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THE GENERAL QUASILINEAR ULTRAHYPERBOLIC
SCHRODINGER EQUATION

C. E. KENIG, G. PONCE, C. ROLVUNG, AND L. VEGA

1. INTRODUCTION

In this article we consider nonlinear Schrodinger equations of the form

é%u ::__ié%ﬁ(ajk(xvtuu7H7‘7u7‘7ﬂ)€%ku>
(1.1) + b1 (2, b, u, @, Vu, Va) - Vu + by(w, t,u, @, Vu, Va) - Vi
+ o (x, tyu, w)u + co(x, tyu, w)u + f(x,t),

where x € R", ¢ > 0, and A = (a;x(+));k=1,.n 1S a real, symmetric matrix.

Our aim is to study the existence, uniqueness and regularity of local solutions to the
initial value problem (IVP) associated to the equation (1.1).

In the case where A = (a;i(+));k=1,.n is assumed to be elliptic the local solvability of
the IVP associated to (1.1) was recently established in [20]. Hence, in this work we should
be concerned with the case where (a;x(-));k=1,.n IS just a non-degenerate matrix.

Equations of the form described in (1.1) with A = (a;x(+)); k=1, merely invertible arise
in water wave problems, and as higher dimensions completely integrable models, see for
example [1, [, [§], [T5], [27], and [30].

There are significant differences in the arguments required for the local solvability in
the case where A is a non-degenerate matrix in comparison with the elliptic case treated
in [20]. To illustrate them as well as to review some of the previous related results we
consider first the semi-linear equation with constant coefficients (for more details and
further references and comments see [19], [20], [21], and references therein)

(1.2) Ou=—i(0, +..+02 — 02 —..—02 Ju+ P(u,u, Vyu, Vi),

Th+1

where P(+) is the non-linearity (by simplicity a polynomial in its variables without constant
or linear terms).

In [I8] based on the smoothing effects (homogeneous and inhomogeneous, see [16],
22, |, [25], [29], [I7]) associated to the group {e_it(8”2”1+"+8’%k_8’%k+1_"_8”2””) : t € R}
the local wellposedness for “small” data for the IVP associated to (LCZJ) was deduced.
In [I2] for the one dimensional case (n = 1), Hayashi and Ozawa eliminated the size
restriction on the data in [I8]. Their argument was based on a change of variable which

transforms the equation into a new system without the term 0,u, so that the standard
1
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energy estimate yields the desired local result. In [B] Chihara, for the elliptic case (i.e.
k = n in (L)), removed the size restriction on the data in any dimension n. Roughly
speaking, the argument there first uses the ellipticity to diagonalize the system for (u, u),
and then introduced an operator K so that the commutator i[K; A] “controls” the term

K 5(:6) - V.. This is achieved by combining some result of Doi [d] concerning the local
smoothing effects in the solution with the sharp version of Garding inequality.

If instead of “controlling” it one asks for the operator K to verify that
(1.3) —i[K; A] + Kb(z) - V, = 0 + order zero,
one finds that K has symbol

(1.4) k(z, &) = exp(— /000 5(:)5 + 2s€) - &ds),

which is in the non-standard class studied by Craig-Kappeler-Strauss [6]. In particular,
it satisfies that

0207 k(, €)| < capla)?()T, o, Be (zZ)™.

However, in the non-elliptic case with coefficients depending just on the space variable
x, the geometric assumptions in [6] (Chapter 3.1, section 3.1) does not hold for the relevant
symbols.

The local wellposedness of the IVP associated to the equation in (LZ) (1 < k < n)
was established in [I9]. The method of proof there, among other arguments, utilizes the
symbol class Sf, of Calderén-Vaillancourt [3]. However, this approach does not seem to
extend to the variable coefficients case.

Next, we consider the linear IVP

15) { O = —i0, a1 (2) Dy u+ b1 (2) - Vu + by(z) - VU + f(2,1),

u(z,0) = up(x).

We recall the notion of the bicharacteristic flow associated to the symbol of the principal
part of the operator —0,, a;r(x)0,,, i.e. h(z,&) = ar(x)&é;.
Let (X(s;x0,&0), Z(s; z0,&0)) denote the solution of the Hamiltonian system

d -
EXj(S; 79, &) = 2a;1(X (8320, &0)) En(s; 20, &) = afjf%

(1.6)
258320, §0) = —0u; an(X (55 70, €0))ErZu(S; 70, §0) = —0u; b,
with data

(X (05 o, &), Z(0; 20, §0)) = (20, &o)-

4
ds
for y =1,..,n,
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Under mild regularity assumptions on the coefficients a;;(x)’s the bicharacteristic flow
(X (s;20,&0), Z(8;0,&)) is defined in the interval s € (—d,0) with § = §(zg,&) > 0
depending continuously on (xg, &).

If the operator —ajk(x)aikxj is elliptic, i.e. (a;i(z)) is positive definite, using that the
flow preserves h, i.e.

Hyh =" (9,1, p — 00, he,p) = {h,p} =0,
j=1
one has that
V72 &ol® < |2(s5 0, &0)] < VP[&0)*.

Hence 6 = oo, i.e. the bicharacteristic flow is globally defined. In the non-elliptic case
one needs to prove it.

In [14] Ichinose established that for the L?-local wellposedness of IVP (LH), with
0y, k(1) 0y, elliptic and by(x) = 0, it is necessary that

(1.7) sup

zeR",weS"—1,R>0

R
Im/ b1 (X (s;2,w)) - Z2(s;x,w)ds| < oo.
0

This extends previous results of Mizohata [23] and Takeuchi [28] for the constant coef-
ficient case, where (X (s;xq, &), Z(s; 0, &0)) = (o + 25&0, &) Notice that in this variable
coefficient case the “integrating factor” in (L) reads

(1.8) k(z, &) = exp (— /oo bi(X(s;2,8)) - 2(s; 3, €)ds).

0

The condition (L) justifies the following “non-trapping” assumption. The bicharac-
teristic flow ([CH) is non-trapped if the set

{X(s;20,&) : s €eRT}

is unbounded in R™ for each (xg, &) € R™ x R™ — {0}.

As it was already mentioned the IVP for the equation (LII) with (a;x(+));k=1,.n elliptic
was studied in [20]. There the local solvability was obtained under regularity and decay
assumptions on the coefficients. Also a non-trapping character of the bicharacteristic flow
associated to the principal symbol of the elliptic operator

- a:(:j (a'jk(x> t’ u, ﬂ’ qu’ Vx,a)axk

when evaluated at the data u(z,0) = ug(x) and at a time ¢ = 0 was assumed, i.e. the
bicharacteristic flow associated to the symbol

(19) h’(UO) - huo (l’, 5) = ajk(I7 07 Uo, TLO’ vaOa vxTLO)g]gk

The proofs of the semi-linear results in [I§], [I9] follow a fixed point theorem (via
contraction principle). This approach does not extend to the quasi-linear case, thus in
[20] the proof used the so called “artificial viscosity” method.
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We recall that one of the advantages of the contraction principle approach is that it
also provides the continuity (in fact, the analyticity) of the solution upon the data.
Returning to the non-degenerate case, in [21] the following semi-linear IVP was studied

Oy = —i0,, () 0y, u + bi(z) - Vu+ by(z) - Va
(1.10) + c1(x)u + co(x)u + Pu, Vu,u, Vu),
u(z,0) = uo(x),
where the non-linearity P is given by a polynomial without linear or constant terms.
Under the following assumptions:
(a) (Non-degeneracy) There exists v € (0,1)
vig| < [A(@)El <vTE], x, € e R

where A(x) = (ajr(2)); k=1, n- )
(b) (Asymptotic Flatness) There exist ¢g > 0 and N, M € Z* large enough such that

le% & "~ .
(111> ‘ax(ajk(x)_agk)‘ < <LU;)N7 |OA‘ SMv j?kzlv"vnv
where
1, 0
0 Lrxk

(c¢) (Non-trapping condition) The initial data wug satisfies that the bicharacteristic flow
associated to ([CY) is non-trapping.

(d) (Growth condition of the first order coefficients) There exist ¢o > 0 and N, M € Z*
large enough such that

(1.13) 100b;, (z)] <

(@)’
(e) Regularity of the coefficients For J € Z* sufficiently large
Ajk, b,y Cm € C/(R":C), jk=1,..,n, m=12.

the following result was established in [21].

la| <M, j=1,2, k=1,..n.

Theorem 1.1. [21] There exist s, N >0, s > N, and N > 0, depending only on n, such
that for ug € H*(R™) N L2({x)Ndz) there exists T = T (||uol|s.2, ||[{x)¥?uql]2) > 0 such that
the IVP (ILI0) has a unique solution u defined in the time interval [0,T] satisfying

ue C([0,T]: H*(R™) N L*((x)Vdx)) = X3V,

Moreover,

T i
/ / | T 2 (2, 1) 2 (@) N dadt < oo,
0
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and for every ug € H*(R") N L2((z)Ndx) there exists a neighborhood W of ug and a T' > 0
such that the map data — solution of is continuous from U into X;’,N.

Here || - ||5,2 denotes the norm in the Sobolev spaces H*(R").

As in the previous semi-linear cases the proof in [2I] was based on the contraction
principle.

In this non-degenerate case the operator describing the “integrating factor” in (LX) has
not been shown to be an L?-bounded operator. However, thanks to the local smoothing
effects it suffices to solve ([L3J) up to “small” first order term. This is achieved in [21] by
introducing a new class of symbols.

Definition 1.2. (%) It will be said that a € S(R™ : STY) (where ST} the class of ¢.d.o’s of
classical symbols of order m) if a € C*°(R" x R™ x R™) and a satisfies

(L14)  [(2)"070707 als;2,6)| < Cuapy ()" V), V2 2,6 € (Z1)", Y, a, 8,7 € (ZH)".
(ii) For a € 8(R™ : ST} let

(1.15) b(x, &) = x([EDa(P(x, Apg); 2, £),

where P(y,z) =y — (y - 2)z/|z|* for y,2 € R", z # 0, is the projection of y onto the
hyperplane perpendicular to z, Ay, as in (LI2), and x € C*(R™) with x(I) =0 for|l| <1
and x(1) =1 for || > 2.

In fact, we showed in [21] that it suffices to have ([LI4) for sufficiently large p, o, 3, v €
(2)".
We observe that if @ € §(R™ : ST})), then

(&%) € S(R™: Sty), k=m+[B]—|al,

i.e. this class is closed with respect to differentiation and multiplication in the &-variable.
We shall show below that this class is also closed with respect to differentiation in the
x-variable.

Roughly speaking, for r € Z* large enough

()" x(I&Da(P(z, Ang); 2, §) = (x)""b(x,§),

is a symbol in the class S77.

In [21], we deduce several properties of operators with symbol in our class. These
include their continuity from H™(R"™) to L? and their composition rules with classical
differential operators P(z,0,) with decaying coefficients, i.e. with P(x,0,) = ¢a(z)0¢
with |z|'¢, bounded for | € Z sufficiently large.

The proof of the nonlinear results concerning the IVP (ILIM) relies on two key linear
estimates. The first one is concerned with the smoothing effect described for solutions of
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the IVP (ILH) with (a;x(x)) being just an invertible matrix

/ |52 (2, )| 2(z) N dadt
Rn

(1.16) .
<e(14T) sup )], +c / / fla,0)Pde dt,
0<t<T 0 Rn

or

T ~

/ | Y 2 (e, 1) 2 () N dadt
(1.17) R”

<(1+T) sup [ul)|?,+ / / 2 f ()P () Y dadt

0<t<T

forN>1.

The second is related with the local wellposedness in L? (and in H*) of the IVP ([LH). To
establish it we followed an indirect approach. First, we truncated at infinity the operator
L(x) = =0y, a;1(x)0,, using § € Cg°(R™) with 0(z) = 1, |z[ < 1, and 0(z) = 0, [z] > 2.
For R > 0 we define

(1.18) LE(z) = 0(x/R)L(z) + (1 — O(x/R))LO,
where L% = —a9% 02 Ap = (a3y)jk=1,.n as in ([CIZ), with the decay assumption

jkYx Ty
aje(r) — afy, € 8(R"), j,k = 1,..,n, (the same proof worked if one just assumed that
the corresponding estimate held for a sufficiently large number of semi-norms of S(R"™)).

Thus,
L(z) = LR () + R (x).

For R large enough we considered the bicharacteristic flow (X% (s;z, &), Z2%(s; z, £)) associ-
ated to the operator Lf(x) and the corresponding integrating factor K%, i.e. the operator
with symbol as in (L) but evaluated in the bicharacteristic flow (X% (s; 2, €), 28 (s; 2, €)).
We deduced several estimates concerning the operator K. In particular, we showed in
[21] that there exists Ny € Z" (depending only on the dimension n) such that for any
M € Z* there exist Ny = Ni(M) € Z* and Ry sufficiently large such that for R > Ry it
follows that

sup || K u(t)][3 < coR™ [[u(0)]3

0<t<T
(1.19) T i
+ R_M/ | Y202 (@) "N dadt + cgTRMHM) sup [Ju(t) ||,

0 Jre 0<t<T

for N large enough depending only on the dimension n. In [21] the coefficients in ([CIO)
were taken in the Schwartz class §(R™). However, it is clear from the proof there that
the same argument works if one just assumes that a fixed large number of semi-norms
of 8§(R™) of the coefficients are bounded. In this case, M will be chosen depending only
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on the decay of the coefficients. More precisely, one chooses M = M(N), M(N) T oo as
N 7 oo, with N as in ([CIT), (CI3).

To complete the estimate one needs to consider the operator Ef = I — K*(K®)* where
the symbol of K7 differs from that of K only in the sign of the exponent, and (K*)* is
the adjoint of K. It was established that E®u(t) satisfies an estimate similar to that in
([CI8). Combining these results we get that

sup lu(®)[I2 < coR™[lu(0)]]2

<t<T
T .
az) AR e+ TR0 sup ule)

0<t<T

T
+ co RO / | f(z,t)Pdxdt.
o Jrn

From (CI6) and (L20) fixing 7 small enough one gets that
T
(1.21) sup [u(t)|3 < coR™ [[u(0)]]3 + CORNO/ |f (@, t)*dwdt.
0<t<T 0 JRn

This allows to use the contraction principle to obtain in [21] the desired nonlinear result.

Returning to the IVP ([L1]) we shall assume that the coefficients satisfy the following
hypotheses:

(H1) Non-degeneracy. Given rq > 0 there exists v,, € (0, 1) such that for any

(z,t,2) € R" x R x ((B,,(0)))*"*? = D,,,
Trol€l < laji(a,t, D)€ < 7' [€l, V€ € R,
where B,,(0) = {z € C : |z| < 1}, and with
A(z,0,0) = (a;(2,0,0))jh=1..n
= Ao(x) + An = (a0,j1(2))jh=1,..0 + (a54)jk=1,..m

(1.22)

(1.23)

where for some N, M € Z* large enough

¢ ~
(1.24) 0%aq i ()| < ﬁ la| <M jk=1,.,n,
and Ay, as in (CT2).

(H2) Asymptotic flatness. There exists ¢ > 0 such that for any (z,t) € R" x R and
0<l|al <M, 0<|d] <M it follows that

(1.25) 0%a,(x,t,0)] + 0,0% ajp(x,t,0)| <

()

for k,j =1,..,n with N, M as in ().
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(H3) Growth of the first order coefficients. There exist ¢, ¢o > 0 such that for any x €
R™ and any (x,t) € R" x R

|02y, (2,0,0)] <
(1.26) ) x>c
10,00y, (2,1, 0)] < o

where b = (by,,..,by,), | = 1,2 with N, M as in (2.
(H4) Regularity. For any J € Z* and ry > 0 the coefficients

la| <M, m=1,2, j=1,..,n

la| <M, m=1,2,j=1,..,n

(1.27) j, b1, ba, € Cf (R™ X R x ((By,(0)))>"2),
and
(1.28) c1, ¢ € Cf (R" x R x ((B,,(0)))?).

Our main result is the following.

Theorem 1.3. Under the hypotheses (H1)-(H4) there exists N = N(n) € Z* such that
given any

(1.29) ug € H*(R™)  with (x)N0%uy € L*(R™), |a| < sy,

and

(1.30) fe 'R : HY(R™) with (2)N0%f € L*(RT : L*(R™)), |a| < s1,

where s,s1 € Z*, sufficiently large with s > sy +4, for which the Hamiltonian flow Hp )
associated to the symbol

n

(131> h(UO) = h’uo (ZI}', g) = Z ajk(xv 07 Ug, TT[‘07 VUO, va(])gjgkv
7,k=1

15 non-trapping, there exist Ty > 0, depending on

A= Juollsa+ D @)Y O2uolls

la1|<s1

[Tt S [T Yoz @)t

|Ocl |<81

the constants in (H1)-(H4) and on the non-trapping condition (H5), and a unique solution
u = u(x,t) of the equation in ([LI) with initial data u(x,0) = ug(z) on the time interval
[0, Ty] satisfying

u € C([0,Ty] : H= Y N L>([0, Ty : H¥) N C*H((0,Ty) : H™3),

(1.32) . )
()" 05w € C([0,Tp] - L7), |a| < s1.
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Moreover, if (ug, f) € H¥ (R") x L'(R* : H¥(R™)) with ' > s then (L32) holds with s’
instead of s in the same time interval [0, Tp).

Remarks Here, we are not concerned with the problem of estimating the optimal values
of s, s; or N in Theorem [[3L

Also we shall not attempt to obtain the sharp form of the persistence property of the
solution, (i.e. uw € C([0,Tp] : H*(R™))) as well as the continuous dependence of the
solution upon the data. These can be established by combining the argument in [2] with
our key a priori estimates in Lemma 2.1.

Similarly, from our arguments it is easy to deduce that the local solution possesses the
local smoothing effect, i.e. if ug € H*(R"), then J**'/2y € L2(R™ x [0,Tp] : (z)~Ndzdt).

The use of the weights in Theorem [[3 comes from two sources. First, in order to convert
L' conditions, such as (L), into L? conditions. Secondly, one needs them in order to
maintain the asymptotic flatness condition (H2), when 0 is replaced by (u, u, Vyu, V),
for a solution wu.

As it was mentioned quasilinear results as those in Theorem cannot be obtained
by using just a fixed point argument. Instead, as in [20], we shall rely on the artificial
viscosity method. First, we consider the linear problem

Ou = —eN*u — i 0y, (aji(w, )05, u) + by(z,t) - Vu+ by(z,t) - Vi
(1.33) + ez, )u+ oz, t)a + f(z,t) = —eA?u+ Lz, t)u + f(x,1),
u(z,0) = uo(z),

with € € (0,1). The main step is to obtain the following a priori estimate for solutions of
the linear IVP ([L33)) : there exits T' > 0 such that

T
(1.34) sup ||u(t)!|§§cT(Huo||§+/0 1 ()]5d1),

0<t<T
with T, ¢ independent of € and depending on an appropriate manner on the coefficients
in (C33).

The inequality (C34]) will be proved under general hypotheses on the coefficients in
(C33). This will allow us to find a class of functions such that when the coefficients of
the equation in ([CT]) are evaluated in an element in this class they satisfy these general
hypotheses.

We denote by u€ the solution of the following nonlinear IVP associated to equation in

()

du = —eAN’u — 10, (aj(x, t,u, 4, Vu, V)0, u)

+ b (x,t,u,u, Vu, V) - Vu + 52(:)3, t,u,u, Vu,Vu) - Vu
+ ey (z,tyu, @)u + cox, t,u, w)a + f(z,t),

u(,0) = uo(x).

(1.35)
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The viscosity method provides the solution u€, in the appropriate class, in the time
interval [0,7;] with 7, = O(e). Evaluating the coeflicients in ([L33) in this solution we
get a linear problem as that in (L33) for which the estimate ([L34)) holds. This a priori
estimate allows us to extend the solution uf, in the same class, to a time interval [0, Tp]
with Tj independent of € € (0, 1).

Once the estimate ([C34) is available the proof of Theorem follows an argument
quite similar to that explained in detail in [20]. So we shall concentrate in the proof of
the inequality (ICT]). This will be given in section 2, Lemma Bl

Finally, we point out another difference between the elliptic quasi-linear case and the
non-degenerate one.

In [20] the following general class of quasilinear equation was considered

O = —1i Oy, (aji (v, t,u, U, Vu, V) Oy, u + Oy, (bjr(, T, u, U, Vu, Vi) Oy, u
(1.36) + l;l(x, t,u,u, Vu, V) - Vu + gg(x, t,u,u, Vu,Vu) - Vu

+ iz, tu, w)u + co(x, tu, w)u + f(x,t),
where (b;;,) is a symmetric complex valued matrix.

Under the ellipticity assumption : given ry > 0 there exists 7,, > 0 such that for any
e 2n 42
(2,t,2) ER” x R x (B (0)) ",
it follows that

<Cij(SL’,t, 5)57 5) - |<bjk(xvt7 5)57 £>| > 7T0|£|27 v£ € an
with B,,(0) as in (CZF) and similar assumptions on the asymptotic flatness, the growth
of first order coefficients, the regularity of the coefficients, and a non-trapping hypothesis
it was established in [20] that the IVP associated to the equation ([L30) is locally well
osed.

g The non-trapping hypothesis in [20] was the following : Given ug € H"(R"),r > n/2+2,
define

wy(x,0,8) = —aji(x, 0, ug, to, Vg, Vig)E&ré;,

W3(ZL’, 0, 5) = —bjk(flf, 0, Up, ?_L(), VUO, Vﬂo)ﬁk@»,
and

K(2,€) = \/w3(2,0,€) — |ws(a, 0, )2
It was said that wug satisfies the non-trapping hypothesis if there exists 0 < n < 1 and
functions a(z,§), a1 (z, §) such that

H(ZIZ’, 6) = CL(ZL’, 5) + 77@1(1'7 6)7
(with a(z, £) real, homogeneous of degree 2, with [0%a(x, £)| € CHHR™ x R™), |B] < N(n)
and 0(&)a(z, &) € CNM(R™ x R"), where § = 1 for |[¢] > 1, § = 0 for |¢| < 1/2,
0 € C*(R"), with a; verifying similar estimates), the Hamiltonian flow H, associated to
the symbol a is non-trapping, for more details see [20)].
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In the non-degenerate setting the equation in ([L36]) does not allow for a more general
one that that considered in ([T]). This is due to the following linear algebra result (whose
proof follows by induction).

Lemma 1.1. Let A, B be two n X n matrices, A be real symmetric non-positive and
non-degenerate, and B a symmetric complex valued one such that

(AL,€) =0 dimplies (BE,E) = 0.
Then there exists A € C such that B = \A.

2. THE LINEAR PROBLEM

In this section we shall consider the linear IVP
Oyu = —i 0, (ap(x, 1)) + b1 (2, 1) - Vu + by(z,t) - V@
(2.1) + ez, t)u+ oz, t)a+ f(x,t) = Lz, t)u + f(x,t),
u(z,0) = uo(z),

where x € R", n > 1, t € [0,7T], with 7" > 0, and its associated e-viscosity version

{ O = —eA*u + L(z,t)u+ f(z,t), €€ (0,1),

(2:2) w(@, 0) = uo(),

under the following assumptions:
(H;1) Non-degeneracy : A(z,t) = (ai(2,t))jk=1,.n is a real symmetric matrix and
there exist 7, 7o € (0,1) such that for any £ € R", (z,t) € R" x [0, T]

€l < 1A, )€l <77,

(2.3)

Ylé| < |A(z, 0)€] < 75 [€],
with
(2.4) A(x,0) = (aju(@, 0))jh-1,..0

= Ao(z) + Ay = (ao,jx(2))jk=1,..n + (agk)j,kzl,..,n
where for some N, M € Z* large enough

(2.5) 0% ag k()| < 2 Ja| < M, jk=1,.,n,

()N’
and Ay, as in (CT2).
(H;2) Asymptotic Flatness : There exists ¢ > 0 such that for all { € R", (2,1) €
R*x [0,7], j,k=1,.,n,and 0 < |a| < M, 0 < || < M

(2.6) 107 agi(w, )] + 10,07 aju(z,t)] <

()™
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with N, M as in H;1.
(H;3) Growth Condition of the First Order Coefficients : There exist ¢, ¢y > 0 such
that for all £ € R™, (z,t) € R" x [0, 7]

(2.7) |05 b, (2,0)] < Bh la| <M, m=1,2, j=1,..n
and

e’ C "~ .
(2.8) 05 by, (2, )] < R lo| <M, m=1,2, j=1,..,n

with NV, M asin Hl.
(H;4) Regularity of the Coefficients :
(2.9) Wi bnys Cm € CF (R x [0,T)), jk=1,..,n, m=1,2,
with J = J(n) € Z* sufficiently large such that the proofs below involving .d.o’s can be
carried out, with norm
(2.10) 10507 dl| oo rrxoy) < €5 Jaf +1 <.

with d = ajg, by, or ¢, Jj,k=1,.,n, m=1,2.
(H;5) Non-trapping Condition : The bicharacteristic flow associated to the symbol of

A(x,0) (see (ZZ)), i.e.
(2.11) hy(z,€) = ) (e, 0)&

jk=1

is non-trapping.

We shall use ¢y to denote a generic constant which only depends on the coefficients
evaluated at time t = 0.

The main ingredient in the proof of our main result Theorem is the following
estimate for the solution of the linear IVP (Z1]).

Lemma 2.1. There exist ¢y = ¢y(70, co,n) > 0 with v as in [Z3), co as in Z3) and 1),
and the constant co in Lemma [ below, N = N(n), and Ko > 0, Ty € (0,T] depending
on @3)-EI0) such that for T € (0,Ty) the solution of the IVP @32) u¢ satisfies

sup |u(t ||2+/ /|Jl/2 P2(z) N dadt
0<t<T

< 20" (Juoll + / 76 Ddh).
0
Moreover, (ZI2) still holds if we replace its last term by

(/OT/|J‘1/2f(:v,t)|2<:v)‘Nd:)sdt)1/2.

(2.12)
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We recall the class of 1.d.o’s introduced in [21]:

Wﬁhﬂz/émdaﬂﬂﬁﬁ,

with symbol
a(x>€) = X(|€|)G(P(l’, Ahg)v x>€)>

with x as in ([CI3),
T Apg
A€,
T e

ie. P(x, Ay€) is the projection of z into the hyperplane perpendicular to A,&, and
a=a(s;z,§) € S(R™: STY),

P(:L’,Ahf):l’—(

8(-) denoting the Schwartz class, and ST, the class of classical symbol of 1.d.o’s of order
m.
In [21] (Theorem 3.2.1) we prove that

(2'13) ||\Ilaf||2 < C||f||m,2-
We shall use that our class is closed under differentiation of the symbol in the z-variable.

Lemma 2.2. Let
ao(z,8) = 07 (a(P(x, An&); x, &)X (I€])),

with a(s;z,€) as above. Then ay(x,€) defines a symbol in our class. Moreover,

(2.14) [Wao fll2 < call fllme2-
Proof. First we consider the case a = (1,0, ..,0). So
axla(P($ Ah&) z, 5)
oa OP
= oo ——(P(z, Anf); 2, §) +Z P(x, Ap); f) (937Ah§)~

Since

00, (P, 41E)); = O (1) — fgﬁf

it follows that (see remark 3.1.3(b) in [21])

Ouya(P(, AnE); 2, )X (I]) = bi(P(z, Ang); z, )x(I])),

with by = by(2;2,§) € §(R™ : STY) which yields the result.
The proof of the general case combines the above argument and induction in |a|. O

(An&)1(ARE);

(An€);) = 015 — e :
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Using the notation
(2.15) L=L(z,t) = =0, (au(x,t)0,"),

and taking complex conjugate in the equation (Z2) we obtain the system

(2.16) O = —eA* 1T + iH@ + B@ + Cw + F,
' w(z,0) = wo(z),
where
- [(u = ([
217 - (1), £ (1),
218) H:<L 0) R R
' 0 =L/’ by(z,t) - V N7 ’

with by € S}, with odd symbol in £, and C' a 2 x 2 matrix of 1.d.o’s of order zero.

At some point we will take derivative of the equation in (Il), so the new coefficients of
Vu will be a combination of the original ones and some derivatives of the a;;’s. In fact,
these coefficients depend on the order of the derivative just as a multiplicative constant.

For this reason we consider a general by € S}, with odd symbol in ¢ in @TH), EIR).

Lemma 2.3. There exists N € Z" such that for any Ty € (0,T] and any € € (0,1) the
solution W = of the IVP [I0)) satisfies

To .

/ /|J1/21,U|2<:B)_Ndxdt < (co + cTy) sup |[w(t)]3
0 0<t<Tp

T

(2.19) 0 .
T coe / | AG(E)|2dt + o / | F(t)|2dt,
0 0

where ¢y depends only on the coefficients evaluated at t = 0 and on Lemma 2.1 and c
depends on the estimates in (Z3))-EI0).

To prove Lemma 223 we will follow the argument in [21] (Lemma 5.1.3). First, we recall
Lemma 5.1.1 in [21].

Lemma 2.4. Let A(x,0) be as in ([Z4). Assume that the bicharacteristic flow is non-
trapped, 1i.e.

{X(s;20,&) + s €RT}
is unbounded for any (zg,&) € R™ x R" — {0}. Suppose A\ € L*([0,00)) N C([0,0)) is
strictly positive and non-increasing. Then there exist ¢ > 0 and a real symbol p € Sﬂo,
both depending on hS(x, &) in (1) and X\ such that

Hygp = {h3,p}(x, &) = A(|z]) €] = co, V¥ (2,€) € R" X R™,
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We fix N as in (1), (Z0), 1), and ([Z8), and choose
Ap) = 1/(1+ )N = ()",

to obtain the following time dependent version of Lemma P4l

Lemma 2.5. These ezists Ty > 0 depending only on H,2 such that for any (x,§) € R"xR"

(22(]) thp = {h27p}(x7t7£) > 2<$>N - 2007
where
(221) h'2 - hg(l’, t>€) = a’jk(x>t)§k€ja

and p € S is the operator in Lemma [27)
Proof. We recall the notation

ho(, &) = a;i(z, 0)6:E;.

By definition
thp = afj h’281‘jp - 81‘j h’2853p

From our hypothesis H;2 it follows that for any ¢ € (0, Tp]
‘8§jh2(x7 t? g) - 85];1(2)(.]7, £)|
1p

= 2[(a(z,t) — ar(r,0))&] < c—w l€l,

()

and
|81'jh2(x7 t 5) - 8Ighg($v §)|
1
= [(Or;an (2, 1) = Oy (, 0))6rE5| < C(x>0N|€|2'
Since p € S choosing N > N one has that
1o
‘Hth - thp‘ < C<$>N ‘5‘
From Lemma 4 we know that
€]
Hygp(z, &) > o Co;
so taking Tj sufficiently small we obtain the desired result (Z20). O

Now we shall prove Lemma 23l
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Proof. Let
_ (exp(p(z,§)) 0
(222) o) = (PR )

where p € S7 is the symbol in Lemma ZH so K = ¥}, is a diagonal matrix of 1.d.o’s of
order zero. We calculate
@(KU_f, 'LB> = (K@tu_f, 'LB> + <K'U7, 0t11f>

= —c((KA2I@, @) + (K, A2 [d))
+((i[KH — HK] + KB + B*K )i, i)
(KC + C*K )@, @) + (KF, @) + (K, F).

We disregard the symbols of order zero and consider first the symbol of i KH — H K|+
KB+ B*K, i.e.

(2.23)

o(il[KH — HK]+ KB + B*K),
which is equal up to a symbol of order zero to

o (Hwp 0 o bi(x,t,€)  2iby(x,t) - €
(2:24) c ( 0 thp) e (—21:62(36,15)-5 by(z,t,€) )

We write

-

by, t) — ba(z,0)

t )
with a similar identity for by (z,¢,£). Also since K = Wy, has order zero it is easy to see
that

by(,t) = by(z,0) + t

| — e((KA* I, @) + (K, A*I))| < eoe|wi(t) 32
This combined with the matrix version of the sharp Garding inequality, the hypothesis

H;3, and Lemma yields, after integration by part, the desired result, i.e. inequality
E&T9) (for details we refer to the proof of Lemma 5.1.3 in [21]).

O
Next, we shall recall some notations and definitions used in [21]. First, we define
x x
(2.25) ali(,0) = Q(E)ajk(:)s, 0)+ (1-— Q(E))agk’
where 6 € C°(R™), 0(x) =1 for |z| < 1, and 0(x) = 0 for |z| > 2,
(2.26) LA (z) = 0y, (aﬁ(:c,O)amk), and L(x,t) = Oy, (ar(x,t)0y, ).

We apply the operator (K)*, which is independent of ¢, to the equation in (Z2) and
use that
L(z,t) = L(x,t) — L(x,0) + LB (z) + E(z),
with .
Ef(x) = Or, ((1 — Q(E))(ajk(x, 0) — a?k)axk),
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and
bi(w,t) - V = (bj(w, t) — bj(w,0)) - V + bj(w,0) - V, j=1,2,
We shall need the following symbols used in [21],
bl($7 5) = _bl (Iv O)Zg,

PR(a,€) = —x(l€]) / by (X (55, €), 2R (s; 2, £))ds

(2.27) P, = 507, + (2, —6)),

k(a,€) = exp(pii(z,€)),
K (@, €) = exp(—pli(x,€)).
where
(XB(s;2,6),2%(s; 2, )),

denotes the bicharacteristic flow associated to the symbol of the truncated operator L#(z)

defined in (226) and y as in (CIH).

We remark that after taking s-derivatives in the equation (1) and linearizing the
resulting equation the new term b;(x, &) obtained has the form

s Zﬁxjaﬁ(%o)fjfka@_z — bi(z,0)i€.
okl

From our hypotheses it is clear that this new b%(x,€) satisfies similar estimates than

that in (Z27]).
Thus, from ([Z2) we get

(K u = —e(KR)* A% — i[(K®)*; L8u + iLB(KR)*u
+A[(KT)5 (L(x,t) = L2, 0))]u+ (L, t) — L(z,0))(KT)u
+ iR (KR u +i[€%; (K™)*|u

+ (K®Y*by(z,0) - Vu + (KB (by (, ) — by(2,0)) - Vu

+ (K®)*by(,0) - Vi + (K7 (ba(z, t) — ba(,0)) - Vi

+ (K*)* f + terms of order zero in u.

(2.28)

Next, we shall estimate
(2.29) O (K™Y u, (K™)*u dt/| (K®)*u|?(z, t)dx

After using the equation ([Z28) to estimate (2229 we separate the terms obtained into
four groups I, 7 =1,..,4.



18 C. E. KENIG, G. PONCE, C. ROLVUNG, AND L. VEGA

In Ix,; we set the terms with coefficients independent of ¢, i.e. those involving the
operators

LR(z)’ gl(x>0) ’ v> 52(1',0) ' Va SR(x)>
in the equation.

In Ik, one has the terms involving the difference of the coefficients at the time ¢ and
time 0, i.e. the terms containing the operators

(L(w,t) = £(x,0)), (i@, ) = ba(2,0)) - V, (ba(w, ) = ba(,0)) - V.
Ik 3 contains the terms coming from the € viscosity part of the equation, i.e.
—e((KB)* A, (K u) — e((KT)*, (K)*A?u).
In k.4 we collect the terms of order zero and those coming from the inhomogeneous
term f(z,t). From the L?-continuity of (K*)* they are bounded by
(2.30) R u(t)[3 + B Ju(t) 2] f1]2,

with Ny depending only on the dimension n.
Similarly, we shall estimate

(2.31) O EFu, EPu) — % / \EFuf2(z, t)da.

where _
[ =B+ KH (K™,
see Lemma 5.2.6 in [21].
Thus,

OE™u = —eERA%u + iERL(z, t)u + E%by (z,t) - Vu
+ Efby(z,t) - Vi + B (z, t)u + Efcy(z, )+ B f.
Inserting the identity

(2.32)

ERL(x,t) = BERL(x,0) + ER(L(x,t) — L(2,0))
(2.33) = L(z,0)ER + [EF; L(2,0)] + (L(x,t) — L(z,0))E"
+ [BR; L(x,t) — L(z,0)],

into the equation (232) and (Z31]) we split the terms obtained into four groups I.;, j =
4

g ey .

In I, we place the terms with coefficients independent of ¢ coming from the expressions

LR(x)> gl(x>0) : v> 52(x70) ' v> 8R(£)’

1

in the equation.
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I, contains the terms involving the operator
(L}(ZL’, t) - L(x> 0))a

(in this case the terms involving the operators E2U, | ERl;g(x,t) -V can be directly
bounded by using Lemma 5.2.6 in [21]).
I3 contains the terms coming from the € viscosity part of the equation, i.e.

—e(BRA*u, BEfu) — e(ER ERA?Y).

In I, we collect the remainder terms of order zero which using Lemma 5.2.6 in [21]
are bounded by

(2.34) R lu()[)3 + cR* u(t) |2l £,

with Ny as in (Z30).
The terms in I, and g, (all involving time independent coefficients) were already
considered in Section 5 of [21], (i.e. their contribution to the equations of ([Z29) and

&31)). Thus, to bound them we shall use the following inequalities proved in Lemmas
4.2.4-5.2.6 in [21].

Proposition 2.1. There exist M = M(N) € Z*, N denoting the decay of the coefficients
in (ZH)-E3), with M(N) T oo as N T oo, and Ry large enough such that for R > Ry one
has

(2.35) Re i (LB (x) (KR u, (KT u) =0,
(2.36) Rei (L(z,0)Efu, Efu) =0,

[GIL (KT Ju+ (K)By (i, 0) - Vi, (K)*u))|

+ HEXK ) u, (KT u)] + [([€7 (K7) Tu, (KT) u)

+ (K)o, 0) - Va, (K*) u))|

< coR™M (") () N[5 4 co RN OO [u(0)|[3 + co | £115

(2.37)

and
([ER; L(x, 0)]u, BRu)|

(2.38) + (B (2,0) - Vu, ERu)| + |[{E"by(x,0) - Vi, ERu)|
< R [Ju(t)||3 + ol f1I3,

with Ny as in (Z30), N depending only on n , with N > N, and Ny depending only on
M.
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To handle the contribution coming from the terms in /.o we shall establish the following
inequalities.

Proposition 2.2. Take Ny as in (Z30), then
[{[(&(x,t) = L(2,0)); (K7)u, (K5 u)

2.39 ;
(2:39) < TR (JY2u) () N2 4+ cRM ||u(t)]|2,
(2.40) Re i (L (x,t) — L(x,0) (KT u, (K7 u) =0,
Ras /7 b V. (KB
o (BT (Br(,1) = ba(@,0)) - Vi, (K) )
< TR ||(JV2u) ()N |12 4 RN ||u(t)]|2,
and
Ry\x (7. B T Vi Ryxg
o) [((KRY* (by(, ) — ba(,0)) - Vi, (K)*a)|

< ATR™||(JY2u)(z) N3 + R [[u(®)]3,
with N depending only on n and N > N.

Proof. We write

([(&(z,t) = L(2,0)); (KT)])"

= (L(z,t) — L(z,0))* KT — K®(L(z,t) — L(x,0))*

where

(L(z,t) — L(x,0))"
= (ajr(z,t) — aji(x,0)0% + 9;(au(z,t) — ajr(x,0))0k
= Bjk(z,t) ]2k + /Bk(x’t)ak =0, + 0Oy,

with the notation 0; instead of 0. Notice that the coefficients 3j;.(x,t) and By, t) and
their derivatives up to order p (large enough) have strong decay at infinity uniformly in
t € [0,7). In fact, a sufficient number of semi-norms in the Schwartz class are bounded
by ¢T for all t € [0,T].

The term ©, yields

((Or(, ) K — KB, )0k Ju, (KF)*u)
which using Theorem 3.3.1 in [21] and the L?-continuity of K can be bounded by
TR ||lu(t)||3, vt € (0,7).
To handle ©; we use again Theorem 3.3.1 in [21] to write that
(2.43) Bik(z, t)@?kKR — K3 (x, t)0%, = W4n + zero order terms,
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with
dR(ZE, t 5) = ﬁjk(ipv t)a& (gjgk)aleR - axlﬁjk($7 t)gjgkafl K"
We recall that a symbol in our class a(z, &) when multiplied by ¢(x), a fast decaying
function in the x variable, becomes a classical symbol of the same order.
To each term in the symbol of d®(xz,t,£) we can apply the following argument.
Claim : Let ¢(x,t) be an smooth function with strong decay at infinity in the z-

variable uniformly in ¢ € [0, T], with a sufficient number of semi-norms in the Schwartz
class bounded by ¢T'. Then

(2.44) (6 (e, DK M, (K7 u)| < TR (T 2a(t)) ) =N |I5 + [lu(t)]

Notation We shall use the notation ~ to denote terms whose difference can be bounded
by a multiple of ||u||3 or by an operator of order zero.

Proof. We have
(p(x,t 8jKRu, (KR)*u>
—N<x>21§f¢($7 t)ajKRJl/QJ_ljl/zu, <$>—fv(
@) N g (w, )0, KT P, () 7N (
()N (, )0, KT () N T,
~ (T2 )N () N g, )0 KT () TN T P
~ ()N o, )0 KT ) NI, () NI
= As.

JY
JY

N
-N
x

Since (z)3 ¢(x, 1)0; KR € 5?0, 1e. a classical .d.o. of order zero, it follows that
(sl < RN ()N T ully )~ T2 )N ()
Finally, using that
() ™02 ) N (KR = Ky~ )

we obtain the desired inequality (ZZ4]).
Returning to the operator W r whose symbol is d®(x,¢) and applying our claim one
gets that

[(War, (K )| < TR () =N Y213 + [fu(®) 3,

which proves (Z39).
Integration by parts yields (ZZ0).

To prove (Z41]) we write
() (ba (2, 1) = bi(,0)) - V)" = ((ba (2, 1) = ba(2,0)) - V)K" = G, € Sy,
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and Wg: ~ Vg, so using an argument similar to that given in the proof of the claim

above we get (ZZI]). Similarly for Z2).
U

To bound the terms in /., we have the following estimates.

Proposition 2.3. There exists Ny € Z* depending only on the dimension n such that
for any t € (0, Ty

(2.45) [{[(L(2,t) = L(2,0)); E%Ju, Eu)| < cTR™ [[u(t)]]3,
and
(2.46) Rei((L(z,t) — L(z,0))Efu, E®u) =0,

Proof. With the same notation that in the previous proof we have
(L(x,t) — L(x,0))u = 0;(Bir(z, t)Oku).
So using that Ef = I — K®(K®)* one sees that
[(L(2,t) = L(,0)); EMJu
= KT[(K™); 0,05 (w, 0)0k] + [K7 0,851 (2, ) O (KT

First we consider the term involving [(K%)*; 9;8;1(x,)0x]. Taking the adjoint it follows
that

([(K™)5 0,850, 1)Ok])" = —K"0; 852, £)0k + 9 Bju(w, 1) O K™

= —K"0;(Bjx(w, 1))k + 9 (Bjw(, 1)) O KT

— KRﬁjk(ZL', t)@fk + ﬁjk (ZL’, t)(?]?kKR

~ —KRﬂjk(x, t)@?k + Bik(x, t)&?kKR,
since —KR9;(B;x) 0 + 0;(B;x) O Kt is an operator of order zero, see Theorem 3.3.1 in [21].

Up to symbols of order zero (bounded operator in L?) the symbol of §;x(, t)@ka L.

K% 3 (2, 1)9% is equal to

n(@,t,§) = Bjrdg (5k§j)amlkR($a §) — 3xlﬁjk§kfﬁslkR(l’a §).

So n(z,t,€) € S} uniformly in ¢ € [0,T] and n(z,t,§) ~ W6z, )8, with d = d(x,€) in
our class. Similarly for n*(x,t,€), then n*(x,t,&) ~ 3;(x, )8, ¥y, . Inserting this in ([24H)
we get B o

(KE(ET)5 0850, )0 u, Efu) o (KRB, )0 Way (2,61, Bu)

~ <\I/b\11d1(x7§)u,ERu> ~ <\I/d1(x7§)u, (\Ifb)*ERu>,
which can be bounded by |lu(t)]|3, by using that ¥, is a classical ¢.d.o. of order 1 and
the continuities properties of EFf deduce in Lemma 5.2.6 in [21].

A similar argument provides the bound for the term [K*, 8,8 (x, )0 ] (K™)*. Collect-
ing this information we get (2-4H).
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The proof of ([246]) follows by integration by parts.
L]

The terms coming from the artificial viscosity term eA2, i.e. the terms in / K3 and I3
will be handled by using the following inequalities.

Proposition 2.4.

(2.47) (e( KB A2u, (K™ u) = e(AKR) u, A(K®) u) + Ay,
and

(2.48) (eEEA*u, ERu) = e(AERu, AERu) + Ay,
where

Ay < R [ Au(t)[o(Ju(t) |2 + IVu(®)ll2), 5 =1,2.
Proof. To obtain (Z47) we write
((K7) A%, (K") ")

(2.49)

(A (KT)] = AKT)" — (KA =T,
and its adjoint
T = —(AK" — KEA).
Let k%(x,¢) denote the symbol of K% such that

Kf(a) = [ e oha, &) f(€)ds.
SO
AKTf() = [ e {-ePR (0. €) + 2060, K (2.) + Aok (0, O} f(E) .
Therefore,
T (@) = [ e 2ig 0, K0, €) + Auk (0, ) (€.

From Lemma above and Theorem 3.2.1 in [21I] one has that the operators with
symbols 9, k™ (z,&) and Ayk%(z,€) are bounded in L?. Hence, we can write that

(2.50) T = Cj0,; +Cy, and T =Cf+ &Bj(—C;),
with Cj, 7 =0,1,..,n denoting L*bounded operators.
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Also we have that
/ ¢ i, k™ (w, &) f(€)de

=0, ([ €40, K. OF(€)d) — [ =0 1w ) F(€)de,
so that
(2.51) T =0,,C;+Co, and T=C;—C;0,,,
with C’j, j =0,1,..,n denoting L? bounded operators.
To bound €2; we see that
([(K7)5 Al A, (K7) u) = —(TAu, (K%)u)
= —((C5 + 05, (=C5)) Au, (KT)"u)
= —(C§Au, (K®)*u) — ((—C’;)Au, 8xj(KR)*u>.
Since an explicit computation shows that
0u; (K" = (K")*0,;,
i.e. their difference is an L?-bounded operator, it follows that
] < collAullz(flullz + (K Vull)
< coll Aullz([Julls + B™[[Vul)).
Using again (Z50)-(Z5]) we have that
(R A, [A; () Ju) = (K" Au, Tu) - = (K" Au, (C5 — C; 0y, )u),
so €29 can be bounded as
Q2] < coll (B Aullz(Jull2 + [[Vull2)
< coR™ || Aulla([full2 + [[Vul2).

Inserting this information in (Z.49) we obtain (Z47).
To obtain [Z48) we recall that B = I — K®(K®)* so that

ERA? = AERA + [ER; AA,

with [ER.A] = —[KR(KRY Al = —(KR(KRYA — ARR(KRY)
= —K[(KT) Al + [K A(KT) =Ty + T
Using (Z250)-(X51) and an explicit computation it follows that
= K97 = K9G - 0,05) = -0, K°C; + Q.
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where @;, j =1, ..,4 will denote L? bounded operators. So
(T Au, E™u)| = [{(05, K"C; + Q1) Au, ERu)|
< coll Aullz([|0s, B ullz + [ B ul2).
Combining 0, Ef = Op; — O, KE(K®)* and an explicit computation one gets that
102, E%ully = [0, — 00, KR (™)l
< fullz + 1102, KK ullo = [Julla + [| K700, (K5) uly
< lullz + R0, (K™ ullo = [Julla + BR[| K0, ully
< Jlullz + B*(|0s; ul)2,
and consequently
[(T1Au, Efu)| < R Aulla([Jullz + [[Vull2).

For I'y we reproduce the argument in (ZZ50)-Z51) for K7 instead of K. So using the
same notation we have

Ly = [K™ ANK™) = (Co + 0,,C)) (KT)",
so as before
|[(ToAu, Efu)| = |{((Cy + 0ijj)(KR)*Au, Efu)|
< {Co(K)*Au, B*u)| + [(C;(K™)* Aw, 8ijRu)|
< | Aullo (1B ullz + 1102, B ull2) < coR*™ || Aulla([fulla + [[Vull2).
Collecting the results in Propositions EZTHZA we get that

LNV ub) 3+ ell () D)
(252) < (R 4+ ¢TRY)||(u) (1) (@) V|3 + c(R¥ NN L TRN) u(1)]
+ coll £113 + coe BNl () [l 2 + [ Vu(t) ),
and
B+ el Bl
(2.53) < (R + TRY)||u(t)[3 + | £13

+ e R Au(t) o ([u() ]2 + [ Vu(t)]]2).
We will use that Ef = I — KE(KR)* so that
lolla = (B + KR () )oll2

(2.54) .
< [|E%v]ly + RY[|(K™) o).



26 C. E. KENIG, G. PONCE, C. ROLVUNG, AND L. VEGA

Also, we need the following interpolation estimates : for any [ € Z™

(2.55) Rl[vllo]|Av(t)]l2 < R [[vll5 + | Av|[3,
and
(2.56) R'[[Vua]|Avlls < eR'[lo]ly 2 Av]ly? < eR™o]3 + [ Av]3.

So combining (Z52)-(Z53) with (Z54)-E5H6) we find that
d . _
S UK a3+ [ B u(@)[13) + eR7 | Au(t)]l3
< (eTRY + ¢oR™M)||(J2u) () V3 + e(RN N OD 4 TRN) Ju(t) I3
(2.57) +eoll FO3 + coe R | Au(t) [2([[u(t)[l2 + [IVu(t)]|2)
< (TR + coR™M)|[[(J"2u) () |3 + (RN N ID 4 TRY) Ju(t)]3
€
+eoll F O3+ RN Au®)]5 + coe R fu(t) 5
Thus,
d . €
Z(IED w@5 + B u@)ll3) + 5B | Au@)]l3

2’ 0 - _~ 0 1 0
(2.58) < (TR + coR™M)[|(J2u){z) |12 + c(RNFNOD 4 T RN u(8) 2
T coll FE)IZ + coe RN [lu(t) |2

Integrating the above inequality in the time interval (0,7") and inserting in the result
the estimate (2ZI9) we get

(!I(KR)*U(t)!|§+||ERU(t)H§)+%R‘2NO/O 1A (t)5dt

sup
0<t<T

< ) u(0)[3 + [1E u(0)3

T .
(TR + cRM) / (7 2u) )~ |2t
0

T T
+ (cRNo+NiM) L RN e R14N0) / | (t)||3dt + co / £ (t)]|2dt
(2.59) n ) n ) 0 0
< ) u(0)[)2 + | ETu(0)]]3

(TR + coR™)((co + T) sup [Ju(t)|2
0<t<T

T T
+006/0 I|AU(1f)||3dt+00/0 LF(@®)12t)

T
+ C(RN°+N1(M) + TRNo + CQ€R14NO)T sup ||u(t)||§ + co/ ||f(t)||§dt.
0

0<t<T
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Since M(N) T oo as N T oo, we take N in our hypotheses large enough such that
M = 100N, (we recall that Ny depends only on the dimension n). Next, we fix R > R,
sufficiently large and then T = T'(Ny, M, R) > 0 small enough such that the following
inequalities holds
R—2N0

4 Y
R—2N0

4

(CTRNO + C(]R_M)(CO + CT) <

(cRNoHNI) o q RNo g RMNOYT <

and
co(cTRNo + coR™M) < RN /4.

Combining these inequalities, (Z59), and (54 we get the estimate

€ T T
sup [Ju(t)llz + 7R 2N°/0 !|AU(t)!|§dt§CORQNOHU(O)IBﬂLCo/O LF ()15t

0<t<T

which proves (Z12).
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