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Feedback quality adjustment with Bayesian state-space models

K. Triantafyllopoulos*,y

Department of Probability and Statistics, Hicks Building, University of Sheffield, Sheffield S3 7RH, U.K.

SUMMARY

In this paper we develop a Bayesian procedure for feedback adjustment and control of a single process. We
replace the usual exponentially weighted moving average (EWMA) predictor by a predictor of a local level
model. The novelty of this approach is that the noise variance ratio (NVR) of the local level model is
assumed to change stochastically over time. A multiplicative time series model is used to model the
evolution of the NVR and a Bayesian algorithm is developed giving the posterior and predictive
distributions for both the process and the NVR. The posterior distribution of the NVR allows the modeller
to judge better and evaluate the performance of the model. The proposed algorithm is semi-conjugate in
the sense that it involves conjugate gamma/beta distributions as well as one step of simulation. The
algorithm is fast and is found to outperform the EWMA and other methods. An example considering real
data from the microelectronic industry illustrates the proposed methodology. Copyright # 2006 John
Wiley & Sons, Ltd.
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1. INTRODUCTION

Feedback intervention and feedback adjustment are techniques used in process control and
process improvement. The typical situation is the problem of one machine process [1] in which the
modeller is interested in predicting deviations from a pre-specified target of the process and then
adjust the process to turn it into target. For this prediction, theoretical as well as empirical
research has provided some evidence that the exponentially weighted moving average (EWMA)
performs generally well as pointed out by many authors, see e.g. Box and Kramer [2], Sachs et al.
[3], Box and Luceño [4, 5], Henderson [6] and Del Castillo [7]. However, when the process exhibits
drifts and other sudden irregularities the EWMA can lead to inappropriate control [8, 9].

Local level models, or random walk plus noise state-space models, have been widely used in
economics and engineering [10]. Godolphin and Stone [11] extend the local level model proposed
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by Harrison and Stevens [12] and Godolphin [13] gives practical examples illustrating the use of
the local level models. From a Bayesian standpoint, Pole et al. [14], West and Harrison [15] and
other authors have given detailed discussions of the local level model with numerous illustrative
examples and guidance on how to set up a successful forecasting system. In statistical process
control local level models and in general state-space models have been suggested [8, 16, 17]. Del
Castillo et al. [17] use Bayesian state-space models (via the Kalman filter) in order to provide a
unified approach for several adjustment procedures. We point out that as practice processes or
sub-processes to be adjusted are usually of short length (e.g. 40 or 60 time points), it seems that the
Bayesian paradigm is the appropriate approach to be considered, since with the inclusion of prior
information, this can lead to more accurate predictions [15]. Triantafyllopoulos et al. [18] adopt a
local level predictor for feedback adjustment and these authors show that the noise variance ratio
(NVR) plays an important role in control. In the above paper it is shown that by manually
changing the NVR a much improved adjusted process can be achieved with much lower sum
of squared errors than in the usual EWMA. However, manual interventions and manual
adjustments are not always possible. Moreover, it is difficult to suggest general guidelines in the
magnitude of change of the NVR in order to achieve the desired adjustments. Ideally, one would
like to develop an automatic method, in order to allow estimation of the NVR thus leading to
adjustments with sequential or dynamic estimation of the NVR.

This paper develops an automatic feedback adjustment method suggesting that the time-
varying NVR is stochastic. The proposed methodology is a semi-conjugate Bayesian procedure
and, although it involves a simulation step, it is found to be fast and accurate. The predictions
produced outperform the relevant predictions of Box and Luceño [4, 5] and Triantafyllopoulos
et al. [18] returning notably lower sum of squared errors. The benefit gained from the entire
distribution of the NVR is a step forward in the development of the local level model with
theoretical and practical advantages. The proposed methodology is illustrated using the nitride
layers data of Triantafyllopoulos et al. [18] and comparisons with the EWMA method and the
method of Triantafyllopoulos et al. [18] are made. The paper is organized as follows. Section 2
gives an overview of the EWMA and the local level feedback adjustment methods. The main
idea of the paper is developed in Section 3 and in Section 4 an example of a process from the
fabrication of a chip is presented. Section 5 discusses the findings of the paper and the Appendix
details a proof of an argument of Section 3.

2. LOCAL LEVEL WITH DETERMINISTIC VARIANCE NOISE RATIO

First, we give a short description of the usual feedback adjustment scheme which makes use of
EWMA. We consider an input process fxtg; an output process fytg and a compensation process
fXtg: We are interested in the output process, which will typically exhibit some out of target
points. The target is denoted by T and the objective is to define xt as a function of Xt so that an
adjusted output series yat is close to the target T : Define zt ¼ yt � T to be the disturbance before
adjustment and et ¼ yat � T to be the error after adjustment. According to Box and Luceño
[4, Chapter 6] the most interesting cases are obtained when xt ¼ Xt � Xt�1: These authors
specifically set xt to be proportional to et; i.e.

xt ¼ �
G

g
et ð1Þ
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where g is called the gain of the process and G is called the damping factor. g measures the
change in the output yt caused by one unit of the compensation variable Xt and G has to lie in
the interval ð0; 1�: The case of G ¼ 1 is referred to as ‘the full adjustment’, while the more
interesting case of 05G51 is referred to as ‘tinkering’ [19]. The minus sign in (1) is needed to
compensate the error et: Now the EWMA feedback adjustment scheme employs the adjustment
equation (1) together with

gXt ¼ �bztþ1 ð2Þ

where bztþ1 is the one-step ahead forecast of ztþ1: The adjusted process is yat ¼ yt � bzt and so we
can see that et ¼ zt � bzt: Then from Equations (1) and (2) we havebztþ1 ¼ bzt þ Get ¼ Gzt þ ð1� GÞbzt ð3Þ

which is an EWMA with damping factor G: Box and Luceño [4] show that the above modelling
scheme is equivalent if it is assumed that the disturbances fztg follow an integrated moving
average time series model of order (1,1) i.e. IMA(1,1).

Several authors have pointed out the equivalence of the EWMA controller with controllers
using state-space models, see e.g. Del Castillo [7, 8] and Del Castillo et al. [17]. In this fashion,
Triantafyllopoulos et al. [18] note that the above described EWMA scheme produces similar
results with a model assuming that the disturbance series fztg follows a local level model with
constant noise variances. These authors suggested the use of local level model for zt allowing the
possibility of the drift variance to depend on time. Here, we briefly describe these method which
we use in Section 4 for comparison with the proposed method developed in this paper.

Let zt ¼ yt � T be the disturbance series and suppose that fztg follows a local level model

zt ¼ mt þ et; et �Nð0;s2e;tÞ ðmeasurement equationÞ ð4aÞ

mt ¼ mt�1 þ ot; ot �Nð0;s2o;tÞ ðsystem equationÞ ð4bÞ

where mt is the unobserved signal, fetg and fotg are independent white noise increments and et�i;
ot�j are independent of et; ot; respectively, for any i; j ¼ 1; . . . ; t� 1: It is also assumed that et
and ot are independent on the prior m0 �Nð0; s20Þ which is assumed to be known. The
information set which comprises data z1; . . . ; zt is denoted by zt; i.e. zt ¼ fz1; . . . ; ztg; for all t:

Given the variances s2e;t and s2o;t; for all t; the one-step predictive and posterior distributions
are all Gaussian and they are given by the Kalman filter recursions as

ztþ1jzt; s2e;t;so;t �Nðbmt; s2t þ s2e;tÞ and mtþ1jz
tþ1;s2e;tþ1;so;tþ1 �Nðbmtþ1;s2tþ1Þ ð5Þ

where bmtþ1 ¼ bmt þ ktþ1et; s2tþ1 ¼ ktþ1s2e;tþ1 and ktþ1 is the Kalman gain factor which is updated
by

ktþ1 ¼
s2t þ s2o;tþ1

s2t þ s2o;tþ1 þ s2e;tþ1

A feedback adjustment scheme would propose the adjustment

yat ¼ yt � bzt
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where bzt ¼ Eðztjzt�1Þ ¼ bmt�1 is the one-step forecast of zt: It can be verified that when the noise
variances s2e;t and s2o;t are both constant and known over time, then the above forecast bzt is
equivalent with the EWMA method of Box and Luceño [4, Chapter 6]. However,
Triantafyllopoulos et al. [18] have shown that the process can be significantly improved if the
noise ratio rt ¼ s2o;t=s

2
e;t changes with time. These authors have assumed that s2e;t ¼ s2e is

constant over time and so by considering a time-dependent system noise s2o;t; which is manually
specified, they can model the changes in the effect of the signal mt: This method is useful when
manual intervention is possible, however, it does not appear to be very practical when there are
many drifts or when the magnitude of the manual intervention is not easily identified. In these
cases an automatic algorithm is preferable.

3. A STOCHASTIC MODEL FOR THE RATIO rt

An approach, which will enable the practitioner to learn from the data about the measure-
ment variance Eðe2t Þ; would be to consider a time-varying s2e;t ¼ VarðetÞ ¼ Eðe2t Þ while VarðotÞ ¼
Eðo2

t Þ ¼ s2o is constant over time. The ratio rt is of course dependent on time t and we can
propose now an appropriate statistical model in order to study the distribution of rt:

With the above definitions of s2e;t; s
2
o and rt; the local level model is given by Equations (4a)

and (4b), where conditionally on rt; the measurement noise et has variance s2e;t ¼ s2o=rt and the
system noise ot has variance s2o: It is further assumed that this constant variance s2o is known,
i.e. it is specified by the practitioner. The ratio rt and consequently the variance s2e;t; are random
variables and we suggest the following multiplicative model:

rt ¼
gtrt�1
d

ð6Þ

where d is a discount factor ð05d41Þ and the random variable gt follows, independently of rt�1,
a beta distribution with degrees of freedom dnt�1=2 and ð1� dÞnt�1=2; i.e.

pðgtjz
t�1Þ ¼

Gðnt�1=2Þ
Gðdnt�1=2ÞGfð1� dÞnt�1=2g

gdnt�1=2�1t ð1� gtÞ
ð1�dÞnt�1=2�1 ð7Þ

where Gð�Þ denotes the gamma function. This distribution is abbreviated as gtjz
t�1 � Bfdnt�1=2;

ð1� dÞnt�1=2g: The random variable gt lies in ð0; 1� and irrespectively of the parameter nt�1; it is
Eðgtjz

t�1Þ ¼ d: This means that Eðrtjzt�1Þ ¼ Eðrt�1jzt�1Þ and therefore the multiplicative model (6)
can be seen as a local level type model. A distribution of rt�1 given zt�1 needs to be specified. Here,
we choose a gamma distribution, because rt is the ratio of two variances. More specifically, we set

pðrt�1jzt�1Þ ¼
ðdt�1=2Þ

nt�1=2

Gðnt�1=2Þ
r
nt�1=2�1
t�1 exp �

dt�1rt�1

2

� �
ð8Þ

which is a gamma distribution with parameters nt�1=2 and dt�1=2: The parameters nt�1 and dt�1
are strictly positive real numbers and they are updated sequentially as it will be indicated later.
The above gamma distribution is abbreviated as rt�1jzt�1 � Gðnt�1=2; dt�1=2Þ: It follows
from standard statistical theory that the expectation and the variance of rt�1 given zt�1 are,
respectively,

Eðrt�1jzt�1Þ ¼
nt�1

dt�1
and Varðrt�1jzt�1Þ ¼ Eðr2t�1jz

t�1Þ � ðEðrt�1jzt�1ÞÞ
2 ¼

2nt�1

d2
t�1
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From the above expectation and variance we can propose an estimate of rt�1brt�1 ¼ Eðrt�1jzt�1Þ ¼
nt�1

dt�1
ð9Þ

The variance gives a measure of dispersion and a measure of goodness of this estimate, e.g. a low
variance would result to an accurate estimate.

From model (6) and the distribution (8) the distribution of rt given zt�1 is

pðrtjzt�1Þ ¼
ðddt�1=2Þ

dnt�1=2

Gðdnt�1=2Þ
r
dnt�1=2�1
t exp �

ddt�1rt
2

� �
ð10Þ

which is the gamma distribution: rtjzt�1 � Gðdnt�1=2; ddt�1=2Þ: The above conjugacy between
the gamma and the beta distributions is shown for the multivariate case in Theorem 3.3.1 of
Muirhead [20, p. 109]. His proof involves Wishart and multivariate beta distributions. In the
Appendix, for the univariate case (involving gamma and beta densities), we suggest a simple
proof, which is more accessible to practising statisticians than the full proof of Muirhead [20].

The distribution of Equation (10) summarizes all the information we have for the ratio rt with
available data zt�1 ¼ fz1; . . . ; zt�1g: In particular, the mean and variance of that distribution are

Eðrtjzt�1Þ ¼
nt�1

dt�1
and Varðrtjzt�1Þ ¼ Eðr2t jz

t�1Þ � ðEðrtjzt�1ÞÞ
2 ¼

2nt�1

dd2
t�1

Thus, we see that Eðrtjzt�1Þ ¼ Eðrt�1jzt�1Þ (in words, given rt�1; the expectation of rt is the same
as the expectation of rt�1), while the variance of rt given zt�1 is increased by 1=d of the variance
of rt�1 given zt�1: This gives a justification of the local level type evolution of the adopted
multiplicative model (6).

Given zt�1 and rt; the forecast distribution of zt is Gaussian

ztjrt; zt�1 �N bmt�1;s2t�1 þ s2o þ
s2o
rt

� �
ð11Þ

where bmt�1 is a function of r1; . . . ; rt�1 and s2t�1 is the variance of mt�1: As we obtain yt and hence
the disturbance zt ¼ yt � T ; we can update the distribution of rt given zt ¼ fz1; . . . ; ztg: It is easy
to see that, from the Kalman filter, the conditional distribution of mtjrt; z

t is Gaussian

mtjrt; z
t �Nðbmt;s2t Þ ð12Þ

where

bmt ¼ bmt�1 þ ktet; s2t ¼
kts2o
rt
; kt ¼

kt�1 þ rt�1

kt�1rt þ rt�1rt þ rt�1
rt ð13Þ

and et ¼ zt � bmt�1: The updating equations of bmt and kt are similar with the respective equations
of Section 2, but here since rt is a random variable, both bmt and kt are random variables too. If
we desire to calculate the marginal distribution of zt unconditional of rt we need to evaluate the
integral

pðztjzt�1Þ ¼
Z þ1
�1

pðzt; rtjzt�1Þ drt ¼
Z þ1
�1

pðztjrt; zt�1Þpðrtjzt�1Þ drt

which is the integral of a product of a Gaussian and a gamma density. However, this integral is
complex and closed integration is not possible. Here, we propose an approximation which will
allow us to avoid the evaluation of the above integral. If we replace rt�1 in kt�1 by its estimate
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nt�1=dt�1; see Equation (9), then we can decompose et as et ¼ Et þ et; where Et and et are
independent, Et is independent of rt and

Etjzt�1 �Nð0;s2t�1 þ s2oÞ; etjrt; zt�1 �Nð0;s2o=rtÞ

According to a well-known result [15, Chapter 4], it follows that the second of the above
Gaussian distributions together with the gamma density (10) results in a marginal Student
t distribution for et; i.e.

etjzt�1 �Tðdnt�1; 0; dt�1s2o=nt�1Þ

which has density

pðetjzt�1Þ ¼
Gfðdnt�1 þ 1Þ=2gðdnt�1Þ

ðdnt�1þ1Þ=2n
1=2
t�1ffiffiffi

p
p

Gðdnt�1=2Þd
1=2
t�1so

dnt�1 þ
nt�1e2t
dt�1s2o

� ��ðdnt�1þ1Þ=2
The mean of etjzt�1 is 0 and its variance is ddt�1s2o=ðdnt�1 � 2Þ; for dnt�1 > 2:

From the above, the distribution of et is a sum of a Gaussian and a Student t and so it will be
the distribution of ztjzt�1; since zt ¼ et þ bmt�1: According to the above the prior distribution of
rtjzt�1 is gamma and so, by receiving data zt ¼ fzt; zt�1g; the posterior density of rtjzt is

pðrtjztÞ ¼
ðdt=2Þ

nt=2

Gðnt=2Þ
r
nt=2�1
t exp �

dtrt

2

� �
ð14Þ

which is the gamma distribution: rtjzt � Gðnt=2; dt=2Þ with parameters

nt ¼ dnt�1 þ 1 and dt ¼ ddt�1 þ
ðet � EtÞ

2

s2o
where et ¼ zt � bmt�1 is the forecast error.

Since Et is an unobserved variable, a difficulty arises on the computation of Et in the
above equation of dt: To resolve this difficulty, we propose to simulate Et according to
Et �Nð0;s2t�1 þ s2oÞ: Since the variance s2t�1 þ s2o can be large, the simulated values of
each Et may change each time we run the algorithm. In order to obtain a more stable value for
Et we simulate 10 000 values of Et for each t and we take Et as the average of these 10 000 values.
From simulations carried out by us we found that this simple simulation method is fast
and efficient.

From Equation (14), the estimate of rt is obtained as brt ¼ EðrtjztÞ ¼ nt=dt: Thus, we can
update all the relevant recursions of bmt; s2t and kt replacing rt by brt and hence obtain the process
improvement in the output yt by applying the adjustment

yat ¼ yt þ gXt�1 ¼ yt � bmt�1 ð15Þ

where bmt�1 is the prediction of the disturbance zt ¼ yt � T : From the predictive density (11), the
control limits for zt are

bmt�1� 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2t�1 þ s2o þ

s2obrt�1
s

and so the control limits of the adjusted process yat ¼ yt � bmt�1 ¼ zt þ T � bmt�1 are

T � 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2t�1 þ s2o þ

s2obrt�1
s
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If we specify an initial gamma density for r0 as r0 � Gðn0=2; d0=2Þ and a discount factor d;
then Equations (7), (8), (10), (11), (12) and (14) provide a complete algorithm giving the
distributions of the ratio rt and the forecasts of zt: The quantities n0; d0; bm0; s20; k0; d and s2o need
to be specified. We suggest that the practitioner use n0 ¼ 0; d0 ¼ 1=s2o; bm0 ¼ 0; s20 ¼

1
1000

; k0 ¼ 1;
and d in the range of ½0:01; 0:99�: The discount factor d is critical for the performance of the
model. If d ¼ 1; from (6) we have gt ¼ 1 and rt ¼ rt�1 with probability 1! In the other extreme, if
d� 0; the shock rt=rt�1 ¼ gt=d can be very large and thus the estimate of rt is expected to have
high fluctuations and high uncertainty. We note that a high discount factor results in a smooth
estimate of rt; while a low discount factor is capable of capturing volatile shocks in rt: Table I
summarizes the analysis of this section. More details on the sensitivity of the discount factor d
can be found in Triantafyllopoulos [21].

4. EXAMPLE: NITRIDE DATA

In this section we consider the data of Triantafyllopoulos et al. [18]. Processes such as
considered in this paper, are important as sub-processes in the quality control of the production
of modern microelectronic devices such as inkjet printer cartridges, miniature robots, micro-
engines, inertial sensors, accelerometers, microtransmissions, optical scanners, chemical
pressure and flow scanners [22]. The data consist of 60 values measuring the thickness of
nitride layers for the fabrication of a chip. These data are collected at equally spaced intervals
shown in Figure 1. The solid line shows the output thickness where the target of the process is

Table I. Summary of analysis.

Description Formula

Model zt ¼ mt þ et; mt ¼ mt�1 þ ot

et �Nð0;s2e;tÞ; ot �Nð0; s2oÞ
rt ¼ gtrt�1=d; rt ¼ s2o=s

2
e;t

Data zt ¼ yt � T ; zt ¼ fz1; . . . ; ztg

Distributions gtjz
t�1 � Bfnt�1=2; ð1� dÞnt�1=2g
rtjzt�1 � Gðdnt�1=2; ddt�1=2Þ

rtjzt � Gðnt=2; dt=2Þ
ztjrt; zt�1 �Nðbmt�1; s2t�1 þ s2o þ s2o=rtÞ

mtjrt; z
t �Nðbmt;s2t Þ

Updatings nt ¼ dnt�1 þ 1; dt ¼ ddt�1 þ ðet � %EtÞ
2=s2o

et ¼ zt � bmt�1; bmt ¼ bmt�1 þ ktet; s2t ¼ kts2o=brt
kt ¼ ðkt�1brt þ brt�1brtÞ=ðkt�1brt þ brt�1brt þ brt�1Þ; brt ¼ nt=dt

and %Et ¼
1

10000

P10000
i¼1 Eit; where Eit are simulated from a Nð0; s2t�1 þ s2oÞ

Adjusted output yat ¼ yt � bmt�1
Control limits for yat T � 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2t�1 þ s2o þ s2o=brt�1q
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T ¼ 1000: It is evident that the process falls well out of control. More specifically, the data
exhibit a shift at point 12, first upwards then downwards, but then settle down after data point
30. This shift is indicated in the graph by the two parallel dotted lines.

Here, we compare and contrast the local level model of Triantafyllopoulos et al. [18] with the
local level model in Section 3, the EWMAmodel and a model assuming an autoregressive model
of order one for the disturbance zt [4, Chapter 6]. For the EWMA and the local level in Section 2
we keep the initial settings as indicated by Box and Luceño [4] and Triantafyllopoulos et al. [18],
respectively. The AR(1) model is described in some detail in Box and Luceño [4, Section 6.13]
For the model of Section 3 we need to specify s20; n0; d0; k0; bm0; s2o and d: Following the
suggestions we set s20 ¼

1
1000

; n0 ¼ 0; d0 ¼ 1
100
; k0 ¼ 1; bm0 ¼ 0; s2o ¼ 100: As outlined the choice

of d is critical and in order to make an optimal choice we have calculated the SSE in the
output using the above settings and different values of d in the range of ½0:01; 0:99�: Table II
summarizes the findings. We observe that the minimum SSE is obtained for small values
of the discount factor. We recommend the practitioner to avoid very small values of d;
e.g. d ¼ 0:05; because this will return very high values in the variance s2t : For the thickness of
nitride layers data, we have chosen the optimal d ¼ 0:3: The adjusted process is plotted
together with the adjustment of the EWMA, the AR(1) and the local level methods of Sections 2
and 3 in Figure 2.

Figure 2 shows clearly that the model of Section 3 is significantly better than the model of
Section 2 and outperforms the EWMA and the AR(1) models. Indeed, the SSE for the first
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Figure 1. Thickness of nitride layers in an experiment controlling the process of the fabrication of a chip.

Table II. Effect of the discount factor d to the sum of squared errors (SSE) for the local level model with
random noise variance ratio rt:

d 0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
SSE 2018.5 1979.4 2002.5 2011.3 2066.3 2023.1 1978.8 2069.8 2038.6

d 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85
SSE 2110.9 2098.5 2110.1 2035.8 2072.8 2063.3 2083.3 2100.9 2101.3

d 0.9 0.95 0.99
SSE 2141.7 2129.5 2162.2
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model is only 1978.8, while the SSE for the other three models are 2269.5 and 2944.7 and 3250.6,
respectively. Table II shows the superiority of the first model where it is shown that for any
discount factor the SSE is smaller than the optimal SSE for both the model of Section 2 and the
EWMA.

Figure 3 plots the noise variance ratio estimate produced by the local level model of Section 3
(solid line) and the respective ratio produced by the local level model of Section 2 (dashed line).
We observe that the ratio estimate in the model of Section 3 is much more volatile than the ratio
specified by the user in the model of Section 2. This reflects upon the low discount factor d ¼ 0:3
used and is a result of on-line estimation rather than user intervention which is the case in the
model of Section 2.

For further comparison between the local level methods of Sections 2 and 3 we have
plotted in Figure 4 the drift estimation variance s2t : The solid line shows s2t produced by the
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Figure 2. Adjusted values for the thickness of nitride layers using the local level with random noise
variance ratio (solid line), the local level with deterministic noise variance ratio specified by the user (dotted
line), the EWMA model (dashed line) and the AR(1) model (dashed-dotted line). The horizontal line

indicates the target T ¼ 1000:
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Figure 3. Noise variance ratio estimate for the local level model with an assumed random model for the
ratio rt and noise variance ratio when rt is deterministic.
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model of Section 3 while the dashed line shows the respective variance produced by the model
of Section 2. We observe that the variance of the model with deterministic ratio is much
more smooth than the respective modelling the ratio as a random variable. This does not
advance the first model, because the performance of this model depends on the user interven-
tion in the specification of the ratio rt; while the second model has the big advantage of
on-line estimation.

The model of Section 3 is versatile in many ways. Not only does it produce the smallest
SSE, but moreover it does produce the entire distribution of the NVR. For example the
practitioner can look at the variance of the ratio estimate. This variance is shown in
Figure 5 and this graph can be used as a measure of goodness of the estimation fit, i.e. a
very high variance would result in very volatile and uncertain estimates. The practitioner
also has full access to the distribution of the ratio rt (see Table I) and so she may like to
consider different estimates for the ratio, i.e. use the median or the mode of the resulting
gamma distribution of rt:
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Figure 4. Drift estimation variance s2t for the local level models of Sections 2 and 3.
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Figure 5. Ratio estimation variance for the local level model of Section 3.
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5. CONCLUDING COMMENTS

This paper proposes an automatic method for quality feedback control and process adjustment.
Bayesian state-space models are suggested as the appropriate tool for predicting and cancelling
out the deviations from target. The novelty of this work is that the noise variance ratio (NVR)
of the time series model is sequentially updated over time. For this to end a multiplicative
type model is used, based on gamma and beta distributions. The resulting algorithm is fast
and, although it includes a step of simulation, it outperforms models using the EWMA or
Kalman filtering where the NVR is either constant or it is adjusted by manual intervention.
The empirical results of this paper suggest that sequential or on-line feedback adjustment
methods are powerful toolkit elements that can enhance the quality and adaptability of a
process. The Bayesian approach is deemed to be the appropriate framework and future work
should be devoted in the exciting area of quality feedback adjustment.

APPENDIX

Below we give a result concerning random variables. The correspondence to the discussion of
Section 3 is: R ¼ rt�1; g ¼ gt; n ¼ nt�1; d ¼ dt�1; S ¼ rt; d is the same and the distributions of R
and g are implicitly conditional on zt�1:

Proposition 1
Let R and g ð05g41Þ be two independent random variables such that R� Gðn=2; d=2Þ and
g� Bðdn=2; ð1� dÞn=2Þ; for some known positive n; d and 05d41: Then the distribution of
S ¼ Rg=d is a gamma distribution S � Gðdn=2; dd=2Þ:

Proof
Write the joint distribution of R and g as

pðr; gÞ / rn=2�1gdn=2�1ð1� gÞð1�dÞn=2�1 expð�dr=2Þ

and apply the transformation S ¼ gR=d and O ¼ 1=g:With s;o any values of S;O; the Jacobian
of the above transformation is Jðs;oÞ ¼ �d=o: Thus, the joint distribution of S;O is

pðs;oÞ / ðsoÞn=2�1o1�dn=2ð1� o�1Þð1�dÞn=2�1o�1 expð�ddso=2Þ

Now the marginal distribution of S is

pðsÞ /
Z 1
1

pðs;oÞ do

¼ sn=2�1
Z 1
1

ðo� 1Þð1�dÞn=2�1 expð�ddso=2Þ do

¼ sn=2�1 expð�dds=2Þ
Z 1
0

tð1�dÞn=2�1 expð�ddst=2Þ dt

/ sdn=2�1 expð�dds=2Þ

which is proportional to the gamma distribution Gðdn=2; dd=2Þ: &
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