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Abstract
In this paper, we develop a nonlinear dual-beam energy harvester for broadband energy
harvesting. Two identical piezoelectric cantilevers are placed orthogonal to each other and
coupled by repulsive magnetic force. Analytical and experimental studies indicate that the
combination of the resonant motions of the two beams yields an annular potential energy
function, where the oscillator can circumambulate around the potential barrier. The advantages
of the design concerning a conventional bistable piezoelectric cantilever were examined. It is
proved that the proposed harvester has a bandwidth of 3.4 Hz and a voltage output performance
298.7% better than that of a bistable one under excitations of 0.5 g.

Supplementary material for this article is available online

Keywords: piezoelectric energy harvesting, magnetically coupling, nonlinear vibration,
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(Some figures may appear in colour only in the online journal)

1. Introduction

Vibration energy harvesting is a potential solution for
powering the Internet of Things sensors [1]. A typical vibra-
tional energy harvester is a second-order resonator with
optimal performance at a single frequency point [2, 3].
Researchers proposed various approaches to boarding the
operating bandwidth of the harvesters [4], including resonant
frequency tuning [3–6], introducing Duffing-type nonlinearity
[7–10], frequency-up conversion [11, 12], multimodal
[13], and internal resonance [14–16], etc. Duffing-type

∗
Author to whom any correspondence should be addressed.

piezoelectric energy harvesting (PEH) received the most
significant attention [17]. Stanton analyzed the softening and
hardening responses of a monostable PEH for broadband
energy harvesting [18]. It was revealed that a typical bistable
PEH has a wider bandwidth than a monostable one due to
inter-well oscillations. In particular, the bistable PEHs have
promising advantages for harvesting low-frequency vibration
energy [19–21]. In addition, Litak analyzed the characterist-
ics of a bistable PEH under random excitation [22]. Masana
demonstrated the potential shape-dependent performance of a
harvester in mono- and bi-stable states [23].

On the other hand, conventional bistable PEHs need to
gather a large amount of mechanical energy for the inter-well
jumping motion, i.e. they have optimal performances under
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large amplitude excitations only [8, 23]. To address this issue,
investigations were carried out focusing on modifying the
shape of the potential barriers. For instance, Leadenham and
Erturk developed an M-shaped energy harvester by reducing
the barrier of the potential well [24]. Besides, a potential
well with multiple stable states would enable large amplitude
motion [25]. Moreover, it was demonstrated that external
impact forces can trigger a jumping motion [26]. More
recently, Zhou et al proposed a bi-stable energy harvester with
a variable potential well that has a smaller threshold for snap-
through [27]. Inter-well modulation is used to reduce the bar-
rier height and make inter-well oscillation easier to achieve
[28–31]. Nevertheless, the bistable PEHs must climb over the
potential barrier.

Ideally, a PEH does not need to jump over a potential barrier
when passing the central point while the features of bi-stability
are maintained for large amplitude motion. In this research, we
introduce a secondary beam with identical parameters that are
placed orthogonal to the primary one and couple their resonant
motions by repulsive magnetic force. We hypothesize that the
magnetic force will make the secondary beam resonants to the
furthest point when the primary beam approaches the center
position, thereby minimizing the barrier of potential energy.
Meanwhile, the secondary beam would resume to the cent-
ral point that yields significant bi-stability for generating large
amplitude motion. In other words, the system can circumam-
bulate around the potential barrier rather than jump over it. In
such a case, the PEH does not need to gather a large amount
of energy. Hence the voltage output performance of both the
beams is expected to be enhanced over a wide frequency range
under small vibration.

The rest of the paper is organized as follows. The struc-
tural design and working principle are outlined in section 2.
Theoretically, modeling is presented in section 3 and the two-
dimensional potential function is analyzed theoretically in
section 4. Simulations, experimental studies, and discussions
with a comparison of a bistable one are presented in section 5.
Concluding remarks are given in the last section.

2. Structural design and working principle

The schematic and experimental set-up of the proposed two-
dimensional PEH is presented in figures 1(b) and (c). The
PEH consists of two identified piezoelectric cantilever beams
placed orthogonal to each other. Permanent magnets and two
pieces of lead zirconate titanate (PZT) sheets are attached
to the tip and root of the beams, respectively. Here beam A
vibrations in the x-direction and beam B vibrations in the
y-direction. Besides, the repulsive force between the two mag-
nets is chosen for generating a two-dimensional interaction
between the beams.

In this study, we utilize the coupling of the motions in
orthogonal directions to create an annular two-dimensional
potential well. From the view point of a single beam, one beam
encounters a minimized potential barrier when it approaches

the center position as the other beam moves to the furthest
point. At the system level, the combined motion of the
two beams circumambulates around the potential barrier
in the two-dimensional space. For comparison, a conven-
tional bistable PEH with beam B fixed was modeled and
experimental studied, as shown in figures 1(a) and (d).

3. Modeling and experimental setup

We focus on the first bending vibration mode for beams’
motion. The beam model is built using the Euler–Bernoulli
beam theory. The displacements of beam A and beam B are
w1 = ϕ 1 (z1)q1 (t) and w2 = ϕ 2 (z2)q2 (t), where ϕ i (zi) and
qi (t) are the mode shape function and modal displacement of
the ith beam. Besides, x= w1 (L, t) and y= w2 (L, t) stands for
the displacement of the tips of the two beams. The governing
equations of the system are given

m1ẍ+ c1ẋ+ k1x+
∂Um (x,y)

∂x
+χ 1V1 =−m1ax (1)

V1

R1
+CS1V̇1 −χ 1ẋ= 0 (2)

m2ÿ+ c2ẏ+ k2y+
∂Um (x,y)

∂y
+χ 2V2 =−m2ay (3)

V2

R2
+CS2V̇2 −χ 2ẏ= 0 (4)

where Vi is the voltage output, mi is the equivalent mass, ci
is the equivalent damping, ki is the equivalent stiffness, χ i is
the electromechanical coupling term, CSi is the capacitance of
the piezoelectric plate, and Ri is the load resistance of the ith
beam, respectively. The lumped parameters of the proposed
PEH system can be calculated by adopting the usual assumed-
mode approach [2]. Besides, ax and ay are the excitations in
the x- and y-direction, respectively. It is worth noticing that,
the freedoms of motion in two-dimensional space would yield
a two-dimensional magnetic field. The magnetic field can be
described by the dipole–dipole model [32]

Um (x,y) =
τM1M2

2π

(
x2 + y2 +D2

)− 3
2 (5)

where M1 and M2 are the moments of the magnetic dipoles
of the magnets attached to the two beams, respectively, τ
is the vacuum permeability, and D is the distance between
the magnetic dipoles. As repulsive force is adopted, we have
moments of the magnetic dipoles M1 =M2. In this article,
M1 =M2 = 0.346 A ·m2, τ = 4π × 10−7Hm−1 are chosen.
The geometric parameter of the magnet is 1 cm in diameter
and 1.2 cm in thickness, and the physical parameter is themag-
netic field strength of 4589 Gs. Thus, the total potential energy
of the mechanical system is given

U(x,y) = Um (x,y)+
1
2
k1x

2 +
1
2
k2y

2. (6)
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Figure 1. Schematics and experimental set-up of (a) a conventional bistable PEH; (b) the annular-stable PEH with potential well in
two-dimensional space; experimental set-up of (c) the annular-stable PEH and (d) a conventional bistable PEH.

Table 1. Parameters of the experimental set-up.

Cantilever beam size (mm3) 95 × 20 × 0.2
Piezoelectric transducer size (mm3) 15 × 20 × 0.3
Electromechanical coupling

(
µN V−1) 163.69

Capacitance (nF) 11.0

It can be obtained from equations (5) and (6) that the
potential function is a central symmetry one when k1 equals
k2. Note the stiffness of the two beams are constant values for
a given mechanical configuration. We can adjust the potential
well by modifying the magnetic field. Besides, the magnetic
coupling provides additional stiffness to the two beams. And
the stiffness of one beam is depending on the displacement of
the other one.

Analytical and experimental studies are then carried out
on the prototype of the annular-stable PEH to elucidate the
response characteristics. Without loss of generality, responses
of the system under x-direction excitation are focused on in
the following discussion due to the symmetry of the PEH. The
parameters of the system are listed in table 1. Stainless steel
sheets were chosen as the substrate for the two beams. Two
PZT-5 A sheets were respectively glued at the roots of beam
A and beam B using epoxy glue (DP420). In the experiment,
the system was mounted onto a shaker which was driven by
a power amplifier. The distance between the two magnets in
the z-direction was adjusted to 15 mm. A constant excitation
with an amplitude of a = 0.5 g was chosen (g = 9.8 m s−2).
The amplitude of based movement was measured and con-
trolled by an accelerometer (CT1020LC, ChengTec). It is
worth emphasizing that 0.5 g is small one. A typical bi-stable
PEH may require excitation with amplitude over 10 m s−2 for
trigging the inter-well motion [23, 26]. Besides, probes with
input impedance of R = 10 MΩ were adopted in the experi-
ments, i.e. the harvesters were tested in an open circuit condi-
tion. The resulting voltage outputs of the system were meas-
ured with a sampling frequency of 10 kHz. Moreover, the

amplitudes of the output voltages of the piezoelectric trans-
ducers attached to beam A and beam B were measured and
recorded under excitations with steps of 0.2 Hz. In addi-
tion, analytical frequency responses were simulated using the
Runge–Kutta method in MATLAB.

4. Analysis of potential function

The key advantage of the proposed system stems from the
potential well in two-dimensional space. We firstly analyzed
the potential well analytically. Notably, the two-dimensional
systemmay havemonostable and annular stable states depend-
ing on the distance between the two magnets. In particular, the
system has an annular-stable state, distinct from the bistable
one, with a properly selected distance between the two mag-
nets, as shown in figure 2.

Figure 2 depicts the theoretical potential energy of the pro-
posed PEH in the two-dimensional space. It can be obtained
that the system has a circular-shaped potential well when the
distanceD is 15 mm. Besides, a conventional bistable PEH has
a one-dimensional potential well with two stable points and a
potential barrier between them, as shown in figure 2(c). The
conventional harvester must jump over the barrier for the inter-
well motion. In this study, the proposed PEH has a circular-
shaped stable line and a potential barrier at the center of the
two-dimensional energy. The two-dimensional potential well
would enable a motion that the oscillator would circumambu-
late around the potential barrier rather than jump over it. Con-
sequently, the oscillator does not need to gather a large amount
of mechanical energy for the jumping motion, enabling large
amplitude vibration under small excitations. Besides, the loc-
ations of the circular-shaped stable line are dependent on the
distance between the two magnets, as shown in figure 2(d).
In particular, the system is a monostable one when D is larger
than 17.8 mm. And it switches into the annular stable one with
a smaller D. And the radius of equilibria increases with the
decrease of D. It is worth mentioning that many other factors
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Figure 2. (a) The two-dimensional potential energy of the proposed
PEH, (b) the top view of the two-dimensional potential energy,
(c) the one-dimensional potential energy of a bistable PEH, and
(d) the radius of the equilibria vs the magnet distance D.

Figure 3. Shapes of the potential well of beam A with D = 15 mm
and different Y.

would influent the potential energy function. For example,
increasing the stiffness of beamsA and B can reduce the height
of the potential barrier. Besides, a difference in the stiffnesses
of beams A and B would lead to mismatching between the two
beams and therefore reduce the coupling efficiency.

From the viewpoint of a single beam, the potential curve
for each beam is a dynamic one depending on the displace-
ment of the other beam, as shown in figure 3. The real-time
potential well for a single beam would be a one-dimensional
cross-section curve of the two-dimensional potential wells.We
take an example of the system in an annular stable state when
D = 15 mm. It can be obtained that changing the displace-
ment of beam B results in different shapes of the potential
well for beam A. It can be obtained that the potential well has
a large peak when the displacement Y is 0 mm and 2 mm.

Meanwhile, the shape of the potential well becomes a flat one
when Y = 6 mm. Notably, the two beams have significant
energy interchange during their resonant motions. And the dis-
placement of beams A and B would have a phase difference
approximating π 2, as would be demonstrated in section 5.
Therefore, beam A would encounter no potential barrier when
passing through the central point. It has a significant advant-
age over the bistable PEH with a flexible potential function
where a potential barrier remains throughout the operation of
the PEH [27]. Besides, the benefits of bi-stability can be main-
tained when the beam has a large displacement. In contrast, the
bistable PEH has a constant potential well and it would be dif-
ficult to jump over the barrier.

5. Numerical and experimental analysis

The two-dimensional potential well yields a system-level
circular-shaped motion. Here we compare the responses of
the annular-stable PEH with a conventional bistable one.
Voltage outputs are simulated and measured. The responses
are obtained at 11.2 Hz under excitation of 0.5 g, i.e. at the fre-
quency point with large outputs for the two systems. Figure 4
presents the time-domain responses, the responses in two-
dimensional space of the displacements and voltage outputs
of beam A and beam B and the corresponding phase portraits.
It can be obtained that the proposed PEH has circular-shaped
motion in two-dimensional space for both the displacement
and voltage output responses. It demonstrates that the pro-
posed system has large amplitude oscillation in the annular-
stable state at the selected frequency point. Besides, beams A
and B have similar voltage outputs in the steady state response.
And the phase difference between the voltage output of beam
A and beam B is close to π/2, as shown in figures 4(g)–(i).
This phenomenon indicates that the proposed system has a
much smaller variation of system-level potential energy than
that of the conventional bistable one. In other words, the pro-
posed PEH does not need to gather a large amount of mechan-
ical energy for the large amplitude motion. In addition, it can
be obtained from the responses in two-dimensional space that
the dynamics of the annular-stable PEH combine radial- and
tangential-direction motions along the circular-shaped poten-
tial well. The measured results match with the simulated one
well. A minor difference exists in the phase difference of
beams A and B between the measured results and the simu-
lated one, as shown in figures 4(g) and (h).

For comparison, figures 4(d)–(f) present the measured and
simulated time-domain responses of a conventional bistable
PEH. It can be obtained that the conventional bistable PEH has
a much smaller voltage output than that of the proposed PEH
under 0.5 g. This is because the bistable PEH has intra-well
motion only due to the small amplitude excitation. Figure 4(j)
presents the phase portraits of the proposed PEH and the con-
ventional bistable PEH. It is shown that beams A and B can
vibrate over a wider range than that of the bistable one. Not-
ably, the two-dimensional motion of the proposed PEH is
indeed circular. In other words, the proposed PEH is capable
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Figure 4. Time-domain response of (a) experimental voltage output and (b) simulated voltage output, and (c) simulated displacement of the
annular-stable PEH; (d) experimental voltage output, (e) simulated voltage output, and (f) simulated displacement of a conventional bistable
PEH; (g) experimental and (h) simulated voltage output and (i) simulated displacement in two-dimensional space of the annular-stable PEH,
(j) comparison of the simulated phase portrait of the annular-stable PEH and conventional bistable one. All the experiments and simulations
are performed at 11.2 Hz under 0.5 g.

of detours around the potential barrier for the large amplitude
motion.Moreover, a video of the proposed PEH in the annular-
stable state is attached in the supplementary material.

The advantages of the annular stable state yield enhanced
performance over a wide spectrum, as shown in figure 5.
Figure 5 shows the frequency responses of the voltage output
(peak–peak value) of a linear system, the conventional bistable
PEH, and the proposed annular-stable PEH. Here the linear
system denotes a standalone beam A without magnetic coup-
ling. The experimental results are presented in figure 5(a). The
simulation results are shown in figure 5(b) for verification. It
can be obtained that both beams A and B of the proposed PEH
have large amplitude voltage outputs over a wide spectrum.
In particular, beam A has a peak voltage output of 95.6 V

with a bandwidth of 3.4 Hz. Moreover, there is a strong coup-
ling between beam A and beam B. Hence beam B has a peak
voltage output of 92.4 V. As for compassion, the conventional
bistable PEH has a maximum voltage output of 32 V and a
bandwidth of 1.6 Hz experimentally. Meanwhile, a linear PEH
has a peak voltage output of 48 V experimentally. That is, the
proposed PEH has a performance of 298.7% better than that
of the conventional bistable PEH and 199.2% better than that
of a linear one. The analytical predictions match that of the
experimental studies well.

It is worth noticing that the proposed annular-stable PEH
has a rectangular-shaped voltage output. In other words, the
proposed PEH is capable to maintain large amplitude voltage
output throughout the frequency range of interest. This is
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Figure 5. Voltage outputs of a linear system, a conventional bistable PEH, and the annular-stable PEH under Ax = 0.5g and Ay = 0:
(a) experiment; (b) simulation.

Figure 6. (a) Voltage outputs, and (b) power outputs under different resistance loads under 0.5 g at 11.2 Hz.

because the annular-stable PEH has a large amplitude circular-
shaped motion due to the two-dimensional potential well.
Meanwhile, the conventional bistable PEH has a triangle-
shaped voltage output, i.e. with a peak voltage output at a
single frequency point only. It can also be obtained that the
proposed PEH and the bistable one has a higher operational
frequency range than the linear one. This is because the mag-
netic field coupling has introduced additional stiffness. It is
worth noting that the system’s stiffness can be reduced by
increasing the length or reducing the thickness of the beam
for ultra-low frequency operation.

Figure 6 illustrates root-mean-square voltage outputs
versus different resistance loads in the circuit and the power
outputs. It was obtained under a stable vibration accelera-
tion of 0.5 g at 11.2 Hz. The maximum energy output values
for beams A and B obtained are approximately 178 µW and
151µW, respectively, with an optimal resistance load of 3MΩ.
The power output of beamA is slightly larger than that of beam
B as the excitation comes in the primary vibrating direction of
beam A. It is worth mentioning that different resistance loads
would lead to the change of the equivalent damping which
is potential to impact the bandwidth. On the other hand, the
annular-stable PEH is proposed for conceptual illustration and
has small system-level electro-mechanical coupling. Hence

the resistance loads have minor influences on the system
dynamics. The proposed PEH would be optimized for large
electro–mechanical coupling in future research.

6. Conclusion

In summary, a two-dimensional piezoelectric energy har-
vester, which is comprised of two simple piezoelectric can-
tilevers, is modeled and analyzed. The two cantilevers are
placed orthogonal to each other and be coupled by repuls-
ive magnetic force yielding a two-dimensional potential well.
It is shown analytically and experimentally that, with proper
selection of the distance between the two cantilevers, an annu-
lar stable can be configurated with the capability of broad-
band energy harvesting under small excitations. This feature
enables the system to maintain large-amplitude voltage out-
puts throughout a wide spectrum under small amplitude excit-
ations. It is illustrated that the proposed annular-stable PEH,
with a bandwidth of 3.4 Hz, has a performance 298.7% bet-
ter than that of a conventional bistable one under excitations
of 0.5 g. The proposed annular-stable PEH can be extended
into applications of multiple directional and wind energy
harvesting.
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