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Abstract—A recurrent neural network for both convex and
nonconvex equality constrained optimization problems is
proposed, which makes use of a cost gradient projection onto the
tangent space of the constraints. The proposed neural network
constructs a generically non-feasible trajectory, satisfying the
constraints only as t —»o . Local convergence results are given
which do not assume convexity of the optimization problem to be
solved. Global convergence results are established for convex
optimization problems. An exponential convergence rate is shown
to hold both for the convex and the nonconvex case. Numerical
results indicate that the proposed method is efficient and
accurate.

Index Terms—Recurrent neural networks, constrained
optimization, convergence, convex and non-convex problems.

I. INTRODUCTION

large number of recurrent neural networks have been

proposed in the literature for solving constrained

optimization problems. Historically, the first approach
towards designing such networks employed penalty functions
which were used to convert the original constrained
optimization problem to an (approximately or exactly)
equivalent unconstrained optimization problem; the latter was
usually solved by gradient descent, thus yielding the neural
network. Although this is not immediately apparent, both the
Tank and Hopfield network [1] and the Chua and Lin
nonlinear programming circuit [2], [3] can be demonstrated to
be, [4], gradient dynamical systems based on the L, penalty
function. Other gradient-based architectures related to penalty
functions include the switched capacitor neural networks
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proposed in [5], the neural network proposed in [6] which is
based on the L; exact penalty function, and a multitude of
network architectures given in [7] for solving constrained
optimization problems. Also, in [8], various combinations of
the L, L, and L, penalty functions are used to obtain a class
of neural networks which are rigorously analyzed in [9]. More
recently, the nonlinear programming circuit [3] has been
generalized for solving nonsmooth optimization problems,
[10], and applied to quadratic and linear programming
problems, [11], with strong convergence results. Apart from
penalty functions, the logarithmic barrier function has also
been used, together with Newton-type descent, to produce an
interior point recurrent neural network, [12].

A second class of recurrent neural networks, proposed in
[13], [14], makes direct use of the Lagrangian function and of
Lagrangian optimality conditions in order to solve equality
constrained optimization problems. These Lagrangian neural
networks are capable of solving general non-convex problems;
local convergence results are given for such problems in [13],
[14]. For convex problems, global convergence is obtained in
[15] for the neural network of [13].

More recently, a general methodology has been developed,
[18] — [31], for solving constrained optimization problems
over convex feasible sets defined by simple bounds on the
variables and, in some cases, (linear or nonlinear) convex
inequality constraints and/or linear equality constraints.
According to this approach, optimality conditions for such
optimization problems are written in the form of a variational
inequality which is then equivalently transformed into a
projection equation. Neural networks are designed to solve the
projection equation and thus provide a solution to the
associated optimization problem. The work described in [16]
(and in the related paper [17]) for solving positive definite
quadratic programs with bound constraints makes use of
piecewise linear neuron outputs in order to satisfy exactly
Kuhn—Tucker conditions, and thus it may be considered as an
early form of this approach, though it does not use explicitly a
variational inequality or projection equation. The same can be
said about the convex quadratic programming neural network
proposed in [18], for which global convergence is proven. In
[19], a recurrent neural network for solving piecewise linear
projection equations with asymmetric connection matrices is
proposed and applied to semidefinite quadratic programming
problems; global convergence is proven and an exponential
convergence rate is obtained for the positive definite case.



Globally exponentially convergent neural networks for
positive definite quadratic programming are proposed in [20]
and [21] based on piecewise linear projection equations; the
proposed dynamical equations make use of matrix inversion.
Also based on a piecewise linear projection equation, the
neural network of [22] solves a minimax problem with a
convex—concave quadratic cost function and bound
constraints.

More general problems over convex feasible sets can be
tackled within this approach, by employing nonlinear
projection equations. Thus, in [23], convex and non-convex
optimization problems with convex constraints are considered,
a projection equation and/or penalty functions are used to
define a number of existing neural networks and LaSalle’s
theorem is employed to prove global convergence for convex
problems and local convergence in the absence of convexity.
Also a new neural network is proposed which is proven to be
locally convergent, for convex problems. A neural network is
proposed in [24] for minimizing a not necessarily convex
function f(x) with bound constraints, based on a nonlinear
projection equation. For feasible starting points, global
convergence is proven if f(x) is convex. In [25], a single-layer
neural network for solving a nonlinear projection equation is
proposed and applied to minimization problems with a not
necessarily convex cost function and simple bound constraints
or a single hypersphere constraint on the variables. Neural
networks for minimizing convex functions subject to convex
inequality and linear equality constraints are proposed in [26]
— [28], based on nonlinear projection equations. Global
convergence to the set of optimal solutions is proven in [26],
[27] and global convergence to the unique optimal solution is
proven in [28] under a strict convexity assumption. In [29] -
[33] neural networks for solving variational inequalities are
analysed; when applied to convex optimization problems,
these networks are shown to be globally convergent.

Other neural networks which are not based on a projection
equation or on a variational inequality include [34] and [35]
for solving linear and quadratic programming problems and
[36] for solving convex nonlinear programming problems. In
[34], global convergence is proven for positive definite cost
functions, and [36] is a globally convergent feedback network
which sequentially updates a lower bound for the optimal
solution.

Apart from recurrent neural networks, several other
methods have been proposed, mainly in the optimization
literature, which make use of dynamical systems for solving
optimization (see e.g. [37], [38]) and other related problems,
[39]. Following [40], we consider such methods as constituting
the “dynamical systems” approach. Although both approaches
make use of differential equations to construct trajectories
convergent to the desired solutions, they do so from quite
different perspectives. The “dynamical systems” approach,
being more mathematically oriented, relies on numerical
integration of the differential equations on a digital computer;
indeed, within this approach, well known optimization
algorithms are often obtained as discrete integration schemes
of the underlying differential equations. The neural network
approach, on the other hand, gives emphasis on hardware

implementation of the underlying dynamical system, either as
an electrical circuit or as an interconnection of hardware
integrators and function blocks; thus hardware integration of
the underlying differential equations is obtained in real time.
Surprisingly, cross-referencing between the two approaches
seems rather scarce; however see [40] for a review of both.
Within the “dynamical systems” framework, the main
contribution of this paper is a practical one: we propose
hardware implementations of the dynamical systems involved.
In Section Il both an electrical circuit and a function block
diagram implementing the proposed neural network are given.
A detailed comparison of our results to the dynamical systems
of [37], [38] is also given in Section I1.

Within the recurrent neural network framework, a novel
neural network is proposed in this paper for the solution of the
following, not necessarily convex equality constrained
optimization problem (P),

(P) min{ f(x): h(x)=0, i=1...,m} (1)
xeR"

where the functions f:R"—>R, and h;:R">R, i=1,....m
are assumed to be continuously differentiable. Let F denote
the set of feasible points for problem (P), i.e.
F={xeR": h(x=0, i=1..m| @)
The proposed neural network, first presented in [41], is
capable of minimizing nonconvex cost functions over
nonconvex feasible sets. It does not make use of a penalty
function or of a projection equation; instead, it solves problem
(P) directly, based on the well known gradient projection
method of nonlinear optimization [42], in the sense that it
makes use of the orthogonal projection of the cost gradient
onto the nullspace of the constraint gradients. The proposed
neural network does not require feasibility of the initial point
X, and, if X, ¢ F it defines a non-feasible solution x(t) which, in
normal operation, approaches the feasible set F only as
t — 0. It may be considered as a continuous time version of a
first order recursive quadratic programming method, [43], for
nonlinear optimization. In case a feasible starting point x,e F
is given, the proposed neural network defines a feasible
solution x(t)eF, vt >0 which is a descent trajectory for the
cost function f. In this case the network may be considered as
a continuous time version of Rosen’s gradient projection
method, [42], for nonlinear optimization. From another
viewpoint, since our network aims at satisfying Lagrangian
conditions of optimality for problem (P), it may be considered
as a Lagrangian network; differences from existing Lagrangian
networks are detailed in the next section.

The following convergence results are established for the
proposed neural network. First, local convergence results are
given for the general case: without assuming convexity of
either the cost function or of the constraints we prove that
strict local minimizers of problem (P) are exponentially stable
equilibrium points of the proposed neural network. Next,
assuming convexity of the problem to be solved, we prove that
solutions emanating from arbitrary initial points are bounded
and converge globally to the set of points satisfying first order
Lagrangian conditions for problem (P). Finally, an exponential
convergence rate is established for both convex and non-
convex problems.



The paper is organized as follows. In Section Il the
proposed neural network is derived and in Section Il
convergence results are given. Section 1V contains numerical
results and the paper is concluded in Section V.

Il. DERIVATION OF THE NEURAL NETWORK

In this section the proposed non-feasible gradient
projection neural network (NFGPNN) is derived in implicit
and explicit forms, block diagram and analog circuit
realizations are given, its relationship to Lagrangian neural
networks and to the dynamical systems of [37], [38] is
explored, and its ability to tackle inequality constrained
optimization problems is considered.

We define the set D of desirable points for problem (P)
to be the set of all points in R" which satisfy first order
necessary conditions of optimality (Lagrangian conditions) for
(P),i.e. D=D'nF, where

D' ={xeR" :Vf (x)+Vh(x)2 =0, for some A<R"}. (3)
Here Vh(X)=[Vh(X), Vhy(X),...,Vh ()], 2€R" is a
vector of Lagrange multipliers, and h(x)=_[h.(X), hx(X),...,
h.(X)]". Apart from local minima, the set D also contains local
maxima and saddle points of problem (P).

In order to obtain our non-feasible gradient projection
neural network (NFGPNN) for problem (P), we set out to
define a dynamical system with solutions x(t) which start at
any initial point x,eR" and, if possible, converge to a local
minimum of (P). Hence, the following two requirements on the
solutions x(t) of NFGPNN are made: in normal operation (i.e.
when x(t) extends to infinite time), (i) x(t) should converge to
the set D', and (ii) x(t) should converge to the feasible set F.

In a first instance, the desired solution x(t) is determined as
part of the solution (x(t), A(t)) of the following system of
implicit ordinary differential equations (implicit ODE’s):

X(t) = —u[VE (x(t))+ Vh(x@®)A®)],  Vte[0,0) (4)

Vh(x(®))"x(t) = —ph(x(®)), vte[0,m) (5)
where u and p are positive constants, x, eR" is an initial
condition for x(t), and A(t)eR™ are additional variables
(multipliers). Later in this section, the multipliers A(t) are
eliminated from (4), (5) and a set of ordinary differential
equations (eq. (13)) is obtained for x(t).

Let (x(t), A(t)) be a solution of (4), (5) with initial condition
(X, 4,) and let [0, @) be its maximum interval of existence.
Equation (4) aims at satisfying the first requirement on x(t).
Indeed, let (x*, A*) be an equilibrium point of (4), (5). It then
follows from (3) and (4) that x*e D', therefore in normal
operation (i.e. when @=o0, and (X(t), A(t)) > (x*, 1*) as
t —>o0), the solution x(t) will approach the set D'.

In order to satisfy the second requirement on x(t), i.e. to
ensure that x(t) will eventually approach the feasible set F, we
use the continuous Newton-Raphson method for solving the
constraint equations h(x) =0. This method, introduced by
Branin [44], when applied to the equations h(x) =0 yields
immediately the differential equation (5). The relationship of
(5) to the classical (iterative) Newton-Raphson method can be
appreciated by applying an Euler numerical integration scheme

to equations (5); then Vh (x)" (X, —X,)=—pAth(x) is
obtained. If pAt=1, this is indeed the Newton-Raphson
iteration for solving the equations h(x) =0.

Put together, equations (4) and (5) ensure that, in normal
operation, any solution x(t) will eventually approach the set D
of desirable points. These equations define, in implicit form,
the dynamics of the proposed neural network NFGPNN. The
fact that the variables A(t) do not appear explicitly in equation
(5) should not confuse the reader: equations (4) and (5) may be
written as

[ | O}P(t)}_{—ﬂ(w (X(t))+Vh(X(t))/1(t))} ©)
Vh(x(t)" 0] A(t) — ph(x(t)) '
This is indeed a system of implicit ordinary differential
equations (see e.g. [45]) with state vector z(t) =[x®)", A®)]".
Next, two equivalent versions of the dynamical system (4),

(5) are obtained. Since Vh(x(t))W(t):W, integration

of equation (5) gives
h(x(t)) =exp(-p)h(x,),  Vte[0w). (7)
Also by replacing x(t) form (4) into (5) we get, Vte [0,®),

VA(X(O) [V () + VO] 2 () =0 @

The dynamics of the proposed neural network are defined,
in implicit form, by equations (4) and (5) or, equivalently, by
equations (4) and (7) or, equivalently, by equations (4) and
(8). Since (7) and (8) are algebraic equations, definition of
NFGPNN by equations (4) and (7) or (4) and (8) leads to its
description as a system of differential-algebraic equations
(DAE’s). If, on the other hand, equations (4) and (5) are used
to define NFGPNN, then the description (6), i.e. a system of
implicit ordinary differential equations (implicit ODE’s), is
obtained. Obviously, these definitions are equivalent. Such
dynamical systems arise naturally as descriptions of analog
electronic circuits; when writing circuit equations, based on
Kirchoff’s laws, one usually obtains a system of implicit
ODE’s or a system of DAE’s. Recurrent neural networks
described by implicit dynamical systems have been proposed
in [46] and [47].

Two ways of realizing the proposed neural network are
given next, based on equations (4) and (5). The first realization
of NFGPNN, shown in Fig. 1, is a block diagram of the type
introduced in [46] and [47]. The second realization, depicted
in Fig. 2, is an ideal nonlinear analog circuit which makes use
of ideal ap amps, nonlinear voltage controled current sources
and nonlinear voltage controlled conductances. The values of

conductances G;(x) and éj (x) are taken to be:
m oh; (x)

Gi(X)=—Z Y i=1..n,
and éj(x):—i%(x), =1...m

Then, writing nodal equations for the circuit of Fig. 2 we

obtain,
-1 —Vh(x@®) [Lx) | | VF(xM®)
—Vh(x(t)" 0 At) || Zh(x@) |



Vh(x)4

X
Vi()

Fig. 1. Block diagram realization of NFGPNN.

These are indeed equations (4) and (5) (or, equivalently,
equations (6)) of NFGPNN. It should be stressed that the ideal
circuit of Fig. 2 is given here simply in order to illustrate that,
in principle, a circuit realization of the proposed neural
network is feasible. Practical implementation of the circuit
would require investigations beyond the scope of this paper.
Note however that, for the special case of linearly constrained
optimization problems, ordinary linear conductors are only
required in Fig. 2.

Next, we compare NFGPNN to existing Lagrangian neural
networks and to other dynamical systems proposed in the
literature for solving problem (P). The Lagrangian networks of
[13] and [14] are defined by the following differential
equations

X(t) = —[VF (x(t))+ Vh(x(t) JA(t)] (9.1)
A(t) = h(x(t)) (9.2)
and
M X(t) + Vh(x(t)) A(t) = (10.1)
= —[Vf (x(®)+ Vh(x())2(t)]
Vh(x(t))" %(t) = —h(x(t)) (10.2)

respectively. Partial similarities may be observed among
equations (4), (5), (9) and (10). More specifically, for
u =p =1, equation (4) reduces to equation (9.1) of [13], and
equation (5) reduces to equation (10.2) of [14]. However, in
contrast to (9) and (10), the variables A(t) of the proposed
dynamical system (4), (5) are non-dynamic variables. Indeed,
(4), (5) is a dynamical system described by implicit ordinary
differential equations (ODE’s), therefore it is substantially
different to both (9) and (10) which are dynamical systems
described by explicit ODE’s. In essence, equations (9.1), (9.2)
are gradient flows aiming to approach the sets D’ and F
respectively, and equations (10.1), (10.2) are Newton flows
with the same respective aims. On the other hand, NFGPNN
makes use of a gradient flow (equation (4)) in order to
approach the set D' and of a Newton flow (equation (5)) in
order to satisfy the constraints. Thus the use of second
derivatives is avoided and fast convergence to the feasible set
is obtained. Therefore, if viewed as a Lagrangian system, the
proposed neural network differs substantially compared to
existing Lagrangian networks.

Fig. 2: Ideal nonlinear circuit realization of NFGPNN.

NFGPNN is more similar to the dynamical systems of [37],
[38]. The dynamical system analysed in [37] is the same as
equations (4), (5) with u =p =1. The dynamical system of
[38] also makes use of equation (5) with p =1, however it
employs curvature terms of f(.) and h(.) in equation (4), by
multiplying its left hand side by a positive definite matrix.
Local convergence results are proven in [37] and [38] for the
corresponding dynamical systems. Global convergence results
are obtained in [37] by assuming boundedness of the solutions.
We provide better local convergence results for NFGPNN, by
proving exponential stability of strict local minima of (P); in
comparison only asymptotic stability is proven in [37] and
[38]. In addition, we obtain strong global convergence results
for the case of convex problems in Section 111-B, where both
boundedness and global convergence of the solutions is
proven; no such results are given in [37] or [38]. Finally,
NFGPNN is hardware impementable both as a circuit and as
an interconnection of function blocks, i.e. it is a neural
network and not a dynamical system integrated on a digital
computer.

In order to facilitate analysis of the proposed neural
network, we obtain next an explicit expression for the
differential-algebraic  dynamical system which defines
NFGPNN. Let x,eR" be an arbitrary initial point and let
A,€R™ be such that (x,,1,) e R"™™" satisfies equation (8). We
define the set

Y= L{g”{x €R": h(x) = ah(x,)]

= {x e R": h(x)=ah(x,), forany ae [O,l]}
and we make the following assumption.

Assumption 1: (a) The functions f:R"—>R, h;:R"—>R,
i=1,...,m are continuously differentiable in R". (b) For any
xeY the matrix Vh(x)=[Vh(x), Vh(X),..., Vh (X)]" has
full rank.

Remark 1: Part (b) of Assumption 1 may appear to be too
strong. In fact this is a standard regularity assumption, which
corresponds to causality of the system, made in order to obtain
dynamical systems described by explicit ODE’s from DAE
descriptions (see e.g. [45]). Moreover, in the literature of
optimization algorithms, this is a standard assumption

11)



associated with gradient projection methods (see e.g. [42, p.
331], [48, p. 190]).

If (x(t),A(t)) is a solution of the dynamical system (4), (8)
with initial point (x(0),4(0))=(X,,4,) and if [0,e) is its
maximal interval of existence, then equations (5) and (7) will
hold for every t € [0,w) (see also proof of Theorem 1). Hence
from (7), x(t)eY will hold Vte[0,w). It then follows from
Assumption 1 that equation (8) can be solved for A(t) to give,

A(t) = -[Vh(x() " Vh(x(e)]” (Vh(X(t))T VE(x() —5 h(X(t))J

(12)
Replacement of A(t) from (12) into (4) yields the dynamical
system which determines NFGPNN in explicit form:

X(t) = —u P(X(O)VE (x(1)
— pVh(XO)[Vh(X®) " Vh(x(®)]  hix(®)
with initial condition
x(0)=x, e R" (14)
In equation (13), P(x(t)) is the well known projection matrix,
[42], which orthogonally projects an R" vector onto the
nullspace of Vh(x(t)), i.e.

P(X) = I - Vh(x)[Vh(x)"Vh(x)] ' Vh(x)" (15)
Thus the right hand side of (13) consists of two components:
the first is an orthogonal projection of the cost gradient onto
the tangent plane of the constraints, and the second is a
Newton step aiming to establish feasibility of the constraints. It
is also noted that if the initial point x, is feasible, i.e. if
h(x,) =0, then it follows from (7) that h(x(t))=0, Vte[0,®)
hence (13) and (14) reduce to Xx(t) =—uP(x(t)) VI (x(1)),
Xx(0)=x,eF. It can be seen that these equations define a
continuous time version of Rosen’s gradient projection
algorithm, [42]. If, on the other hand, the initial point X, is not
feasible, then (13) can be considered as a continuous time
version of the algorithm proposed in [43].
We close this section by considering inequality constrained
optimization problems (PI) of the following general form,
(P1) m;rnw{f(x): h(x)=0, i=L..m, g,(x)<0, j=L..Jf

(13)

where f, h;, i=1,...m and g;, j=1,...,| are continuously
differentiable (not necessarily convex) functions. A simple
way to extend applicability of the proposed neural network in
order to solve problem (PI) is to transform the latter into the
following equality constrained optimization problem (PE),

(PE) . f(x): h,(x)=0, i=1....m,
min .

R yer! 9;()+(y;)?=0, j=1..
where y=[y1, Vs, ..., yi]" is a vector of additional variables. It is
well known, [49, p. 286], that problems (Pl) and (PE) are
equivalent in the following sense: x* is a local minimum of
(PI) if and only if (x*,y*) is a local minimum of (PE), where
y;*= (—gj(x*))%, j=1,...,1. Thus local minima of (PI) may

be obtained by straightforward application of NFGPNN to
(PE) (see also Example 1 in Section V).

I1l. CONVERGENCE RESULTS

This section contains convergence results for the proposed
non-feasible gradient projection neural network (NFGPNN)
defined, in explicit form, by equations (13). First, local
convergence results are given in Section III-A where
exponential stability of strict local minimizers of problem (P)
is proven. In Section III-B global convergence results are
given for the case of convex optimization problems. Finally, in
Section 1I-C, the rate of convergence of NFGPNN is
examined.

A. Local Convergence Results

In this subsection we do not assume convexity of problem
(P). Our main result shows that strict local minimizers of
problem (P) are exponentially stable equilibrium points of
NFGPNN.

Theorem 1: Let the functions f:R"—>R, h;:R"—>R,
i=1,...m be twice continuously differentiable in R". Let
x*eR" be a local minimizer of problem (P) which satisfies
the sufficient conditions of optimality for (P) and assume that
X* is a regular point of the constraints (i.e. assume that
Vh 1(x), Vh 5(X),..., Vh () are linearly independent). Then x*
is an exponentially stable equilibrium point of NFGPNN
described by equations (13) with initial condition (14).

Proof: The proof is given in the Appendix. 0

B. Global Convergence Results for the Convex Case

We turn now to the convex version of problem (P), i.e. we
consider the following problem, denoted in the sequel as
problem (CP),
(CP)

m;p{f(x):ATx—b:O} (16)

where f:R"— R is assumed to be a convex continuously
differentiable function, A an nx m full rank matrix with m<n
and b an m vector. For such problems it is well known, [42]
that the set of desirable points D, the set of local minimizers
LM and the set of global minimizers G are identical, i.e.
D =LM=G. The following assumption is made for the convex
problem (CP).

Assumption 2: (a) The function f:R"— R is continuously
differentiable and convex in R". (b) The nx m matrix A (with
m<n) has full rank. (c) The set D of minimizers of problem
(CP) is nonempty.

Remark 2: This is a mild assumption. Part (b) is simply a
constraint qualification which excludes redundant constraints
from being present in the description of the feasible set F.
Furthermore, for a large part of the neural network literature
(see e.g. [14], [27], [31], [34], [36]), assumption 2(b) is a
standard assumption made when solving problems with linear
equality constraints.

When applied to problem (CP), the proposed dynamical
system (13) becomes:

X(t) =—uPVE(x(t) - p AATA)H(ATX() -b)  (17)
where the projection matrix P =1-A(A'A)'A" is now
independent of t.



The main objective of this section is to show that, under
mild assumptions, every solution of (17) with initial conditions
(14) is bounded and converges to a global minimum of (CP).

Theorem 2: Let Assumption 2 hold. Then every solution of
(17) with initial conditions (14) is bounded, extends to infinite
time and has limit points, each of which is a global minimizer
of problem (CP).

Proof : The proof is given in the Appendix. 0

If f is assumed to be strictly convex and if D is nonempty,
then (CP) has a unique desirable point which is also a strict
local and global minimizer. Under these circumstances, the
following, stronger result is obtained as a direct consequence
of Theorem 2.

Corollary 2.1: If f is continuously differentiable and
strictly convex, if rank{A}=m and if D is nonempty, then
every solution x(t) of (22) with initial conditions (14) is
bounded, extends to infinite time and converges to the unique
global minimizer x* of problem (CP), i.e. !Lrg{x(t)}: X*.

C. Rate of Convergence

In this subsection we show that, under mild assumptions,
the proposed neural network exhibits an exponential
convergence rate when applied to both the general problem (P)
and to the convex problem (CP).

In order to examine the rate of convergence of NFGPNN
for the general (not necessarily convex) problem (P), it is
assumed that NFGPNN generates a solution x(t) which extends
to infinite time and which converges to a strict local minimizer
x* of problem (P). In practice, these assumptions are almost
always satisfied when NFGPNN is applied to specific
examples of problem (P); in this sense they express the usual
operating conditions of the neural network. It is noted that
similar assumptions are made when examining the
convergence rate of discrete optimization algorithms (see [42],
[48] — [49]). Under these circumstances, Theorem 1 provides a
local exponential convergence rate. In the next Theorem we
extend this result to the entire solution x(t).

Theorem 3: Let Assumption 1 hold and let the functions
f:R">R, hj:R">R, i=1,...,m be twice continuously
differentiable in R". Let x*eR" be a local minimizer of
problem (P) which satisfies the sufficient conditions of
optimality for (P). Let x(t) be a solution of (13) with initial
conditions (14) and assume that x(t) extends to infinite time
and converges to x*. Then the rate of convergence of x(t) is
exponential, i.e. there exist real numbers w >0 and & >0 such
that: [x(t) —x*| < w exp(-£t), vt>0. (18)

Proof: Clearly the assumptions of Theorem 1 are satisfied,
therefore there exist T>0, w,>0 and £>0 such that

[x(t) = x| < v, exp (&), Vt= T. For the finite time interval
[0,7] we have: rperlzx{"x(t)—x*" exp(&t) te[O,T]}: w, >0
where y, exists and is finite from Weierstrass' theorem.
Hence |x(t)—x*<w,exp(-&) holds Vte[0,7]. Now (18)

follows immediately by taking y =max{vy,,w,}. 0

Similar results are obtained when NFGPNN is applied to
the convex problem (CP). However, in this case some of the
assumptions on the solution x(t) are redundant. Indeed, if

Assumption 2 holds, it follows from Theorem 2 that x(t) will
extend to infinite time. Furthermore, if f(x) is strictly convex
then any minimizer x* of (CP) is isolated, therefore the set D
contains a single point, D ={x*}, hence Theorem 2 yields that
X(t) will converge to x*. Thus we have proven the following:
Corollary 3.1: Let Assumption 2 hold, let the function
f:R"— R be twice continuously differentiable in R", and let
X(t) be a solution of (17), (14). Assume either that f(x) is
strictly convex, or that x(t) converges to a minimizer x* of
(CP). Then the rate of convergence of x(t) is exponential, i.e.
there exist real numbers >0 and &>0 such that
[x(t) —x* < wexp(=ét), vt =0. O
Numerical results given in the next section confirm the

exponential convergence rate of NFGPNN on both convex and
non-convex problems.

IV. SIMULATION RESULTS

Performance of the proposed neural network is evaluated by
using MATLAB to simulate its response for several test
problems. The simulation is based on the block diagram of
Fig. 1, i.e. on equations (4) and (5).

Example 1: This was originally, [24], a non-convex two
dimensional bound-constrained optimization problem, which
we converted to an equality constrained problem by adding the
variables x, and x,. Thus a problem with n=4 variables and
m =2 constraints was obtained.

min{(xl cos(X,) — X, sin(x,))* :

xeR*

X’ +x,° -1=0,
X0 +X,° —1:0} (19)
This problem has an infinite number of global minimizers
including the set X*={xeR*: x,=0, %=1, %, + X, ~1=0}.

In Fig.3a the solution x(t) obtained from the non-feasible
initial point x,=[-2 -2 1 1]" is shown. The final point
obtained at the end of the simulation time was [0 -0.99666138
1.00008951  0.08273509]" which is close to the global
minimizer x*=[0 -0.99657218 1 0.08271768]". In this
example, the solution x(t) converges to a particular global
minimizer x*e X*, although the set X* is a continuum of
global minimizers. Figure 3b shows cost function convergence
to zero; since the initial point x, is not feasible, f(x(t)) is non-
monotonic. In Fig. 3c, loge(dist(x(t), X*)) is plotted as a
function of time, where dist(x(t),x*)=g(rl"x(t)—y":

= [xl(t)2 +(\,X2 (t)? + X, (1) —1)Z +(|%5 ()] —1)2}}/2 is the distance

of x(t) from the set X*. An exponential decrease is clearly
observable, although one of the assumptions of Theorem 3 is
not satisfied (x* does not satisfy sufficient conditions of
optimality). The values u = =10 were used for compatibility
with [24].

Trajectories obtained by NFGPNN from 1000 random
initial points with elements x,; € [-1, 1], i=1,....4 are plotted (in
the (x,,x,) plane) in Fig. 3d. As in [24], convergence is
observed to various minimizers which belong to the continuum
of global minimizers of the problem. An additional random
experiment was conducted with 10000 random initial points in
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Fig. 3. Simulation results for Example 1: (a) Solution x(t), (b) Convergence of the cost function, (c) log,q(dist(x(t), X *)) as a function of time, (d) Trajectories

obtained from 1000 random initial points.

the same intervals as above. As in [24], for each trajectory, a
final cost value not greater than 10° was considered to be a
criterion of successful solution of the problem. Only 14
failures were recorded with NFGPNN. This corresponds to a
success rate of 99.86% and compares favorably with the
published results for the neural network of [24] (65 failures,
i.e. a success rate of 99.35%).

Example 2: This example is a nonconvex problem with
n=23 variables and m =1 nonlinear constraint:

min{f (X): X +%" =X = 0},
yeR3

where
X 1 X, . 1
x. —1)' 1= —"2_cos ——1 _sin ,
Ao ) e )
f(x)= if x,#1and x,>0

0, if x,=1
The origin of this problem can be traced in a two dimensional
unconstrained example from [49]. The cost function f: Q - R

is continuously differentiable in its domain Q={xeR®:
X;>0}. Minimizers of this problem contain the set
X*={xeR® x,=1, x’+x, -1=0}.

Starting from the non-feasible initial point x,=[-2 2 21",
the solution x(t) depicted in Fig. 4a is obtained. Figure 4b
shows the corresponding trajectory, in the (x,,X,) plane. It can
be observed both from Fig. 4a and from Fig. 4b that the
solution x(t) does not appear to converge to any particular
point in X*; instead x(t) seems to contain subsequences which
converge to every point in X*. Thus it appears that, for this
example, the set A* of limit points of x(t) satisfies A” =X*, i.e.
the solution x(t) seems to converge to the entire set X *. In Fig.
4c, the distance of x(t) from the set X*: log,, (dist(x(t), X*)) =

-t0g; rin)~1|-1og [ (e 7,07 -1F s, 0027 |

is plotted as a function of time; the rate of decrease does not
appear to be exponential. However this does not contradict the
results of Section IV since in this example, at least one of the
assumptions (i.e. that x* satisfies sufficient conditions of
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Fig. 4. Simulation results for Example 2: (a) Solution x(t), (b) Trajectory of
X(t) in the (x;,X,) plane, (c) log,o(dist(x(t), X *)) as a function of time.

optimality) of Theorem 3 is not satisfied. The values
u =p =10000 were used.

I. CONCLUSIONS

In this paper a recurrent neural network is proposed for
equality constrained nonlinear optimization problems. When
started from a feasible initial point, the proposed neural
network (NFGPNN) constructs a feasible trajectory, satisfying
the constraints at all times. In the usual case however, when
the initial point is non-feasible, NFGPNN constructs a non-
feasible trajectory, which satisfies the constraints only in the
limit as t —oo. To reduce the cost function, a projection of the
cost gradient onto the tangent space of the constraints is used.

Local convergence results are given for the general case
(i.e. without assuming convexity of the problem to be solved)
which show that strict local minimizers of the optimization
problem (P) are exponentially stable equilibrium points of
NFGPNN. Global convergence results are given for convex
optimization problems: solutions of NFGPNN emanating from
arbitrary initial points are shown to convergence to the set of
global minimizers of the optimization problem. The rate of
convergence of the proposed neural network is shown to be
exponential, both for convex and non-convex problems.

Numerical results confirm these findings and indicate that
NFGPNN is both efficient and accurate.

APPENDIX

Proof of Theorem 1: We first note that since x* is a regular
point and Vh,(x), i=1,...,m are continuous, there exists a
neighborhood N(x*,&) ={xeR":||x —x*| < &} of x*, such that
the gradients Vh,(x), i=1,....,m are linearly independent
Vx e N(x*,&). Thus Assumption 1 holds for every x e N(x*,¢)
therefore, within N(x*,&), NFGPNN is well defined (in explicit
form) by equations (13). In this proof, xeN(x*,&) will be
assumed, unless otherwise stated. Also, the Euclidean norm of
a vector y is denoted simply as [|y|.

We shall obtain some useful bounds and, based on these, we
shall define a Lyapunov function which satisfies the
assumptions of a well known theorem, [50, Theorem 4.10, p.
154], on exponential stability.

Let L(x,A)=f(x)+4'h(x) be the Lagrangian function for
problem (P) and let A* eR™ be the Lagrange multipliers
corresponding to x*, so that we have

VL(x*, A*) = VF (xX*) + Vh(x*)A* = 0 (20)
Since P(x)Vh(x) =0 we obtain
POX)VF (x) = P(X)(VF (X) + Vh(X)A*) = P(X)VL(x,2%)  (21)

Taylor expansion of P(x)VL(x, A*) around x* yields
P(X)VL(x, A*) = P(x*)VL(x*, A*) +
T (22)
+VIPO)VL(X A% (x—x¥)+0(|x—x*])
Let p, (x)"eR", i=1,...,n denote the i" row of the nx n matrix
P(x). Differentiation of p, ()" VL(x, A*) with respect to x
gives, in view of (20),

X=X*

B2L(x, %)

vip( VL(x,i*)}LX*{Vpi(x)vux,im o

P (X)}
_OPL(x¢*2%)

axz pi (X*)



Hence

P, (X) " VL(X,4%)
VIP(X)VL(X, MY, _. =V :

P (OTVLOGAD) |

=[V{p.00TVLOGAR) - VR, (0T VLGN, e (23)
- e (e
From (20) — (23) it follows that
2L (x*,A*%)
ox’?

P()VT (x)=P(x*) (x=x*)+0([x—x*])

Let F be a nx(n—m) full rank matrix such that V h (x*)'F =0
and F'F =1,,,. Such a matrix F can be easily obtained as part
of the QR decomposition of the matrix V h(x*)". It is easy to
show that:

(24)

P(x*)=FF"
Let the nx n symmetric matrix B (x) be defined as follows,

(25)

B(X) = Vh(x)(Vh(x) " Vh(x)) " Vh(x)" (26)
From the definition (15) of P (x), (25) and (26) we obtain,
I, =FF T +Vh(x*)(Vh(x*)TVh(x*)) " Vh(x*)" @7
=FFT +B(x*)
Then (27) yields
[FT =3 =[x ~(x—x) T BN (x—x%)  (28)

Now, from (13), (24) and (25) we get (where x stands for x(t)
in the right hand sides of the equations that follow),

d (x(;)t—x*) el L(gz:,z*) (x4
—pVh(x)(Vh(x) T Vh(x)) ™ h(x)+0(|x—x*])
Premultiplication by (x—x*)" and replacement of I,
(27) into the right-hand-side yields
L@ =X g GO -X7)
2 dt =X at
=—p(x-x*)'F
—p(x—x*)TVh(x)th(x)TVh(x))_lh(x)
—u(x—x*)" FFT%B(x*)(x—x*)+o(||x—x*||)

(29)

from

21 (y*x g%
protey) L(axz’l VR (x-x%)
X

(30)

Let « be the minimum eigenvalue of the matrix

* *
FTwF Since x* satisfies the sufficient conditions of
X

optimality for problem (P), it follows that «> 0 therefore we
have

(x=x*)"F

FT%FF (x=x*) > ar|[F" (x- x*)|| (31)

Making use of (30), (31) and (28) we obtain, after simple
algebra,

%—d"x(t()jt—x"ﬂ < — pax—xH +(x=x*)"W Vh(x*) (x—x*)

— p(x=x)TVh(x)(Vh(x)" Vh(x)]"h(x) +0(|x—x*[)
where,

(32)

2 * K
Wzy(aln—FFTM]

Vh(x)(Vh(x¥)TVh(x®)) ™.
Next, we seek bounds for the terms on the right hand side of
(32). Taylor expansion of h(x) around x gives h (x*)=h (x)+
+Vh(x) T (x*~x)+0o(|x—x*]), and, since h (x*) =0,
Vh(x)" (x—x*)=h(x)+o(|x—x*|) (33)
Similarly, Taylor expansion of h(x) around x* gives h(x)=
=h(x*)+Vh(x*)T (x—x*)+0(|x—x*|), hence, since h (x*) =0,
Vh(x*)™ (x—x*)=h(x)+0(|x—x*|) (34)

Since the matrix B (x) is positive semidefinite ¥x e N(x*,&), it
follows from (33) that,

— p(x=x)TVh(x)(Vh(x)"Vh(x)) "h(x)=

:_p(x—x*z)TB(x)(x—x*)+o(||x—x*||2) (35)
<o(x—x*")

If o=|W|, it follows from (34) that,

(x=x*)"'W Vh(x*)T (x=x*)=(x=x*)"W h(x)+o(|x—x*) (36)

<afx=x e +ox-x4")
Then, from (32), (35) and (36) we obtain,

%W <~ uax— x4 + o= x|+ olx—x4)  (37)

Also, from the definition of o(.), it follows that given any
5e (0, ua), there exists ée(0,6) such that o(jx—x*)

< 5|x—x** holds Wx e N(x*,&) . Hence we obtain from (37),

1 dfjx(®) —x*?

SO < (a1 + olx -

vx e N(x*,)
We shall now define a suitable Lyapunov function
V:R"—>R as follows

VO =2 [x=x 4 + ool

where the parameter ¢ >0 will be determined in the sequel. It
follows from (34) and the definition of o(.) that there exist
k, >0 and & (0, ) such that

(38)

I -xff sV skifx-xf, vxeNGRE)  (9)

It follows from (5) that h(x(t))=—ph(x(t)), Vt>0; hence

(38) yields,

OO < —ua-s)x-xf +ofx—x I -cAlnCl”
vx e N(x*,g)  (40)

Then, by choosing ¢ (0, ua—9) and c:%>0, we

obtain from (40),
dV(X‘t”<—[f x4 fnh(x)nj (-5 &)
<—(a-5-Ox—x,  ¥xeN(*Z)  (4D)

Conditions (39) and (41) ensure that the function V (x) defined
above satisfies the assumptions of [50, Theorem 4.10, p. 154].



This implies exponential stability of x* and completes our
proof. 0

Proof of Theorem 2: (a) Boundedness of the solutions. We
shall first show that any solution x(t) of (22) is bounded. Let
x* eR" be any minimizer of problem (CP). Then we have
ATx*—b=0 and (17) may be written as,

X(t) =—uPVE(x(1)- p AATA] AT(x() - x*)  (42)
Let the function V:R" — R (with ¢ > 0) be defined as,
V)= 0+ X reATx)], 49)

First we prove that x(t) is a descent solution for the function
V(x), i.e. that V(x(t)) <0, Vt>0. Premultiplication of (17)
by A" gives A" x(t) =—p (A'x(t) —b) which upon integration
yields (7) with h(x) =A'x(t) -b =AT(x—x*), i.e.

AT (x(t) - x*) = exp(— ) AT (x, —x*)
It then follows from (43) and (44),
V(x(t)) = f(x(t))+ i"x(t) —x* +cexp(—pt)| A" (x, - x*),
hence
V(x(1) = VE (x(1)X()+ 2 (x(©) - x*)" x(t)
7]

(44)

(45)
—cpexp(—pt)|AT (x, - x*)||1

Let B=A(A"A)'AT and let x stand for x(t). From (45), (42)

and (44) we obtain,

V (x(t))=—uVf (x)T PV (x) — oV (x) T B(x - x*)
— p(x—x*)T PVf (x)—%(x— x*)T B(x - x*)

~cp AT (x=x),
and, since P+B=1,P=P"P,B=B"B, we get
V(x(1) == PV (9]}, = pVF (x) " (x=x*)
2 46)
P (
— 7||B(x —x*); —co AT (x=x)|
As f(x) is convex it follows that (x—x*)"(Vf (x) - Vf (x*¥))>0,
vxeR" (see e.g. [49]). Hence, since PVf (x*) =0, we have
—(x=x*)"VFf (x) < —(x—x*)" (P + B)Vf (x*)
=—(x—x*)"BVf (x*)
An upper bound is obtained for the expressions in (47) by
using norm properties:

— (x=x*) " BVf (x*) <[[B(x—x*)[,[Vf (4], < |ACATA) |
<[ AT (x=x*)|| IV ()
therefore there exists & >0 such that
—(x—x*)"BVF () < E|AT (x—x¥)| IVF o), (48)
It now follows from (46), (47), (48) that, for ¢ >&|Vf (x¥)|,,
V (x(t)) < =2 PVE (5 + A AT (x =¥, (&IVF (4], —¢) <0,
Thus it holds

(47)

V(X)) <V (X,), vt >0 (49)
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i.e. the solution x(t), Yt>0 is contained in the V (x,) level set
of the function V(x). We next show that this level set is
bounded. A lower bound for f(x) is obtained by using a
property of convex functions, [49], and the facts P+B =1 and
PVf(x*)=0:
f(X)> f(x*)+(x—x*)"VF (x*)

= f(x*) + (x—x*)" (P + B)Vf (x*)

= f(X*)+ (x=x*)" BVf (x*)
It then follows from the above bound and equations (49), (48),
(43) that, for ¢ > &|Vf (x*)],, and vt >0:

V(x,) 2V (x(t))=> f(x*)+(x(t) —x*)" BVF (x*)+
+ i"x(t) — x4 + | AT (x(t) - x|,
> £ (%) +(c—IVF ), JJAT (x(t) = x|, +
yol 2
+ KO-x7;

Let the function g:R"—>R be defined as g(x) =f(x*)+

(50)

+&||AT(x—x*)||1+£||x—x*||§, where 7 = c—¢|VF (x*)],

>0. Then, by (50), the solution x(t) is contained (Vt>0) in
the V (x,) level set of the function g(x). Moreover, g(x) is a
strictly convex function with a unique minimum at x*, hence
every level set of g(x) is bounded, [49, Prop. B.9, p. 569].
This proves boundedness of the solution x (t).

(b) Convergence. To prove the remaining conclusions of the
Theorem, let A* be the positive limit set of x(t). Since x(t) is
bounded, A" is nonempty, [51, Theorem 4, p. 364], and the
maximal interval of existence of x(t) is [0,), [51, ex. 6, p.
365]. It then follows from (44) that tIim{AT(x(t)—x*)}:
=!im{ATx(t)—b}=O, ie. A" cF (51)

where F is the set of feasible points for problem (P) defined in
().
Since, by (3), D=D'F, it remains to show that A" =D'. We

shall do so by applying LaSalle’s theorem [51, Theorem 3.2, p.
243] to the dynamical system (17). Let the function W (x) be

defined as W(x)= f(x)+c||ATx—b||1 , where ¢>0 will be
determined in the sequel. It follows from (7) (see also (44))
that | ATx(t) —b|, =exp(-pt)|A"x, —b| , hence the function
W (x(t) = f(x(t)+c|ATx(t)-b|,
= f(x(t)+cexp(-pt)|ATx, —b|,
is differentiable with respect to t . Then
W (x() = S F ) ~cpexp(-pA"x, -],
=V (x(1))" X(t) —co ATx()-b],
Replacing x from (17) into the above we obtain, VxeR",
W (x)=—uVE ()" PVF () - pVE (x)" A(ATA) " (ATx—b)
—c,;fﬂef (ATx-b)|



W (x)=—|PVE () pi|eiT (ATx-b)x
<[e+sanle,” (ATx-b)ly; (%)]

where the fact P =P"P has been used, and :R"—>R" is
defined by w(x) =(ATA)'ATVf(x). Let the set X cR" be
defined as X = {x(t):t € [0,0)}. It follows from [51, Theorem

5, p. 365], that the set X =X UA" is compact. It also follows
from Assumption 1 that y(x) defined above is a continuous
function, hence, Weierstrass’ theorem yields that the quantities

¢, =max{|y, (y)|:y € X}, i=1,....m exist and are finite. Now,
y

(52)

by choosing obtain
c+sgn{e,’ (ATx—b)}y, (x)>0, ¥xeX, hence (52) yields
W(x) <—4|PVF(x)|; <0, WxeX. Since xeD' iff
PVf(x) =0, it follows from LaSalle’s Theorem and the
definitions of D' and P that

A c{xeR":PVf(x)=0}=D' (53)
Now (51), (53) and (3) yield the desired result. 0

¢ >max{C,C,,...,C,} we
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