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Remark on a system arising in GRN theory

I. Samuilik

Summary. We consider the system of two differential equations that models two-
element gene regulatory network (GRN in short). The description of attractors is obtained
depending on parameters. Several cases are considered and the respective illustrations
are provided.
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1 Introduction

The theory of artificial networks ([10]) uses the dynamical systems that describe the
dynamic behaviour of a network. The GRN networks are included ([7], [6], [5]). The
interested reader may consult the review papers [1], [9]. This system contains multiple pa-
rameters that makes the direct analysis difficult. We wish to consider the two-dimensional
case in full generality (not neglecting and simplifying the dependence on all parameters).
We provide the analysis of some particular cases and supply our analysis by the respective
phase portraits. Let us mention some previous works on the subject ([3], [2]).

2 General

We consider the system




dx1

dt
=

1

1 + e−µ1(w11x1+w12x2−θ1)
− v1x1,

dx2

dt
=

1

1 + e−µ2(w21x1+w22x2−θ2)
− v2x2,

(1)

where µi and vi are positive. The coefficient matrix is

W =

∣∣∣∣
w11 w12

w21 w22

∣∣∣∣ . (2)
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The nullclines are given by the equations





x1 =
1

v1

1

1 + e−µ1 (w11x1+w12x2−θ1)
,

x2 =
1

v2

1

1 + e−µ2 (w21x1−w22x2−θ2)
.

(3)

The function f(z) = 1
1+e−µz is sigmoidal ([?]). Therefore the first nullcline is in the strip

{(x1, x2) : 0 < x1 < 1
v1

, x2 ∈ R} and the second one is in the strip {(x1, x2) : x1 ∈ R, 0 <

x2 < 1
v2
}. Therefore all critical points are located in the bounded box. There exists at list

one critical point.
For analysis of critical points we need the linearized system. It is

{
u′1 = −v1u1 + µ1w11g1u1 + µ1w12g1u2,
u′2 = −v2u2 + µ2w21g2u1 + µ2w22g2u2,

(4)

where

g1 =
e−µ1(w11x∗1+w12x∗2−θ1)

[1 + e−µ1(w11x∗1+w12x∗2−θ1)]2
, (5)

g2 =
e−µ2(w21x∗1+w22x∗2−θ2)

[1 + e−µ2(w21x∗1+w22x∗2−θ2)]2
, (6)

where (x∗1, x
∗
2) is a critical point under consideration. Notice that 0 < gi < 0.25 for

i = 1, 2.

A =

∣∣∣∣
µ1w11g1 − v1 µ1w12g1

µ2w21g2 µ2w22g2 − v2

∣∣∣∣ (7)

A− λI =

∣∣∣∣
µ1w11g1 − v1 − λ µ1w12g1

µ2w21g2 µ2w22g2 − v2 − λ

∣∣∣∣ (8)

and the characteristic equation is

det|A− λI| = (µ1w11g1 − v1 − λ)(µ2w22g2 − v2 − λ)− (µ2w21g2)(µ1w12g1) =
µ1µ2w11w22g1g2 − µ1w11g1v2 − µ1w11g1λ− µ2w22g2v1 + v1v2 + v1λ− µ2w22g2λ+
v2λ + λ2 − µ1µ2w12w21g1g2 = λ2 + (v1 + v2 − µ1w11g1 − µ2w22g2)λ+
µ1µ2w11w22g1g2 − µ1w11g1v2 − µ2w22g2v1 − µ1µ2w12w21g1g2 + v1v2 = 0.

(9)

To simplify we can write the characteristic equation as

λ2 + Bλ + C = 0, (10)

B = v1 + v2 − µ1w11g1 − µ2w22g2, (11)

C = µ1µ2w11w22g1g2 − µ1w11g1v2 − µ2w22g2v1 − µ1µ2w12w21g1g2 + v1v2. (12)
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3 Particular case

Set w11 = w22 = 0. The regulatory matrix is

W =

∣∣∣∣
0 w12

w21 0

∣∣∣∣ (13)

and the system of differential equations takes the form





x′1 =
1

1 + e−µ1(w12x2−θ1)
− v1x1,

x′2 =
1

1 + e−µ2(w21x1−θ2)
− v2x2,

(14)

The characteristic equation is

λ2 + Bλ + C = 0, (15)

B = v1 + v2, (16)

C = −µ1µ2w12w21g1g2 + v1v2. (17)

Case 1.

B2 > 4C, λ1,2 = −B

2
±

√
B2

4
− C > 0

B < 0 ⇒ λ1 > 0 ⇒ λ2 > 0.

Consider
ω11 = ω22 = 0, B = v1 + v2, C = v1v2 − µ1µ2w12w21g1g2.

Proposition 3.1 If B2 > 4C, λ1,2 ∈ R. The case unstable node is impossible.

Case 2.

B2 > 4C, B > 0, λ1,2 = −B

2
±

√
B2

4
− C

Case 2.1.

C > 0, 0 <
B2

4
− C <

B2

4
⇒ λ2 = −B

2
+

√
B2

4
− C < 0,

⇒ λ1 = −B

2
−

√
B2

4
− C < 0.

Proposition 3.2 If B2 > 4C,C > 0 ⇒ λ1,2 < 0 ⇒ stable node.
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Consider
ω11 = ω22 = 0, B2 > 4C, C > 0

(v1 + v2)
2 > 4(v1v2 − µ1µ2w12w21g1g2), v1v2 − µ1µ2w12w21g1g2 > 0,

v1 = v2 = 1, 1 > 4(1− µ1µ2w12w21g1g2).

Example 1. Consider µ1 = 5, µ2 = 10, v1 = v2 = 1, ω11 = ω22 = 0, ω12 = −4,
ω21 = −2 and θ1 = 0.2, θ2 = 0.25.

Fig. 3.1.

The characteristic equation for critical point (0.2674; 0.0004) is

λ2 + Bλ + C = 0, (18)

where
B = 2, (19)

C = 0.969076. (20)

Solving the equation we have λ1 = −1.17585 and λ2 = −0.824148. The type of critical
point is a stable node.

Fig. 3.2.
Case 2.2.

C < 0, λ1 < 0, λ2 = −B

2
+

√
B2

4
− C > 0.
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Proposition 3.3 If B2 > 4C,C < 0 ⇒ λ1 < 0, λ2 > 0 ⇒ saddle.

Consider
ω11 = ω22 = 0, v1 = v2 = 1, µ1 = µ2 = µ,

1 > 4(1− µ1µ2w12w21g1g2), 1 < µ2w12w21g1g2,

Example 2. Consider µ1 = µ2 = 8, v1 = v2 = 1, ω11 = 2, ω12 = −4, ω21 = −1.5, ω22 = 2
and θ1 = 1, θ1 = 0.25.

Fig. 3.3.
The characteristic equation for critical point (0.50089; 0.00033357) is

λ2 + Bλ + C = 0, (21)

where
B = −2.04806, (22)

C = −3.05884. (23)

Solving the equation we have λ1 = −1.00266 and λ2 = 3.05072. The type of critical point
is a saddle.

Fig. 3.4.
Case 3.1.

B2 < 4C, λ1,2 = −B

2
±

√
B2

4
− C ∈ C.
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Consider
ω11 = ω22 = 0, (v1 + v2)

2 > 4(v1v2 − µ1µ2w12w21g1g2),

v2
1 + 2v1v2 + v2

2 = 4v1v2 − 4µ1µ2w12w21g1g2,

(v1 − v2)
2 < −4µ1µ2w12w21g1g2.

Proposition 3.4 If (v1 − v2)
2 < −4µ1µ2w12w21g1g2 then all critical points are focuses.

Corollary 3.1 The necessary condition for all critical points to be focuses is ω12ω21 < 0.

Example 3. Consider µ1 = 8, µ2 = 4, v1 = v2 = 1,ω12 = 2,ω12 = −9 and θ1 = 0.7, θ1 =
0.5.

Fig. 3.5.
The characteristic equation for critical point (0.0128; 0.0786) is

λ2 + Bλ + C = 0, (24)

where
B = 2, (25)

C = 1.04354. (26)

Solving the equation we have λ1 = −1− 0.208672i and λ2 = −1 + 0.208672i. The type of
critical point is a stable focus.

Fig. 3.6.
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Consider
w11 6= 0, w22 6= 0.

Case 3.2.

B2 < 4C, −B

2
> 0 ⇒ B < 0.

Proposition 3.5 If w11 = w22 = 0, then B > 0 and no critical point is unstable focus.

B2 − 4C = (v1 + v2 − µ1w11g1 − µ2w22g2)
2−

−4(µ1µ2w11w22g1g2 − µ1w11g1v2 − µ2w22g2v1 − µ1µ2w12w21g1g2 + v1v2) =

= v2
1 + 2v1v2 − 2v1µ1w11g1 − 2v1µ2w22g2 + v2

2 − 2v2µ1w11g1 − 2v2µ2w22g2+

+µ2
1w

2
11g

2
1 + 2µ1w11g1µ2w22g2 + µ2

2w
2
22g

2
2 − 4µ1µ2w11w22g1g2 + 4µ1w11g1v2+

+4µ2w22g2v1 + 4µ1µ2w12w21g1g2 − 4v1v2 =

= (−v1 + v2 + µ1w11g1)
2 + 2w22g2(µ2(v1 − v2 − µ1w11g1) + 2µ1w12w21g1) + µ2

2w
2
22g

2
2.

Example 4. Consider µ1 = 5, µ2 = 5, v1 = 1
3
, v2 = 1

4
, ω11 = 1, ω12 = −1,

ω21 = 1, ω22 = 1 and θ1 = 0.5, θ1 = 3.3.

Fig. 3.7.
The characteristic equation for critical point (1.87485; 1.27273) is

λ2 + Bλ + C = 0, (27)

where
B = −3.496, (28)

C = 5.46939. (29)

Solving the equation we have λ1 = 1.74792− 1.55376i and λ2 = 1.74792 + 1.55376i. The
type of critical point is a unstable focus.
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Fig. 3.8.
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È.Ñàìóéëèê.
Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñèñòåìà äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîäå-

ëèðóþùàÿ äâóõýëåìåíòíóþ ãåííóþ ñèñòåìó. Ïîëó÷åíî îïèñàíèå àòòðàêòîâ â çàâèñèìîñòè
îò ïàðàìåòðîâ.

I. Samuilik.
Anot	acija. Tiek apskat	�ta divu diferenci	alvien	adojumu sist	ema, model	ejot divu ele-

mentu g	enu t	�klu. Tiek ieg	uts sist	emas atraktoru apraksts, kas ir atkar	�gi no parametriem.
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