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ABSTRACT. We show an example of a Polish metric space X whose quadratic Wasserstein space
Wh(X) possesses an isometry that splits mass. This gives an affirmative answer to Kloeckner’s
question, [2, Question 2].

Let us denote the metric space ([0, 1],]-]), equipped with the usual distance, by Y. In our recent
manuscript we determined the isometry group of the Wasserstein space Wi (Y'), for details see [1,
Subsection 2.1]. In particular, it turned out that the bijective map defined by

j: Wl(Y) —>W1(Y)a /,U—)](/.L), Fj(,u) :F}L_I
is an isometry of Wi (Y'), that is,

dw, (v) (1, V) = dyy, vy (3 (1), 5 (V) (1, v € Wi(Y)).
Notice that we also have
J(60) = tho+ (1= )31 (€ (0,1)),
that is, j does not preserve the set of all Dirac masses.

Very recently we realized that the above example can be easily manipulated in order to answer
the following question of Kloeckner ([2, Question 2.]): Does it exist a Polish space X whose
quadratic Wasserstein space Wa(X) possesses an isometry that does not preserve the set of all
Dirac masses?

Example. Let us equip the set [0, 1] with an other metric: p(x,y) = /| — y|. (It is easy to see
that p indeed defines a metric.) Let the symbol X stand for the Polish space ([0, 1], p). Obviously
w,v € Wo(X) if and only if u,v € Wi (Y'). Notice that we have

. 2
dyy, () (s V) = ot / (p(2,y))” dr(z,y)
[0,1]%[0,1]

— inf —y| dr(z,y) = +/d ).
Lot / |z —y| dn(z,y) wi (v (14, V)
[0,1]%[0,1]

Therefore the map j is also an isometry of Wh(X):

Ay 00y (10,3 9)) = by () G (12), 5(0)) = 3 () (1) = iy ) (0,9,

This answers Kloeckner’s question affirmatively.

We note that a similar construction works for any p > 1: if we choose Z to be ([0,1],] - |'/?),
then j defines an isometry of W, (Z2).

Finally, observe that the isometry j does not preserve the existence of a transport map between
u and v in general.
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