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Abstract

Min-max and min-min robustness are two extreme approaches discussed for single-objective robust
optimization problems. Recently, multi-objective robust optimization problems are studied and robust
Pareto efficiency definitions have been proposed. In particular, the set-based min-max robust efficiency
defined for multi-objective robust optimization problems is analogous to the min-max robust optimality
definition for single-objective robust optimization problems. In this study, we define the set-based min-
min robust efficiency in addition to the existing definition of the min-max robust efficiency for multi-
objective robust optimization problems. We discuss a method to determine the set of set-based min-max
robust efficient solutions and propose an evolutionary algorithm to approximate this set. Furthermore,
a modification of the algorithm is discussed to approximate the set of set-based min-min robust Pareto
efficient solutions. The outcomes based on the two robust efficiency, i.e., set-based min-max and set-
based min-min, are compared using numerical examples. Our results show that set-based min-min robust
efficiency can be used by optimistic decision makers and can be combined with set-based min-max robust
efficiency to model the preferences of the decision makers, who are not ultimately pessimistic.
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1 Introduction and Literature Review

Many practical problems in engineering and business require a decision maker to consider multiple objectives
(criteria, attributes, preferences). Multi-objective optimization accounts for these multiple, typically con-
flicting, objectives inherent in decision making models. In addition to the challenge of multiple objectives,
decision makers are often faced with inaccurate data and a lack of information about the problem data, that
is, uncertainty exists in the settings. Here, it is important to note that what we mean by uncertain data is
that probabilistic information is not known, i.e., the data is subject to so-called unknown uncertainty (rather
than known uncertainty, which is used to define data with probabilistic information). Multi-objective robust
optimization (MORO) is a relatively new field combining concepts and tools from multi-objective optimiza-
tion and robust optimization. In this study, we propose set-based min-min robust efficiency as a new concept
and compare it to set-based min-max robust efficiency discussed in [1, 2].

While single-objective optimization with uncertainty, i.e., robust optimization, has been well-studied,
relatively recently [3], MORO is a developing area. Briefly, a MORO problem is a decision making problem
with multiple objectives such that the problem data (either related to objective functions or feasibility
conditions or both) is subject to uncertainty. In this study, we consider that the uncertainty exists in the
objective function coefficients (the uncertainty in feasibility conditions, i.e., in the constraint coefficients,
can be eliminated by formulating the robust counter parts, see e.g. [3]). Furthermore, we consider the case
of binary programming, i.e., we have binary decision variables. Particularly, let x = [x1, x2, ..., xn]T be the
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vector of n decision variables, where xi denotes the ith variable, and X be the set of feasible x’s such that
X = {x : Ax ≤ b,x ∈ {0, 1}n}, where A is the m×n-matrix of constraint coefficients and b is the m-vector
of the constraint right-hand-sides. We assume that the decision maker has k objective functions to minimize.
Let fj(x, ξ) be the jth objective function as a function of x as well as the coefficients vector ξ = [ξ1, ξ2, ..., ξm].
Here, ξ is subject to uncertainty. Typically, (unknown) uncertainty is defined using an uncertainty set denoted
by U . In single-objective robust optimization, different uncertainty sets are used; and solution methods
and robust counterpart formulations are modified based on the uncertainty sets. Typical uncertainty sets
considered are discrete (i.e., scenario based such that ξ ∈ U = {ξ1, ξ2, ..., ξl}, where ξl = [ξl1, ξ

l
2, ..., ξ

l
m]

defines the lth possible scenario), interval (i.e., box-type such that ξ ∈ U = {ξ : lb` ≤ ξ` ≤ ub` 1 ≤ ` ≤ m},
where lb` and ub` are the lower and upper bounds of the `th uncertain coefficient ξ`), and polyhedral (i.e.,
ξ ∈ U = {ξ : Dξ ≤ c}).

Let F (x, ξ) = [f1(x, ξ), f2(x, ξ), ..., fk(x, ξ)] be the vector function of the objective functions with coeffi-
cients ξ, i.e., F : X ×U 7→ Rk. Given ξ ∈ U , the MORO problem of interest in this study can be formulated
as follows:

P(U): minx F (x, ξ)
s.t. Ax ≤ b

x ∈ {0, 1}n
ξ ∈ U .

Problem P(U), in general, is a combinatorial multi-objective robust optimization problem. As noted above,
the literature on MORO is relatively new. We refer the reader to [2] for a recent review of the related studies.
Among all concepts of robust efficient solutions, we focus on set-based min-max robustness which concentrates
on the feasibility of efficient solutions and the optimization of the worst cases under all scenarios [2]. This
paper extends this set-based min-max robust concept to the set-based min-min robustness. Set-based min-
min robustness focuses on optimizing the best cases under all scenarios and it is the main contribution of
this paper. Set-based min-max and min-min robustness are discussed in section 2. Another contribution of
this paper is the evolutionary algorithm for solving a set-based robust problem, i.e. problem P(U). This
algorithm is explained in section 3. Section 4 summarizes a set of numerical studies comparing different
concepts. Concluding remarks and future research directions are noted in Section 5.

2 Set-based Robust Efficiency

In this section, we discuss set-based robust efficiency concept, explain set-based min-max robustness, and
introduce set-based min-min robustness. To do so, let us recall some concepts from single-objective robust
optimization and multi-objective deterministic optimization.

Now, suppose that k = 1, i.e., we have a single-objective robust optimization problem. A common
approach adopted in literature to solve single-objective robust optimization problems is the min-max ro-
bustness (i.e., pessimistic approach). In min-max robustness, given the single objective function f(x, ξ) to
be minimized such that ξ ∈ U , this objective function is replaced by h(x) = maxξ{f(x, ξ) : ξ ∈ U}. That
is, for any decision vector x, it is assumed that the worst values of the objective coefficients (which are
uncertain) will be realized; therefore, the decision maker will select x with the minimum objective function
value under its worst-case, i.e., the decision with the best worst-case performance will be selected. This
is an extreme approach. Another alternative is the opposite extreme approach: min-min robustness (i.e.,
optimistic approach). With min-min approach, the single objective function f(x, ξ) to be minimized such
that ξ ∈ U , this objective function is replaced by h(x) = minξ{f(x, ξ) : ξ ∈ U}. That is, the decision with
the best best-case performance will be selected.

First, consider the case that k > 1 but ξ ∈ U = {ξ}, i.e., |U | = 1, ξ = ξ, and there is no uncertainty. In
this case, problem P(U) is a multi-objective deterministic optimization problem and the common notion of
solution for this problem is Pareto efficiency (or simply efficiency). A solution x1 ∈ X is Pareto efficient if
there is no other solution x2 ∈ X such that F (x2, ξ) 6= F (x1, ξ) and F (x2, ξ) ≤ F (x1, ξ). That is, there is
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no solution x2 ∈ X that Pareto dominates x1 ∈ X . For notational simplicity, similar to [4], we use the order
relation ‘≤’ on any pair of vectors y1, y2 ∈ Rk such that y1 ≤ y2 if every component of y1 is smaller than or
equal to the corresponding component of y2 with at least one component being strictly smaller. Therefore,
given ξ = ξ, x is Pareto efficient (or simply efficient) if @x̄ ∈ X \ {x} such that F (x̄, ξ) ≤ F (x, ξ).

In what follows, we restate the definition of set-based min-max robust efficiency of [1]. To do so, let Rk≥
be defined such that Rk≥ = {v ∈ Rk : v ≥ 0}, i.e, Rk≥ is the set of all non-negative k-vectors. Then, following

the above definition of efficiency for multi-objective deterministic optimization, i.e., when ξ ∈ U = {ξ}, one
can note that x2 ∈ X Pareto dominates x1 ∈ X , if F (x1, ξ) ∈ F (x2, ξ) +Rk≥; and similarly, x1 ∈ X Pareto

dominates x2 ∈ X , if F (x2, ξ) ∈ F (x1, ξ) +Rk≥. Figure 1 illustrates F (x, ξ)−Rk≥ and F (x, ξ) +Rk≥.

Now, suppose that |U | > 1. Similar to [1], let FU (x) = {f(x, ξ) : ξ ∈ U} ⊆ Rk be the set of objective
function vectors for x ∈ X under all possible realizations of the uncertain coefficients ξ. Note that FU (x)−
Rk =

⋃
ξ:ξ∈U (F (x, ξ)−Rk) and FU (x)+Rk =

⋃
ξ:ξ∈U (F (x, ξ)+Rk). The following definition is the set-based

min-max robust efficiency as given by [1].

Definition 1 Set-Based Min-max Robust Efficiency: For P(U), x ∈ X is min-max robust efficient if
@x̄ ∈ X \ {x} such that FU (x̄) ⊆ FU (x)−Rk≥ [1].

Based on Definition 1, a solution is not min-max robust efficient if its worst-case performances are
Pareto inferior compared to the worst-case performances of another solution. This is best illustrated with
an example. Suppose that k = 2 and U = {ξ1, ξ2, ξ3, ξ4, ξ5} and consider x1 and x2. Figure 2 illustrates
FU (x1) (the set of blue dots) and Fu(x2) (the set of red dots). The area under the blue lines is FU (x1)−Rk
and the area under the red lines is FU (x2) − Rk. As can be seen from Figure 2, Fu(x2) ⊂ FU (x1) − Rk;
therefore, x1 is not min-max robust efficient. That is, the worst-case possible performances of x2, i.e.,
{F (x2, ξ1), F (x2, ξ2), F (x2, ξ4), F (x2, ξ5)}, correspond to a set of possible performances Pareto superior, as
a whole, compared to the set of worst-case possible performances of x1, i.e., {{F (x1, ξ1), F (x1, ξ2), F (x1, ξ5)}.
However, it can be noticed that, for some possible realization of ξ, x1 might be Pareto superior compared to
x2. For instance, if ξ = ξ4, we have F (x1, ξ4) < F (x2, ξ4). Furthermore, if ξ = ξ3, neither x1 nor x2 Pareto
dominates the other. That is, min-max robust efficiency is subject to the critics noted for the min-max
robustness used for single-objective robust optimization: it models the pessimistic decision maker.

As an alternative approach, in order to capture the optimistic decision maker, we define set-based min-min
robust efficiency as follows:

Definition 2 Set-Based Min-min Robust Efficiency: For P(U), x ∈ X is min-min robust efficient if
@x̄ ∈ X \ {x} such that FU (x) ⊆ FU (x) +Rk≥.

Based on Definition 2, a solution is not min-min robust efficient if its best-case performances are Pareto
inferior compared to the best-case performances of another solution. This is best illustrated with an example
as well. Consider the example illustrated in Figure 2. Figure 3 also illustrates FU (x1), as the set of blue
circles, and Fu(x2), as the set of red squares. The area below the blue (dashed) lines is FU (x1) + Rk and
the area below the red (solid) lines is FU (x2) +Rk.

As can be seen from Figure 3, FU (x2) ⊂ FU (x1)+Rk; therefore, x2 is not min-min robust efficient. That
is, the best-case possible performances of x2, i.e., {F (x2, ξ1), F (x2, ξ3), F (x2, ξ4)}, correspond to a set of
possible performances Pareto inferior, as a whole, compared to the set of best-case possible performances of
x1, i.e., {F (x1, ξ3), F (x1, ξ4)}.

Next, we discuss a simple evolutionary algorithm that can apply both Definitions 1 and 2 to approximate
the set of set-based min-max and min-min robust efficient solutions for P(U).

3 Solution Analysis

In this section, we propose an evolutionary algorithm to solve the problem P(U). Prior to the details of the
algorithm, we first discuss procedures enable us to use Definitions 1 and 2. Particularly, given a solution
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Figure 1: Sets F (x, ξ) + Rk
≥ and

F (x, ξ) −Rk
≥ for a given F (x, ξ)

Figure 2: Set-based Min-max Robust
Efficiency (FU (x1)−Rk and FU (x2)−
Rk)

Figure 3: Set-based Min-min Robust
Efficiency (FU (x1)+Rk and FU (x2)+
Rk)

x ∈ X , determining FU (x)−Rk and FU (x) +Rk is problematic as they are areas. Alternatively, one can use
Pareto efficient realizations within U . Particularly, consider the following two multi-objective deterministic
optimization problems for a given x, where ξ is the decision variables vector:

Psup(x) maxξ∈U F (x̄, ξ),
Pinf (x) minξ∈U F (x̄, ξ).

Let PF sup(x) and PF inf (x) denote the set of Pareto efficient solutions of Psup(x) and Pinf (x), respectively.
It then follows that FU (x) − Rk is the area under the points within PF sup(x) and FU (x) + Rk is the
area above the points within PF inf (x). For instance, in the examples illustrated in Figures 2 and 3,
PF sup(x1) = {F (x1, ξ1), F (x1, ξ2), F (x1, ξ5)} and PF sup(x2) = {F (x2, ξ1), F (x2, ξ2), F (x2, ξ4), F (x2, ξ5)};
and PF inf (x1) = {F (x1, ξ3), F (x1, ξ4)} and PF sinf (x2) = {F (x2, ξ1), F (x2, ξ3), F (x2, ξ4)}.

Now, let us define PE(S) as the set of Pareto efficient solutions within the given set of solution S. Next,
we define Pareto dominance between two sets of solution sets. Given S1 and S2, S1 Pareto dominates S2 if
PE(S1 ∪ S2) = PE(S1) (see, e.g., [5, 6]). That is, each solution in S2 is Pareto dominated by at least one
solution in S1. Then, following Definitions 1 and 2, and PF sup(x) and PF inf (x); we can alternatively say
that:

(1) x ∈ X is min-max robust efficient, if @x ∈ X such that PF sup(x) Pareto dominates PF sup(x) based
on maximization objectives.

(2) x ∈ X is min-min robust efficient, if @x ∈ X such that PF inf (x) Pareto dominates PF inf (x) based
on minimization objectives.

We use the above two points in determining min-max and min-min robust solutions among a set of given
solutions. Note that PE(S) can be determined using an iterative method (see, e.g., [7, 8]). Furthermore, if
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U is a discrete set, PF sup(x) and PF inf (x) can be determined by finding PE(U) with maximization and
minimization objectives, respectively (when U is a box or polyhedral set, and fj(x, ξ) is a linear function
with respect to ξ ∀j, one needs to solve multi-objective linear programming models). Next, we discuss the
details of the evolutionary algorithm assuming that U is a discrete set.

The main steps of this algorithm are similar to [9, 10]. The algorithm incorporates the following four
main steps:

Step 1. Chromosome representation and initialization : We define x ∈ {0, 1}n as the chromosome.
The feasible space of problem has the general form X = {x : Ax ≤ b, x ∈ {0, 1}n}. As an initial set of
chromosomes, we randomly generate q feasible chromosomes (random generation of feasible chromosomes
will be problem specific; however, in this study, we consider binary decision variables; therefore, we randomly
generate binary vectors, check their feasibility, and accept the feasible ones until we have q feasible binary
vectors).

Step 2. Fitness Evaluation and Selection : Given a set of chromosomes, i.e., a population W , we
determine the set-based min-max or min-min robust efficient solutions depending on the robust efficiency
concept to be used. To do so, for each chromosome x ∈ W , we first determine PF sup(x) or PF inf (x) for
set-based min-max or min-min robust efficiency approaches, respectively. After that, we generate S(W ) such
that S(W ) =

⋃
x∈W PF sup(x) if min-max robust efficiency is to be used and S(W ) =

⋃
x∈W PF inf (x) if

min-min robust efficiency is to be used. Then, we determine PE(S(W )) considering objective maximization
(minimization) when min-max (min-min) robust efficiency is to be used. Finally, the set of parent chromo-
somes are selected as the chromosomes that feed at least one solution to PE(S(W )). That is, a chromosome
within W will be a parent chromosome if it is a min-max (min-min) robust efficient solution as compared to
the other solutions within W when min-max (min-min) robust efficiency is used.

Step 3. Mutation : The next population is generated by mutating the parent chromosomes of the
current population. To mutate a given parent chromosome x, we use three simple mutation rules on it:
adding, dropping, and swapping. The adding mutation, if possible, randomly selects and i such that xi = 0
and makes xi = 1. The dropping mutation, if possible, randomly selects i such that xi = 1 and makes xi = 0.
The swapping mutation, if possible, randomly selects an i1 such that xi1 = 0 and an i2 such that xi2 = 1
and makes xi1 = 1 and xi2 = 0. These three mutations are applied as many times as possible to each parent
chromosome. After these three mutation operations, we accept the feasible ones. We apply these mutation
operations to each parent chromosome to create children. The next population consists of the current parent
chromosomes and the children.

Step 4. Termination : After the initialization in Step 1 is completed, we repeat Steps 2 and 3 until
two consecutive set of parent chromosomes are identical.

4 Numerical Analysis

In this section, we compare the set-based min-max robust efficiency defined in the literature with the set-
based max-max robust efficiency introduced in this study using the evolutionary algorithm proposed above
on problem P(U). Let Ep and Eo be the set of parent chromosomes at the termination of the evolutionary
algorithm when min-max and min-min robust efficiency are used, respectively. Note that Ep and Eo are the
approximated set of min-max and min-min robust efficient solutions of P(U) modeling the pessimistic and
optimistic preferences of a decision maker, respectively. We quantitatively and qualitatively compare Ep and
Eo. In quantitative comparison, we compare the number of efficient solutions (|Ep| or |Eo|), the average
size of population at each iteration of the evolutionary algorithm (|pop|), the number of iterations until the
termination of the evolutionary algorithm (#iter), and the computational time (CPU). In addition, we let
EU = Ep

⋃
Eo. All procedures are coded in MATLAB 2016a and run on a personal computer with 1.6GHz

core i3 and 4GB RAM.
We consider 6 problem classes, each which corresponds to a combination of n ∈ {9, 12, 15} and k ∈ {2, 3}.

In each class, we randomly generated five instances such that Aij ∈ [−1, 21] using uniform distribution and
set b = 1

3A× e, where e is a m-vector of 1’s. For each problem instance, we randomly generate 10 scenarios
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for the objective function coefficients of two of the objective function, where each coefficient under a scenario
is randomly generated from [−10, 10] using uniform distribution. For k = 3, one of the objective function has
certain coefficients, which are randomly generation from [−20,−20] using uniform distribution. Tables 1 and
2 summarize the quantitative and qualitative statistics when P(U) is solved using min-max and min-min
robust efficiency concepts.

Table 1: Quantitative Statistics

Min-max (Pessimistic) Min-min (Optimistic)
n k |Ep| |pop| #iter CPU |Eo| |pop| #iter CPU
9 2 5.80 41.63 3.80 0.0813 5.40 33.19 4.20 0.0531

3 14.20 88.45 4.40 0.1750 8.60 64.67 4.20 0.0938
12 2 24.80 269.08 5.00 0.7344 13.00 129.68 5.60 0.2594

3 40.60 437.35 5.20 1.8719 26.40 275.62 5.20 0.7188
15 2 54.00 919.39 6.60 5.6375 16.00 311.88 6.60 0.9594

3 95.00 1594.73 6.00 16.1438 91.80 1522.79 6.80 14.2938
Average 39.07 638.82 5.17 4.1073 26.87 459.63 5.43 2.7297

Table 2: Qualitative Statistics

n k |Ep| |Eo| |EU | |Ep
⋂
Eo| / |EU | |EU \ Ep| / |EU | |EU \ Eo| / |EU |

9 2 5.80 5.40 9.40 19.15% 38.30% 42.55%
3 14.20 8.60 17.00 34.12% 16.47% 49.41%

12 2 24.80 13.00 35.20 7.39% 29.55% 63.07%
3 40.60 26.40 56.00 19.64% 27.50% 52.86%

15 2 54.00 16.00 68.20 2.64% 20.82% 76.54%
3 95.00 91.80 162.40 15.02% 41.50% 43.47%

Average 39.07 26.87 58.03 13.61% 32.68% 53.70%

We have following observations based on Tables 1 and 2.

• Based on Table 1, the computational time under min-max robust efficiency is higher than the compu-
tational time under min-min robust efficiency approach. This is due to the fact that more solutions
are evaluated under the min-max robust efficiency approach even though the numbers of iterations
until termination are very close and the numbers of solutions returned are not very different. Although
comparing these two approaches quantitatively is not very relevant in terms of their advantages or
disadvantages, it shows that finding min-min robust solutions requires less computational efforts com-
pared to min-max approach. It is important for decision maker once he/she decide to pursue min-min
solutions as well.

• For the qualitative analysis, Table 2 provides useful information. First, the percentage of shared
solutions between two set-based robust efficient approaches, i.e. |Ep

⋂
Eo|, is 13.61% on average. This

suggests that both approaches might return the same solutions and a solution can be min-max and
min-min robust efficient at the same time. When we look at the union of the approximated min-max
and min-min robust efficient solution sets, we see that, on average, 32.68% of the solutions are not
coming from the min-max robust efficient solutions and 53.70% of the solutions are not coming from the
min-min robust efficient solutions. These suggest that different approaches generate different solutions.

The results of our numerical analysis show that the two approaches, min-max and min-min robust efficiency,
can return the same solutions as well as different solutions. This is important for a decision maker for three
reasons. First, a solution that is both min-max and min-min robust efficient can be an attractive solution.
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Second, when min-max and min-min robust efficiency approaches are combined, the decision maker will have
a larger set of alternative solutions, which might be considered as an advantage. Third, seeking min-min
robust solutions is not computationally harder than min-max solutions.

5 Conclusion and Future Research

In this study, we introduce min-min robust efficiency and briefly compare it to the existing min-max ro-
bust efficiency defined for multi-objective optimization problems subject to uncertainty. We give the basic
definition for min-min robust efficiency. A simple evolutionary method is proposed, which can use both of
the approaches, for a binary model. A set of numerical studies show that a solution can be both min-max
and min-min robust efficient. Furthermore, different approaches might return different set of solutions and
computational efforts for finding min-min solutions is worse than finding min-max solutions. Thus, min-
min robust efficiency can be used in practice by decision makers, especially, the optimistic decision makers.
Future research directions include to extend the numerical studies for different problem settings (integer,
mixed integer models, and different types of uncertainties). Another future research is to investigate exact
methods to generate all min-min as well as min-max robust efficient solutions under various settings.
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