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ABSTRACT

This research discussed nonoscillatory properties for resolve of nonlinear neutral
differences equation of second order with positive and negative coefficients. The
various new conditions which is ensure that all nonoscillatory solutions tend to zero
or infinity liken — oo are given two examples are illustrate the ordinary results.
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INTRODUCTION

The paper deal with the following second order nonlinear neutral difference equations with
positive and negative coefficients:

AZ O — PnYn-m) + @nGVn-k) = G n-1) = fa (D
where A is the forward difference operator given by Ay, = Yn41-Vn, Pn,qn 1n and f,are
infinite sequences of real numbers,q,, > 0,1, > 0 , m, k, | are positive integers ,G € (R,R),
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YnG(y,) > Ofor y, # 0. Throughout, we suppose that the following assumptions are
satisfied:
(H)0<p, <p<o ,pisconstant;

© -1
(Hz) Z Jz: qi < ®;

jeny i=j-l+k
(H3)There exists asequence{F, }such that A%F, = f, andlim,_,. F, = 0;
(H,)There exist positive constant 8; such that G(y) = B,y ;

(Hs )There exist positive constant 8, such thatG (y) < S,y.

By a solution of equation (1) we mean a sequence y which satisfies equation (1) for each
largen .

A solution 7y is said to be a nonoscillatory if it is eventually positive or eventually
negative; otherwise, it is called oscillatory [1]. Oscillatory and asymptotic behavior solution
of nonlinear neutral difference equations in many studies others, see for examples and the
references cited therein[2-10]. The authors studied the existence of nonoscillatory solution of
second order nonlinear neutral difference equations with positive and negative
coefficients[11].

A1 (Byn + PYn-m)) + qnf Vn-t) = g Yn-1) =0

Inthe researchers obtained the oscillation and non oscillation criteria of second order
nonlinear neutral difference equations with positive and negative coefficients[12].

A? U + PnYn-m) + @nG(n-r) —1mH () =0

In this researchers established some new sufficient conditions for oscillation and

asymptotic behavior solution of the equation [13].

A™ (Y — PnYn-s) + GnGYn—k) — nH (Yn-1) = fa
The purpose of this paper is to obtain new sufficient conditions for then nonoscillation of all
solutions of eq. (1). An example is provided to illustrate the main result.

MAIN RESULT

The next results provide some sufficient conditions for the nonoscillation of all solutions of
eq. (1)
Let y = y, be a nonoscillatory solution of (1) forn = N.

Define for n > n,

Zn = Yn = PnYn-m (2)
Assuming (H,)hold, we define for n > n,

oo j—1
Th = Z z G-k 3)
j=n i=j—-l+k

AndA®T, = _(qnG(yn—k) + qn—l+kG(yn—l)) >k
Set
Wn=2,—T,— F4%)
The following theorem based on Theorem 7.6.1, pp. 184 [14]:
Theorem 2.1. ([14], pp.182)

Assume that {p,} is a nonnegative sequence of real numbers and let k bea positive integer.
Suppose that
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n-1 Lk+1

lizln_)cinnf. pi > m

i=n-k
Then
1. The difference inequalityy, 11 — Vn + PnVn-x <0, n=0,1,2,--
Cannot have eventually positive solutions.
ii. The difference inequalityy, .1 — ¥n + PnVn-x =0, n =0,1,2, -
Cannot have eventually negative solutions.

Theorem 2.2. ([15], Lemma 2.1- Lemma 2.2, pp.477-478)
i. Suppose that 0 <p, < J§ <1 for some positive constant §,n > n,. Let x, be a
nonoscillatory solution of a functional inequality

Xn[%, — PnXn—ml] < 0In a neighbourhood of infinity, wherem > 0, thenlim,,_, o, x,, = 0.

ii. Suppose that 1< 4§ <p, for some positive constant§, n > n,. Let x, be a
nonoscillatory solution of a functional inequality
Xn[%, — PnXn+ml] > 0In a neighbourhood of infinity, wherem > 0, thenlim,,_, o, x,, = 0.

Theorem 2.3. Suppose that 15, < g, ;4% if(H;) — (Hg) hold, in addition to

n-1 jtp
. . |rl qi- l+k| (l —pP— m)l—p—m+1
lim inf I—p— (5)
n-ow Pi—1+m .81 (I—p—m+1)l-p-mtl
j=n—(-p-m) i=j
[ > p + m.Then every nonoscillatory solution of equation (1) goes to infinity asn — oo.

Proof. Let y, be an eventually positive solution of (1) forn = ny, we may assume that
there exist a positive ntegerny, and Vy,_p, > 0,v,_x > 0,y,_; > 0,forn > ny > N.Set
Zn, Tn, Wy, as in (2),(3) and (4) then (1) it become

Ang — (= G141 G(Yn—) = 0, (6)
Hence A?W,, < 0 ,thus there exist n; = ngysuch that AW, < 0or AW, >0 for n >n, >
ng.
Now let AW, < 0for n = n,.Thus implies that W, <0 for n > n, >n; andW, —
—ooas n — oo, We claim that y,, = ocas n — oo, otherwise there exist n, = n;anda > Osuch

that y, < a,so (H 5 ) is hold then (3) is become

T, < aﬁzj z o ™

Substitution (7) in (4) we obtained

2 —PnYn-m aﬁE Z _Fn
j=n i=j— l+k

Wn > —PnYn-m t+e
Implies that

Wn 2 —PnYn-m (8)

http://www.iaeme.com/IJCIET/index.asp editor@iaeme.com



Intidhar Zamil Mushtt, Hala Majid Mohi and Intisar Haitham Qasem

This is a contradiction. Then y,, — ccas n — oo,
Now If AW,, > 0 for n = n,, thenW,, > 0 or W,, < Ofor n = n, > n,.

First, suppose that W,, > 0, from (4) we can conclude that W, < Z, — F,then W, <
Z, +e¢ for &>0, hencey,Z, >0 , By Theorem2.2-ii we get limy, ,, Yy, =0,
thenlim,,_,, Z,, = lim,,_,, W,, = 0,which is contradiction since W,, is positive increasing.
Next ifW,, < 0, by taking the summation from n ton + p,p > Ilfor both sides of (4) yield

n+p
AWn+p+1 - AWn = Z(ri - qi—l+k)G(yi—l)

i=n

n+p

AW, < ) (1 = G106 Ge) ©
i=n
So by(H,) is hold then (9) become
n+p

— AW, < By z (" — Qi—14k)Yi-1 (10)
i=n

. . 1
Now (8) can be written in the — - W, < yn,_m.Hence
n

1

Wn l+m —Yn l

Pn—14+m
Substituting the last inequality in (10) we obtain

n+p
Z (TL qi- l+k)
l l+m
Pn-14+m

n+p

ITi — qi—i4k]
_AW <181 Z . = Wn+p—l+m

Pi-1+m

n+p

17y — qi—14l
AW, + .81 z - Wn—(l—p—m) =0
- Pi-1+m
I=n
By theorem 2.1-ii and in virtue of (5) it follows that the last inequality cannot has
eventually negative solution, which is a contradiction.

Theorem 2.5. Suppose thatr;, = q,,_;+x, and (H;) — (Hs) are hold, then every nonoscillatory
bounded solution of equation (1) converge to zero as n — ©o.

Proof. Let y, be an eventually positive solution of (1) for n = n, ,we may assume that
there exist a positive integer ny, and y,_p, > 0,y,_x > 0,y,-1 > O,for n > ny = N,since
from (6) we have A’W,, < 0 for n > n, ,thus there exist a n; > n, such that AW, > 0 or
AW, <0 for n=>nq =n,.

Next suppose that AW, > 0 for n = n;.Thus implies that W, < Oor W,, > 0 for n >
n, > n; and W, = ooas n - oo. So for (4) we get W, <y, —F, , It implies that y,, — oo as
n — oo, which is a contradiction ,hence AW, > 0 is not possible .

Now If AW,, > 0 for n = nq, thenWW,, > 0 or W,, < Ofor n = n, > n,.
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First, suppose that W, < 0.Then there existsny = n,, u > 0 such that W,, < —u < 0, for
n = n,. Since y, is bounded, thenlimsup,,_. ¥, = a < o,and there exists a subsequence
{sj}j=1 such thatysj — ooass; — oo,and Ys; = max{ys:So < € < s;}, limsup,_, Ys; = a

Since 1y, is bounded then by (7) and (4) we get

Ys; u+ps,ys,m+aﬁz Z qi
j=n i=j—l+k

<—utpsys;te e>0

So Ys; < —Ht llmsupy5 asj — oo, we get from the last inequality a < —u + a whichis a

n—oo
contradiction.

Finally ifW,, > 0.from (4) we get W,, < Z,, — E,,implies that0 < W,, < Z,, for large enough n , so
YnZpn > 0 and by Theorem?2.3-ii,it follows that lim, ,, ¥, = 0.

PRACTICAL METHOD AND CONSIDERATIONS

In this section, we illustrate the main results by giving some examples
Example 1: Consider the difference equation:

1\1 5 (1\1 1\1 1 1\1
8= (1+(3) )y +5() vz = (3) vas=5(+(G) )2 Ay
Where m=1,k=2,1=3,p=1,6G0y) =Y, f1 =2 =2
One can find that all conditions of theorem 2.4 hold as follows:

n

1
pn=1+(i) =lasn—- o

> > w<y (s(7))<
j=n4i=j-l+k j=nq
1\" 5 /1\"?
rn_qn—l+k=(§) —?<§) =—-18<0 ,n—>
n—-1 jtp

lim inf 2 Z I — qi- l+k| il
n-oo Pi—1+m 32
j=n—-(-p-m) i=j

So, according to theorem 2.4 every solution of (11) is goes to infinity as n — oo, for
instance y,, = 2"is such a solution.

Example 2:Consider the difference equation

1\" (e !t +e)
A O — <1 + (E) )yn—m) + e—ze_nyn—z - (_23_1 + Z)e_gyn—3 = f,(12)
Wherem =1,k =2,1=3,p=1,6G(0p) =Y, B1 =P =2,
1 n

fn= (F) (e72—3el—el)+e M (—e3+3e™ D)
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One can find that all conditions of theorem 2.5 hold as follows:

n

1
p"=1+(;) =lasn—

© j-1

j=n1 i:j—l+k j:n1

T = Gnot+k = 0.06294 > 0

So, according to theorem 2.5 every solution of (12) has nonoscillatory solution tend to
zero asn — oo, for instance y,, = e~ "is such a solution.

CONCLUSION

In this paper some necessary and sufficient conditions are get it to ensure the nonoscillatory
for all solutions of second order nonlinear neutral delay difference equations with positive and
negative coefficients. One sequences are used for this suggest.
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