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Heat exchangers are widely used in the air conditioning and refrigeration industries, and any increase in their efficiency will
have a positive effect on the industry as well. A new design of heat exchanger is proposed that will increase the heat transfer
area significantly. The heat transfer area was increased by the use of fractals. Three techniques were used to investigate the
heat transfer increase; analytical, numerical, and experimental methods. The results showed that the fractal heat exchanger
has a higher heat transfer to overall volume ratio than a conventional tube-in-tube heat exchanger.

FRACTALS

The preparation of food, transport, and most work-related
activities consume energy in the form of electricity, petrol, or
natural gas. There are mainly two ways to save energy: by devel-
oping new energy sources and economizing on current energy
use. In the United States, more than a third of the energy is
used for water heating, space heating, air conditioning, and in-
dustrial petrochemical processes [1]. By designing innovations
to reduce heat losses and increase thermal efficiencies, energy
conversion processes can be made more economical [2]. Many
energy conversion processes make use of heat exchangers.

To increase the heat transfer in an exchanger, several parame-
ters could be changed, including the conduction and convection
coefficients, the heat transfer area, and the temperature differ-
ence. An increase in any of those parameters would result in
an increase in the heat flow. One method that could be used is
to change the geometry of a heat exchanger to present a fractal
profile (see Figure 1). The idea to use fractals to enhance the heat
transfer came from an electrical application, where a fractal was
used to increase the capacitance per unit area [3].

Benoit Mandelbrot coined the word fractal in the late 1970s
for objects where the Hausdorff-dimension was not an integer
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but a fraction. In the normal understanding of the universe, a
point has a dimension equal to zero, a line or curve has one
dimension, points on a plane are two-dimensional, and any point
in the universe that can be described by three coordinates is
three-dimensional. The definition of a fractal was derived from
the concept of dimensionality.

When an object is subdivided into N copies of itself and
scaled down to scale f , the dimension D is defined as [4]

D = log N

log 1
f

(1)

To calculate the dimension of the fractal that was used in this
paper, the scale was taken as a quarter and the number of copies
was multiplied by the sides of the square (N = 4(8) = 32). The
Haussdorf dimension for the perimeter of the object in Figure 1
was calculated as:

D = log 32

log 4
= 2.5 (2)

There are various examples of fractal applications in thermo-
dynamics and heat transfer. Fractals were used in the chemical
combustion industry [5], and others [6] applied fractal theory to
the optical properties of soot that affected the characteristics of
flames.

Fractals were also applied to describe heat transfer parameters
such as turbulent characteristics and conduction. The transition
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Figure 1 Quadratic Koch island fractal.

process from steady to turbulent convection was studied using
numerical methods that showed a fractal structure [7].

Fractal and chaos analysis was applied to characterize the
turbulence quality of the two mean velocity distributions of the
circulating flow field [8]. Fractal theory was also used to study
the conduction through a grooved surface [9]. A fractal model
was introduced to predict the contact conductance resistance
[10]. Fractals are applied in the heat conduction application by
using the local fractal dimension to characterize the arrangement
of fibres in a composite [11].

A heat transfer application was recently published by Chen
and Cheng [12] that used a fractal tree-like microchannel net for
electronic cooling.

FRACTAL TUBE

For this study, the fractal was applied to the inner tube of
a tube-in-tube heat exchanger. The area, length, circumference,
and overall length of the fractal heat exchanger were dependent
on the amount of times the fractal has been applied. Thus, the
correlation between the area, circumference, and fractal iteration
was derived for a quadratic Koch island fractal.

Cross-Sectional Area

The overall area of the block with side length of x0 (refer
to Figure 1a) did not change, because when a fractal area was
added, the same area was subtracted elsewhere. Thus,

An = A0 = x2
0 (3)

The cross-sectional area of a quadratic Koch island fractal, there-
fore, remained constant and was not a function of the number of
times the fractal was applied.

Circumference

The circumference of the block doubled every time the fractal
was applied, and was equal to

Cn = 4
(
2n x0

)
(4)

As n increased, the circumference increased as well. The heat
transfer area was the product of the circumference and length of
the exchanger. Thus, the heat transfer area increased with every
application of the fractal.

HEAT TRANSFER CHARACTERISTICS

An estimation was done on the fractal heat exchanger to
find the approximate heat transfer increase. The thickness of
the fractal tube was disregarded in this estimation. Figure 2 is a
representation of the fractal heat exchangers after zero and one
application of the fractal. The inner diameter, d, of the outer tube
is also shown.

This fractal heat exchanger with n = 1 (see Figure 2b) was
compared to the benchmark heat exchanger (n = 0), which was
a square tube in round tube heat exchanger (see Figure 2a). The
inner tube had an outside width of do and a width of di . The
thickness of the inner tube was defined as

�d = do − di

2
(5)

Figure 2 Front view of the fractal heat exchanger: a, n = 0; b, n = 1.
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The hydraulic diameters were derived first, after which the
Reynolds number equations were found. The hydraulic diam-
eter for the inner tube was calculated as

dh,i = 4Ai

pw,i
= 4d2

i

4 · 2ndi
= di

2n
(6)

Inserting Eq. (6) into the definition of the Reynolds number, the
following was found for the inner tube:

Rei = ρvi dh,i

µi
= ρvi di

2nµi
(7)

The hydraulic diameter for the outer tube was calculated as

dh,o = 4Ao

pw,o
= 4

(
1
4πd2 − d2

o

)
πd + 4 · 2ndo

= πd2 − 4d2
o

πd + 4 · 2ndo
(8)

The Reynolds number for the annulus was determined as:

Reo = ρvodh,o

µo
= ρvo

µo

(
πd2 − 4d2

o

πd + 4 · 2ndo

)
(9)

As noted before, for the estimation process, the thickness of
the fractal tube will be neglected; however, for simulation and
experimental purposes, the thickness has to be included. Com-
paring Figure 2 to Figure 1, it can be seen that the fractal length,
s, was replaced by an inner (si ) and outer (so) fractal length to
compensate for the thickness. It follows that when dimension-
ing the fractal, the outer fractal length should be at least the
sum of the inner fractal length and twice the thickness. Another
consequence of having different fractal lengths is that the area
calculation is not simply sixteen times the fractal length squared
(16s2); instead, each fractal cross-section should be carefully
considered to determine the area. Having established the basic
equations for the fractal heat exchanger, the heat transfer was
then determined.

The heat transfer analysis is dependent on the type of heat
flow. Examples of different flow arrangements are parallel flow,
counterflow, and crossflow. For this paper, the setup was coun-
terflow, with hot water flowing in the inner tube and the cold
water in the annulus in the opposite direction.

The first law of thermodynamics was applied to the counter-
flow system to estimate the change in heat transfer. The first law
was simplified by assuming that the flow was steady-state and the
system was overall adiabatic. The heat transfer was expressed
in terms of mean quantities [13]:

q = UA�TLMTD (10)

U is the overall heat transfer coefficient, and is shown below:

Ui Ai = 1
1

hi Ai
+ �d

4k2ndi L + 1
ho Ao

(11)

where

Ai = 4di 2
n L (L is the length of the exchanger) (12)

Ao = 4do2n L (13)

These equations assume a non-compact exchanger, so there is a
limitation on the fractal iteration. For non-compactness, the sur-
face area density on any fluid side should be less than 400 m2/m3.
For the dimensions chosen, n ≤ 5 [14].
For the estimation process, it was assumed that ho and hi would
remain unchanged and are unaffected by the fractal. After substi-
tuting Eqs. (12) and (13) into (11) and simplifying, the following
was found:

Ui = 1
1
hi

+ �d
k + di

hodo

(14)

Thus, the heat transfer becomes

qi ∝ 2n(q ′
i ) (15)

where q ′
i is the heat transfer without the fractal application. The

above analysis did not take into account the dependence of the
heat transfer coefficients (h) on the fractal iteration. It is es-
timated that the heat transfer coefficient increases with fractal
iteration: the dimensionless number, the Nusselt number, con-
tains h. The Ditus-Boelter correlation for inner flow is shown
below [13]:

Nui = 0.023 · Re0.8
i Pr0.3

i (16)

Inserting the definition of the Reynolds number (Eq. [7]) into
the above equation yields:

Nui = 0.023 ·
(

ρvi di

2nµ

)0.8

Pr0.3 (17)

Therefore, the Nusselt number decreases with the fractal itera-
tion:

Nui ∝ 2−0.8n (18)

To establish the relation between the heat transfer coefficient
and the fractal iteration, the definition of the Nusselt number is
shown below:

Nui = hi di

2nk
∝ 2−nhi (n) (19)

Equating Eq. (18) and (19) results in:

hi ∝ 20.2n (20)

The heat transfer coefficient increases with an increase in the
fractal iteration. This estimation also holds for the annulus flow.
Thus, the expected increase in heat transfer would be larger than
Eq. (15) shows.

From Eq. (15), it followed that an increase of 100% could
be expected for a fractal heat exchanger with each iteration.
Unfortunately an increase in heat transfer is usually counteracted
by an increase in pressure drop. The CFD analysis considered
the heat transfer and the required pumping power through the
exchanger.
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Table 1 Properties of the CFD fractal heat exchangers

Properties n = 0 n = 1 n = 2

Amount of iterations at convergence 60 to 92 51 to 69 90 to 92
Inner tube inside width 42 mm n/a n/a
Inner tube thickness 1 mm 1 mm n/a
Inner diameter of outer tube 90 mm 90 mm 90 mm
Length of heat exchanger 125 mm 250 mm 125 mm
Inner hydraulic diameter 42 mm 20.2 mm 10.5 mm
Annulus hydraulic diameter 38.6 mm 26.6 mm 19.3 mm
Total volume of exchanger 199 mm2 398 mm2 199 mm2

Amount of inner (hot) fluid cells 157165 105660 179200
Amount of annulus (cold) fluid cells 146200 181200 322000
Amount of tube cells 43860 62640 35840
Inner velocity range (corresponding 0.08 to 0.8 m/s 0.08 to 0.8 m/s 0.32 to 1.5 m/s

Reynolds number range) (9394 to 93944) (4527 to 45272) (9385 to 43995)
Annulus velocity range (corresponding 0.17 to 1.7 m/s 0.17 to 1.7 m/s 0.9 to 3 m/s

Reynolds number range) (5004 to 50039) (3450 to 34504) (13235 to 44117)
Heat balance error 5.3% 4.4% 4.7%

COMPUTATIONAL FLUID DYNAMICS

Three different fractal heat exchangers, corresponding to n =
0, 1, and 2, were modeled numerically with a commercial CFD
code. The simulation package used is called Star-CD and makes
use of the finite volume method. The boundary conditions, fluid
properties, etc., for each of the fractal heat exchangers were
the same and are summarized below. CFD utilizes the differen-
tial forms of the Navier-Stokes equations to model fluid flow,
and the κ-ε model for standard turbulent flow was used for the
simulations. Heat transfer was modeled through the enthalpy
conservation equation.

The turbulence intensity was 0.05, and the entrance length
was 0.0005 m. Thus, the flow is not fully developed at the inlet
but becomes fully developed very early in the flow. The same
condition applies to the annulus flow, with the same turbulence
intensity and a slightly higher entrance length of 0.0024 m.
The increase in entrance length was done to keep the ratio of
the entrance length to cross-section area the same for the inner
and annulus flow.

The tube was modeled with aluminium because aluminium
would be used in the experimental part of the study. The alu-
minium tube had a density of 2787 kg/m3, a conductivity of
164 W/mK, and a specific heat of 883 J/kgK. The inner in-
let temperature was taken as 82◦C (355 K) with a density of
970.2 kg/m3 and a viscosity of 3.47 × 10−4 kg/ms. For the an-
nulus flow, the inlet temperature was 10◦C (283 K) with a density
of 999.2 kg/m3 and a viscosity of 1.31 × 10 −3 kg/ms. The outer
tube is not modeled: its presence is accounted for by introducing
an adiabatic boundary at the top of the outer fluid.

For the second iteration, the aluminium tube was not modeled
because of the limit of the amount of cells that the commercial
code was able to handle. It was modeled with two-dimensional
baffle cells. The properties of the aluminium tube were given
in terms of the resistance, which is the thickness of the tube
divided by the area of the tube, and conductivity, which is a very

small value. The baffle was defined as a conduction baffle so
that heat transfer across the baffle could take place. For each
inner Reynolds number, four simulations were done for the four
annulus Reynolds numbers; thus, there were sixteen simulations
in total. The physical properties of the three configurations are
summarized in Table 1.

Cross-sections of the CFD grid of the exchangers are shown
in Figures 3 to 5. For the exchanger with n = 1 and n = 2, six-
teen different tests were done on each of the CFD models.
Table 1 shows the velocity ranges of the simulations as well
as the heat balances. Figure 6 shows the heat transfer per unit
length as a function of the inner and annulus velocities. The mod-
els were compared on a velocity bases, as the Reynolds number
changes with the application of the fractal iteration when all
other parameters (including velocity) remain constant.

Figure 3 The fractal heat exchanger, n = 0.
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Figure 4 The fractal heat exchanger, n = 1.

From the above figures, it can be seen that the heat transfer
increased with every application of the fractal iteration:(

q
L
√

vi ·vo

)
n=1(

q
L
√

vi ·v0

)
n=0

(21)

The average increases were, respectively, 2.1 and 3.5 times. If
the very low values were disregarded (at low annulus Reynolds
number), then the average increases were 3.9 for n = 2. The
trend of heat transfer was what was expected from the analytical
study, namely, 2n . As the heat transfer increases, more effort is

Figure 5 The fractal heat exchanger, n = 2.

Figure 6 CFD heat transfer of the fractal heat exchangers as a function of the
velocities.

needed to pump the fluid through the exchanger. Figure 7 shows
the relation of heat transfer per total pumping power (inner plus
annulus) for the three exchangers. From the figure, it can be seen
that for n = 0 and 1, there is little difference between the ratios
of the heat transfer to pumping power. However, for n = 2, the
ratio decreases as the pumping power increases at a higher rate
than the heat transfer.

The increase in pumping power is given as(
Pi +Po

L
√

vi ·vo

)
n=1(

Pi +Po
L
√

vi ·v0

)
n=0

(22)

Figure 7 CFD heat transfer over total pumping power.
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Table 2 Physical measurements of the fractal heat exchanger

Heat exchange length 3910 mm

Outside diameter of round tube 88.9 mm
Inside diameter of round tube 79.34 mm
Outer fractal length, so 13 mm
Inner fractal length, si 7 mm
Inner cross-sectional area 1 × (17)(17) + 4 × (10)(7) + 4 × (7)(20) =

1129 × 10−6 m2

Outer cross-sectional area 1 × (23)(23) + 12 × (10)(13) = 2089 mm2

(including thickness)
πd2

4 − 2089 × 10−6 = 2855 × 10−6 m2

Overall volume 0.02427m3

Inner hydraulic diameter 14.662 mm
Outer hydraulic diameter 19.647 mm

The increase in pumping power is 2.0 times and 5.6 times for
the first and second fractal exchanger, respectively.

EXPERIMENTAL STUDY

The numerical results were supplemented with experimental
results, as the n = 1 fractal tube was manufactured and tested.
The fractal tube was extruded in four aluminium sections, which
were then welded together to form the fractal tube. The tube
thickness was 3 mm to allow for welding and to prevent any
leaks. The physical dimensions are shown in Table 2.

The experimental setup is shown in Figure 8. The hot water
was pumped from the hot water tank to the inner tube of the heat
exchanger. The cold water was pumped from the cold water

Figure 8 Experimental setup.

Table 3 Heat exchanger of n = 0

Annulus cross-sectional area 0.003376 m2

Inner circumference area 0.5255 m2

Annulus circumference area 0.61935 m2

Inner hydraulic diameter 0.0336 m
Overall volume 0.02427 m3

Annulus hydraulic diameter 0.0331

tank and flowed in the annulus in a counterflow direction. Both
the hot and cold water’s temperature could be set. Before the
water returned to the tanks, they flowed through flow meters.
The whole heat exchanger was insulated to ensure that no heat
transfer to the environment took place.

The temperature was measured with K-type thermocouples.
The thermocouples were connected to a calibrated Fluke meter.
The temperatures that were measured were the hot and cold
water inlet and outlet temperatures.

The flow was measured with a semi-rotary circular piston
(also known as an oscillating piston) meter. The flow meter con-
tinually counted the amount of fluid flowing though it and dis-
played the amount as cubic meters.

The inlet and outlet hot and cold water temperatures were
taken at different flow rates. For each set of flow rates, sev-
eral measurements were taken, and the energy balance was cal-
culated. An acceptable error for the heat transfer balance was
assumed to be less than 5%. The error was calculated as the
difference between the average and the inner heat transfer. The
average heat transfer was calculated as the arithmetic mean of
the inner and annulus heat transfer values.

heat transfer engineering vol. 26 no. 9 2005
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Figure 9 Experimental heat transfer of the fractal heat exchangers.

The fractal heat exchanger’s performance was compared to
an exchanger with no fractal iteration. This exchanger was a
simple square inside-tube exchanger with a round outer tube
(similar to Figure 2a). To compare the exchangers, it was de-
cided that the inner cross-sectional area should be the same
as the experimental exchanger. Thus, the inner square side’s
lengths were equal to 0.0336 m. The outer square side lengths
were the inner length plus twice the thickness of 3 mm and
had a value of 0.0396 m. The length and inner diameter of
the outer tube remains the same. Table 3 displays the other
dimensions.

The average increase in heat transfer per volume ratio was
found to be 2.5 times. This is higher than the anticipated double
increase. (Figure 9 shows the results.) This means that other
factors, such as the heat transfer coefficient, were also a function
of the fractal iteration.

CONCLUSION

An analytical heat transfer analysis was done to a quadratic
Koch island fractal heat exchanger, and it was found that heat
transfer increases with every application of the fractal, at least
doubling at every fractal iteration. The prediction was validated
numerically. The results show an increase of 2.1 (n = 1) and 3.9
(n = 2) times over the benchmark exchanger. The overall size of
the exchanger increased by 50% (n = 1) and 63% (n = 2) over
the benchmark exchanger.

One of the numerical prediction cases was validated with ex-
perimental results. The experimental study produced an increase
of almost 2.5 times over the benchmark exchanger, which agrees
well with the numerical prediction of 2.1 times. Because the in-
crease was higher than expected, there were other factors such
as the heat transfer coefficients that were also contributing to the
heat transfer increase.

NOMENCLATURE

A area, m2

C circumference, m
d inner width or diameter of outer tube, m
dh hydraulic diameter, m
di inner width of inner tube, m
do outer width of inner tube, m
�d thickness of inner tube, m
D dimension
f scale factor
h convective heat transfer coefficient, W/m2 K
H height, m
k thermal conductivity, W/mK
L length, m
n amount of iterations
N amount of copies
Nu Nusselt number
P pumping power, W
pw perimeter evaluated at wall conditions, m
Pr Prantl number
q heat transfer, W
Re Reynolds number
s fractal segment length, m
T temperature measuring points
�T temperature difference, K, ◦C
U overall heat transfer coefficient, W/m2 K
v velocity, m/s
x0 original length of one of the square’s sides, m

Greek Symbols

ε dissipation rate
µ dynamic viscosity, Pa · s
κ turbulent kinetic energy
ρ density kg/m3

Subscripts

i inner
LMTD log mean temperature difference
n amount of iterations
o annulus, outer
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