)) — Home(C( ,C4),C( ,C)) =
Home(Cy,C). Since C is Hom-finite, then Home(Cy,C) is a finite dimensional
K-vector space. It follows Home(L,C( ,C)) and Ext}(T,C( ,C)) are finite dimen-
sional K-vector spaces.

We proceed now as in [B]:

Let e1,---,eq be a K-base of Ext;(T,C( ,C)). Represent each e; as a short
exact sequence

0=c(,0) S B ST 0.

Consider the following diagram with exact raws:

0—c( 0t [B -5 11— 0

N

0— C(,C) % Ec —2— 7d 0

where f and g are sums of morphisms f;, and g; respectively and V = [1,...,1].
Let’s denote by ec the element of Exty(T¢ C( ,C)) represented by the exact
sequence

ecio—>C( ,C)&EcﬂTd%O.
Let w; : T — T% be the i-th inclusions. We claim for each i = 1,....,d, e; =
Exté(u;,C( ,C))ec. Indeed, let’s consider the following commutative diagram

with exact raws:

O—>C(,O)£>EiL>T—>O
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where uj, u; denote the corresponding inclusions. Since Vuy = 1¢( ¢y, we get the

27 K2
following commutative diagram with exact raws:

0—=c,0) 8B 2 o
1wl wil
0—=C(,C)3Ec % pd—0

hence, the claim follows.
Applying Home (T, ) to the sequence ec, we obtain by he long homology se-
quence, an exact sequence

Home (T, 7% % ExtL(T,C( ,C)) — Exth(T, Ec) — ExtL(T,T%) = 0.

Since e; = Extt(u;,C( ,C))ec = 6(u;), it follows each basic element of the
vector space Extg(T,C( ,C)) is in the image of the connecting morphism &, which
is then surjective. Therefore: Extg (T, Ec) = 0.

We will see that the full subcategory T of Mod(C), with T = {T'[[ Ec}cec, is
a tilting category.

Since E¢ is an extension of finitely presented functors, it is finitely presented.
Hence, for any object C in Mod(C), the sum T [ E¢ is finitely presented.

(i) pdimT [] Ec < 1. Since T is a partial tilting object object in Mod(C), it has
pdim7T < 1, and from the exact sequence ec it follows pdimEc < 1. Therefore:
pdimT [[ Ee < 1.

(ii) For any pair of objects C and C” in C, Ext (T[] Ec, T1] Ec) = 0. Applying
Home( ,T) and Home( , Ec) to ec, we obtain by the long homology sequence,
exact sequences:

0 = Exte(T4T)— Exté(Ec,T) — Extg(C( ,0),T) =0,
0 = Ext(T% Ec) = Exti(Ec, Ecr) = Extg(C( ,C), Ecr) = 0.
Hence, for any pair of objects C' and C” in Mod(C), we have:
Exti (T, Ecr) = Extl(Ec, T) = Exti(Ec, Ecr) = 0.

Using the fact Ext; (T, T) = 0 and the above equalities, the condition (ii) follows.
(iii) is immediate. O

3.2. The Hereditary Case. In this subsection Q@ = (Qo, Q1) will be a locally
finite, infinite quiver. We will consider the quiver algebra K@) as a subadditive
K-category C, and the finite dimensional representations of the quiver, will be iden-
tified with the category of finitely presented contravariant functors mod(K Q) from
K@ to he category of finite dimensional K-vector spaces. The category C is Hom-
finite, dualizing and Krull-Schmidt. By [AR] mod(C) has almost split sequences.
We will describe the Auslander-Reiten components, beginning with he preprojective
components.

The preprojective component K of the Auslander-Reiten I'(KQ), of K@, can be
computed as in the finite quiver situation. It is easy to prove that it is a translation
quiver of the form (—NA,7), A = Q°. The category K is the quiver algebra
K (—NA) module the mesh relations K =K (—NA)/ < m, > [R, Lemma 3, Section
2.3].

We will need the following combinatorial lemma, which can be proved as in
[BGP].
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Lemma 8. Let QQ be a locally finite infinite quiver that is not of type Asy, A,
Dso. Given a finite subquiver Q" of Q, there exists a finite full connected subquiver
Q' C Q such that Q" is a subquiver of Q' and Q' is not Dynkin.

Definition 13. [ASS] Let (I',7) be a connected translation quiver. A connected
full subquiver ¥ is a section of ' if the following conditions are satisfied:
(S1) If Xo — X1 — -+ — X; is a path in ¥ of lenght | > 1, then Xy # X;.
(S2) For each X €Ty, there exist a unique n € Z such that 7" X € Xy.
(S3) If Xo — X1 — -+ — Xy is a path in T with Xo, Xy € X, then X; € Xq for
all i such that 0 < i <'t.

Definition 14. [ARS] Let I be the integers in one of the intervals (—oo, n], [n,00),

[m,n] form <n or{l,...,n} modulo n. Let--- — X; EiN Xit1 — -+ be a path
in the Auslander-Reiten quiver (T',7) with each index in I. This path is said to be
sectional if TX,;10 2 X;.

Lemma 9. Let C be a dualizing variety, and X, Q X5 fi X fn—il X,
sectional path in mod(C). Then the composition fn_1fn—2...f1 is not zero.

Proof. The proof is as in [ARS Theo. 2.4]. O

Remark 3. Let Q be a locally finite infinite quiver, KC the preprojective component
of the Auslander-Reiten quiver of KQ, that we identify with the quiver algebra with
quiver (—NQ, 7) and the mesh relations. Then given an object X in K and a positive
integer n, there exists a finite number of directed paths in (—=NQ, ) with starting
vertex X and length < n.

Theorem 8. Let Q be a locally finite infinite quiver and ¥ a section of (—NQ@, 1)
with no infinite directed paths, then the following is true
(a) For any vertex X of (—NQ,T) the number of directed paths from X to the
section is finite and there is a non zero path from X to the section.
(b) For any vertex X of (—NQ, 7) the number of directed paths from the section
to X is finite and there is a non zero path from the section to X .

Proof. (a) The proof will be by induction on the least n > 0 such that 777X is in
3.

In the case there is not such an n, then X is a successor of the section and the
number of paths to the section is zero.

If n = 0, then X is on the section and the claim is true, since the number of
directed paths on the section is finite.

Assume n = 1 and consider X an element of the preprojective component with
almost split sequence:

n
0 X B [EYrx =0
i=1

If all E; are in the section, then there is nothing to prove.

Let o; : E; = 77 'X be a map that it is not in the section. Then o la; :
771X — 771E; is in the section, assume there is a irreducible map 8 : E; — Y,
different from «;. Then there is an irreducible map ¢~ '8 : Y — 77'E;. Let n
be the maximum of the lengths of the paths in X starting at 7! X. By the above
remark, there exists only a finite number of paths of length < n starting at ¥ and
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assume Y £> Yi & Yo 64 5"—31 Y, is a path that does not meet any of the paths
starting at 771X and ending at . Then for £ < n we have the following diagram
of irreducible maps:

1 0 2 Br_1 1 o ?Br_1 o ta az

T Yk}—l — 7 Yk}—2 ......... T*lYk ¢ T*lEl i TilX E2

(32) UlﬂkT Uﬁlﬂk—l]\ UﬁlﬂlT 0*15/[ QT UQ2T
Bk B1 B ca

Y, +— Yioq o Yi Y E X

with 77'Y,_; in 3, and there is no irreducible map 7= 1Y,_; —Z with Z on X.
By the definition of section, =8 :Yr, — 77 1Y,_1 is in 2.

Assume there is only a finite number of paths for any X in (—NQ@Q,7) with
X e Yo.

As before, we consider an almost split sequence starting at X and a map «; :
E; — 771X that is not in the section. Then, by induction hypothesis, there is
a finite number of paths from 771X to the section. Let n be the length of the

largest such path. Assume there is a irreducible map 8 : F; — Y, different from

«;. Arguing as above, we consider a path Y ﬁ> Yi ﬁ Y5 5@ ﬂl;l Y,, that does not

meet any of the paths starting at 7='X. Then we obtain a diagram of irreducible
maps as in (32) and for some integer k < n, 77Y,_1 in X. Then either o~ 18
Yr = 7Y, isin 3, or 771Y}, is in Xg . In any case, it follows from the case
n = 1, there is only a finite number of paths from X to 3. Moreover, since sectional
paths have non zero composition, there is a non zero path from X to the section.
(b) Is proved using dual arguments or going to the opposite category. (]

Proposition 24. Let K be a preprojective component I'(K Q) and ¥ a section of K
without infinite directed paths. Let P be an indecomposable projective. Then there
exist a short exact sequence, 0 — P — T° — T — 0, with T°, T' € addXy.

Proof. (1) We will separate the proof in two cases, assuming first @ is not of type
Aco, AZ or Do, We use the isomorphism K = K(—NA)/ < mx >, where mx
denotes the set of mesh relations. The projective P is identified with a vertex vg
in Ag. Let Vy = {v; € Qo |there is a path v;; = vo}, let Vo = {v1,va...,v,} be
the vertices of X that are the ending vertex of a path starting at some v; . Since ¥
has no infinite directed paths, the set V1 = {vg,v1..., v} of all vertices of X that
are connected with a length zero or directed path to vertices of Vp, is also finite
and contains Vy, X" is the full subquiver of ¥ with vertices V;. Denote by Vp the
collection of all paths starting at some vertex of V; and ending at X.

Let {To, T4 ..., T } be the objects of K corresponding to the vertices V4 and denote
by P denote the finite set of indecomposable projective that appear as summands
in the minimal projective presentations of any of the T; for 1 < ¢ < m. The objects
in P correspond to vertices of a finite subquiver Q" of @, which by Lemma [ is
contained in a finite, full, non Dynkin subquiver Q’of Q.

Let A’ = Q'°P, since A’ is not Dynkin, (—NA') is a connected, full subquiver of
(=NA) and Vp is completely contained in (—NA’). We identify the preprojective
component K’ of the Auslander-Reiten quiver I'(KQ’), with K(—NA')/ < m/y >,
where m/y is the set of mesh relations in K(—NA'). Let’s consider the ideal I of
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K(—NA) defined by:
f € I(X,Y), if and only if, f factors through 7=*Z, for some Z € Ag/A}, i € N

By the universal properly of quiver algebras, there exists a functor:

FiK(-NAY) - SENA)

I+ <mx >
The set of meshes can be separated in three kinds: (i) Meshes m’Xj which
are also meshes in K(—NA), (ii) The mesh mx, of K(—NA) that is of the form
Y {aer(A)|F(a)=x, 20 (@), where ao(a) factors through an object in (~NA)~ (—NA')
and (iii) The meshes mx, of K(—NA) of the form mx, = pj+ pj, where p; is a sum
of morphisms factoring through some object in (—NA) \ (=NA’) and p? consists
of morphims which do not factor through (—NA) \ (=NA’) . Then it is clear that

the kernel of F' is < m'y > and there exists a full, faithful and dense functor:

K(-NA')  K(-NA)

F: ; —
<mly > I+ <mx >

Let ¥’ be the subquiver of ¥ consisting of all vertices which correspond to orbits
under the inverse Auslander-Reiten translation of projective corresponding to the
vertices of Q’, since @’ is non Dynkin, ¥’ is a section of K’.

(2) According to [HR Theo. 7.2], there exists a short exact sequence of KQ'-
modules

0 P (fi)i HTi (944) 44 HTj—>O
i J

with T; and T} corresponding to vertices in Xf,, and f;, g;, are K-linear combinations
of paths in K(—NA').
By the equivalence in part (1), (fi); is a monomorphism and ), g;; f; = 0 in K.
We have the exact sequence of K @Q-modules

0— P (fi)a ]:[Tz (hki)ki Hck -0
i k

where C' = Coker(gj;);i, is the cokernel of (gj;);; in K and C' =[], C} its decom-
position in sum of indecomposable K Q-modules.

By the universal property of the cokernel, there exists a morphism (I;z);r :
[, Cr — ]_[j T; such that the map g;; is equal to >, ljxhe : T; — Tj. By
condition (S3) of the definition of section, each Cj, € Xo.

If Q is of type As, AL or D, then we can choose A’ = @Q'°P large enough
in order to the injective KQ’-modules of the Auslander-Reiten quiver of I'(K Q')
appear as successor of ¥’ and then apply an argument similar to the first case. [

We next prove he main result in this subsection.

Theorem 9. Let @ be a locally finite infinite quiver, K a field and KQ the quiver
algebra consider as a preadditive category. Let K be a preprojective component of
the Auslander-Reiten quiver of KQ and X a section of K without infinite oriented
paths. Then, addXg is a tilting subcategory of mod(KQ).
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Proof. Since @ is locally finite, K@ is hereditary and (iii) was proved in Propo-
sition 24 we only need to prove condition (ii). Let 77 and T be non projec-
tive objects in Xy, since K@ is a dualizing variety, Auslander-Reiten formula
Ext}(Q(Tl,Tg):D(HomKQ(Tg,TTl)) holds. Let ¢ : Ty — 7T} be a non zero mor-
phism, then using the Ausalnder-Reiten sequence we have morphisms between in-
decomposable objects:
T — 7T — B, = T4
From condition (S3), 7T} € 3, a contradiction. O

Corollary 7. If T = addXy is a tilting subcategory, then Mod(T) has global di-
mension one.

Proof. Let P be an indecomposable projective in mod(7). Since T is Krull-Schmidt
P~ ( ,T) with T in Xy. By Brenner-Butler’s theorem, the subcategory % =
{N|Tor-(N,T) = 0} C mod(T) is a torsion free class containing the projective,
and it is equivalent to 7 = {M|Ext(T;, M) = 0,T; € Yo} C mod(C), via the
functor ¢.

Let Y be a non zero sub-object of P. Then there is a monomorphism « : Y — P.
Since P is contained in the subcategory ¢ C mod(T), then Y € %, since it
is closed under sub-objects. By the equivalence ¢ : J — %, there exists an
indecomposable object M in .7 such that ¢(M) = ( M)y =2 Y. Moreover, the
inclusion Y < P is of the form ( ,f): ( ,M)r — ( ,T), with f: M — T a non
zero morphism. Since Y is a non zero functor, there exists an object T” € Xy such
that 0 # Y (T") = Hom(T", M). Let g € Hom(7T”, M) be a non zero morphism, then
there is a chain of morphisms

T4 ML
Then by Property (S3) of a section, M is in ¥y and we conclude Y is projective. [

3.2.1. Representations of Infinite Dynkin Diagrams. In this sub section we will ap-
ply the results of the previous subsection to compute the Auslander-Reiten quivers
of the infinite Dynkin quivers A, A or Do, without infinite paths.

The Auslander Reiten quivers of the infinite Dynkin quivers were computed in
[ReVan III. 3] for a fixed orientation. We will apply here the tilting theory so far
developed to compute the Auslander Reiten quivers for arbitrary orientations.

We give first the computation of the Auslander Reiten for an infinite Dynkin
quiver with only sinks and sources, then we change the orientation by tilting with
the objects in a section of the preprojective component with no infinite paths, and
we prove that tilting with objects in a section behaves as in the finite dimensional
case, it removes a portion from the preprojecive component and glues it on the
preinjective component leaving the other components invariant.

Proposition 25. Let Q be an infinite Dynkin quiver with only sinks and sources,
I(Q) the Auslander-Reiten quiver of Q then:

(a) T'(Ax) have only two components: the preprojective and the preinjective
components.

(b) I'(Doo) have three components: the preprojective, the preinjective and a
reqular component, the reqular component are of type A .

(¢) T(AZ) has 4 components: the preprojective, the preinjective and two reqular
components, the reqular components are of type Aso.
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Proof. In the case of locally finite infinite quivers, we have almost split sequences
and we can compute them, and the preprojective component, as in the finite dimen-
sional case; proceeding by induction starting with the indecomposable projective.

Every indecomposable representation has finite support, hence it can be consid-
ered as a representation of a finite Dynkin quiver.

(a) Consider the quiver Ay, : 0 1 — 2 + 3 — ---, for each pair of integers
b>a >0, let M’ € rep(Aw), be the representation defined as (M?); = K if
a < 1 < b and 0 in the remaining vertices. The simple projective objects are
P(2n) = M3", and the non simple projective are P(2n + 1) = M;S"H), with
n > 0. The non projective representation M? with b even, can be written as Mg,;”,
Mg,ﬁl, with m > k+ 1, k > 0 and M?™, with m > 1. A computation shows

DTeMZ = My, DTe (M3 ) = My™ ™, and DTr(M3™) = Mg™ Y, hence
each M? with b even, is in the preprojective component. By a similar computation
M? with b odd is in the preinjective component.

We look now to the quiver D

023« 4»-
1
1

We use the fact that every indecomposable representation has support in a finite
Dynkin quiver whose representations we know, (See [R]).

For each pair of integers m,n, with m > n > 2 we have indecomposable repre-
sentations, M, defined as follows: (M!™); = K, if n <i < n, and 0 in any other
vertex. For m > 2 we define the indecomposable representations

{K if1<i<m, {K ifi=0orl<i<m,

(Ng")i = s (NT")i =

0 ifi=0o0ri>m. 0 in any other vertex.
For integers m and [, with m > [ > 2, let’s define

K? if2<i<l,
(L")i=4q¢K ifie{0,1}orl+1<i<m,

0 in the other vertices.

For each integer m > 0, let’s define

(L™); = K if0<i<m,
)10 in the other vertices.

To compute the preprojective components of the Auslander-Reiten quiver K (D)
we compute the orbits of P(1) and P(0) under TrD and to compute the preinjective
component we take the orbits of I(1) and I(0) under DTr, to obtain

{P(1),N{,N§,N{,Ng,...}, {P(0),N§, N}, N, N?, ...}

{I1(1), N}, N8 N8 NGO ...}, {1(0), Ng, NS, N5, N{° ...}
We see that the representations that lies in the preproyective component are: N{™,
Ng*, L™ and M]" with n and m odd or 0, and L™ with [ and m odd. The
representations that lies in the preinyective component are: N{™*, N{*, M* with n
and m odd or 0, and ;" with [ and m even.

Finally, the representations M;"*, L' with m 4+ n and [ +m odd, and L™, My"
with m even, lies in a component of type ZA.



CLASSICAL TILTING 35

Ng
AN
N§< ............... Ni’)
SN SN
N6< ............... Ng‘,l( ............... N25
SN S 2N
M§< ............... N4< ............... N§’< ............... M25
AN N S N SN
M§< .............. M§1< ............... N2< ............... M23< .............. ME
(b) We consider next the quiver AL : -+ =5 -2 —-1—50+1—52+3—---

As above, for each pair of integers b > a, let M € rep(A), be the representation
defined as (M?); = K if a <i < b and 0 in the remaining vertices. The projective
simple are P(2n) = M2", and the non simple projective are P(2n + 1) = M;gnﬂ)7
with n € Z. The non projective representations M? with a and b even can be

written as MZ™ with m > k + 1, and k > 0, and we have TrD(M3") = MQQ((IZZ)”,

and by induction M? with a and b even are in the preprojective component. Using
the same argument, we can see that in case a and b are odd, then Mfl’ is in the
preinjective component.

If a is even and b odd, then DTr(M?) = Mf;j:g, and all these representations are
in a regular component, if a is odd and b is even, then DTr(M?) = M=% and we
obtain the elements of the second regular component.

If a is even and b odd. The almost split sequences are of the form

b+2 b+2 b
0= M, 75 >M,™ =M, =0

b+ M b+2 b
0—>M+2—> a+2||Ma - M, =0

the first appears in on the border of the regular component
If a is odd and b even. The almost split sequences are of the form

0= M:2 5 Mb ,— M0
0— My3— M2 M, — M2 —0

the first appears in on the border of the regular component

Proceeding as in the finite dimensional case, we see that in the three cases the
preprojective components are of the form (—N@, 7) and the preinjective components
of the form (NQ, 7). O

If @ is a locally finite quiver then K@ is a dualizing variety, if ¥ is a section
without infinite paths, then 7 = add¥( of mod(KQ), the functor ¢ : Mod(C) —
Mod(T) restricts to the category of finitely presented functors ¢peq(c) : mod(C) —
mod(7). We also proved T is a dualizing hereditary category, therefore both KQ
and 7T splits.

Choosing a section without infinite paths corresponds with changes in the ori-
entation of the quiver (). We observe next that tilting with the objects of a section
without infinite paths in the preprojective component, behave as in the finite quiver
situation; The Auslander Reiten components of the tilted category are as follows:
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we cut all the predecessors of the section in the preprojective component to get the
preprojective component of the tilted category. We glue what we cut as succes-
sors of the injective to build the preinjective component. The regular components
remain without changes.

Let P(C) be the preprojective component of the Auslander-Reiten quiver, I'(K Q)
and Q(7) the preinjective component of the Auslander-Reiten quiver de I'(T). By
Auslander-Reiten formula we have

T(T) = {X cmod(KQ)|Ext"(T,X)=0,T € %}
{X € mod(KQ)|Hom(X,7T) =0, T € ¥p}.

We also know
F(T)={X € mod(KQ)|Hom(T,X) =0, T € %¢}.

Definition 15. The set of predeccessors of ¥ (successors, succX), preX, is the
set of indecomposables X such that there is a T € ¥y and an integer n > 0 with
T=7r"X (T=1"X).

Lemma 10. Let X be an indecomposable object in mod(KQ). Then, X is in
T(T), if and only if, X is not a predecessor of X.. Moreover, F(T) = preX.

Proof. Assume X is in 7 (T). If X is a predeccesssor of ¥, then, by Theorem [§]
there is a non zero path from X to 7%, a contradiction.

Assume now X is not a predeccessor of X. If there exists, T' € ¥y and a non
zero map f : X — 7T, then for some positive integer k, 7FT is projective, hence
X is preprojective and it has to be a succesor of 3. Then there is a Ty € ¥ and a
non zero map g : Ty — X.

Hence we have maps: Tp - X — 71 — E — T, contradicting the fact, Tp,T €
>o-

The last claim follows from the fact that the tilting category T separates. [

We have the following:

Proposition 26. The follwing statements hold:

(a) For each T € Yo, the T-module Ext*( ,7T)T is injective.

(b) For any positive integer k, and any object T in ¥, there is an isomorphism
*Ext'( |, 7T)7 = Ext'( ,7*T) .

(c) Given an indecomposable projective (—,C) there is a natural isomorphism

in mod(7T°P) : D(Ext1 (= (=N =27(((—,C),=)7).

Proof. (a) For each X € mod(T), and each non projective T € T there is an
isomorphism

(X,Ext'( ,7T)7) = DX(T).
Indeed, let 0 — ( ,T1) — ( ,To) = X — 0 be a projective resolution of X, and T

in 7 non projective. Applying Auslander-Reiten formula, there is an isomorphism
n: (X,Bxt'( ,7T)7) — DX(T), such that the following diagram commutes

0 — (X,Ext'( ,77)) + (( ,To),Ext'( ,7T7)) » (( ,T}),Ext'( ,7T))
nl =1 =~
0 — D(X(T)) —— D(T,Ty) ———  D(T,Ty)
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(b) Consider an almost split sequence in .Z (T ):
0—=7T—=E—71T—0

By Lemma[f it induces an almost split sequence in 2" (T):

0 — Ext'(—,7°T)7 — Ext'(—, E)7 — Ext'(—,7T)7 — 0

from which it follows 7Ext!( ,7T)s = Ext*( ,72T)r.

The rest is by induction.

(c) Let (—,C) be an indecomposable projective in mod(KQ), then there is an
exact sequence:

0= (—,C)>T1 —>Ty—0
which induces by the long homology sequence exact sequences:
0— (_7 (_7 C)) - (_7Tl) - (_7T0) — Eth(_u (_7 C))T — 0
0— (TO_) — (Tla _) - ((_a O)a _)T —0

The second exact sequence gives a projective presentation of ((—, C), —)r, taking

the transpose and dualizing we obtain the exact sequence:

0— T(((_v C)v _)T) - D((_vTO)) - D((_a Tl)) —0
Dualizing the first exact sequence we obtain an exact sequence:
0 — D(Ext'(—, (=, 0))7) = D((=,To)) = D((=,T1)) = 0

which implies:

D(Eth (_7 (_7 C))T) = T(((_v C)v _)T)
(I

The results in the proposition can be interpreted as the construction of the
Auslander-Reiten components of mod(7") by gluing the predecessors of ¥ as suc-
cessors of the injectives and leaving the remaining components unchanged, as illus-
trated in the following diagram:

F(T) DtrE’ z’ T(T) P(T)

Eth( 7_)7' J

o S
@(T)ﬂﬂ 2 (T) ‘ Exts(,DTrE) s o(T)

As a corollary we obtain the main theorem of the subsection.

Theorem 10. Let Q be a locally finite infinite Dynkin quiver, T'(Q) the Auslander-
Reiten quiver of @ then:
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(a) T'(As) have only two components: the preprojective and the preinjective
components.

(b) I'(Dwo) have three components: the preprojective, the preinjective and a
regular component, the regular component are of type Ao .

(c) T(AZ) has 4 components: the preprojective, the preinjective and two regular
components, the reqular components are of type A .

3.2.2. The regular components. In the previous subsection we were concerned with
the preprojective components and with all the components of a locally finite infinite
quiver of type: As, A or D In this subsection we study the regular components
of an arbitrary locally finite infinite quiver and prove that the regular components
are of type As,. To prove this, we will follow very closely the proof given by ABPRS,
[see ARS]. Since K@ is hereditary and the radical of mod(K @) has properties very
similar to the finite dimensional case, we can also use length arguments. We follow
the first part of ABPRS’s proof to conclude that the number of indecomposable
summands, a(M), of a K@Q-module M in a regular component, is at most three,
and in case (M) = 3, there exist chains of irreducible monomorphisms B; ¢, —
Bi,ti,l — s = Bi71 =B, - M, with Q(Bi,ti) =1 and O[(Biﬁj) =2 fOI‘j < iy,
where

1
( 12 ) (91 g2 g3 )
0—D0M L B [[B.][Bs ———5 M =0
is an almost split sequence (see [ARS Prop. 4.11]). To exclude the case a(M) = 3,
we will reduce to a finite quiver situation to obtain a contradiction. We will make
use of the following lemma:

Lemma 11. Let C be a Hom-finite dualizing locally finite Krull-Schmidt K -category.
Let B = {B;}icr be a finite family of objects in mod(C). For each i € I, consider
almost split sequences in mod(C)

0 — DTx(B;) L5 B 25 B, — 0.

Then, there is a finite subcategory C' C C, such that the restriction

Ic’

0 = DT(By)|C’ 2% Ejc 2% Bie =0

is an almost split sequence in mod(C")

Proof. We leave the proof to the reader. (|

Theorem 11. Let Q = (Qo, Q1) be a connected locally finite infinite quiver and
M an indecomposable module in the regular component of the Auslander-Reiten

quiver T'(KQ). Then a(M) < 2.

Proof. Since we already know the shape of the Auslander-Reiten components of the
infinite Dynkin quivers, we may assume ) is non Dynkin.

Let’s suppose a(M) = 3, and let 0 — DTr(M) — ]_[f’:1 B; - M — 0 be
an almost split sequence and chains of irreducible monomorphisms B;;, — -+ —
Bi1=B; = M, 1=1,2,3, as above.

(a) We proceed as in the lemma [T}, defining B = {M} U{B; ;} U{TtD(B;;)},
1=1,2,3,1 <j <t to find a subcategory C’ C C, such that the almost split
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sequences of the objects in B, restrict to almost split sequences in mod(C’)
0 — DTI‘(BLJ‘”C/ — E1|C/ — Bi7j|C’ — O,l Sj S ti
0 — Bi7j|C’ — EZ’|C’ — Tl“DBi)j|Cl — 0,1 S] <t

3
0 — DILrM|C' — [[Bilc’ = M|C’ — 0,
i=1
Adding a finite number of objects, if needed, we can identify C’ with KQ', where
Q' is a finite connected non Dynkin full subquiver of ). Observe that these almost
split sequences will be almost split sequences for any quiver algebra of a finite
subquiver Q)" of @’containing Q”, since it will contain the support of the objects
in the sequences.
Since a(M) = 3, the module M|C’ is in a preprojective or in a preinjective
component. We assume it is in the preprojective component, the other case will
follow by duality.

—1 —1
B3 B33 T "B T B3

e
\

Since we are assuming ' is non Dynkin, the preprojective component is of the
from (—=NA’,7), with @' = A’, hence, the section consisting of the three paths
By, = -+ — Bij1 = B; = M, i = 1,2,3 is isomorphic to @’ after a change of
orientation. But for any larger subquiver Q" the algebra K@ will have the same
section in its preprojective component as K(Q’, which implies Q is a finite quiver,
contradicting our hypothesis. ([l

These results are used in the next section.
The shape of the Auslander-Reiten components of infinite quivers was found in
an independent way by [BSP].

4. THE AUSLANDER REITEN COMPONENTS OF A REGULAR
AUSLANDER REITEN COMPONENT

In the last section we use the results of the previous section to describe the
Auslander Reiten components of a regular Auslander-Reiten component of a fi-
nite dimensional algebra, to do this, we need the concepts and results of [MVS1],
[MVS2], [MVS3], which we briefly recall here.
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Let A be a finite dimensional algebra over an algebraically closed field K. We
denote by mody the category of finitely generated left A-modules and by A, (moda)
the category with the same objects as mod, and whose morphisms between A and
B in Ay (mody) are given by:

Hom 4, (mody) (A, B) = [ 1,50 rad} (4, B) /rady ' (4, B).

In [MVS1] the definition of Koszul and weakly Koszul categories was given and
it was proved that mod, is weakly Koszul and A, (moda) is Koszul.

Koszul categories are a natural generalization of Koszul algebras and the main
results of Koszul theory extend to Koszul categories in particular we have Koszul
duality.

Next, recall the construction of the Ext-category of a full subcategory of an
abelian category. For an abelian category D we consider the Ext-category E(D')
of the full subcategory D’of D. The graded category F(D’) has the same objects
as D’and maps given by:

Hompp(4, B) = [ [ Extp(4, B),
i>0

for all objects A and B in E(D’) .

We recall the application of this construction to mod(mody,). Let’s denote by C
the category mod(mod,) and by S(C) the full additive subcategory of C generated
by the simple functors

Sc=Homy (-, C')/rad(-,C):(mod, )7,

for all indecomposable objects C' in moda. The categoryA,-(modys) is graded
and according to [IT] the category of graded functors Gr(Ag.(modya)) has global
dimension two. Then the Ext-category E(S(C)) has the same object as S(C) and
maps:

Homp(a,, (mods)) (5S4, SB) = HEX‘BE(SA, SB)
>0
The category E(S(C)) is locally finite of Loewy length 3. Moreover, the following
theorem was proved in [MVS3]:

Theorem 12. Let C be an indecomposable A-module, and consider the indecom-
posable projective functor Pc = Homp(a,, (mody))(—> Sc) in Gr(E(Ag(mody))).
Then one of the following statements is true:
(i) Pc is a simple projective, when C is a simple injective A-module.
(ii) Pc is a projective of Loewy length 2, when C is a non simple injective
module.
(iii) Pc is a projective injective functor of Loewy length 3, when C is non injec-
tive.

Let K be a fixed component of the Auslander-Reiten quiver of A, Agr(K) is the
full subcategory of A, (mody) generated by objects in K the corresponding Ext-
category F(Agr(K)) is equivalent to E(K). The full subcategory grpz(E(K)) of
gr(E(K)") consisting of objects in gr(E(K)’) without projective-injective sum-
mands it is equivalent to a radical square zero category. Radical square zero cat-
egories are stably equivalent to hereditary K-categories. The stable equivalence is
obtained in a way similar to the radical square zero artin algebras.
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Proposition 27. [MVS3/Let K be the additive closure of a connected component of
the Auslander-Reiten quiver of a finite dimensional algebra A over an algebraically

closed field K .
(a) The category gr(E(K) /rad?®) =gr(Agr(K)/rad?) is stably equivalent to

(b)

gr(H), where H is a disjoint union of hereditary full subcategories cor-
responding to the sections of the Auslander-Reiten component of KC given
by He for an indecomposable module C' in K.

Fach subcategory gr(Hc) is equivalent to the category of representations of
the separated quiver of the component IC of the Ausalnder-Reiten quiver at

C.

For a regular component we have he following:

Theorem 13. [MVS3] Let K be a connected regular component of the Auslander-
Reiten quiver of a finite dimensional algebra A over an algebraically closed field K.

Then
(a)

(b)
(c)

The category gr(E(K)? /rad®) =gr(Agr(K)/rad?) is stably equivalent to
gr(H), where H is a disjoint union ‘UZHi of hereditary full subcategories
1€

corresponding to the sections of the Auslander-Reiten component of IC
The categories H;, Hit2 are equivalent and the categories H;, H;+1 are
opposite categories for all i.

If H; is finite, then it is non-Dynkin.

It was also proved in [MVS3] (See also [MVS2] ) that a regular component K
the category Agr(K) is Artin-Schelter regular, its Ext-category E(K) is locally
finite, Frobenius of radical cube zero. We will have a situation very similar to the
preprojective algebra and we can use the same line of ideas as in [MV] to prove the
following:

Theorem 14. The following statements hold:

(1)

(2)
(3)

E(K) is selfinjective of radical cube zero, for any indecomposable object M
in grpz(E(K)") generated in degree zero Q(M) is either simple generated
in degree 2 or it is generated in degree one.

The indecomposable non Koszul objects in gr(E(K)") are the objects M
such that for some integer n, the n-th syzygy Q™ (M) is simple.

For any indecomposable non projective object M the Ausalnder-Reiten trans-
lation is Q2(N(M)), with N the Nakayama equivalence. Hence for n = 2k
the n-th syzygy Q™(M) is simple, if and only if, Dtr* M is simple and for
n = 2k+1, the syzygy Q" (M) is simple, if and only if , Dtr* =1 M is P/socP,
with P an indecomposable projective.

grpz(E(K)P) is radical square zero. It is stably equivalent to the disjoint
unionigZ’Hi of hereditary full subcategories corresponding to the sections

of the Auslander-Reiten component of K and the categories H;, Hiy2 are
equivalent and the categories H;, Hit1 are opposite categories for all i, the
functor producing the stable equivalence sends all the almost split sequences
0 —- DtrM — E — M — 0 with DtrM non simple, to almost split se-
quences and nodes (in this case all simple are nodes) correspond to two
simple objects, one projective and one injective.

The Auslander-Reiten components of E(K) containing the projective ob-
jects are built by gluing for each i, a preprojective component of H; with a
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preinjective component of H; by identifying the simple projective with the
corresponding simple injective objects and adding projective injective objects
to recover the almost split sequences with a projective injective in the middle
term.

All the reqular components are of type Ao .

The objects in the preinjective and regular components are Koszul.

The objects in the preprojective and reqular components are co Koszul.
The category of indecomposable non projective Koszul object in E(K) has
almost split sequences to the left and they are almost split in the whole
category gr(E(K)°").

Corollary 8. The following statements hold:

(a)

If K is of type Ao it is a tube, then E(K) has a finite number of preprojective
components and it has no reqular component.

If K is of type A and it is not a tube, then E(K) has a countable number
of preprojective components and it has no reqular component.

If K is of type Do , then E(K) has a countable number of preprojective
components and it has no reqular component.

If K is of type A, then it has a countable number of preprojective compo-
nents and a countable number of reqular components of type Aoo

If K is a regular component, then F(K) is Koszul and E(E(K)) = Agr(K).
Koszul duality ¥ : Kpx) — K agr(x)or sends almost split sequences to almost split

sequences, from these facts, we have the following analogous of the preprojective
algebra: ([MV] Theorem 2.8 and [MVS3]).

Theorem 15. Let I be a reqular Auslander-Reiten component of a finite dimen-
sional algebra A. The Koszul functors of Agr(KC) have the following properties:

(i)
(i)

Every indecomposable, non simple, non projective Koszul functor M has
projective dimension one.
For every indecomposable, non simple, Koszul functor M, there exists a non
splittable short exact sequence graded objects and maps: 0 - M — E —
r2oM[2] — 0

where o is an auto equivalence of Agr(K) and r denotes the radical.
The objects E and r?0cM are Koszul and the sequence is almost split in
KAgr(IC)OT“
The indecomposable Koszul functors of Agr(K) are distributed in compo-
nents, preprojective components, corresponding to the preprojective compo-
nents of the sections of K and regular components, corresponding to the
regular components of the sections of K.
Every indecomposable, non simple, non injective co Koszul functor M has
injective dimension one.
For every indecomposable, non simple, co Koszul functor M, there ex-
ists a non splittable short exact sequence graded objects and maps: 0 —
oM/soc’c M — E — M — 0 where o is an auto equivalence of Agr(K)
and soc? M denotes the second socle. The objects E and o M /soc*a M are co
Koszul and the sequence is almost split in the category of co Koszul functors
COKAgT(;C)OP .
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(iii") The indecomposable co Koszul functors of Agr(K) are distributed in com-
ponents, preinjective components, corresponding to the preinjective compo-
nents of the sections of K and regular components, corresponding to the
regular components of the sections of K.

This theorem has a nicer interpretation in the quotient category module the
functors of finite length [MVS3]. We recall this construction. We will obtain results
similar to the case considered in [MZ].

Let K be a regular Auslander-Reiten component of a finite dimensional algebra
A. To simplify the notation we will denote by C the category Agr(KC) and by gr(C),
the finitely presented graded functors and degree zero maps, by [MVS1] gr(C), is
abelian.

Denote by tors(C) the full subcategory of gr(C), of all functors of finite length.
This is a Serre category, we can take the quotient category Qgr(C)= gr(C),/tors(C).

The category Qgr(C) has the same objects as gr(C), and maps:

Homggrc)(mM,mN) = lig(M/)N/)eLHomgT(c)o(M’, N/N"), where L={(F,G)|
FcM, GCN, and M/F, G in tors(C)}.

Let 7 :gr(C), — Qgr(C) be the canonical projection. It is known [P], Qgr(C)
is abelian and 7 is exact. If we denote by (M) = . L and L a subfunctor

Letors(C
of M, then t is an idempotent radical and we say that a( f)unctor M is torsion if
t(M) = M and torsion free if t(M) = 0.

It was proved im [MVS2] that for a finetely presented functor M the torsion part
t(M) is of finite lenght, in particular finetely presented.

Denote by M>j the truncation subfunctor of the graded functor M, this is
(MZk)j =0, if j < k and (MZk)j e Mj, if 7 > k. By definition, M/MZk is of finite
length and the maps in Qgr(C) can be written as follows:

HongT(C) (nM,7N) = lingomgT(c)o (M>p, N/t(N)).

Since m(M) 2 7(M/t(M)) we may always assume N is torsion free and in such
a case the exact sequence: 0 — M>r — M>p—1 — Mi_1/M>; — 0 induces
an exact sequence: 0 — Homg,cy,(My—1/M>p, N) = Homg.(cy,(M>p—1,N) —
Homg,(c),(M>k, N) whose first therm is zero and limy Homg,(c),(Mzk, N) =
%HomgT(C)o (MZkv N)

Since C has global dimension two, any finitely presented functor M has a trun-
cation My such that Msp[k] is Koszul (see [MVS3] or [AE]) and in Qgr(C) to
objects mM and wN are isomorphic, if and only if there are truncations M>j , N>
such that MZk = NZk in gI‘(C)O.

Hence Qgr(C) = _gZKc [i] where IN(C [i] is the image under 7 of the Koszul C-

functors, shifted by i. The situation is analogous to the sheaves on projective space
studied in [MZ].
From this it follows:

Theorem 16. If we denote by C the associated graded category of a reqular com-
ponent of a finite dimensional algebra, then the category Qgr(C) has almost split
sequences, they are of the form: 0 — tM[k] — nE[k] — moM [k + 2] — 0 with can
auto equivalence of C. The category Qgr(C) is the union of connected components
of the Auslander-Reiten quiver and these components are of the following kind:
Projfk] and Reg[k], this means the k-th shift of m(Projc) or m(Rege), where Proje
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and Reg ¢ denote a preprojective component and a reqular component of C, respec-
tively. m(Proje) and w(Projc), respectively, m(Regeo) and Rege, have isomorphic
translation quivers.

Proof. By the above observation, any indecomposable object in Qgr(C) is of the
form 7(M)[¢] with M an indecomposable Koszul functor. The endomorphism ring
of 7T(M) [6] is EnngT(c) (W(M) [6] ):%Homw(c)o (MZkv M)

The truncations My, [k] are isomorphic to 7 M[k] hence they correspond under
Koszul duality to Q¥ M k] , since E(C) is selfinjective, they are indecomposable with
local endomorphism ring. A map f €Endgg,c)(m(M)[{] ) is represented by a map
f: M>), — M and restricting to the image a map Mx>; — M>y, hence it is either
an iso or nilpotent and it follows Endgg,c)(m(M)[f] ) is local. We have proved
Qgr(C) is Krull-Schmidt.

Consider the almost split sequence: 0 — M LB 20 M [2] — 0 apply = and

shift it, to obtain to obtain the exact sequence: 0 — wM k] M wE[k] (el
moM[k + 2] — 0 if the sequence splits. there exists a map h:mroM [k + 2] — TE[k]
such that m(p)[k]h = 1.

The map h is of the form 7(t) with ¢ : roM[k + 2] — r*E[k] . Tt follows the
exact sequence 0 — r*M[(] & r*E[f] B r**26 M|l + 2] — 0 splits. Using Koszul
duality ® : K¢ — Kpe) it follows 0 — Q2Hd(M) — Q'D(E)) — QB(M) — 0
splits. Therefore 0 — Q20 ®(M) — ®(E)) — ®(M) — 0 splits, a contradiction.

Let 7 N[j] be an indecomposable object with N Koszul and f : #N[j] = noM[k+
2] a non isomorphism. As above, there exists a map t : N>, — oM [k — j + 2] such
that m¢ = f, which induces a non isomorphism of Koszul objects t : N>,[{] —
o Mk+6-j+2] > 10— j42-

The sequence: 0 — My pj[k+-0-j] 2 Esioyoi[k+0-j] 2 r20 Msioyo[k+-0-j+2] —
0 is almost split. Then there exists a map s : N>¢[(] = E>xte-j[k+0-j] with ps = ¢.
It follows f lifts to mE[k].

m(7)[F]

In a similar way we prove the map 7M[k] =~ wE[k] is left almost split.
The remaining claims are clear. (I

We will end the paper with the following remark:

Remark 4. Consider a locally finite infinite quiver Q and construct the translation
quiver Z@Q. For each arrow o of ZQ there exits a unique arrow oo such that the
end of oo coincides with the starting of o, and a unique arrow o ‘o starting at
the end of a. We define the following set p of relations in ZQ:

(i) If a and B are arrows with the same end, then aca — Bof3 is a relation.
(ii) If v is an arrow ending at the start of a and different from oo, then ary is
a relation.
(iii) If v is an arrow starting at the end of o and different from o~ a, then ya
is a relation.

Consider the category of representations rep(ZQ, p) over a field K of the quiver
with relations (ZQ, p).The category rep(ZQ, p) is by construction selfinjective of
radical cube zero. It follows from the arguments in [M] it is also Koszul . The
theory developed in [MVS1], [MVS2], [MVS3] [MVS4] applies to this situation and
we obtain as Ext-category of E(ZQ, p), The category of representations of the quiver
Z@Q with mesh relations n. It follows rep(ZQ,n) is an Artin-Shelter reqular Koszul
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category of global dimension two. We do not know whether or not it corresponds
to an Auslander-Reiten quiver of a finite dimensional algebra, however the above
theorems for reqular Auslander-Reiten components hold, in particular they also hold
for a connected component of the stable non reqular Ausalnder-Reiten quiver, as
considered in [MVS3].

[A]

[A2]

[ABPRS]

[AE]
[AF]
[APR]

[AQM]

[AR]

[AR2]

[ARS]

[ASS]

(B]

[BB]

[BGP]

[BLP]
[BR]

[CF]
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