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INVITED PAPER

Abstract — The inverse problem of internal dosimetry is naturally posed as a problem of Bayesian inference. The Bayesian
approach is of practical importance in three areas: (1) avoiding false positives in the detection of rare events, (2) the calculation
of uncertainties, and (3) the calculation of multiple intakes, all of which are important for internal dosimetry. In this paper, the
Bayesian approach to the interpretation of measurements is first reviewed using a simple conceptual example. Then, a simple
239Pu case using IMBA expert is discussed, and finally a current cutting-edge example is discussed involving real 238Pu data
calculated with a Markov Chain Monte Carlo algorithm and with exact calculation of poisson likelihood functions.

INTRODUCTION

Bayesian methods for internal dosimetry have now
reached a high level of maturity. Aside from conceptual
correctness, the Bayesian approach is of practical impor-
tance in three areas: (1) avoiding false positives in the
detection of rare events, (2) the calculation of uncer-
tainties, and (3) the calculation of multiple intakes, all
of which are important for internal dosimetry. In what
follows, the Bayesian approach to the interpretation of
measurements is first reviewed using a simple concep-
tual example. Then, a simple 239Pu case using IMBA(1)

is discussed, and finally a current cutting-edge example
is discussed involving real 238Pu data calculated with
the Markov Chain Monte Carlo algorithm(2) and with
exact calculation of poisson likelihood functions(3)

(code ID1.3e).

BAYESIAN INTERPRETATION OF
MEASUREMENTS

Statistical inference is concerned with the interpret-
ation of measurements in terms of quantities of interest,
quantitatively treating the uncertainties involved. The
quantities of interest are bottom-line quantities, like
CEDE, rather than measured quantities, like urinary
excretion rate. Statistical inference will be illustrated
using a simple example.

The authors wish to ascertain whether atoms are
white or black. For this purpose, they have a digital
measuring instrument that reads 0 for a white atom and
1 for a black atom. However, this measurement is not
perfect, for, if a large number of white atoms or black

Contact author E-mail: guthrie@lanl.gov

atoms are run, the results shown in Figures 1 and 2 are
obtained. The quantities � and � are the false positive
and false negative rates. If these quantities are 0 the
measurement is perfect and there is no need for stat-
istics. If these quantities are small, the measuring system
is good — but how good? The further analysis required
is not difficult.

The container of atoms to be measured contains Nwhite

white atoms and Nblack black atoms. If the entire con-
tainer is run, the results shown in Figure 3 are obtained.

Now, imagine that all the atoms that measure 1 are
put in another container, together. The number of white
atoms in the measure-1-container is �Nwhite. The number
of black atoms in the measure-1-container is (1 �
�)Nblack. If � and � are 0, all the black atoms are cor-
rectly in the measure-1-container. Because of measure-
ment uncertainty, � and � are not 0, and the odds that
an atom from the measure-1-container is indeed black
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Figure 1. Measurement results for white atoms.
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are (1 � �)Nblack to �Nwhite. The probability that an atom
from the measure-1-container is black
is

P(black�meas. 1) =
(1 � �)Nblack

(1 � �)Nblack + �Nwhite

. (1)

This quantity subtracted from 1 is the probability that
the atom is white:

P(white�meas. 1) = 1 � P(black�meas. 1) (2)

=
�Nwhite

(1 � �)Nblack + �Nwhite
.

In the above equations, the vertical bar is read as ‘given’
and expresses a conditional probability. The probability
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Figure 2. Measurement results for black atoms.
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Figure 3. Distribution of measured results for container of
atoms.

distribution given in Equations 1 and 2 (called the pos-
terior distribution) is what is almost always desired. The
aim is to determine some bottom-line quantity (atom
colour in this case). Because of measurement uncer-
tainty, there is uncertainty in the determination. Given
the measurement result, it is completely natural to want
to know the distribution of the bottom-line quantity.

Putting in some numbers may be helpful, e.g.,

Nblack = 10

Nwhite = 10000

� = 0.05

� = 0.05. (3)

In this case,

P(black�meas. 1) =
0.95 � 10

0.95 � 10 + 0.05 � 10,000
= 0.02,

P(white�meas. 1) =
0.05 � 10,000

0.95 � 10 + 0.05 � 10,000
= 0.98. (4)

The posterior distribution clearly summarises the
knowledge of what is required (atom colour). Note that
in this case, because black atoms are rare in the meas-
ured population, this result completely reverses the
naive expectation, based on the smallness of � and �,
that if the measure equals 1, then the atom is likely to
be black.

These considerations are not esoteric or philosophical
or even hard to understand. One wonders why ‘Bayesian
interpretation of measurements’ is not just ‘interpret-
ation of measurements’.

Before any measurements, the probability that an
atom is black (that an atom taken from the atom con-
tainer will be black) is called the prior probability. This
distribution is given by

P(black) =
Nblack

Nblack + Nwhite

,

P(white) =
Nwhite

Nblack + Nwhite
. (5)

The probability distribution of atom colour is updated
after the measurement by using Bayes rule:

P(black�meas. 1) � P(meas. 1�black) P(black),

P(white�meas. 1) � P(meas 1�white) P(white). (6)

The probability distribution of the measurement results
given the atom colour is shown in Figures 1 and 2:

P(meas. 1�black) = 1� �,

P(meas. 1�white) = �. (7)

Bayes rule, of course, reproduces what has already been
derived using elementary reasoning:
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P(black�meas. 1) =
(1 � �)Nblack

(1 � �)Nblack + �Nwhite
,

P(white�meas. 1) =
�Nwhite

(1 � �)Nblack + �N
white

. (8)

IMBA EXAMPLE

An important qualitative feature of Bayesian
interpretation of measurements is that the interpretation
depends on the prior probability distribution, i.e. the
population being measured. A more realistic example of
how this works is shown by the IMBA plots (IMBA
phase II) in Figures 4 and 5.

The plots are of the posterior probability distribution
of intake amount, in Bq, where the measurement of
239Pu urinary excretion was 1 � 0.25 mBq d�1, 1 y
post intake. The prior probability distribution of intake
amount is the ‘alpha’ prior(4) given by

Figure 4. IMBA plot of posterior distribution of intake when intakes are likely in measured population.

P(�) =
1
� ��

A���t

, (9)

where � is the intake amount, A is the maximum intake
amount for the problem (unimportant as long as it is
larger than any conceivable intake), �t is the time inter-
val in which the intake may have occurred (1 y in this
example), and � is the ‘intake probability’ per year. The
two cases shown are for � = 0.1 y�1 and � = 0.0001
y�1. Thus, the very same measurement has two quite
different interpretations. When intakes are relatively
common in the measured population, the posterior prob-
ability distribution implies that an intake of about 6000
Bq occurred. When intakes are very rare in the meas-
ured population, the posterior probability distribution
implies that no intake occurred (almost all probability
concentrated at zero). Of course, as more data are
accumulated and the likelihood function becomes nar-
rower, the prior is less able to shift the posterior prob-
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ability distribution away from the maximum of the like-
lihood function.

LANL 238Pu CASE

One of the advantages of the Bayesian method is that
it naturally calculates the uncertainty of the quantity of
interest. In fact, what is calculated is the probability dis-
tribution of this quantity. The example discussed in this
section illustrates the progression of knowledge that
often happens in practice, where early assessments have
a large uncertainty that is gradually refined as more
measurements are taken. This progression is quite natu-
ral and seems to be readily accepted by those to whom
dose assessment results are reported (workers, manage-
ment, regulators). Table 1 shows the Radiochemical
Alpha Spectrometry (RAS) data, showing the gross and
background counts in the 238Pu alpha particle energy
window.

Figure 5. IMBA plot of posterior distribution of intake when intakes are unlikely in measured population.

In Table 1, 	f refers to the uncertainty of the cali-
bration factor resulting directly from the measurement
process (counting uncertainty of the tracer, uncertainty
of tracer amount, etc.). The larger effect is the uncer-
tainty from biological variability and urine collection
(specific gravity normalisation) variability, estimated to
be 	f = 0.3.

In this case, the worker was not involved in any
known incidents, so the alpha prior � = 0.001 y�1 is
used(4). The ICRP 30 family of biokinetic models is
used with seven inhalation models: class Y and class W
for 0.2, 1 and 5 
m AMAD, and a special 238Pu delayed
onset model(5). Figure 6 shows the bioassay data along
with the average times and amounts of calculated
intakes (intakes in terms of CEDE).

The progression of knowledge, starting with the first
elevated result of 16 April 2000, is shown in Figure 7.
The average year-2000 CEDE and the 5 and 95% cred-
ible limits are shown. The calculations are done using
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the Markov Chain Monte Carlo code(2) with exact calcu-
lation of the poisson likelihood function (ID 1.3e)(3).
Quite different results (much smaller CEDE) are
obtained if the gaussian approximation is used for the
likelihood function in the cases with one or two data
points.

FUTURE DEVELOPMENTS

The tools for Bayesian interpretation of bioassay data
are available(6). In the future, we can look forward to
user-friendly interfaces becoming available as well.

Hopefully, the International Commission on Radio-
logical Protection (ICRP) will soon provide a CD with
tables of biokinetic response functions (including organ
doses as a function of time) that will summarise the
biokinetic models and eliminate the need for the ordi-
nary user to worry about solving differential equations.

Table 1. RAS count data.

Sample date Gross counts Background tb/tb Calibration Calibration,
countsa factor, f factor, 	f

5 Jan. 2000 0 4 6 0.127 0.0612
17 Feb. 2000 2 1 6 0.179 0.0723
16 Apr. 2000 10 2 6 0.0704 0.0680
16 Apr. 2000c 109 2 1 0.00568 0.0097
16 Aug. 2001 1 0 6 0.542 0.0970
4 Dec. 2001 8 4 6 0.089 0.0622

aIn counting period tb.
bRatio of background counting period to gross counting period.
c10 � counting period recount of planchette done in 2002.

���
���
���
��%
���
��&
���
��'
���
��(
���
���
���
����
����

���

��

��

��

��

�
������ �����' ������ �����' ������

)��	

*
+

,
+

� 
�

-
�"

.
	�

��
�/

#	
��



��

 �
0

1�
���

"

Figure 6. Calculated average times and amounts of intakes —
LANL 238Pu case.

Also, the ICRP should be able to consolidate expert opi-
nion about a reasonable default set of biokinetic model
parameter choices for various nuclides, in other words
assigning prior probabilities to various parameter
choices. Thus, in the future, internal dosimetry calcu-
lations can be reduced to the following steps:

(1) creating the input bioassay data file, including
uncertainties;

(2) estimating the prior probability of intake for inci-
dents (from workplace indicators) and non-incident
situations for each intake allowed;

(3) running calculations using default assumptions.

These steps should be sufficient, except when the
biokinetic models do not fit the data (�2/Ndata � 1), in
which case a closer look at the biokinetic model set
would be warranted.

&��

���

'��

���

(��

���

���

�
� � ( �

#	����������

���	�2�������

3����	�
�������	������� 4	
2	���
��
��$�
����2�"

��
��

��

��

��*
+

,
+

� 
�

��
-

�"

Figure 7. Progression of knowledge as more measurements are
used — LANL 238Pu case.
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