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CLASSIFICATION OF SPIN STRUCTURES ON THE
NONCOMMUTATIVE n-TORUS

JAN JITSE VENSELAAR

ABSTRACT. We classify spin structures on the noncommutative torus, and
find that the noncommutative n-torus has 2™ spin structures, corresponding
to isospectral deformations of spin structures on the commutative n-torus.
For n > 4 the classification depends on Connes’ spin manifold theorem. In
addition, we study unitary equivalences of these spin structures.

1. INTRODUCTION

The different possible spin structures on a differentiable manifold were classified
in the work of Milnor [25]; for example, on a (commutative) n-torus, there exist
2™ inequivalent spin structures. No such general classification of spin structures
in currently know in noncommutative geometry — this amounts to classifying the
possible real spectral triple structures on a C*-algebra. In this paper we prove that
there exist precisely 2™ different real spectral triples on a noncommutative n-torus,
and that these structures are isospectral deformations of spin structures on the
commutative n-torus.

The noncommutative torus A(T}), or irrational rotation algebra, is one of the
first nontrivial examples of a noncommutative topological manifold, given as a
deformation of the usual commutative torus [16] [29] [I5]. The parameter 6 is a
number for a noncommutative 2-torus, and an antisymmetric n x n matrix for
higher dimensional tori.

The analog of putting a spin structure and a metric on this algebra is to enhance
it into a real spectral triple in the sense of Connes [7] [8]. This introduces a set
of extra parameters 7%, which are the analogue of the size of the torus. The non-
commutative n-torus, both topologically and with spin structure, has found many
applications in mathematical physics, for example [4], 23] and [3]. A noncommu-
tative spin structure can certainly be constructed by deforming a spin structure on
the commutative n-torus [12], so the question becomes whether this deformation
gives all possible spin structures on the noncommutative n-torus.

In dimension 2, the problem was solved by Paschke and Sitarz [26] Theorem
2.5], who showed that a noncommutative 2-torus admits exactly 4 different real
spectral triples (which are deformations of spin structures on the commutative
torus). This result can be reformulated as follows: any real spectral triple which
is equivariant with respect to a 2-torus action in the sense of [32] (see section 2]),
is an isospectral deformation of a spin structure on a commutative 2-torus. Note
that an equivariant action of n-torus is different from an n-torus action as in [I0],
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the former is a condition on the spectral triple, the latter is an action along which
the algebra is deformed.

Our first result is that the theorem of Paschke and Sitarz holds true in arbitrary
dimension:

Theorem A. A real spectral triple with an equivariant n-torus action is an isospec-
tral deformation of a spin structure on a commutative n-torus.

The proof of [26, Theorem 2.5] does not generalize readily to higher dimensions.
Rather than working with the grading operator, which only gives nontrivial con-
ditions in the even-dimensional case, we use the reality operator first. Then we
establish that out of several possible candidate structures only one satisfies the
growth condition and compact resolvent condition on the Dirac operator. Also, our
proof uses at a crucial point Connes’ reconstruction theorem [9, Theorem 11.5]. We
describe the spin structures explicitly in Theorem

In a celebrated paper [I] (see also [2, Theorem 1]), Adams used the classification
of independent vector fields on spheres to deduce elementary results on Radon-
Hurwitz numbers of certain classes of matrices. Similarly, our Theorem [Al can be
used to prove the following elementary result on Hermitian matrices, for which we
do not know an elementary proof:

Corollary 1. A set of 2° x 2° Hermitian matrices {A;};_,, where n = 2b+1, such

that the equation
det (Z ,TiAi) = O,

only has the zero solution (x; = 0)!'_, in R™, generate a Clifford algebra if and only

)
f
Z Sign(o) H Ag(i) = )\Idk,

oES,
for some nonzero A € R.

After we have obtained a classification, we study equivalences between different
real spectral triples on the same noncommutative n-torus. For a commutative n-
torus, the diffeomorphisms of a torus act affine on the set of spin structures identified
with the vector space Z%, as shown in [I4]. In particular, for the commutative 2-
torus, there are two orbits, one consisting of one element, and the other consisting
of three elements. In the case of the noncommutative torus the full diffeomorphism
group is not known when n > 2. Restricting to inner automorphisms of the algebra,
we can show the the following.

Theorem B. FEzxcept for a set of 0 of measure 0, the different spin structures of the
smooth noncommutative n-torus A(T}) cannot be unitarily equivalent by an inner
automorphism of the algebra.

We also compute the action of unitary transformations induced by some outer
automorphisms on the spin structures. These are the action of SL(2,Z) on the
noncommutative 2-torus and the flip automorphism on the noncommutative n-torus
for n > 2.

The set of @ of measure 0 in Theorem [Bl is determined by some Diophantine
approximation conditions given in [5], and includes the 6 with only rational entries.
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In addition to unitary equivalences of real spectral triples, one could also look at
Morita equivalences of real spectral triples [35, Chapter 7.2], even though it is not a
true equivalence since it is not symmetric in general [11, Remark 1.143]. It would be
interesting to study Morita equivalences of spin structures on noncommutative tori,
especially since all Morita equivalences of the algebra of functions on the smooth
noncommutative tori are known [30] [19, Theorem 1.1]. We hope to return to this
question in the future.

2. DEFINITION OF A REAL SPECTRAL TRIPLE

Since there are various, slightly different, definitions of real spectral triples, cf. [8]
Pages 159-162],[35, Chapter 3],[21) Chapter 10], and we need to refer to the axioms
unambiguously, we will explicitly state the definition of real spectral triple we use.
For the definition of an equivariant spectral triple, see section2Z.Il A spin structure
on a manifold M, of dimension n, is a nontrivial double cover of the principal SO(n)
bundle of orthogonal frames of the tangent bundle T M [24, Chapter I1.1]. After [9],
we know that a real spectral triple is the right noncommutative geometry analog
of a spin structure on a manifold.

For a real spectral triple we have the following data:

A unital, dense *-sub-algebra A of a C*-algebra A,

A separable Hilbert space H with a representation of A acting as bounded
operators,

An unbounded self-adjoint operator D, called ‘Dirac operator’,

An antilinear isometry J of H onto itself, called ‘reality operator’

A self-adjoint unitary operator I' of H onto itself, such that I'? = 1, called
‘grading operator’,

e An integer n > 0, called ‘dimension’.

These objects also satisfy the Axioms [I] to @ in order for them to be called a real
spectral triple of dimension n.

Axiom 1 (Compact resolvent). The Dirac operator D has compact resolvent, that
is, D has finite dimensional kernel and D=1 (defined on the orthogonal complement
of the kernel) is a compact operator. Furthermore, for all a € A, [D,w(a)] is a
bounded operator.

Axiom 2 (Grading operator). If n is odd, I' = Id. If n is even, the Zs grading
operator T splits the Hilbert space H as HY and H~, where H* is the (&) eigenspace
of I'. The operator D 1is odd with respect to this operator, and the representation m
of A on H is even, so we can write

a O 0 D~
’T(a>_(o a> D_(D+ 0>’
where DT and D™ are adjoint to each other.

Axiom 3. The operators J, D and I' satisfy the commutation relations from Ta-
bled, and the operator J is unitary: J& = J~ 1.

Axiom 4 (Dimension). The eigenvalues puy, of |D| ™!, arranged in decreasing order,
grow asymptotically as
pe = O(k™"),

for an integer n (called the dimension,).
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TABLE 1. Signs of the spectral triple

n mod 8 0 1 2 3 4 5 6 7
J? = 41 () |+ + = = = — + +
JD = £DJ (£yp) |+ - + + + - + +
Jr = 'y (&) |+ + - + + + — +
D = 4#I'D (£pr)|- + - + — + — +

Axiom 5 (First order condition). For all a,b € A the following commutation
relations hold:

(1) [a, Jb*J1] = 0.
(2) ([D,a], Jb*JT] = 0.
We will write b° = Jb*.JT. The above formulas establish that the opposite algebra:
A° = {a® = J'a*J|a € A},
lies within the commutator of A.

Recall that a Hochschild k-chain is defined as an element ¢ of Cx(M, A) =
M ® A®* with M a bimodule over A. A boundary map b: Cy — Cj_1 is defined

as
b= > (-1)'d;,

i=0,k
do(m®a; ® - ®ar) =ma; Qaz -+ @ ag,
di(m®a @ ®@ar) =m®a1 @ @ aiaiq1 @ @ ag,
dk(mRa1 @ Qag) =arm@a; @ -+ @ ag_1.

Since b* = 0, this makes Cj (M, A) into a chain complex.
Axiom [ gives a representation of Hochschild k-chains Cx (A, A ® A°) on H by

(3) T((e®b)®a1 ® - Qay) =ab’[D,a1]...[D,ax].

Axiom 6 (Orientability). There is a Hochschild cycle c € Z, (A, A® A°) such that
™D (C) =T.

Axiom 7 (Regularity). For all a € A, both a and [D,a] belong to the domain of
smoothness (o Dom (6%), where the derivation & is given by 6(T) = [|D|, T], with
\D| = VD*D.

Axiom 8 (Finiteness). The space of smooth vectors H> = (;—, Dom (Dk) s a

finitely generated projective left A module. Also, there is a Hermitian pairing (n|£)
on this module, given by

(n,€) = ]l (nlé)D| ™,

where f is the noncommutative integral (defined for example in [35, Chapter 5]).

Axiom 9 (Poincaré duality). The Fredholm index of the operator D yields a non-
degenerate intersection form on the K-theory ring of the algebra A & A°.

Finally, we restrict our attention to irreducible spectral triples, that is, there
are no nontrivial projections commuting with the action of the algebra, D, J and
T". If the spectral triple is reducible, one can just do the analysis on the different
irreducible components.
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2.1. Equivariant spectral triples. There are different candidates for the notion
of symmetries of noncommutative geometries. One obvious candidate is the group
of automorphisms of the algebra A, but for noncommutative algebras, this group
can be very small, while it seems that there should be more symmetries available.
An attempt to enlarge this group of symmetries in an interesting way is the notion
of equivariant spectral triples. Equivariant spectral triples were introduced in [32].
One describes symmetries of spectral triples in the form of Hopf algebras. In this
paper we are interested in n-dimensional spectral triples, which are equivariant with
respect to a Hopf algebra with n different commuting derivations. This, together
with the irreducibility condition, is the analog of a compact homogeneous space in
commutative geometry.

In the context of Hopf algebras, we shall use Sweedler’s notation for the coprod-
uct: Ah = h(1) ® hg). See for example [22] Chapter 3] for an introduction to Hopf
algebras, and some standard notation. An equivariant real spectral triple is a real
spectral triple (A, H, D, J) together with a Hopf algebra H, with multiplication p,
unit 7, comultiplication A, counit ¢ and antipode S, and an antilinear involution *
making H into a x-algebra such that

Ah* = (AR)*®* e(hx) =€¢(h) (Sox)?=1Id.

Recall that an H-module algebra is an algebra A with a complex linear repre-
sentation p of H on A such that A is a linear space, and p respects the algebra
structure:

p(h)(araz) = (p(hqy)ar) (p(hz))az) .
forall h € H,a1,a2 € A. When A is an H-module algebra we define an equivariant
(left,right) A-module to be a (left,right) A-module M such that

par(h)(am) = (pa(hay)a) (par(hezy)m)

for all h € H,a € A,m € M. The objects of the equivariant real spectral triple
transform in a compatible way under the action of the Hopf algebra:

e The algebra A is an H-module algebra.

e There is a dense subspace V' C H such that V is an equivariant left A-
module.

e For every h € H, the Dirac operator is equivariant, [D,h] = 0 on the
(dense) intersection of the domain of D and V.

e The action of H°P is well defined on the opposite algebra A° via the equality
J7'hJ = (Sh)".

e If the spectral triple is even, [[', h] = 0.

In the case of equivariance with respect to a torus action, we take the universal
enveloping algebra U (t") of the familiar Lie algebra t™ of the n-torus. This means
that we have a basis of derivations J;, with a representation p on H such that for
a€ A(Ty), veH:

(4a) 8:0; = 0;6;,

(4b) A0;) =0, 014+ 1R4d;,
(4¢) p(di)m(a)o = (7(dia) + 7(a)) v,
(4d) p(6;)Dv = Dp(6;)v,

(4e) p(6:)Jv = —Jp(8;) " v.
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3. OUTLINE OF THE CLASSIFICATION

The outline of the proof of Theorem [Al is as follows. First in section E we
determine the action of the algebra on the Hilbert space, such that the equivariance
condition is met. This action is already well-known, but we derive it to show
that there are no other possibilities. In section [B] we move to real spectral triples,
and determine possible forms of the reality operator J, by considering the anti-
isomorphism A(Ty) — A(Tj)° and the equivariance condition (Ze). We find several
possible families of real spectral triples, only one of which consists of isospectral
deformations of spin structures on the commutative torus. In the next section,
section [6, we determine the classes of possible Dirac operators for each candidate
family of real spectral triples using equivariance of the Dirac operator and the first-
order condition, and show that only the isospectral deformation family is compatible
with the compact resolvent condition.

In section [l we determine that the parameters 7 in the Dirac operators must be
linearly independent vectors spanning R"”, using the Hochschild homology condi-
tion and earlier results on the Hochschild homology on noncommutative tori. The
last step in the classification is done in section [8] where we use the spin manifold
reconstruction theorem to show that the Dirac operator is really a Dirac operator
in the sense of spin geometry.

After the classification, we give in section [@ an explicit description of the con-
structed real spectral triples on the noncommutative torus.

Finally, in section [I0] we study unitary equivalences of the real spectral triples,
and show that unitary equivalences induced by inner automorphisms of the algebra
do not change the spin structure for almost all /. When n = 2 we show that the
known outer automorphisms do change the spin structure, if the real spectral triple
is an isospectral deformation of a nontrivial spin structure. When n > 2, we show
that the flip automorphism cannot change the spin structure.

4. HILBERT SPACE AND ALGEBRA

We look for possible equivariant representations of the algebra of functions of the
smooth noncommutative torus, and give a basis of the Hilbert space H for which
equivariance is obvious. We do not use any special conditions from the definition
of a real spectral triple, except that the Hilbert space should be separable.

We denote the noncommutative torus, or more precisely, the algebra of con-
tinuous functions on the noncommutative n-torus, by A(T}), where 6 is an anti-
symmetric real n x n matrix. As Hopf algebra symmetry for which the algebra
representation must be equivariant we take the Hopf algebra generated by n inde-

pendent commuting elements 61, .. ., dy,.
The algebra of smooth or continuous functions on the noncommutative torus is
generated by unitary elements U, , ..., U, such that

Ue, Ue, = exp (2mi0k;) Ue, Ue,,,
with 6y, the component of the matrix at position (k,l). As a short-hand notation,
we will write
e(+) = exp(2mi-).
The Hopf algebra action of our basis elements on the unitary generators is [32]:
5iUe]. =U,, if i = j, and 0 otherwise. If we interpret the e; as the j-th basis vector
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of Z™, we can write more generally unitary elements of the algebra as:

1
Ug=e ngjejkxk Ui, Uy -+ Uy,
J

for x = )Y xje;. The smooth functions, that is the algebra of functions of the
smooth noncommutative n-torus, is a subalgebra of Ay, that is not too big, as
restricted by Axiom [7, and not too small, as restricted by Axiom [l We will return
to the precise definition of the algebra later, in Lemma

Just as for the algebra, we will write dx for the derivation given by

Ox = 0z, 0zy *+ O, -
From the definitions, it is immediate that
(5) oxUy = (x-y) Uy,
where (x - y) is the standard inner product on Z".

Now we look for a Hilbert space Ho which is an equivariant left Ag-module. As
a basis of Ho we choose mutual eigenvectors e, of the derivations:

p(éi)eu = Ki€p-
where the p form a countable subset of R™.

In order for the spectral triple to be a noncommutative torus, we demand that
the action of the algebra is equivariant with respect to a torus action, as in equa-
tion ([Ad). Written out for the unitary generators Uy, we see:

mo(Ux)en = Ux,peptxs

with ux, € C to be determined. Thus for the minimal irreducible equivariant
representation the g will lie in a translate of a lattice:

(6) Ho= P Huyrm:
mezn

where each H, +m = C. There are no restrictions yet on u, these will be deter-
mined later.
Since the Uy should be unitary, we have that

<eu; ux,ueu+x> - <u7x.,ueu7X7 eu>
(7) = Usc,uOu, ptx = U—x v0v—x,p-
Finally the definition of Ux in terms of U; gives the relations
1
(8) Ux+y,u = e(§x S0 ) U,y Uy o

Lemma 1. Up to unitary transformations of H any unitary equivariant represen-
tation of A(Ty) on H is given by

1
(9) T (Ux)ep = e <§x Ax+x- Au) €ptx
with A any n x n matriz such that A — At = 0.

Since the representations 74", given by different matrices A such that A —A! = 6
are equivalent, we drop the A from the notation, and just write my for a represen-
tation defined by equation (@).
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Proof. 1t is clear that for any matrix A the representation given above satisfies the
relations (@) and (8). Given two representations 7 and 7’ satisfying the equivariance
condition (@d) we can write any element w € H as a unique sum ) . A\c7(Ux)eo
with (A)gezn € €2(Z™). In other words, eg is a cyclic vector with respect to the
algebra action. Now construct an operator T : H — H by setting Tey = e¢ and
extending by
Tw=T Z A7 (Uyx)eq = Z A7 (Uy )eg.
x€Zn x€Z"

This is well defined if m and 7’ are representations of the same algebra A(T}),
since they satisfy the same algebra relation (®)), and it is an invertible map on #,
because both 7(Ux)eg and 7' (Ux)eo span the Hilbert space if we take all x € Z".
By construction 717/ (Uyx)T = 7(Ux), and it is a unitary transformation, because
we can calculate:

(Tv, Tw) = Z Aty (7 (Ux)eo, 7 (Uy )eo)

X,y EL™

Z j‘x/‘y (' (Ux)eo, 7' (Uy)eo)

x—y=0

= (v, w),
since (ex,ey) = 0 if x # y, and the representations 7 and 7’ are unitary. O

There might be more unitary equivalences of the algebra, a question which we
explore in section[I0] but for now we were only interested in possible representations
of the algebra.

5. REALITY OPERATOR

In this section, we derive conditions on the equivariant reality operator J, to give
us a real spectral triple. We will only consider conditions following from relations
between A, H and J and the equivariance condition (@€). No use is made of the
Dirac operator in this section.

The equivariance condition for J is given in (@dl):

p(1)Jv = —Jp(1*)o,

for v € H, and [ an element of the Hopf algebra of the symmetries of the non-
commutative n-torus. For our basic derivations d;, we have §; = §;, so this just
means
OiJey = —pidey,

for all ¢. Since we are working with the representation given in (@), we see that J
must map an element e, of the basis to e_,,. Since both u and —p must lie on
the (shifted) square lattice, the g within R™ are either integer valued, or integers
plus % Thus the p in (B) has as values for its components 0 or % We denote the
(shifted) lattice the p span by Z™.

The Tomita involution Jy(a) = a* [33] gives a commuting representation, but it
does not follow the commutation relations in Table [I so we will have to enlarge
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our Hilbert space. Define
H = @Hj,
jel

with each H; as in (@) and I an index set. Every nondegenerate representation of an
involutive Banach algebra is a direct sum of cyclic representations [34] Proposition
1.9.17], and because of the equivariance condition ([@d), we get that the only cyclic
representations we can consider are the ones given by Lemma [II We write basis
vectors of this Hilbert space as e, ; with p € Z" and j € I.

For different j € I, lattices spanned by p could a priori be shifted by a different
amount (valued 0 or % in each component), but we will see in section [§ that this
cannot be the case if the spectral triple is irreducible.

We look for an antilinear operator J such that J2 = =21, with signs as in
Table [l and so that for every a € A(T%), Ja*J~! commutes with all b € A(Tj),
satisfying equation (). The image of A(T%) under the isomorphism a + Ja*J !
is denoted by A(T})°. We write UZ for the image of Ux.

Firstly, equation (&) has as a consequence that J acts as follows on elements of
the basis e, ;:

(10) Jeu; = arj(p)e_pk.

We can thus write Je, j = A(—p)Joey, j, with A(—p) some unitary or skew unitary
bounded linear functional, and Jy an antilinear diagonal operator:

Joaey ; =a"e_, ;.
If we apply J twice, we should get &+ j21d, which can be written as
Jodep; = JN—pmle—p; = Mp)A (—p)e—pj,
and so we see that
(11) AR (—p)" = % 21d.

By applying J on a unitary generator Ux of Ay we get the following condition
on A(p):

Lemma 2. The map a — Ja*J' is an isomorphism into the commutant, if and
only if for all x,y € Z":

(12a) A(x+y) =e(x- Ay +y - Ax)A(x)A0) A(y),
where Je, j = A(—p)Joey, ;, with Jo the Tomita involution, and
(12b) A)A(x)" = Id,

(12¢) AX)A(—%)" = % ;21d.

AS a consequence
1
(13) Ugen,j = e(p- Ax+ 5x - Ax)N ()A(0) ey .

where A(p) = e(p - Ap)N' (), and N'(p);; = cije(iz(n)) with c;; € C and ¢;j :
R™ = R such that 3 cije(dij(—p))cje(—di; (1)) = £ 20ik.
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Proof. First we calculate U2 = JU;JT using equation (I0):
Ugen; = JUxJ ey,
= JU;A(N)te—uJ

=Je (x “Ap+ %x : Ax) Ap) e x;

1
— Alp+x)e (—x Apgx Ax) A eyt
We compute the commutator [Uy, UZ]:

1 1
UyUgen,j =€ (y A(p x4 gy) = x-Alp+ §X)) Alp +x)AT (1) epxty,j

1 1
UUyepj =e (—X Aty +ox) +y-Alpt §y)) Alp+x+ y)A (1 + ¥)epixty -

If the commutator vanishes, we see that by canceling common terms we must have:
e(y - Ax) A(p +x)AT (1) = e (—x - Ay) A(p + x + y)AT (1 + ).

This has as a consequence that A(x),; consists of e(fi;(z)) with f;;(z) a function
of the form x-B;;x+ ¢;; (x) +v;;. We see that the quadratic part must be the same
for each component, and that B;; = A. The constant part v;; can be absorbed
into by unitary transformation. We can thus write

(14) A(x) = e(x - Ax)N' (%),
where A’(x) consists of functions ¢ije(¢;(x)) such that A'(x) = +,A’(—z)" and
N (x)A'(x)" =1d. If we then calculate U2:
1
UZep = Al +x)e ( x-Ap— 7% Ax) A(H)Teu+x,j
1
(b+x)- Alp+x) —x-Ap—ox-Ax—p- Au) N s+ %N (1) ey s

1
<u Axtix Ax> N+ 0N (1) e

1
=e (u -Ax + 3% Ax) A’(X)A’(O)Te#+x,j.
By definition (4] of A’, we have A’(0) = A(0), so this is exactly equation (I3). O

6. DIRAC OPERATOR

The remaining piece of the real spectral triple is the Dirac operator. In this
section, using the results from the previous section, the equivariance condition (@d),
and Axioms [I] and Bl we derive conditions for the Dirac operator D. We see that
for different forms of A as given in Lemma [ only the form A’(x)> = Id can lead
to isospectral deformations of spin structures on the commutative n-torus. By
applying the compact resolvent condition of Axiom [ we show that this is the only
possibility compatible with the definition of noncommutative geometry.
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An equivariant Dirac operator D commutes with the basic derivations ¢; as
described in (4d):
_ k
Depj =Y dyi jeun-
. *
Since D should be self-adjoint, we have that dﬁ = (dL k) . We will write

Depj = D(p)ep;-
From the first order condition in equation (@), we deduce:

Lemma 3. An equivariant Dirac operator D that satisfies the first order condition
must be of the form:

(15) Deyj = D(p)ep.j,
where D(p) is an operator satisfying:
(16) Dix+y) = (NAO) ) (D(y) ~ D(0)) + D).

Proof. To check the the first order condition, it is sufficient to check it only for the
unitary generators of Ag:

[[D,Ux], Uy] = DUXUS = UxDUy — Uy DUx + UgUx D = 0,
for all x,y € Z". Using Lemma 2] we write out the first order condition:
DUUyep.; = a(x,y, w)D(x+y + mA ()N (0) epry s
UxDUyep; = a(x,y. Dy + A (¥)A(0) ey,
UyDUxep; = a(x,y. p)A (y)A'(0)' D(x + wepry.s
UyUsDey; = a(x,y, m)A ()N (0) D()epscry .

where a(x,y, @) is the common factor

1
a(x,y,p) =e (X-Au+u-Ay+x-Ay+§(X-AX+y-A.V)) -
This gives the relation
(D(x+y +p) = Dy + ) N ()4 (0)" = N ()N (0)" (D(x+ p) — D(m)).

Since D is self-adjoint and A’(x) unitary, we can rewrite this as

(Dix-+y + 1) = Dly + ) = (Ny)N(©0)") (Dlx+ 1) — D)

For y = x and p = 0, the solution to the defining equation (IG]) is
2

(17) D(x) =Y (ri-x) A+ (NxAO)) B+C,

where the A;, B and C are bounded operators such that Ce, j = >, cjreur and
similarly for B and A;, and ker (3, 7; - xA;) contains at least the x € Z" such that

2

(A’ (x)A(O)T> # Id. This is the unique solution, since we see from equation (6]
that D is fully determined after we choose suitable D(e;) for 1 <i < n.

2
If (A/(x)A(0)")" =1d, this gives a linear Dirac operator, familiar from commu-
tative geometry. However, at first glance it seems that there might be other spin
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structures, not corresponding to commutative spin geometries. These other candi-

2
date geometries, where (A'(x)A(0)")” # Id, will however drop out because they are
incompatible with the compact resolvent condition on D.

2
Lemma 4. Only if (AN (x)A(0)")" = Id can the equivariant Dirac operator D have
a compact resolvent. Hence D is of the form:

(18) De,, ; = (Z (7 p) A; + c) €

As a corollary, we have that J is of the form:
(19) Jepj=e(pw-Ap)Ae_p ;,
with A a constant isometry such that A2 = £ ;2 Id.

Proof. By [27, Theorem XIII.64], we see that an unbounded self-adjoint operator
D bounded away from 0 has a compact resolvent if and only if the set

Fy = {¢ € Dom(D) : [[¢[| < 1;[[Dy]] < b},

is compact for all b € R. However, if (AI(X)A(O)T)Q # Id for some direction x, we
know that x € ker (3, 7; - xA;) and then it follows from (I7) that the norm of
De)x is bounded by B + C for all A € Z. When we take b > ||B + C/|, F}, contains
at least eyx for all A € Z # 0, so F}, cannot be compact. [l

7. GRADING AND HOCHSCHILD HOMOLOGY

In this section we investigate what extra conditions on the the spectral triple
of the noncommutative torus come from the grading operator and Hochschild con-
ditions, Axioms [@ and Bl We find that the parameters 7° introduced in section
must be linearly independent vectors spanning R".

We start by investigating the Hochschild cycle condition, which states that there
is a Hochschild cocycle ¢ € Z,,(A, A ® A°) whose representative on H is I' (or Id
if n is odd). The T operator is an isometry, with eigenvalues 1 and —1, and so by
Axiom 2] and the diagonal action of the algebra on the Hilbert space, we see that

r+~ o
(5 )

where ' and I'™ are unitary self-adjoint operators which have only eigenvalues
+1 and —1 respectively. Using a unitary transformation, we can assume these

operators to be diagonal, thus
~ (Idy 0
r= (% )

where Id; and Id_ are the identity operators on the positive and negative eigenspaces
of I'.

An obvious candidate for the Hochschild cycle in Z, (A, A ® A°) is the straight-
forward generalization of the unique such cycle for the noncommutative 2-torus
[26, Page 324], which is

c2 = U1 0)U(0,1) ® Ugo,1) @ Un0) — U 1y U(1,0) @ Ugr,0) @ Ugo,1)-
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A candidate generator of the n-th Hochschild homology of the noncommutative
n-torus is given by

(20) Cn = Z <Sign(”) H (Ue*m) ® (Ueam)) ’

oc€Sn i=n =1

with e; an orthonormal basis of Z™. Tt is known [2I, Lemma 12.15] that this a
Hochschild cycle. Due to [36, Theorem 1.1], the n-th Hochschild homology of the
n-torus is 1 dimensional. Together with Lemmas [l and [6] below, this means (20)
generates the n-th Hochschild homology.

Lemma 5. For the noncommutative n-torus, only nontrivial cycles can be mapped
to ' by the map 7p.

Proof. Since the Hochschild cycle consists of polynomial expressions, it is enough
to prove the result for individual homogeneous polynomials, since any cycle can be
written as the sum of homogeneous polynomials. Define

 =Ux QU @Ugs @+ @ Ugn € Zpi1(A, AR A),

with x*, y € Z". As in [35, Chapter 3.5], we see that
(21)  7wp(bc’) = (=1)" [7° (Uy) 7 (Ugo) [D, 7 (Uy1)] ... [D, 7 (Ugn)], m (Ugn+1)] .
Since [D, Ux| = CxUx with Cx some operator depending on x, 7wp(bc’) is propor-
tional to
vvvvv xn T (Uxo) w0 (Uy)  (Uyr) . .. 7w (Ugn ) T (Ut )
Because I maps e, ; to e, ;, the total sum y + Z?:()l x" must be 0. If A(Ty) and
A(Ty)° have a trivial intersection, Uy must have total degree 0. The total Z?jol x!
is 0, and since Ux and U_x commute, the commutator (ZI)) vanishes.

If A(Ty) and A(T})° have nontrivial intersection, there are y for which UxUy, =
UyUy for all x € Z™. In that case, by the same arguments as for the trivial

intersection case above, the U, must lie entirely within the intersection of A(T})
and A(Tj)°, and since x"*! = —y — >""" /x’, the commutator (2I]) vanishes:

[UgUsr -+ Usn, Un1 | =

U;,) [le <o Ugn, an+1] =

Uy <1 —e(x"t. Gin)> =
Uy (1- e(x" T 0(—y —x"T1))) = 0.
Since x"*! . 9x"T! = 0 and Uy commutes with Uyn+1. O

Lemma 6. The Dirac operator given in Lemmal[4] satisfies the Hochschild condition
only if the vectors T are linearly independent. The Dirac operator is

(22) D=Y (r'-8) A +C,

where the A; are bounded operators such that

(23) > sign(o) H Ay = det(r! 7% ..T™)T.

gEeSy,
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Proof. In order to deduce the representative of the Hochschild cycle (20) on the
Hilbert space H, we calculate

1
[D,Uxley,; = De(x - Ap+ 5x - Ax)eurx,j — Ux <Z Tk - MAkeu,a)
(24) ’

1
=e(x-Ap+ 3% Ax) <; Tk - xAke“+x7j> .

We suppress the e(x - Ap + %x - Ax) factors, since these are canceled from the left
by the U, factors, and expand (20):

mp(e) = Tp ( > <sign<a> I1(v,)® (Uedi))))

ocES, i=n =1
1 n
= ; <sign H ( o )) lj[l Ue,u )
= Z <sign(a) Z ﬁTk ex(i)A ) .
oESy k i=1

This expression should be some constant times I' or Id, depending on the dimension.
Due to [9, Proposition 4.2], we can write this as

mp(c) =det(TiTa...Th) Z sign(o) 1_[‘40(1’)7

ocES,

where we view (7172...7T,) an n X n matrix with 7; as the columns, from which
it is immediately clear that the vectors must be linearly independent. ([

8. DIMENSION, FINITENESS AND REGULARITY

Here we establish, using the conditions of dimension, regularity and finiteness
(Axioms [ [Mand [)), that the real spectral triple must be an isospectral deformation
of a spin structure on a noncommutative torus. The result follows from Connes’ spin
manifold theorem. In the course of proving this, we find a proof for an elementary
fact about Hermitian matrices generating a Clifford algebra, for which we do not
know an elementary proof.

Lemma 7. If the T; span R", for arbitrary a; € R and all € > 0, there is at € R
and a set of p; € 7", with Z" a shifted lattice as in section[d such that

Ztal— ZNJ <e.

[

Proof. Every vector p € Z" can be written as a sum of at most 2 vectors p; € zn.
By Dirichlet’s theorem of simultaneous Diophantine approximation [31, Theorem
II.1B], for all N > 1 and (a;) € R™ we can find integers ¢, p1,...p, with ¢ < N,
such that

lqa; —pi| < N7H/™,

for 1 <i<n, and a; € R.
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Since the 7; span R™, there is a transformation R € GL(R, n) depending only
on the 7; such that (Rp); = 7; - p. Set a; = (R™!a);. Call the eigenvalue of R
with the maximal absolute value mhax, then clearly we have

|qai — T Z /J'J| = |q(Ra/)l - (Rp)1| S |Tmax||qa2 _pz| < |Tmax|N71/n-
J

Choosing N such that n|TmaX|N*1/” < €, we get the asked result. [l

Lemma 8. In order for D to satisfy the dimension condition of Aziom[4)
Z I’iA’i;
i

needs to be invertible for all x; € R except when all x; vanish. In particular, all A;
should be invertible operators.

Proof. If ). x;A; is not invertible at a point where x; = 7; - for all 7, then clearly
this is also the case for g/ = A with A € Z. Thus the kernel cannot be finite
dimensional in this case.

If >, x;A; is not invertible for some non-trivial z;, but z; # 7; - p for all p € Z"
we have the following.

Since the 7; span R"™ by Lemma [6] by Lemma [7] we have for every ¢ > 0 a set
of vectors p; € Z" such that > ;| >, 7i - p; — ;| < e. Take an element y in the
kernel of » -, x;A;. Then [|(32; ; 7i - 1;4:) - y|| < elly]|. Hence there is at least one
eigenvalue of El ;Ti ;A; smaller or equal to e. But this means that the spectrum
of |[D|7! is unbounded, hence the spectrum of |D|~! cannot be ordered from large

to small, and thus there is no integer n such that they grow asymptotically as
O(k=™). O

We have so far assumed nothing about the size of the Hilbert space H compared
to the basic irreducible representation of the algebra, H as defined in equation ().
By construction, # is a left A(T})-module. According to Axiom [§] a certain sub-
module 7> of H should be a finitely generated projective left A(Tj )-module. This
has the following consequence:

Lemma 9. The Hilbert space H is finitely generated over Hy. The smooth algebra
A is given by

(25) A(Ty) =4 D a)Ux la(x) € S(Z") ¢,

xeZn

where S(Z™) is the set of Schwartz functions over Z™:

S(zZ") = {a 2" > C | suzpn(l + [x[H)a(x)| < oo} .

Proof. Observe that the space of Schwartz functions over the shifted lattice VAL
is isomorphic to that over the lattice Z™, or any other lattice which spans R",
since the space of Schwartz functions over any (shifted) lattice which spans R™ is
just the usual space of Schwartz functions over R™, restricted to the lattice points,
modulo the obvious equivalence when functions agree on all lattice points. It is
clear that A(Ty) should at least be a subset of (20]), by Axiom [l We see that
H>® =), Dom(D"), is, due to Lemmas 8 and ] the space of vectors in H such
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that their coefficients described in terms of basis vectors e, ; drop sufficiently fast
when |p| increases. By Axiom [B] we have that H is a finitely generated projective
left A(Ty) module. This ensures that H must be finitely generated over Ho, and
that A(T}) cannot be smaller than the set defined in (2H). O

The number of generators of H in terms of Hg is still undetermined, but a
lower bound is given by [2] Theorem 1]. This theorem states that for complex
Hermitian k x k matrices, with k = (2a +1)2°, there exists at most 2b + 1 matrices
satisfying the non-invertibility property of Lemma Bl So in order to have at least
n such matrices, k should be at least 2l"/2]. Hermitian matrices generating an
irreducible representation of a Clifford algebra Cl, o are an example of a set of
matrices attaining this lower bound.

Remark 1. It does not follow from this lemma that the algebra generated by the
matrices A; is a Clifford algebra. What remains to be shown is that (>, a:Z-AZ-)2 lies
in the center of the bounded operators on H for all x € R"™. Only the condition of
Lemma [§ is not enough to show this.

Consider a set of self-adjoint matrices {B;} generating a Clifford algebra. These
satisfy the invertibility condition of Lemma [8] and the Hochschild condition (23).
Since they are self-adjoint, we can diagonalize By as B; = UAUT with A a diagonal
matrix with real elements. If we rescale the elements of A each by a different nonzero
amount to A’, the set {UA'UT}U{B;},, still has the invertibility property, but not
necessarily the Hochschild property, as a calculation for any case n > 4 will show.
If n = 2, 3, the invertibility property does imply the Hochschild property however.

However, a weaker form of Connes’ reconstruction theorem [9, Theorem 11.5],
implies the following result:

Lemma 10. In order for the candidate structure (A(Ty),H,D,J) to satisfy both
the Hochschild condition of Aziom|[@ and the dimension condition of Aziom[{], the
matrices A; of Lemmal[{ must generate a Clifford algebra.

Proof. If we look at our conditions on A(T}), H, D and .J, we see that none of them
depend on the antisymmetric matrix 6. Also, the action of the Dirac operator on
the Hilbert space is independent of #. This means that we can just set § = 0, where
we have the real spectral triple (Ao, H, D, J) of smooth functions on the n-torus.
Due to the results of Connes’ spin manifold theorem (see for example [21, Lemma
11.6], [9, Remark 5.12]), this implies that the A; generate a Clifford algebra. O

Because the size of the maximal set of matrices which satisfy the invertibility
condition of Lemma B is odd, due to [2, Theorem 1], we have as a corollary:

Corollary [l A set of 2° x 2° Hermitian matrices {A;};_,, where n = 2b+1, such

that the equation

n

only has the zero solution (z; = 0),_, in R™ generate a Clifford algebra if and only
if
Z sign(o) H Aoy = Mg,

oES, i
for some nonzero X € R.
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If we assume the spectral triple to be irreducible, we need that the matrices
generate an irreducible Clifford algebra. This restricts the size of the matrices to
be exactly 27/2] and also that the p in different subspaces of H = @D, Ho must
lie in the same shifted lattice. Due to equation (@), this lattice must be shifted in
each direction by either 0 or %

From the results in sections @l [ and [6] it now follows that the remaining condi-
tions, the Poincaré duality of Axiom [0 and the Hermitian pairing of Axiom [§ are
also satisfied, since they are satisfied by isospectral deformations.

This completes the proof of Theorem [A}

Theorem[Al All real spectral triples with an equivariant n-torus actions are isospec-
tral deformations of spin structures on an n-torus.

While it seems that this reduction to isospectral deformations trivializes all ear-
lier arguments, these were in fact necessary. The work was in showing that the
spectral triple which is equivariant under a torus action, could in fact be nothing
else but an isospectral #-deformation. Only after that was established, could we
use the results of Connes’ spin manifold theorem.

9. DESCRIPTION OF THE REAL SPECTRAL TRIPLES

Finally, we show that given a Dirac operator D that satisfies all conditions so
far, the reality operator J is uniquely determined, and list all the ingredients that
constitute all real spectral triples of the noncommutative n-torus. Also, we show
in some low dimensional cases what freedom there still exist in the definition of the
Dirac operator.

Recall that the Clifford algebra Cl, o is the algebra generated by R", 1 and a
positive definite quadratic form ¢, subject to the relation v - v = —q(v)1. The
Clifford group is defined as the group generated by the image of an orthonormal
basis of R™ together with —1.

Lemma 11. If D is given by >, (’Ti . 5) v; with ; representatives of the Clifford
group of Cly o there is a unique J operator for each n, up to multiplication with a
complex number of norm 1.

Proof. 1If d =1, 2,3 or 4 this can be done for example by calculations, see Remark[2]
below. We proceed by induction. First we prove existence. Recall that there are
isomorphisms Cly420 =~ Cly, ® Clag and Clypyo =~ Cly o @ Clg 2 [24, Theorem
1.4.1]. Let d > 4, and assume it has been proven for n — 4. The operator J,, =
Jn—a ® Jy, acting on Cl,, o = Cl,,—40 ® Cly o has precisely the right commutation
relations, except for n = 1 mod 4, as can easily be calculated by looking at Table[I]
and taking into account the periodicity mod 4 of the table, except for the first row,
where we use J? = —1. In case n = 1 mod 4, we can achieve the same by setting
In = Jn—g @ T4 Jy.

Now we prove the uniqueness. Write + for the representation of the i-th basis
vector of R in Cl, . An explicit isomorphism Cl, o = Cl,_40 ® Clyo can be
chosen, for example

Yo =Idn_s ® yj for i <4, ), = v\ @ vivivivi for i > 4.
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The operators v:v2 and 7244 commute with v for i > 4 and anticommute with
L 42 and 3, ~2 respectively. They square to —1, so the operator

1
Pt = 1 (1 +i7mm) (1 +ivm7m) -

is a projection, which commutes with v, for i > 4. The projection PT does not com-
mute with J,, but does commute with 42y3J,,. Also, the projection P+ projects
onto a subspace of dimension 1/4 times the dimension of the irreducible repre-
sentation of Cl, o, and the operator ~27s.J,, has the same commutation relations
with 7% for i > 4 as J,, and since (’}/2’}/3Jn)2 = —J2 it has the right signs for an
(n — 4)-dimensional J operator. This means that Pt projects onto a Hilbert space
belonging to an (n—4)-dimensional spectral triple, where we have a unique J opera-
tor by the induction hypothesis. On the complement of the P eigenspace, we have
the unique Jy operator with the right commutation relations with v;, i < 4. O

Stated more elaborately, we have the following result:

Theorem C. The following give all 2™ irreducible real spectral triples on the smooth
noncommutative n-torus A(Ty):

e A Hilbert space H constructed as follows:
oln/2]
(26a) H=@PHn H= P C
% meZn+e
with € = (e1,...,€e,) € R", and ¢; € {0, 3}.
e An involutive algebra A with unitary generators Ux with x € Z™

(26b) ATy) :={A=> a(x)Ux:a€S(Z")},
with Ux acting on a basis vector e, ; € H' by

1
(26¢) Uxep,i=¢ (§X CAx +x- Au) Cptx,is

for any matriz A such that A — At = 6.
e An unbounded, densely defined, self-adjoint first order operator D

(26d) D=> (r7-8)4;+C,
j=1

acting on H with C' a bounded self-adjoint operator commuting with the al-
gebra and satisfying JCJ ' = +;pC and I'C = £prCT, for 77 n linearly
independent vectors in R™, n matrices A; of size 2ln/2] s aln/2] gener-
ating an irreducible representation of the Clifford group Cl, o, and & the
derivations d;e, = priey.

e The grading operator T' is given by > . sign(o)[[; Aoy, with A; the
matrices given above.

o A unique (up to multiplication with a complex number of modulus 1) anti-
linear isometry J that acts as

(26e) Jepj=e(p-Ap)he_y, ;.
with A a bounded linear operator such that AAT = Id and DA = —4 ;p AD*.
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In lower dimensional cases we can explicitly calculate what form C' in (26d) can
take. In [26] Lemma 2.3, Theorem 2.5] it is proven that C =0 if n =2. Forn =3
we have the following;:

Proposition 1. If n = 3 the constant matriz C' must have the form qld where
q € R arbitrary. If n =4, the matrix C' must have the form

0 O a b
0 0 —b a
a —-b 0 0]’
b a 0 O

where a,b € C.

Proof. If n = 3 it follows from Theorem [C] that

J=e(pu-Ap) Zajke—u,ku
kel

with T = {1,2}. We choose a particular form of D, given by the particular repre-
sentation of the Clifford group Cls o known as the Pauli matrices. We see that

J=e(p-Ap) <? _01) :

just as in the n = 2 case in [26, Theorem 2.5]. Using the appropriate values for + ;2
and =+ ;p found in Table[I] we see that the defining equation is JCJ = C and by a
calculation this shows that C' = ¢Ild where ¢ € R arbitrary. Similarly for n = 4, we
can just check what the conditions are for C' to satisfy the equations I'D = — DT’
and JC = CJ, and this gives the possibilities given in the proposition. It is trivial
to calculate similar conditions for higher dimensions. Due to the increase in the size
of matrices, and relaxation of the commutation relation with I' when going from
n = 2k to n = 2k + 1, the number of parameters will increase when n grows. O

Remark 2. If we choose a representation for Cly o, Clyo and Cly o all Clifford
algebras Cl,, o can be constructed by the basic isomorphisms [24, Theorem 1.4.1]:

Clyno ® Clya =2 Cly ny2,
Clo_’n X 01270 = Oln+2)0.

We choose a representation:

011)021,
0 1 0
CZQ=°‘<—¢ 0>’(0 —1>
0 -1\ (i 0
CZO>2_(1 0)’(0 —i)’
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the (unique up to multiplication with a complex number of norm 1) matrix part of
the J operator can easily be calculated:

0 1

(27&) JQ = J3 = (_1 0)

0 1.0 0

-1.0 0 0
(27b) Ji=10 0 0 -1

0 01 0

0 0 —-10

0 0 0 1
(27C) J5— 1 0 0 0

0 -1 0 0

In this representation, we also see that for all n, the matrix component of J has
precisely one nonzero element in every column or row.

10. UNITARY EQUIVALENCES

After establishing that all real spectral triples on the noncommutative n-torus
are isospectral deformations of spin structures on the commutative n-torus, we
show that there is a big difference between their groups of symmetries. In the
commutative case, a diffeomorphism acting from the torus can transform a spin
structure into another according to the action of the diffeomorphism group as cal-
culated in [I4]. Here we show that in the noncommutative case when n = 2 most
spin structures, except the isospectral deformation of the trivial spin structure, are
equivalent. When n > 2 the result is less conclusive, due to insufficient knowledge
of the full automorphism group of the C*-algebra in that case.

Recall the definition of a unitary equivalence between two spectral triples:

Definition (Unitary equivalence). A unitary equivalence between two spectral triples
(A,H,D,J,(I") and (A, H,D’, J’,(I'")) is given by a unitary operator W acting on
the Hilbert space H such that

(28a) Wr(a)W™! =n(o(a)) Va€ A,
(28Db) WDW ™' =D,
(28¢) WJW—t =7,
(28d) WITw—! =1,

where o is a *-automorphism of the C*-algebra A such that the algebra A is mapped
into itself.

We first recall what is known about the automorphisms of the C*-algebra A(T}).
The main tool for understanding the automorphism group of a general noncommu-
tative n-torus is [5, Theorem I], which tells us that for 6 in a set which has full
measure in the space of all antisymmetric matrices, the algebra A(Tj) is an induc-
tive limit of direct sums of circle algebras. This results allows one to generalize a
lot of results on noncommutative two-tori to higher dimensional tori.

For a noncommutative n-torus which is an inductive limit of direct sums of circle
algebras, the automorphism group fits in the following exact sequence |20, Theorem
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2.1]:
1 — Inn(A(Tj)) — Aut(A(Ty)) — Aut(K(A(Ty))) — 1,

where by Aut(K(A(T}))) we mean an automorphism of Ko(A(T})) & Ki1(A(Ty))
which preserves the order unit [1 4(r»)] and the order structure (Ko(A(Ty)) ® K3 (AT
The left side of this exact sequence can be further specified by [20, Corollary 4.6],
which states that for algebras which are inductive limits of direct sums of circle
algebras Inn(A(T%)) = Inng(A(T%)). This means that an inner automorphism of a
noncommutative torus can only give a unitary equivalence of two spin structures if
the identity automorphism gives a unitary equivalence between the two spin struc-
tures.

By [28, Theorem 6.1] the order structure (Ko(A(T%)))" consists precisely of
those elements for which the normalized trace is positive, and by [I7, Theorem 3.1],
the image of this trace on Ky is equal to the range of the exterior exponential of 6:

even
1

exp/\@zl@e@§(6‘/\6‘)®...: A\ zZ" =R

For noncommutative 2-tori with 6 irrational, this means that all automorphisms
of K(A(Ty)) must be the identity on K¢(A(T})) = Z + 0Z. The K; groups for
noncommutative n-tori are also known to be isomorphic to 72" Forn = 2
a partial lifting of Aut(Z?) = GL(2,Z) is known [6], and given by the action of
SL(2,Z) on the lattice Z? of unitary generators Ux. In [18] it is proven that in fact
the whole automorphism group of the algebra A(T3) for irrational § with certain
extra Diophantine conditions is given by a semidirect product of this action, the
canonical torus action: U, — A\;U., and the projectivized group of unitaries of
A(T2) in the connected component of the identity:

PU(A(T2))° x (T x SL(2, Z)).

For n > 2 the situation is less clear, since the action on the Ky group need not be
trivial anymore. When n > 2, if 6 is a matrix such that all 6;; are independent over
Z, one can easily calculate that an outer automorphism cannot simply map basic
unitaries to other basic unitaries. An automorphism o of this form must satisfy
e(o(x)-0o(y)) = e(x - 0y) for all x,y € Z™. If the 6;; are independent over Z, we
o 0‘12> € SL(2,2).
Q21 Q22
When n > 2 the only solution for all x and y is o(x) = +x with sign the same for
all x.

With this knowledge of the automorphism group, we can proceed to our main
theorem of this section.

see that o(x) = a11x+ a2y and o(y) = a21X+ @o2y with <

Theorem Bl Except for a set of 0 of measure 0, the different spin structures of the
smooth noncommutative n-torus A(T}) cannot be unitarily equivalent by an inner
automorphism of the algebra.

In the case n = 2 the theorem was proven in [26, Theorem 2.5]. In addition to
the above theorem, we find:

Corollary 2. Let o be an automorphism of lattice Z" inducing an automorphism
of the noncommutative n-torus, of the form Ux + Uy (x) if n > 2 and o € SL(2,7Z) :
Ux = Us(x) when n = 2. This automorphism induces a unitary equivalence which
maps a spin structure € to € = o(e€). In particular, real spectral triples on the



22 JAN JITSE VENSELAAR

noncommutative 2-torus which are not isospectral deformations of the trivial spin
structure on the commutative 2-torus are unitary equivalent to each other.

Proof. We will consider the case n = 2 with the action of SL(2,Z) and the case n >
2 together with the identity automorphism and the flip automorphism x — —x. By
[20, Corollary 4.6] and [5, Theorem I}, we have that for almost all noncommutative
tori Inn(A(T%)) = Inng(A(Tj)). This means that if an inner automorphism changes
the spin structure, than so does the identity automorphism.

We label the Hilbert space for the different spin structures by the same labels
m, so = m + €. We see that for a spin structure € the operator J, written as in
equation ([I9), acts as

Jeemyl- = Aije ((m + 6) . A(m + 6)) €_m+2e,j-

We consider a unitary transformation W, induced by an automorphism o, of the

form, and denote
Wep,; = E E Wk, ij €k,
k J

for the action on the eg;, and write o(x) for the action of the automorphism o
(either an element of SL(2,Z) when n = 2, or the action x — +x when n > 2) on
the vector x € Z".

We first show that the action of the unitary transformation W on the Hilbert
space is fully determined by the action on the different eg ;. Next we show that the
condition ([28d) implies that the action of the unitary transformation on the basis
vectors must be such that a basis vector ep; is mapped to a linear combination
of vectors ek with k = € — o(€), where € is the original spin structure and € the
new spin structure. If o(€) = te, this means that the spin structure is unchanged,
since k must lie in Z"™. For the noncommutative 2-torus, we have o € SL(2,Z),
and we see that if € € Z?2, the spin structure is unchanged. All spin structures on
the noncommutative 2-torus for which € ¢ Z? are unitarily equivalent.

Consider a unitary transformation W that maps a spin structure € to €. Since
ex,i = Uxe(—x - Ax/2 — x - A€)eg ; and using ([28al) we can write

Wem,i = WUme(—m- Am/2 —m - A€)eg ;

= U(m)e(—m . Am/2 —m- AE) Z Wk, ij€k,j
k,j

1
= Ze (o(m) -Ak+€)+ §o(m) Ac(m)—m-Am/2 —m- Ae) W, ijCkto(m),j -
k,j

So the action of W on the Hilbert space is fully determined by the action on the
€o,i- Requirement (28d) gives the following equations:

Wecem,i = Aije (m+€) - A(m + €)) We_mt2e

= ZAije ((m +e€)-Alm+e€)+o(-m+2e)-Ak+éE+ %U(—m + 26)))
k.l

1
- e <—(26 — m) . A(E + 5(26 - m))> wk,jlek+o(—m+26),l
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=) Aije(e- A(—3€e+2m) + o(€) - A(2(€ + k) + o(2€ — m)))
k,l

1 - 1
o (m- AGe+ gm) +o(m) - A&~ K+ a(m - ) ) wrecamis
JeWem; = Z e(oc(m)-A(k+é+o(m)/2) —m- A(e + m/2)) wi ijCxto(m),;
k,j

=> Aje((k+o(m)+ &) - Ak + o(m) + €))
k.j
ce(—o(m)- A(k+é+0o(m)/2) + m- A€ +m/2)) Wy ;€ k—o(m)+2¢,]

= Aje((E+k) - A(E+k+o(m)) +m-A(e+m/2))
k,j
. (%o(m) . Aa(m)) Wi ;€ —k—o(m)+28,j-

Collecting the vectors with the same indices and in the same Hilbert space H? we
see that for indices k + o(—m + 2€) = -k’ — o(m) + 2€, or k' = —k + 2€ — 20 (e):

¢ <U(—m +2€)- Ak +E+ %U(—m +2€) — (2¢ —m) - Afe + %(ze - m))> Wi
1
= Aje ((E +k)-A(E+k+o(m))+m-A(e+m/2)+ ia(m) . Aa(m)) Wy ;-
Since A= = AT and ZjAUA;i = &0, with §;; the Kronecker delta, this implies
that ‘
Wk,ij =+ e(2€- A(3e —2m) + 3€- A(3€ — k + 0(—2€ + m)))
ce(k-A(-3€+k+0(2¢ —m)) +o(e) - A(—4€ + 4k + 30(2€ — m)))

(29) e(o(m)-A(€+k+o(e) —2m- Ae) wiy oz 95 (e),ij-

Applying this same formula again for w* +2E-20(e),ij0 WE get

j?

W g2z am(e sy = ¢ (€ A(3e — 2m) — (£ + k) - A€ + k+o(m)) — m- A(de + m))

(30) -e(o(€)- A(6€ — 2k — 0(2¢ —m)) + o(m) - A(3€ — k — (e + m))) wi ;.

Filling in the expression of [B0) in (29]), we see
w ik = e (2€- A(4€ — 2k + o(m — 3€)) + 2k - A(o(e — m) — 2€))
-e(20(€) - A(Bk — 5€ + o(4e —m)) + 20(m) - A(k — €+ o (€))) wk jk-

Collecting all terms which contain m we see that these add up to 2m-6(k+o(e)—€).
Since the equality above should hold for all m, this means that either wy ;; = 0, or
m- 0k +o(e) — € =0 for all m.

If all elements of @ are independent over Z this can only be the case if k+ o (€) —
€ =0, hence k = €—0o(€). Since k must lie in Z", we see that if o(€) = +€ the spin
structure cannot change. The set of # for all elements are independent over Z is of
full measure, and so is the set of @ for which Inn(A(T%)) = Inng(A(T%)), so their
intersection also has full measure. The action of the automorphisms o € SL(2,7Z)
on the Dirac operator when € = 0 is determined in [35] Section 7.1], and it does
not change when € # 0. O
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Some questions left unanswered by these results are the effects of the outer auto-
morphisms for n > 2 and Morita equivalences of noncommutative tori, as described
in [30] and [19], on the spin structure. Also, the definition of an equivariant spec-
tral triple can be generalized to allow [D, h] # 0, but bounded. This was used to
construct equivariant U, (SU(2)) spectral triples in [I3]. It would be interesting
to investigate what possibilities this would open up for the noncommutative torus.
We hope to return to these questions in the future.
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