Remark on a system arising in GRIN theory

[. Samuilik

Summary. We consider the system of two differential equations that models two-
element gene regulatory network (GRN in short). The description of attractors is obtained
depending on parameters. Several cases are considered and the respective illustrations
are provided.
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1 Introduction

The theory of artificial networks ([10]) uses the dynamical systems that describe the
dynamic behaviour of a network. The GRN networks are included ([7], [6], [5]). The
interested reader may consult the review papers [1], [9]. This system contains multiple pa-
rameters that makes the direct analysis difficult. We wish to consider the two-dimensional
case in full generality (not neglecting and simplifying the dependence on all parameters).
We provide the analysis of some particular cases and supply our analysis by the respective
phase portraits. Let us mention some previous works on the subject ([3], [2]).

2 General

We consider the system

( dx1 . 1
a1 + et (wiizi+wizza—061) — Uit
% T 1+ e—H2 (w211 twaew2—02) — Val2;

\

where u; and v; are positive. The coefficient matrix is

W11 Wi2
Wa1 W22

W= . (2)




The nullclines are given by the equations

_ 1 1
= U_1 1 + e H1 (wi1z1+wigze—01)’
(3)
_ 1 1
T2 = ’[)_2 1 + e M2 (w21x1—w22x2—92) :
The function f(z) = 1+el_#z is sigmoidal ([?]). Therefore the first nullcline is in the strip

{(z1,22) : 0 <2y < i,xz € R} and the second one is in the strip {(z1,22) : 21 € R,0 <
9 < %} Therefore all critical points are located in the bounded box. There exists at list
one critical point.

For analysis of critical points we need the linearized system. It is

u’l = —01U1 + 1 W11g1U1 + H1W12G1Us, (4)
Uy = —Ugly + oW1 Golly + flalWaaGolia,

where
e~ (wiz]+wiza;—61)

gl - [1 + e_ﬂl(wllxi+w12x3_91)]2’ (5)

e—h2(w212] +waza; —02)

(6)

where (z7,3) is a critical point under consideration. Notice that 0 < ¢; < 0.25 for
1=1,2.

92 = [1 + e—u2(w21xf+w22x§—92)]2’

A— H1W1191 — V1 H1W1291 (7)
H2W21G2 HaWa2g2 — V2
A\ = |[fmngr — U1 — A H1Wi291 (8)
HoWa1G2 [oWaga — Vo — A

and the characteristic equation is

det|A — M| = (w1191 — v1 — A)(powaz2ga — v2 — A) — (paw2192) (H1wr291) =
P1pl2W11Wa2g1Ge — H1W11G1V2 — P1W11J1A — [aW2gGa¥1 + V1V + V1A — flaWaaga A+ (9)
VoA + A — Ly pawinwa1 9192 = A2+ (V1 + V2 — w1 g1 — powasge) A+

1 W11 We2g1g2 — H1W11g1V2 — HalWaaGall — i1 faWi2W21g1ge + v1v2 = 0.

To simplify we can write the characteristic equation as

X+ BA+C =0, (10)

B = v + vy — piwi191 — HawW229s, (11)

C = U1 ph2W11Wa2G192 — H1W11G1V2 — UoWa2GaU1 — [l UoW12Wa1g1g2 + V1V2. (12)



3 Particular case

Set wy; = weg = 0. The regulatory matrix is

0 W12

W= W21 0

and the system of differential equations takes the form

A
{L’l—

1
( — U117,

1 4+ e—mi(wizza—61)
1
14+ e—H2(w2121—62)

/
Ty = — V2,

The characteristic equation is

M+ BA+C =0,

B:U1+U2,

C = — 1 fiawi2W21 91 G2 + V1V2.

Case 1.
B B2
B?>4C, MNa=-—+4/——-C>0
’ 2 4
B<0=X>0=X>0.
Consider

win =wyp =0, B=v+vy, C=v103— 1/loW12W21717>.

Proposition 3.1 If B> > 4C, X3 € R. The case unstable node is impossible.

Case 2.

B B2
B2>4C,B>0,)\1’2:—§:|: I—C

B? B? B | B2
C >0, O<I—C<I:>)\2——E—|— Z—C<O,
B B?
M=y .
= A1 5 1 C<0

Proposition 3.2 If B> > 4C,C > 0 = A5 < 0 = stable node.

Case 2.1.

(13)

(14)

(15)

(16)

(17)



Consider
w11 = waeg = 0, BQ>4C7 C>0

(Ul + 02)2 > 4(0102 - H1M2w12w219192)7 V12 — [ foW12W21G1G2 > 0,
vy =vy =1, 1>4(1— ppewinwag192).

Example 1. Consider py = 5,0 = 10, v1 = v9 = 1, wy; = wyy = 0, wip = —4,
Wo1 = —2 and 91 = 0.2,92 = 0.25.

Fig. 3.1.
The characteristic equation for critical point (0.2674;0.0004) is
A+ BA+C =0, (18)
where
B =2, (19)
C = 0.969076. (20)

Solving the equation we have \; = —1.17585 and Ay = —0.824148. The type of critical
point is a stable node.

Fig. 3.2.

B | B2
C<0, M\N<O, A2:—§+ T_C>O'

Case 2.2.



5

Proposition 3.3 If B> > 40,C < 0= )\ <0,y > 0 = saddle.

Consider
win=wp =0, vi=v=1 = =pu,
1> 4(1 — ppowinwargige), 1 < pPwiawagigo,
Example 2. Consider 13 = s =8, v1 = vy =1, w11 = 2, wip = —4, wo; = —1.5, weg =2

and 6, = 1,60, = 0.25.

Fig. 3.3.
The characteristic equation for critical point (0.50089;0.00033357) is
N+ BN+ C =0, (21)
where
B = —2.04806, (22)
O = —3.05884. (23)

Solving the equation we have A\; = —1.00266 and A\, = 3.05072. The type of critical point
is a saddle.

Fig. 3.4.

B [B?
B? < 4C, )\1,2:—5:& I—CE(C.

Case 3.1.



Counsider
wip =we =0, (v;+ 112)2 > 4(v1vg — p faWi2W21G1G2),

vf + 20109 + v% = 4v1vy — 4pg prow2W21 9192,

(01 — v2)? < —4p1 flaw12Wa1 G1Go.

Proposition 3.4 If (v, — U2>2 < —4pq powowo1 g1 g then all critical points are focuses.
Corollary 3.1 The necessary condition for all critical points to be focuses is wiawo < 0.

Example 3. Consider H1 = 8,#2 = 47 V1 = Uy = 1,&)12 = 2,&)12 = —9 and 81 = 077 91 =
0.5.

Fig. 3.5.
The characteristic equation for critical point (0.0128;0.0786) is
N+ BA+C =0, (24)
where
B =2, (25)
C = 1.04354. (26)

Solving the equation we have A\; = —1 —0.208672: and Ay = —1 4 0.208672¢. The type of
critical point is a stable focus.

Fig. 3.6.



Consider
w11 7é 0, 1w 7’é 0.

Case 3.2. B
B? < 4C, —5>0:>B<0.

Proposition 3.5 If w1 = wyy = 0, then B > 0 and no critical point is unstable focus.

B? —4C = (v1 4 vy — w119y — poWasga)’—
—4( 1 w11 W22G1G2 — H1W11G1V2 — HaW2GaV1 — i1 floW12Wa1g1ga + V1V2) =
= 07 + 2010 — 201 W11G1 — 201 f1aWraga + V5 — 20301 W11 g1 — 20afinWasGrt
FHiwTi gt 4 201w g1 faWazga + HaWiags — 4 [laWi1Wazg1 o + 4pawir grva+
+Ap2waagav1 + 4ir pawiawar G192 — dv1vg =
= (—v1 + v + pwi191)” + 2waga (2 (v — v — pwiLg1) + 2pWi2W21G1) + HEW3LG5-
1

Example 4. Consider puy = 5, s = 5, v; = %, Vg = , w2 = —1,

Wo1 = 1, Wog = 1 and (91 = 05, (91 = 3.3.

, Wil =

=

Fig. 3.7.
The characteristic equation for critical point (1.87485;1.27273) is
M+ BAX+C =0, (27)
where
B = —3.496, (28)
C = 5.46939. (29)

Solving the equation we have \; = 1.74792 — 1.553767 and \y = 1.74792 + 1.553767. The
type of critical point is a unstable focus.



Fig. 3.8.
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N.Camyiinuk.

Awnnoranusa. PaccmarpuBaercst cucrema AByX juddepeHnuaabHbIX ypaBHEeHUH, MOJIe-
JIIPYIOIIAs IBYXJIEMEeHTHYI0 TeHHYI0 cucTeMy. [lomydeno onncanne aTTpakToB B 3aBUCUMOCTH
OT MapaMeTpoB.

I. Samuilik.
Anotacija. Tiek apskatita divu diferencialvienadojumu sistema, modelejot divu ele-
mentu genu tiklu. Tiek ieguts sistemas atraktoru apraksts, kas ir atkarigi no parametriem.
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