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Efficient Receiver Design for Uplink Cell-Free Massive
MIMO With Hardware Impairments
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Abstract—This paper investigates the effect of hardware impairments
on the achievable performance of cell-free (CF) massive multiple-input
multiple-output (MIMO) systems with four low-complexity receiver coop-
eration among the multiple antennas access points (APs), included large
scale fading decoding (LSFD), simple LSFD, simple centralized decoding
and small cell. Taking into account the joint hardware impairment (HI)
effects brought by both APs and user equipments, we derive closed-form
expressions for uplink spectral efficiency (SE) of CF massive MIMO sys-
tems. It is found that LSFD can achieve the largest SE. Furthermore, a
novel hardware-quality scaling law is presented to reveal the relationship
between the number of antennas and HI. Based on these results, we provide
important insights into the practical impact of HI. For example, the impact
of HI at the APs vanishes as the number of APs grows. Finally, numerical
results validate our derived results.

Index Terms—Hardware impairments, cell-free massive MIMO,
receiver, spectral efficiency.

I. INTRODUCTION

Cell-Free (CF) massive multiple-input multiple-output (MIMO) has
been recently introduced as a useful and practical embodiment of
the network MIMO concept, where a large number of geographically
distributed access points (APs) coherently serve many user equipments
(UEs) in the same time-frequency resource [1]. There are no cell
boundary in CF massive MIMO. In contrast, in conventional distributed
antenna system and cloud radio access network, the base station anten-
nas are distributed within each cell, and these antennas only serve user
terminals within that cell [2], [3]. Moreover, the ultra dense network
presented in [4] and [5] increases the cell density to improve the capacity
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of systems, which suffers extremely inter-cell interference compared
with CF massive MIMO. Recently, CF massive MIMO has received
increasing research interests from academia. For instance, [6] presented
the performance analysis of CF massive MIMO systems with low
resolution analog-to-digital converters. The performance of CF massive
MIMO systems with phase shifts over Rician was discussed in [7]. The
authors in [8] use deep learning to obtain the channel estimation for CF
massive MIMO. In this system, all benefits of massive MIMO can be
reaped at a greater scale and it has been seen as an essential technique
of the beyond-5G wireless systems [9], [10].

However, a majority of the existing works focuses on ideal hardware
in both transceiver and receiver, which is not satisfied in practice. The
reason is that the closer to ideal a hardware component is, the more
challenging it is to implement, as it becomes bulkier, more expensive,
and consumes more power [11], [12]. However, the effect of hardware
impairments (HI) on CF massive MIMO has attracted little interest.
Only in [13], a well-established HI model has been used to reveal the
performance of both uplink and downlink CF massive MIMO. However,
only low-performance maximum ratio receiver and simple independent
Rayleigh fading channels have been considered in [13]. Recently, low-
complexity and high-performance receiver cooperation are described
and compared in [14], such as large-scale fading decoding (LSFD) and
simple centralized decoding (S-CD).

Motivated by the above observations, we use the HI model in [11]
to investigate the uplink performance of CF massive MIMO systems
under low-complexity receiver cooperation. We derive closed-form
expressions for the spectral efficiency (SE) of the non-ideal hardware
CF massive MIMO systems with four kinds of receiver cooperation
included LSFD, simple LSFD (S-LSFD), S-CD and small cell. We
reveal how HI at the UEs and APs affect the SE of different receiver
cooperation, and prove HI has larger impacts on the LSFD system.
Finally, a useful hardware-quality scaling law is obtained to establish
a precise relationship between the number of APs and the hardware
quality factors.

Notation: Column vectors are represented by boldface lowercase
letters,x, and matrices are boldface uppercase letters,X. We use super-
scriptsAT,A* andAH to represent transpose, conjugate, and conjugate
transpose, respectively. We use� for definitions and diag(A1, . . . ,An)
for a block-diagonal matrix with the square matricesA1, . . . ,An on the
diagonal. Thenth element ofx is denoted by [x]n, themth row and nth
column of X is denoted by [X]mn, � denotes the Hadamard product.
The expection value of x is denoted as E{x}. Finally, the multi-variate
circularly symmetric complex Gaussian distribution with correlation
matrix R is denoted as NC(0,R), where C denotes complex set.

II. SYSTEM MODEL

We consider a CF massive MIMO system consisting of L APs and
K UEs. All APs are equipped withN antennas and each UE is equipped
with a single antenna. The APs are connected to a CPU via fronthaul
links. The independent and identically distributed (i.i.d.) Rayleigh
fading channel1 vector between AP l and UEk ishkl ∼ NC(0, βklIN ),
which is block fading with τc channel uses. Note that βkl denotes
the large-scale fading coefficient including pathloss and shadowing.
In the uplink transmission, pilots occupy τp channel uses and τc − τp

1Note that the performance of CF massive MIMO systems mainly depends
on the large-scale fading [1], [14]. The results for Rayleigh fading channels can
be straightforwardly extended to other small-scale fading channels.
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channel uses for payload data. In addition, the HI at transceiver acts
as a non-linear filter due to non-linear amplification, finite-resolution
quantization, amplitude/phase imbalance in I/Q mixers, phase noise in
LOs, and sampling jitter [15].

A. Pilot Transmission and Channel Estimation

The kth UE sends its pilot sequences Φtk ∈ Cτp , which satisfies
‖Φtk‖ = τp. Our focus is a large network with K > τp so that more
than one UE may use the same pilot. The pilot assigned to UE k is
denoted by tk ∈ {1, . . . , τp} and other UEs that use the same pilot as
UE k is denoted by pk ⊂ {1, . . . ,K}. Therefore, the received signal
Zl ∈ CN×τp at AP l is

Zl =
√
κr

K∑

i=1

hil

(√
κtpiΦ

T
ti
+
(
ηUE
i

)T
)
+GAP

l +Nl, (1)

where 0 < κt � 1 and 0 < κr � 1 are the hardware quality factors of
the transmitter and receiver, respectively [11]. pi � 0 is the transmit
power of UE i. In addition, Nl ∈ CN×τp is receiver noise whose ele-
ments are i.i.d. as NC(0, σ2), and the transmitter distortion ηUE

i ∈ Cτp

is distributed as NC(0τp , (1 − κt)piIτp). For the receiver distortion
matrix GAP

l ∈ CN×τp , the columns are independently distributed as
ηAP
l ∼ NC(0N ,Dl,{h}), where

Dl,{h} � (1 − κr)
K∑

i=1

pidiag
(
|[hil]1|2, . . . , |[hil]N |2

)
. (2)

To estimatehkl, we use the associated normalized pilot signalΦtk/
√
τp

and the received signal to obtain ztkl � 1√
τp
ZlΦ

∗
tk

∈ CN , which is
given by

ztkl =
√
κtκrpkτphkl +

∑

i∈Pk\(k)

√
κtκrpiτphil

+

√
κr

τp

K∑

i=1

hil

(
ηUE
i

)T
Φ∗

tk
+

GAP
l Φ∗

tk√
τp

+
NlΦ

∗
tk√

τp
. (3)

With the help of well-known results from estimation theory [15,
Lemma B.19], the linear minimum mean-square error (LMMSE) esti-
mate of hkl is

ĥkl =
√
κtκrpkτpβklINΨτklztkl, (4)

where

Ψτkl �
∑

i∈Pk

κtκrpiτpβilIN +

K∑

i=1

pi (1 − κtκr)βilIN + σ2IN .

(5)

B. Uplink Data Transmission

During the uplink data transmission, the received complex baseband
signal yl at AP l is given by

yl =
√
κr

K∑

i=1

hil

(√
κtsi + ηUE

i

)
+ ηAP

l + nl, (6)

where si ∼ NC(0, pi) is the transmit signal from UE i with power pi,
and nl is the independent receiver noise. In addition, ηUE

i and ηAP
l are

the hardware distortions at UE i and AP l.

III. PERFORMANCE ANALYSIS

A. Large-Scale Fading Decoding

The LSFD combining receiver allows each AP to do local channel
estimation and to send it to the CPU for jointly detection. More
specifically, AP l selects vkl as the local combining receiver for UE
k. Therefore, the local estimate2 of sk can be expressed as

�
skl � vH

klyl =
√
κtκrv

H
klhklsk +

√
κrv

H
klhklη

UE
k

+
√
κr

K∑

i 	=k

vH
klhil

(√
κtsi + ηUE

i

)
+ vH

klη
AP
l + vH

klnl. (7)

The CPU uses weights ak to obtain ŝk =
∑L

l=1 a
∗
kl

�
skl as

ŝk =
√
κtκr

(
L∑

l=1

a∗
klE

{
vH
klhkl

}
)
sk

+
√
κtκr

(
L∑

l=1

a∗
kl

(
vH
klhkl − E

{
vH
klhkl

})
)
sk

+
√
κr

K∑

i 	=k

L∑

l=1

a∗
klv

H
klhil

(√
κtsi + ηUE

i

)
+

L∑

l=1

a∗
klv

H
klη

AP
l

+
√
κr

(
L∑

l=1

a∗
klv

H
klhkl

)
ηUE
k +

L∑

l=1

a∗
klv

H
klnl. (8)

Theorem 1: Using MR combining withvkl = ĥkl and the use-and-
then forget (UatF) bound,3 the achievable SE of UE k is expressed as

SEk = (1 − τp/τc) log2 (1 + SINRk) , (9)

with SINRk given in eq. (10) shown at the bottom of this page, where

ak � [ak1 · · · akL]
T ∈ CL, (11)

bkk � [(βk1)
2Ψτk1 · · · (βkL)

2ΨτkL]
T ∈ CL, (12)

Λk � diag
(
(βk1)

2Ψτk1, · · · , (βkL)
2ΨτkL

)
∈ CL×L, (13)

Tki � diag (ski1, . . . , skiL) ∈ CL×L, (14)

Γki � diag (tki1, . . . , tkiL) ∈ CL×L, (15)

[Hki]ln �
{
[ckic

H
ki]ln, (l 	= n)

0, (l = n).
(16)

2Only keeping hardware qualities, the approximate SE expression can be
written as 1/(1/(κrκt) + 1/κt + a), where a is a constant. It is clear that the
SE significantly increases with the increasing values of κr and κt. In addition,
κt has a greater influence on the uplink SE compared with κr .

3The UatF bound indicates the channel estimates are used for combining
and then effectively “forgotten” before the signal detection [13, Theorem 4.4].
Therefore, only the first line of formula (8) is treated as the desired signal.

SINRk =
(κtκrpk)

3(τpN)2∣∣aH
kbkk

∣
∣
2

∑K
i=1 pia

H
k F̄ikak +

∑

i∈pk
(pi)

2τpNaH
kḠikak − (κtκrpk)

3(τpN)2∣∣aH
kbkk

∣
∣
2
+ σ2pkκtκrτpNaH

kΛkak

F̄ik � pkκtκrτpNΓki + pkpiκt (1 − κt) (κr)
3τpN

2Hki

Ḡik � pk(κtκr)
2τp (1 + κr (N − 1))Tki + pkτpNκr(κtκr)

2Hki (10)
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In addition, skil, tkil and cki are expressed as

skil � (βkl)
2(βil)

2(Ψτkl

)2
, (17)

tkil � (βkl)
2βilΨτkl + pi(βkl)

2(βil)
2(Ψτkl

)2

×
(

1 − κtκr + (1 − κt) (κr)
2 (N − 1)

)
, (18)

cki � [βk1βi1Ψτk1 · · ·βkLβiLΨτkL]
T ∈ CL. (19)

Note that Ψτkl is a scalar expressed as

Ψτkl � tr
(
Ψτkl

)
/N

= 1

/⎛

⎝
∑

i∈Pk

κtκrpiτpβil +
K∑

i=1

pi (1 − κtκr)βil + σ2

⎞

⎠ .

(20)

Proof: Please refer to Appendix A.
Note that (10) is a generalized Rayleigh quotient with respect to ak.

With the help of [15, Lemma B.10], the effective SINR for UE k is
maximized by

ak =

⎛

⎝
K∑

i=1

piF̄ik +
∑

i∈pk
(pi)

2τpNḠik

−(κtκrpk)
3(τpN)2bkkb

H
kk + σ2pkκtκrτpNΛk

)−1

bkk,

(21)

which leads to the maximum SINR value

SINRLSFD
k = (κtκrpk)

3(τpN)2bH
kk

(
K∑

i=1

piF̄ik +
∑

i∈pk
pi

2τpNḠik

− (κtκrpk)
3(τpN)2bkkb

H
kk + σ2pkκtκrτpNΛk

)−1

bkk. (22)

Remark 1: In order to reduce the complexity of LSFD, we propose
S-LSFD with the simple weights akl = βkl/

∑K
k=1 βkl. However, it

causes performance loss compared with LSFD as shown in numerical
results.

Remark 2: According to [14], a large number of statistical param-
eters that grows quadratically with L and K is required for LSFD,
which have a heavy loading effect. Therefore, S-CD is employed with
the simple weights ak = [1/L . . . 1/L]T.

Theorem 2: Considering κt = κt0/L
εt , κr = κr0/L

εr , for con-
stants κt0, κr0 ∈ (0, 1], where εt, εr denote scaling exponents in
transceiver. Therefore, only εt = 0 and 0 < εr < 1/2 can lead to
SEk → log2(1 + SINR∞

k ) as L → ∞, where

SINR∞
k =

(pk)
2τpN

∑K
i=1

(pi)
2(1−κt)N

(κt)
2 +

∑
i∈pk

(pi)
2τpN

κt
− (pk)

2τpN
.

(23)

TABLE I
NUMBER OF COMPLEX SCALARS FROM THE APS TO THE CPU VIA THE

FRONTHAUL AND THE COMPUTATIONAL COMPLEXITY OF WEIGHT ak

Proof: It follows similar steps in [15, Corollary 6.8].
Theorem 2 proves that we can decrease κr roughly as 1/

√
L and

still achieve the same SE limit by increasing the number of APs L.
However, the convergence speed to the SE limit is much slower if the
hardware quality gradually reduces.

B. Small Cell

For small cell networks, an achievable SE of UE k is the maximum
one among all APs [15, Sec. 6] in eq. (24) shown at the bottom of this
page, where

F̄ikl � 1 + piβilΨτkl

(
1 − κtκr +(1 − κt)(κr)

2 (N − 1)
)
/(κtκr)

2,

Ḡ � 1 + κr (N − 1)/Nκtκr. (25)

Following similar steps in [14], we provide complexity analysis and
fronthaul requirement of four different receiver cooperation as shown
in Table I. It is clear that LSFD, S-LSFD and S-CD have the same
fronthaul requirement. However, the complexity of LSFD increases
with L since it requires the L× L matrix inverse to derive ak in (21).

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we quantitatively study the performance of CF
Massive MIMO with HI under different parameters and receiver co-
operation. According to [1] and [14], we assume that the L APs and K
UEs are independently and uniformly distributed within a square of size
1 × 1 km2. The large-scale fading coefficient βkl models the path loss
and shadow fading, according to βkl = PLmk · 10(σshzmk)/10, where
PLmk represents the path loss, and 10(σshzmk)/10 represents the shadow
fading with the standard deviation σsh = 8 dB, and zmk ∼ N (0, 1). In
addition, pi = 100 mW and τc = 200 are considered.

We first compare the performance of the considered system with four
different receiver cooperation in Fig. 1. It is clear that the SE increases
with the increasing of the hardware qualities κt and κr , which also
can be easily observed in (7). Moreover, it is interesting to see from
Table II that LSFD has the maximum median and 95%-likely (i.e.,
where the vertical axis is 0.05) performance loss when the hardware
qualities reduce from 1 to 0.9. The reason is that the LSFD requires
more knowledge of statistical parameters, which is easier to be affected.
In addition, the correctness of analytical results is verified by the
simulation results.

Fig. 2 shows the cumulative distribution of uplink average SE with
different values of the quality factors in the transmitter and receiver.
It is clear that the parameter κt has a greater influence on the uplink
average SE compared with the parameter κr . For example, the uplink
average SE reduces by 8.67% when only κr decreases from 1 to 0.9.

SINRkl =
(pkβkl)

2τpΨτklN
∑K

i=1 piβilF̄ikl +
∑

i∈pk
(piβil)

2τpΨτklNḠ− (pkβkl)
2τpΨτklN + σ2

(κtκr)
2

(24)
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Fig. 1. Uplink average SE with four different receiver cooperation
(L = 100,K = 10,N = 2, τp = 5). (a) κt = κr = 0.9; (b) κt = κr = 1.

TABLE II
PERFORMANCE LOSS OF DIFFERENT RECEIVER COOPERATION (κt = κr = κ)

Fig. 2. Uplink average SE with LSFD for different values of κt and κr

(L = 100,K = 10,N = 2, τp = 5).

However, only reducing κt from 1 to 0.9 can causes 36.46% SE loss,
which is close to the SE loss for the case of κt = κr = 0.9.

The uplink sum SE is shown in Fig. 3, as a function of the number
of APs. It is clear that the SE increases with the number of APs L.
In addition, Fig. 3 validates the hardware-quality scaling law that the
uplink sum SE converges to a non-zero limit, when εt = 0, 0 � εr <
1/2. Therefore, we can obtain the conclusion that the reducing hardware
quality can be compensated by adding more antennas or APs when
εt = 0, εr < 1/2. Note that sum SE denotes the sum of SE for all UEs.
Here we use it to indicate the overall performance.

V. CONCLUSION

In this correspondence, we derived novel and exact closed-form
expressions for SE of the CF massive MIMO system with HI and four
low-complexity receiver cooperation. Moreover, a useful hardware-
quality scaling law is obtained. The obtained results show that the
hardware distortion has a larger impact on the performance of LSFD

Fig. 3. Uplink sum SE with LSFD against the number of APs L for different
values of εr (K = 5,N = 2, τp = 3, κt = 0.997, κr0 = 0.997).

compared to other three receiver cooperation. In addition, the influence
of HI at UEs is greater than the one at APs. Furthermore, the detrimental
effect of HI at the APs vanishes when the number of APs grows large.

APPENDIX A
PROOF OF THEOREM 1

Following a similar approach in [15, Theorem 6.2], the desired signal
and the interference in (8) are derived as

Pdesired = κtκrpk

∣∣∣∣∣

L∑

l=1

a∗
klE

{
vH
klhkl

}
∣∣∣∣∣

2

, (26)

Pinterference = E
{
|Vinterference|2

}
= κr

K∑

i=1

E

⎧
⎨

⎩

∣∣∣∣∣

L∑

l=1

a∗
klv

H
klhil

∣∣∣∣∣

2
⎫
⎬

⎭

×
(
κtE

{
|si|2

}
+ E

{∣∣ηUE
i

∣∣2
})

− κtκr

∣∣∣∣∣

L∑

l=1

a∗
klE

{
vH
klhkl

}
∣∣∣∣∣

2

E
{
|sk|2

}

+ E

⎧
⎨

⎩

∣∣∣∣∣

L∑

l=1

a∗
klv

H
klη

AP
l

∣∣∣∣∣

2
⎫
⎬

⎭+ E

⎧
⎨

⎩

∣∣∣∣∣

L∑

l=1

a∗
klv

H
klnl

∣∣∣∣∣

2
⎫
⎬

⎭ .

(27)

Note that there is E{|√κtsi + ηUE
i |2} = E{|si|2} = pi in the consid-

ered HI model. Using [7, Eq. (91)], we have

E

⎧
⎨

⎩

∣∣∣∣∣

L∑

l=1

a∗
klv

H
klhil

∣∣∣∣∣

2
⎫
⎬

⎭ =

L∑

l=1

|a∗
kl|2E

{∣∣vH
klhil

∣∣2
}

+
L∑

l=1

L∑

n 	=l

akla
∗
knE

{(
vH
klhil

)∗ (
vH
knhin

)}
. (28)

In addition, the distribution of the receiver distortion can be expressed
as [15, Eq. (6.12)]

ηAP
l =

√
1 − κr

K∑

i=1

√
pihil�η̄AP

il , (29)

where η̄AP
il ∼ NC(0N , IN ) is an independent random variable. There-

fore, we have

E

⎧
⎨

⎩

∣∣∣∣∣

L∑

l=1

a∗
klv

H
klη

AP
l

∣∣∣∣∣

2
⎫
⎬

⎭ =
L∑

l=1

|a∗
kl|2E

{∣∣vH
klη

AP
l

∣∣2
}
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=
L∑

l=1

|a∗
kl|2 (1 − κr)

K∑

i=1

piE
{∣∣vH

kl

(
hil � η̄AP

il

)∣∣2
}

=

L∑

l=1

|a∗
kl|2 (1 − κr)

K∑

i=1

piE
{
‖vkl � hil‖2

}
. (30)

Furthermore, the noise term in (27) can be written as

E

⎧
⎨

⎩

∣∣∣∣∣

L∑

l=1

a∗
klv

H
klnl

∣∣∣∣∣

2
⎫
⎬

⎭ = σ2
L∑

l=1

|a∗
kl|2E

{
‖vkl‖2

}
. (31)

With the help of [15, Corollary 6.3], we can obtain

E
{
vH
klhkl

}
= E

{
‖vkl‖2

}
= pkκtκr(βkl)

2τpΨτklN, (32)

E
{∣∣vH

klhil

∣∣2
}
= pkκtκr(βkl)

2βilτpΨτklN

+ pkpiκtκr(βkl)
2(βil)

2τp
(
Ψτkl

)2
N (1 − κr + (1 − κt)κrN)

+

{
pkpi(κtκr)

2(βkl)
2(βil)

2(τpΨτklN
)2
, (i ∈ pk)

0, (i /∈ pk)
, (33)

E
{
‖vkl � hil‖2

}
= pkκtκr(βkl)

2βilτpΨτklN

+ pkpiκtκr(βkl)
2(βil)

2τp
(
Ψτkl

)2
N (1 − κtκr)

+

{
pkpi(κtκr)

2(βkl)
2(βil)

2(τpΨτkl

)2
N, (i ∈ pk)

0, (i /∈ pk)
, (34)

E
{(

vH
klhil

)∗ (
vH
knhin

)}

= pkpiκt (1 − κt)κ
2
rτpN

2βklβilΨτklβknβinΨτkn

+

{
pkpi(κtκrτpN)2βklβilΨτklβknβinΨτkn, (i ∈ pk)

0, (i /∈ pk)
. (35)

The proof is finished by substituting (32–35) into (26–31).
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