Uplink-Downlink Duality For Integer-Forcing in
Cloud Radio Access Networks

Islam El Bakoury and Bobak Nazer
ECE Department, Boston University
Email: {ibakoury, bobak}@bu.edu

Abstract—Consider a cloud radio access network where
neighboring basestations are able to jointly encode and decode
their signals via rate-limited links to a central processor. One
promising approach to such systems is for the basestations to
simply quantize their observations and send them to the central
processor (during the uplink phase) and to emit the quantized
signals generated by the central processor (during the downlink
phase). Several recent works have proposed compression-based
architectures based on sequential source and channel coding. In
prior work, we proposed an integer-forcing architecture for the
uplink phase, and, in this paper, we propose an integer-forcing
architecture for the downlink phase. As part of the achievabil-
ity argument, we introduce a novel ‘“‘reverse” integer-forcing
source coding strategy that can be used to quantize sources so
that their quantization noises are correlated, i.e., multivariate
compression. We also establish uplink-downlink duality between
our uplink and downlink integer-forcing architectures, and use
this as the basis for optimizing the beamforming, equalization,
and integer matrices.

I. INTRODUCTION

Cloud-Radio Access Networks (C-RAN) aim to better
utilize the limited resources available in cellular networks by
employing joint signal processing and coding techniques at a
central processor (CP) rather than relying on local encoding
and decoding at each basestation (BS) [1]. Although joint
signal processing and coding techniques are by now well un-
derstood, C-RANSs face the additional obstacle that the links
between the BSs and the CP are rate-limited, and thus some
form of relaying is necessary. During the uplink phase, the
users emit codewords, the BSs observe the resulting channel
outputs and communicate with the CP, which decodes the
users’ messages. During the downlink phase, the CP has
messages for the users and communicates with the BSs,
which then emit signals that are observed and decoded by
the users. In prior work, we proposed an end-to-end integer-
forcing (IF) architecture for the uplink phase [2] and, in this
paper, we propose an IF architecture for the downlink phase
as well as establish uplink-downlink duality.

Several recent works have proposed downlink C-RAN
architectures, including data-sharing of users’ messages with
some of the BSs prior to encoding [3], precoding the data
digitally before sharing it with the BSs [4] (e.g., reverse
compute-and-forward) or compressing the data after encod-
ing and forwarding it to the BSs [5]. In this paper, we focus
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on compression-based schemes, where the CP generates
codes, applies a beamforming matrix, and then quantizes the
resulting analog signals so they can be relayed to the BSs
through the backhaul links. The intuitive way to do this is to
employ single-user encoders to compress each codeword and
forward it to the desired BS. However, one can employ more
sophisticated quantization strategies (such as joint typicality
or sequential encoding) to introduce correlation between the
quantization noises across BSs [5]. The correlation can then
be shaped so that, after passing through the channel, the
effective quantization noise seen by each user is minimized.
It has been shown that compression-based strategies based
on simultaneous joint typicality encoding and decoding can
operate within a constant gap of the capacity region [6].

Here, we propose an end-to-end IF architecture for down-
link C-RANs that combines integer-forcing beamforming
for broadcast channel coding and “reverse” integer-forcing
source coding for multivariate compression. Integer-forcing
beamforming, as introduced in [7], steers the channel matrix
towards an integer matrix, and precodes the messages by
applying the inverse integer matrix, so that by decoding a
linear combination, each user obtains its desired codeword. A
similar idea underpins reverse integer-forcing source coding,
which we propose in this paper: the encoder first applies the
inverse integer matrix to the sources, then applies a lattice
quantizer to each effective source, and finally takes linear
combinations according to the integer matrix. This yields
quantized versions of the original sources that have correlated
quantization noises, without the need for joint typicality or
sequential encoding. Overall, our architecture generates the
signals to be transmitted via integer-forcing beamforming
and quantizes them for the BSs via reverse integer-forcing
source coding. We also establish that our downlink IF scheme
satisfies uplink-downlink duality with the uplink IF scheme
we introduced in [2]. That is, by transposing and exchanging
the roles of the beamforming and equalization matrices and
transposing the integer matrix, we can attain the same sum
rate on the downlink as on the uplink (and vice versa).
One immediate application for this duality relationship is
to optimize the parameters of the downlink C-RAN using
algorithms originally developed to optimize uplink C-RAN
parameters.

The paper is organized as follows. Section II includes



some necessary lattice preliminaries. Section III introduces
the uplink channel and overviews our prior working on
IF for uplink C-RAN. Section IV introduces the downlink
channel and our IF scheme for downlink C-RAN, including
the reverse integer-forcing source coding scheme. Section V
establishes uplink-downlink duality and Section VI utilizes
this duality relationship as part of an optimization algorithm.
Finally, Section VII compares the performance of our scheme
to competing strategies via simulations.

We denote column vectors by boldface lowercase (e.g., x)
and matrices by boldface uppercase (e.g., X). Let X' denote
the transpose of a matrix X and let X 4,5 be the matrix
composed of the rows and columns of X with indices in the
sets A and B, respectively. When A = B, we write X 4 g as
X 4. We denote by D”, the set of square diagonal matrices
of size L. Define log™ (x) £ max(0,log(x)). For simplicity,
we focus on real-valued channels.! We use the superscripts
‘ul’ and ’dl’ to denote symbols defined for the uplink and
downlink channels, respectively.

II. LATTICE PRELIMINARIES

A lattice is a discrete additive subgroup of R”' that is
closed under addition and reflection. The lattice quantizer
maps any point in R” to the nearest point in A, i.e.,

oA (x) £ argmin Ix — }\HQ,
A€EA

which in turns defines the fundamental Voronoi region V(A)
as the set of points in R” that quantize to the zero vector
with ties broken in a systematic way. The mod A operator
returns the lattice quantization error

[x] mod A £ x — Q) (x).
The second moment of a lattice is
1
0} (h) £ x|

for x ~ Unif (V (A)).

Lemma I (Crypto Lemma): For any real vector y € R” and
a dither u ~ Unif(V(A)) independent of y, we have that q =
[y + u] mod A is independent of y and q ~ Unif(V(A)). See
[9] for a proof.

For nested lattices Ac C A, the associated nested lattice
codebook ApNV(A¢) consists of all of the fine lattice points
that fall inside the fundamental Voronoi region of the coarse
lattice. Recall that nested lattices satisfy a distributive law:
for any x,y € R”,

[a [x] mod A¢ 4 b]y] mod Ac] mod Ap
= [ax + by] mod Ap, Va, b€ Z
The following theorem restates nested lattice existence

results from [10] in a form suitable for establishing our
integer-forcing achievability results.

'Note that complex-valued channels can be handled via their real-valued
decompositions [8].

Lemma 2 ( [10, Theorem 2]): For 601,...,0k,¢e > 0, T
large enough, there exists a nested lattice chain Ax C ... C
A1 (generated using Construction A from a p-ary linear code
for a prime p) such that

1. O, <0?(Ag) <Ok + e,

2. For any zex = Sozo + f: Bnzy, where By, ...,0k €
R, 7 ~ N(0,1), 75 ~ Unif(V(Ay)) and if B2 +
f: B30 < O, then Pr ([Zegr] mod Ay, # Zefr) < €,

3. lk:‘?)% Ay C A, we have

1 0¢ 1 1 0¢
B log <m> < T log ‘V(Ag)ﬁAm‘ < 3 log (E>+e.

III. UPLINK C-RAN
A. Uplink Channel Model

Consider an uplink C-RAN, where we have a set IC £
{1,..., K} of single-antenna users that want to communicate
toaset L2 {1,..., L} of single-antenna BSs. The k™ user
has a message wi € {1,...,277} with rate RY. The BSs
are connected to a CP through noiseless backhaul links with
finite sum-rate Cl. The received signal at the BSs is given
by

Yul _ Hulxul 4 Zul’ (1)

where Y £ [yu .- y’i’]T, y;fl € R7 is the received signal at

the /! BS, T is the blocklength, H* € RL*X is the channel
from all users to all BSs, X* £ [x4 ... x4]f, x4 ¢ RT
is the signal transmitted from the k" user and Z* € RL*T
is i.i.d. (0, 1) noise. The matrix X satisfies a total power
constraint’ +ETr (X“X“") < P

The k™ user encodes its message wﬁ’ into a codeword
s’fc’, then transmits x’fc’ = vz’sf. For convenience, let us
define X" = VS where V' = diag(v¥!,... ,v') is the
beamforming matrix and S = [s4 ... s]T is the codeword
matrix. The total power constraint becomes

Tr (V”lP“lV”lT) < Poul (2)
where P* £ LE(S*/S"T) is a diagonal coding power matrix.

B. Integer-Forcing for Uplink C-RAN

We begin with an overview of the integer-forcing scheme
proposed for uplink C-RAN in [2]. Without loss of generality,
we assume for both the source and channel coding stages
that the identity permutation is admissible [11, Definition 2],
which will impose constraints on the effective noises and
integer matrices.

Uplink Source Coding. The ¢ BS uses a lattice codebook
Cr2A reNV(Ac,e) with rate C;" to quantize its observation
e,

MY = [Qru(yy +uf)] mod Acg 3)
2Although standard uplink channel models employ individual power

constraints on the users, a total power constraint is necessary here to enable
us to establish uplink-downlink duality.



where u‘él is a random dither 1ndependent of y”l and uni-

formly distributed over V(Ary), Ac, € -+ C Acp are L
nested coarse lattices nested in L fine lattices Ap; C --- C
Ap 1, and all lattices are chosen according to Lemma 2. The
M BS then forwards the index 1y e {1 2TCZ[} of )\2‘1
to the CP through the backhaul link

-ul

Upon receiving the indices 7', . . ., ] L, the CP first recovers
ul

Al X‘LZ, removes the dithers uf’, ..., L to get

’Vul [)\ul ul] mod AC,Z

(2) [y”l + q}‘l] mod Acyg
= [yg] mod Ace “4)

where ¥ = —[y% + u¥] mod Ap, ~ Unif (V(Apy)),
(a) holds from the distributive law and Lemma 1 and
yu £ y4 + q¥, then the CP proceeds to decode integer-
linear combinations v¥,, ..., v¥  where

ul E ul Sul
Qg ,m, lyf ’

At the m™ decoding step (i.e., while recovering vZ{m)
and assuming correct recovery of v ..., v¥ . the CP
first recovers t%,z = [y;fl + qﬂ mod Agm, V=1,...,L
using [2, Lemma 12] as an intermediate decoding point.

Upon recovering t?,’hl, the CP makes the esti-

mate

L
’\Ml [Z as m, ét

Ym e L, aLsd,m,z € Z.

T mL’

‘| mod AC,m

L
(@) [Z a . f“ll mod Acp, "2 Z a’,, 3¢ (5
1 =1
where (a) holds from the distributive law and (b) holds w.h.p.

from Lemma 2 if =E|[v¥, [|* < 0?(Ac,m).

Lemma 3 ( [2, Lemma 9]): For a fixed channel H%,
beamforming matrix V%, coding power matrix P*, effective
covariance matrix K%, £ HYVYP“VYTH“l 4+ T and
by choosing a full-rank integer matrix A" with full-rank
submatrices® A"’[1 m] form =1,..., L and target distortion

levels d4', ..., d% such that

ul u u u
a1 (@ (Y D ay
s, ) g dzl

L
Z RZ{z < Ciot
=1

MZT (Kul + Dul)aul1 <.
S,

all (K%, +D")a | (6)

the integer-forcing source coding scheme allows the CP to
recover

Yul Hulvulsul Zul + Qul (7)

3Without loss of generality, we may assume that the BSs have been re-
indexed so that this assumption holds.

with high probability where Y £ [yu .- Q“
[q¥ --- q¥]T has effective covariance matrix D“
LE(QUQU) = diag(dy,...,d¥) and 2} is the (" row
of A,

Uplink Channel Coding. The users draw their codewords
st ..., s% from nested lattice codebooks, which are selected
via Lemma 2. After reconstructing the quantized BS obser-
vations Y”l the CP proceeds to successively decode integer-
linear combinations vgfl,... vl "k of channel codewords

sul, ..., s" where

’\ul A
] £

Z ac m, wSioYm e K, aemp € 2.

At the m™ channel decoding step (i.e., when decoding
v ) and assuming correct decoding of vgfl, co, Vi

c,m—1>
the CP first employs a linear equalizer b", to obtain
It ~pul
by
_ ngin + (b%THMlVMl ulT )Sul

ult
eff, m

byl Z" + bt Q"

z

where the effective noise z“. _ has an effective variance

eff,m
(GrurlL)Q £ ?IE‘”ZeffWL”2 (8)

_ ”(bﬁTHulvul ul‘i‘ )Pulé H2 + ”bul H2 + bZZiTDquLr‘rlz

It can be shown [12, Lemma 13] that the achievable end-
to-end sum-rate for this IF strategy is

Rlulé-CRAN (Hul) =

K
ul 9
BMIGRKXL AuIGZKX Z k ( )
rdnk(A“’) K N

where B4 = P /(c%')? denotes the k™ effective SINR and
the £ effective variance (0%!)? is given by (8).

Finally, it is worth noting that the MMSE equalizer that
minimizes (8) and the corresponding variance are given by

bl;ylLT — az;{inPulTvulTHulT (HulvulPulvulTHulT 4TI+ Dul)7

(10)
(om)? = [IFdal,, |12 (1
where F’gl is any matrix that satisfies
FZITFZI _ ((Pul)fl IRV s i (I n Dul) -1 Huqul) -
(12)

Lemma 4: For an uplink channel H*, beamforming matrix
V*. coding power matrix P, coding power vector p* =
diag(P*) and equalization matrix B*, we can write (8) as

(I _ diag(ﬁ”l)M”l) pul — Julﬁul (13)
where 8" = [’ gt B = P“Z/( ul) is the k"
effective SINR, J¥ = diag(J”’ cJE), T = b2+

3, 3, (0 PP a2, M, = (bt — ot )? +
> 2 ()P (a ””h“l) (04?2 is the (k:,é)th element of
M and h¥ is the é‘h column of H.

The proof of Lemma 4 is given in Appendix A.



IV. DOwWNLINK C-RAN

In the downlink channel, we employ the basic idea from
reverse compute-and-forward [4]: the encoder first applies
the inverse integer matrix so that, when an individual user
(or BS) obtains a linear combination of codewords, it can
directly obtain its desired message (or quantized source).
For the source coding phase, we introduce an integer-forcing
multivariate compression scheme that allows us to create
correlated quantization noises, which ultimately help lower
the effective noise variances seen at the users.

A. Downlink Channel

Consider the downlink channel where there is a CP
connected to a set £ of BSs through backhaul links with
sum-rate Cyy. The CP wants to communicate X messages

d e {1,...,27E{} with rate Ré for k € K, to a set of
users K where the £ user is interested in w¢’. The received
signal across all users is

v — i 4 7 (14)
where Y4 £ [ydl ... y@]7, yd € RT is the received signal
at the k™ user, H¥ € RX*L is the channel matrix from the

L BSs to the K users, X £ [x{ ...
the transmitted signal from the /" BS and Z‘”

is AWGN. Similar to the uplink, we have a total power
constraint £ETr (X¥X) < Py

xMt xd e RT is
RKXT

B. Integer-Forcing for Downlink C-RAN

We begin with an overview of the integer-forcing beam-
forming strategy for downlink channel coding, which was
originally proposed in [4]. Afterwards, we introduce our
integer-forcing multivariate compression strategy.

Downlink Channel Encoding. Due to space limitations, we
only present integer-forcing beamforming for the special case
of symmetric rates, and point to [11, Section VI] for the
asymmetric case. The CP first forms the precoded messages

wil ... wil as suggested by [4]:
wilt wilt
dl
. Ac inv (15)
~ dIf dit
Wk Wk

where p is a prime, w{! is the p-ary expansion of w{, A%, €
ZK*K i the inverse of [AY] mod p over Z,, and each row
of AY € ZK*K contains the coefficients of the integer-linear
combinations to be decoded at one of the users. The precoded
messages are then mapped to lattice codewords s¢/ € R” for

k € K. The pre-inversion step in (15) allows the m™ user,

after decoding
Z ac m, ksk

is the (m,k)® e};lement of A, to map v¥

dl
c,m,k

back to the desired message W,

where a

After forming the channel codewords S¥ £ [s¢!...gdL]T,
the CP uses a beamforming matrix BY € RE*X (o form
gdl _ Bdlsdl (16)
where S 2[4 ... st

Downlink Source Coding. The CP then compresses
8¢, ..., 8% using a reverse integer-forcing source coding. Due
to space 11m1tat10ns, we only provide a succinct description
of our coding scheme. Detailed proofs will be provided in
an extended version of this work. The goal is to quantize
s¢ ... 8% so that the reconstructed versions at the BSs have
correlated quantization noises. This idea was first introduced
in [5] using Gaussian codebooks. Toward this end, the CP

first pre-inverts S¥ to get
dl _ (adl L3ar
V (As mv) S

[dll !

a7)

where V¥ £ ;|7 and A4 is a full-rank integer
matrix with full-rank submatrrces A% S [1im] VYm € L, and
A iy is the inverse of [A%] mod p over Z,. Next, using lat-
tice codebooks Cy = Ap s N V(Ace), where Aci,. .., Acr
are L coarse lattices nested in L fine lattices Ap; C --- C
Ap 1, all are chosen according to Lemma 2, the CP quantizes
and forms integer-linear combinations

X = Za K Qs (VO 0% + %) — th,, | mod A
(18)
where uf,...,u are independent dithers with uf ~

Unif (V (Apyk)),Vk € L and g ... g% tj{,ﬁm are DPC

parameters chosen as in Appendix D.
The index of A% is then forwarded to BS m to recover

~dl |yl
S, = | A%,

g adl kuk mod Ac

@ mod Ac,m

L

dl a dal
E G ke (Vs,k + %)
k=1

= |8 4 Zam w97 mod Ac,m

Y +Zamqu (19)

where qf = —[v¥, +
distributed over V(A ),
(b) follows w.h.p. if

var (5 + a?l, D¥a? | < 0*(Ac,m)

uf + g mod Apy, is uniformly
(a) follows from Appendix D and

where D? is the covariance matrix of Q% £ [qf ---

and var (s?) £ 21 TE[s)? = bdlipdpd

Theorem 1: For the distributed decompression problem
shown in Fig. 1, where the source wants to convey 8¢, ... %
to L independent decoders and the ¢" decoder Wants to

A~ ~ . . . . ~
decode §Z’ = 52” + q;f’ with a quantization noise Q% =

qf]’



Rdl

S| )\[1” . dl A Zdl dl
s{'— Decoder 1 s{ =287 +qj
Encoder :
dl
)\dl Rs L
~di L ' odl A zdl | =d
S Decoder L s, =8, +4L
-/

Fig. 1: The distributed decompression problem with a single
source and distributed L decoders.
o

- g that has a target covariance matrix 2

ANMDIAN for AV € ZFXE and DY € DL, the following

rates are achievable
adl
TDdZ (Silg
. (20)

<var (s +
log

The proof of Theorem 1 is omitted due to space limitations.
Using Theorem 1 and by choosing A% and D such that

dl
dé

L
> R‘S” ¢ < Cio, the BSs can recover, w.h.p., and re-transmit
—1 ?

X4 = & Q

where Q‘” £ AYQ? is correlated quantization noise.
Downlink Channel Decoding. As discussed earlier, the Eth
user wants to decode VTd]i = al TS‘” which can be mapped
back to its desired message w¢. To do so, it equalizes its
received signal to get

~dIt & dl_dl
ykT e ykT
dl dl
= Vi + 2z 1)
where z/il 2 (v{'hiTBY — ai{L)S‘” + oz T T Al QY
is an effective noise with effective variance
dl\2 dly.dltdl dlt dlL 2
(o11)? 2 ZE(l2h]2) = || (v’ B — alfl) P

+ (v i’)z

It can be shown that the achievable sum-rate for the IF
strategy with algebraic successive decompression and parallel
channel decoding is

( zl)2hZZTA§ZDdZA§ZThiI' (22)

K

Z

RIF CRAN (Hdl) Bdl

B¢ RLXK Aul ZEXK
rank(A‘”) K
(23)

where B¢ £ Pd/(0¢)? is the k™ effective SINR for the k™
decoded combination (user).

Finally, the MMSE equalizer that minimizes the variance
in (22) and the corresponding variance are given by

" alli PUTBATHY,

(Y

24
1+ b (ASDYALT + BOPIBIT) hd, 29

(03n)* = [P matnl® (25)
where F‘C”m is the Cholesky decomposition F‘é’InF‘élm
(P! + BUind (1+ bl AYDYALTBE) ™' W BY)

Lemma 5: Let

P{(of!)? Py
ﬁ‘” £ : and p‘” £ (26)
PR (ot Py

denote the effective SINR and coding power vectors, respec-
tively, then (8) can be written as

(I _ diag(ﬁdl)Mdl) pdl _ Jdl,Bdl
(hmb%l”?l - [c”e k)2
the  (1,k)"

27)

where My ‘”
Z Z bdeOdl (~le hdl) ( ) is
of M‘ﬂ h‘” is the é‘h column of HY, & ag j is the j"
of A4 and JU = diag ((v{")?, ..., (vi)?).

The proof of Lemma 5 is given in Appendix B.

_|_
element

b column

V. UPLINK DOWNLINK DUALITY FOR IF C-RAN

We now turn to establishing uplink-downlink duality. The
next two lemmas allow us to express the distortion levels
achieved by both the IF downlink scheme and the IF uplink
scheme in terms of the rate allocation of the backhaul
network for the uplink channel.

Lemma 6: For the uplink C-RAN with sum-rate back-
haul constraint Cy,, and an integer matrix A’g’ that satisfies
rank(A‘;{ I[l:m]) = m,Ym € L, the achievable distortion

levels dY, ..., d‘g can be written in terms of the achievable
compression rates C¥ ..., C% as
dul _ Culeul (28)

where d4 and e £ "'l (HYV“P“V“THT 4 T)a", are the
/™ elements of d“’ and e, respectively, while
ul —1
2261 — (agl,l,l)Q _(a:l,l,L)Q
Cul é . .
ul
—(a Lde 1)? 2201 — (GMZL L)2
(29)

L
for some rate allocation that satisfies > Cl’fl < Ciot-

The proof of Lemma 6 follows frorlil_ iemma 3.

Lemma 7: For the downlink C-RAN with sum-rate capacity
constraint Cyo and integer matrix A% = A, the following
distortion levels d?, ... ,d‘i’ are achievable using the previ-

ously discussed compression scheme
ddl _ Cdledl (30)

where d¥' and e £ b¥TPUbdl are the (™ elements of d

and e?, respectively, while
ul -1
2261 — (a?) )? —(a 2”1 L)’
Cdl L . _ CulT
: o
_(ag{L,l)z 2201 —( (sﬂL L)2



where C¥. .- ,C’ZZ are the achievable rates for the corre-
sponding uplink channel. The proof of Lemma 7 is given in

Appendix C.

Remark 1: For the dual channel H¥ = H*! and by choos-
mg Bdl BulT le Vul Adl AulT and Adl AulT it
can be shown that

c’=c"f (€20)
M = M. (32)

Theorem 2: Let RY. - xn be the achievable sum-rate using
integer-forcing equalization and compression for a given
uplink channel H, integer matrices A“ and AY, coding
power matrix P*, equalization matrix B* and beamforming
matrix V¥ that satisfies the total power constraint P.
Then, for the dual downlink channel HY = H“f we can

: dl ul
achieve a sum-rate Rz ~gan = RiF.cran:

Proof : By setting B? V¥ A4 and A4 as in Remark
1, we have M# = M*“t, Let d“ > 0 be a solution for
(C")~1x = e where (C”’)_1 is a Z-matrix and e* >
0. Then, it follows that (C*)~! is an M-matrix (and the
same argument holds for (C#)~!). Using [13, Theorem 1],
it follows that C¥ (as well as C*) is a non-negative matrix
and so is M (as well as M), respectively. This implies
that (I — diag (B“)M") is a Z-matrix.

Similarly, since p“l > 0 is a solution for (13) where
Ju g > 0, it follows directly that (I — diag (3“/)M") is an
M-matrix. Furthermore, it can be shown that diag (3“)M¢
and diag (3“)M* have the same eigenvalues. Thus, by
setting 3¢ = B3/, we deduce from [13, Theorem 1] that there
exist a unique non-negative downlink coding power vector

= (I—diag (B")M*)~13¥B". (33)

Now, it remains to check that this coding power vector

satisfies the total power constraints. To this end, define

plo = Gp" € R

Pl = Gp" e R
as the power allocated across transmitters for the uplink and
downlink, where G* = diag ((v}')%,.. ., (v¥)?) and G, =
(b;ffk) + 27 1 ZZ 1(a S“) C"” (b‘” )2, V¢ € L and Vk €
K.

Since p* satisfies the total power constraint, we have

Potal = 1t Ptot
_ 1TGuZ I— dlag /GMZ)MMZ) lJul/Gul

( (
= 17G*(I — diag(8")M") ' diag(8")J*'1
— l’qul(dla (Bul) 1 — MH* )71.]”1]_
_ lTJdZT (dlag(ﬁ‘”) 1 Mle) lJul

= 17diag(8) I (I — M¥diag(3))~1J"1
_ /GleJle (I _ Mledlag(ﬁdl)) lJlAl
— BleJle (I _ Mlediag(Bdl))flGlel

-l

Finally using (9) and (23), similar to [11], and since the
achievable SINRs for the uplink and downlink are equal, we
have our result.

Theorem 3: Let R ..y be the achievable sum-rate
using integer-forcing equalization and compression for a
given downlink channel H,, integer matrices Ay . and
A, s, coding power matrix P4, equalization matrix Vg
and beamforming matrix B, that satisfies the total power
constraint Pyy,. Then, for the dual uplink channel H,, = HL,
we can achieve a sum-rate R gy > R o an-

Proof : The proof is similar to the proof of Theorem 2 and
omitted due to space limitations.

VI. DOWNLINK IF-CRAN OPTIMIZATION

The problem of choosing the integer matrix A% and beam-
forming matrix B% to maximize the SINRs was considered
n [11] for the broadcast channel. Here, we have the added
challenge of selecting a source coding integer matrix A4 as
well as distortion levels D%,

A. One-shot Duality Algorithm

Our approach is to first choose A¥, B¥ A and D"
that maximize the sum-rate of the corresponding dual uplink

channel H* = H?, then set
A = AU
BY — gult
Al = AU
44l — Cult ! (34)

to achieve the same sum-rate on the downlink channel.

Unfortunately, optimizing A, B4, A" and D" for the
corresponding uplink channel is also challenging. In prior
work [2], we proposed a suboptimal solution, which demon-
strated good performance via simulations, and we will use
this as a part of our approach. The details for our optimization
algorithm is given below in Algorithm 1.

VII. SIMULATIONS

In this section, we show the performance (in terms of av-
erage sum-rate in bits/sec/Hz) of the proposed IF architecture
and compare it to independent compression with successive
channel encoding as well as multivariate compression with
successive channel encoding. The optimization of the rate
achieved by multivariate compression with dirty paper en-
coding is carried out jointly using the successive convex
approximation algorithm proposed in [5]. (Note that this op-
timization must be performed over all K! possible decoding
orders.) For more details about multivariate compression, we
refers the readers to [5].

For our simulations, we generated 500 realizations for the
channel matrix H?, each elementwise i.i.d. N'(0, 1). We also
fix the number of BSs to L = 4. Figure 2 shows the case



Algorithm 1 One-shot duality

1: procedure DUALITY(HY, Ciy,tol)
2. Initialization: Set HY = H%f, V¥ =T, P* = )R],

L
dmin = 0 and dp,x large enough such that Rg’ ¢ < Clot.
=1

L L
3: while Cyoy — > R’;{ ,>tol or X R‘S‘f ;> Cior do
=1 =1
L
4: if Z Rz{é < Ctol then
=1
5 dinax = d* /2.
6: else
7. Apin = dul/2.
8 end if
9: dut = (dmin + dmax ) /2.
10: F = chol(KY, /d* +1)
11: AY = LLL-reduction(F“!).
2 RY, = Llog*([F¥at, )
13: end while

14: Calculate C* using (29).
15: Calculate F“ using (12).
16:  AY = LLL-reduction(F“).
17: Calculate B* using (10).
18:  return (AY AY CU).

19: end procedure

of L = 4 users where we fix the total SNR = 30dB and
plot the average sum-rate with the sum-rate of the backhaul
network Ciy. The performance of the proposed IF scheme is
quite close to that of multivariate compression combined with
dirty paper coding, and has an advantage over multivariate
compression with single-user decoding as well as single-
user compression and channel coding. Figure 3 shows the
average sum-rate against the SNR for fixed total backhaul
rate Cyy = 20 for the same 4 x 4 channel. Again, we
observe that our integer-forcing scheme is competitive with
multivariate compression combined with dirty paper coding,
and outperforms schemes that rely on single-user source
coding and/or channel coding.

We also note that, rather than a “one-shot” algorithm, we
can iterate between the uplink and downlink to optimize
the parameters. However, our simulations did not show
any significant performance improvement for this iterative
algorithm.

-A-Alg. succ. IFSC + Alg succ. IFCC (One-shot)
-~ Multivariate compression + MMSE-DPC \
16 {{~BMultivariate compression + MMSE K
SUC compression + MMSE

Average Rates in Bits/Sec/Hz

10 . . .
12 14 16 18 20 22 24

C,  in Bits/Sec/Hz
tot

Fig. 2: The average sum-rate for K = 4 and SNR = 30dB

-A—Alg. succ. IFSC + Alg. succ. IFCC (One-shot)
-B-Multivariate compression + MMSE-DPC

16 r|~B~Multivariate compression + MMSE

SUC compression + MMSE

Average Rates in Bits/Sec/Hz

6 . . .
15 20 25 30 35

SNR in dB

Fig. 3: The average sum-rate for K = 4 and
Ciot = 20 Bits/Sec/Hz.

APPENDIX
A. Proof of Lemma 4
We start by multiplying (8) by Pi/(c4")? to get

ul
Pk

1l
= gy (Z(bz*hz’vzf’ — ay 2P+ [ + Z(bz{md;")

4
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Finally, (13) follows from the previous equation by taking
k=1,....K.

Cul ult

,J sg

(35)

B. Proof of Lemma 5

Similar to Appendix A, multiplying (22) by P¥/(c
we get

21)2’
dl __ le Z(b(élThzlvgl
+BZZ(U;;ZI)2 Z(hd”Ndl ) ddl
_ Bdl Z b(;Thdl dl
Bdlz hle~dl 2 le dl

cw) Pdl'i‘ﬁdl( dl)

Qc, H) Pdl Bi’(v;‘i’)z

_ Bdlz bdZThdl a? ké) Pdl Bgl(vzl)Q
l le~dl dl 1. dltpdly.dl
ZZ hi'ad )2cd b TP b

_ ﬂdlz bdl’fhdl ckf) Pdl—l-ﬂdl( dl)

4 Bgl Z Z Z hdZT~dl Cdl (bdl ) Pgdl
=B Z
4

Finally, (27) follows from the previous equation by taking
k=1,....K.

P+ BlI. (36)

C. Proof of Lemma 7
We start by computing d¥’, . ..

1 <blePdlbdl 4 ale Ddl dl

d%’ such that

>_Og’,£_1,...,L

(37)

3 log 7 Zgl

where (CY,...,C%) is the compression rate allocation
achieved in the uplink. Without loss of generality®, let d% <

4If not, we can re-index the BSs, such that the distortion levels are
monotonically decreasing

- < d¥. Now, we argue that the distortion levels ¢, ..., d%
are achievable under some compression rate allocation for the
backhaul network. This follows from

L 1 (bZlTPdlb?l—l-aZ{LDdladlé

Z ) log q = )

=1 mdl(€)
L
L[ vl
_ L =1 ] ]
=5 log 7 p
L drae)
Lo dl
. [1 by "Pb{ + af,D"a,
— Zlog =1
2 H ddl
i 1 blePdlbdl + aleDdl glf a8)
— 2 dd
L
=) Cf'<Cul=1,...L (39)
=1
where the permutation 74 is chosen such that dild, (L) < e <

dl
dﬂ.dl ( 1 ) .

D. Proof of (19).

For tractability, we drop d!l in the superscript and s in the
subscript. Let us assume full-rank submatrices A(;.,,). The
compression (18) can be written as

A = [Z U,k QAp (Vi + U + 1) — tpym] mod A¢ .
k=1
(40)

It is worth noting that choosing tg,, € Ap,, results in
Am € Apm NV (A¢,m). Now it remains to show that there
is a choice for g1,...,gm and tg,, € Ap,, such that at the

th BS we recover (19).

The m™ BS removes the dithers and recovers

L
[Am - Z Qm, kUL

k=1

(@)

mod Ac

m L
{Z ame (Vi + 8k + k) — trm — Z G xUy | mod Ag
k=1 k=m+1

L
b
© lz m i (Vi + ak)

k=1

mod Ac,m (41)

where qy —[vk + u, + gx] mod Ay, (a) holds from
the distributive law and the Crypto lemma, (b) holds if we

choose g1, ..., g, such that
m L
> am gk — tr > amk (et ar+ug). (42)
k=1 k=m+1



which can be written as

L L
Z Um &8k — trm = Z Uk Qrk (Vi + 8k + ug) .
k=1 k=m+1

(43)
In matrix form, for m = 1,...,L — 1 we can write (43)
as
aii ai,L g1 | tr
- (44)
ar—1,1 ar-1,L| |8L] trr—1
a2 ais ai,L 1
' ’ ’ Qra(ve +us +
0 azs as.p F,2( 2 . 2 32)
0 Qrr(vi +ur +gr)
N aL,LL_
(45)
To solve (44), we write g, in terms of L —m components
L—m
gn 2 Y gl (46)
k=1
k ..
where gS,J = Zm kQFm+k (Vintk + Smtk + Wngr) is its

k™ component and 2, € Z is going to be chosen later.
Using (46), we can write (44) as

we get our result at the m™ BS. The idea behind this choice

is to choose the m™ components ggm), e g%n ) to match the

m term on the RHS in (47), however, this will introduce
the m™ interference term on the LHS which can be cancelled
out by the terms t 41, . . ., tp,,—1 for each decompression
step m =1,...,L — 1. Note that tp; = 0 since there is no
interference on the first decompression step and g7, = 0 since
there are no missing terms in Ay, and it is sufficient to choose

L
trL =Y a8k (50)
k=1

for (19) to hold for m = L.
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