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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 22(1&2), 71-97 (1997)

THE ESSENTIAL SPECTRUM OF A LINEAR
MAGNETOHYDRODYNAMIC MODEL

CONTAINING A VACUUM REGION

GEORGE D.RalKkoOV

Section of Mathematical Physics ;
Institute of Mathematics and Informatics ‘
Bulgarian Academy of Sciences, :
P.0.B. 373, 1090 Sofia, Bulgaria

1 Introduction

1.1. The essential spectrum of the force operator of the ideal linear magnetohy-
drodynamics has been extensively studied in the mathematical literature (see
e.g. [A.L.M.S, Section 5], [Des.Gey], [Kako 1], [Kako 2], [Kako 3], [Lan.Msl],
[Rai 1], [Rai 2, Section 4]). However, all the rigorous from mathematical point
of view works on this topic concern the magnetohydrodynamic (MHD) model
of a plasma confined in a bounded domain O, C R® with perfectly conducting
boundary. On the other hand, there exists another MHD model which is more
realistic from physical point of view. According to this model, the plasma re-
gion O, is surrounded by a vacuum region O, whose boundary consists of two
disjoint surfaces S, and S,. The surface S, coincides with the plasma-vacuum
interface, while the outer surface S, is perfectly conducting. The interaction
between the plasma filling O, and the exterior magnetic field is described by
the MHD equations, while the dynamics of the electromagnetic field in the
vacuum region O, is governed by the Maxwell equations. Usually the domains
O, and O, are assumed to be axisymmetric. In other words, they are obtained
by the rotation of two plane domains 2, and @, (Q, being surrounded by 0,),
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around an axis situated at a positive distance from the closure of 2, U Q,. In
the case where the ratio of the small and the large characteristic radii of the
toroidal domain O,UQ, is sufficiently small, one may consider O, and, respec-
tively, O, as the cylindrical manifolds £, x 8! and, respectively, {1, x S! where
S! := R/2xZ. This is the exact meaning of the notations O, and O, adopted
in the present paper. We denote by I', and I, respectively the boundaries of
Q, and Q,. Thus we have §, =T, x St and §, =T, x St

1.2, The stationary (i.e. independent of time) equilibrium of the plasma
occupying O, is given by the macroscopic velocity V : O, — R3, the exte-
rior magnetic field B, : O, — R?, the pressure P : O, — [0,00), and the

mass density ¢ : O, — (0,00). Moreover, we denote by v > 1 the constant
adiabaticity index.

Throughout the paper we assume that the plasma equilibrium is static,
i.e. we have

V=0in O,
The plasma equilibrium quantities P and B, satisfy the equations
VP =t B,, B, in O, (1.1)
divB, =0 in O, (1.2)

The equilibrium mass density g is an arbitrary sufficiently smooth strictly
positive function over O,.

The stationary equilibrium vacuum magnetic field B, satisfies the equa-
tions

rot B, = 0,

{ divB, = 0,

Moreover, the equilibrium quantities P, B, and B, satisfy the boundary con-
ditions

in O, (1.3)

(n)Bp) =0 on Spa (14)
(n,B,) =0 on &, (1.5)
1 1
§B3 =P + §B§ on &, (1.6)
(8,B,) =0 on &, (L.7)

where n (respectively, ) denotes the unit normal to S, (respectively, to'§,)
vector exterior with respect to O, (respectively, to O,). More details concern-
ing the physical approach to the plasma equilibrium could be found in {Frei],
and a rigorous mathematical approach to this problem is contained in [Tem)].

1.3. The linear perturbations Vi, B, 1, P, g1 and B, of the equilibrium
quantities V, B, ,P, g and B, can be written in the terms of the displacement
vector
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£(t,x) = /0' Vi(r,z)dr,

and the equilibrium quantities themselves. Here t denotes the time,and z € O,
denotes the spatial variable. The vector (¢, z) satisfies the mixed problem

& = —F¢ in (0,00)x O,
LE¢ = 0 on (0,00) xS, (1.8)
é[l:O = Oa %§|t=0 = V1|¢=0, in Op.

Here we have used the notations

Fé = —12 {V(yPdivE + (VP £)) + [rot rot ¢, B,], By] + [rot By, rot [£,B,]1},

and

Lg := — {yPdivé — (B, (rot [£,B,]) + (£.V)B,)) + (By, (RE + (£.V)B.))}s, -

where

RE =10t A, (1.9)

and A is the solution of the following auxiliary boundary-value problem:

rotrot A = 0 in O,
[n,A]=—(n,§)B, on &, (1.10)
B,A] = 0 on S§,.

The existence of solutions of the boundary-value problem (1.10) follows from
[Mor, Theorem 7.8.2]. Obviously, the mapping R is linear and contmuous as
a mappmg from the Sobolev space of vector-valued functions { H}(O, )} into
{L}(0,)}° as well as from {H2(O,)}’ into {H'(0,)}’ (see below Lemma 3.3).
Moreover, we have Ker R = {0}.

Remark. Note that we do not claim that (1.10) has a unique solution A,
but that this boundary-value problem determines rot A uniquely.

The linear mixed problem (1.8) was derived heuristically from the orig-
inal non-linear-problem in the pioneer work [B.F.K.K] (see also the survey
article [Frei]). Some rigorous results concerning the derivation of this mixed
problem can be found in {Lau.Shen] and [Lau].

1.4. Tt has been shown in [Ush] and [Lau.Shen] that under some addi-
tional hypotheses concerning the equilibrium, the operator F with domain

Dy(F) := {g e {H*(0,)}’: L¢=0on 5,,}
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is symmetric and lower-bounded in the Hilbert space {L*(O,; gdz)}’. Note
that the validity of the inequality

G = (n,v (-;-Bﬁ - %B: - P)) >0 on S, (L11)

is one of the important assumptions imposed in [Ush] and [Lau.Shen}; together
with some hypotheses about the smoothness and the regularity of the equilib-
rium quantities it guarantees the lower-boundedness of the force operator F
{see (1.14) and (1.16) below).

Denote by F' the Friedrichs extension of the operator F. The operator
F is known in the physics literature as the linear MHD force operator. The
present paper is devoted to the localization of the essential spectrum of the
operator F related to a particular MHD equilibrium described explicitly below
in Subsection 2.1.

The reason of the existence of non-empty essential spectrum of the oper-
ator F' could be explained heuristically in the following manner. The principal
matrix-valued symbol F(z,p), (z,p) € T*O,, of the operator F is equal to

F(:L‘,p) =
o(2) ™ {6:(By(2), p)" + o(2)v(=) p;pe—
(Bp(2), p)(By,i(z)px + Bp.k(z)Pj)}?,kﬂ ,

where

v} = U§ +'Ufh vzs = 7P/97 v2.4 = |:BP|2 /9' (1'12)

The quantities v, v% and v? have respectively the physical meaning of
the squares of the Alfvén velocity, the sound velocity and the magnetosonic
velocity.

The eigenvalues u4(z,p), u+(z,p) and p_(z,p) of the matrix F(z, p) can
be easily calculated explicitly:

pa(z,p) = o(z)7(By(z),p)%

pa(e,p) = 5 {v(e) 1ol £ ol@)IpI" = dus(e)ale, Pl |

In the physics literature the eigenvalue u4 is associated with the Alfvén
polarization, the eigenvalue u, - with the fast magnetosonic polarization,
and the eigenvalue u_ ~ with the slow magnetosonic polarization. Evidently,
the eigenvalue u,(z,p) is elliptic under the natural assumption v*(z) > 0,
z € O,, while u4(z,p) and p_(z,p) are not elliptic on the set {(z,p) € T"0, :
(B,(z),p) = 0}. Moreover, we have p_(z,p) = 0 for all z € O, such that
P(z)=0.

The operator F admits an equivalent description. For
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¢ € Dola) := {H'(0,)}’

set

aple) = [ {7Pldivel” + ot [¢, Byl"+

Re ((VP,¢) TvE — ([rot By, rot [¢,B,]], €))} da, (1.13)
ale)= [ Gln, &) a5, (1.14)

a[¢] = /o |R¢|? de, (1.15)

al€] := a,[¢] + a,[¢] + au[¢]- (1.16)

If £ € Do(F'), then we have

(ffyf){Lz(op;pdz)}3 = af¢]

(see e.g. {Lau.Shen] or [Ush, Lemma 2.1]). Moreover, the quadratic form a de-
fined on Dy[a] is lower-bounded and closable in {L*(Op; odz)}®. The operator
generated by the closed quadratic form a coincides with the force operator F
(see [Ush, Proposition 2.4]).

It will be useful to compare here the force operator F with the force
operator F}, occurring in the MHD model related to a domain O, with perfectly
conducting boundary. In order to introduce the operator F,, one defines the
quadratic form a, on the domain

Dolas} = {¢ € {H'(0)}" s (n,)s, = 0},

and then closes it in {L?(O,; pdz)}’. The operator F, is defined as the operator
generated by the closure of a,. Note that if we come back to the MHD model
containing a vacuum region studied in the present paper, and restrict the
quadratic form a on the domain Dyla,], we would get

a[ﬂ = ap[f]

(see (1.14), (1.15), (1.9), (1.10) and (1.16)).

Hence, the operators F' and F), could be considered as two different self-
adjoint realizations of one and the same formal differential operation, corre-
sponding to two different boundary conditions. Since the operators F' and F,
are not elliptic, one of the most natural and interesting questions in the spectral
theory of these two operators is whether their essential spectra coincide or not.

1.5. The paper is organized as follows. In Section 2 we describe the par-
ticular equilibrium we study, and state the main result of the article. The equi-
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librium is supposed to possess a translational symmetry, so that in Section 3 we
employ the Fourier decomposition of £ € Dy(F) with respect to the negligible
variable in order to show that F is unitarily equivalent to the orthogeonal sum
Yrez DF (k) where F(k), k € Z, are operators selfadjoint in {Lz(Q,,;gdy)}a.
Moreover, we show that the equality gess(F') = Uiez Tess(F(k)) holds under
certain hypotheses. In Section 4 we introduce the auxiliary Neumann-to-
Dirichlet maps and Dirichlet-to-Neumann maps (see e.g. [Hor}, [Syl.Uhl})
which play an important role in the proof of the main result. Further, in Sec-
tion 5, we use the ideas of the Weyl-Friedrichs decomposition of a vector-valued
function into an orthogonal sum of a gradient and a divergence-free vector in
order to show that o.(F(k)), k € Z, coincides with the essential spectrum of
the orthogonal sum Z?ﬂ BF;(k) where F;(k), 7 = 1,2,3, k € Z, are scalar
operators. In Section 6 we show that c..(Fi(k)) = @ and localize .. Fa(k)),
k € Z. Finally, in Section 7 we localize gees( F2{k)), k € Z.

2 Formulation of the main result

2.1. In thus subsection we describe the particular MHD equlibrium we inves-
tigate in this article.

As stated above, we assume O, = 1, x 8! and O, = O, x S' where
2, C R? and Q, C R% Moreover, ', = 99, and T, = 89, \ T, are supposed
to be disjoint C™-smooth closed simple curves.

For z € O, (respectively, ¢ € O,), we set = (y,z) where y € Q,
(respectively, y € Q2,) and z € S!. We assume that the equilibrium quantities
P, B,, ¢ and B, are independent of the variable z.

Further, we assume that

B, = (0,0,b,) (2.1)

where b, € C*(Q,). Thus, the equation (1.2) and the boundary condition
(1.4) are satisfied. In the case where (2.1) holds, the equation (1.1} reads

1 .
P+ 51)2 =const in . (2.2)

Moreover, we suppose P # 0, b, # 0 in {,,.
Finally, we assume that

B, = (0,0,b,) (2.3)

where b, is a non-zero constant. Thus the equations (1.3) and the boundary
conditions (1.5) and (1.7) are satisfied.

Note that (2.3) and (2.2) imply that both sides in (1.6) are (equal) con-
stants. Moreover, the relations (2.3) and (2.2) entail G = 0 (see (1.11)) and,
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hence, a,[é] = 0 (see (1.14)).
The motivation for the choice of the particular equilibrium described
above is explained in Subsection 2.3.

2.2. In this subsection we state the main result of the article.
Set

Boly) = vi(y)/v}(y), vh(y) == Boly)vi(y), v € Ny,

(see (1.12); in the sequel the notation v, should be understood as v4 = b,/,/0),
and for k € Z introduce the closed sets

Li=L(k) = U {5}, i1s = (k) := U {Fh)},

yeﬂp yeﬂp

Iy = Iy(k) = | {¥* (63(s) + 82) /e(s)}
s€ly
Here and below we parametrize I', by its arc length s, and denote by f(s) the
restriction onto I', of any quantity f(y) defined over Q1,, or over {1,,.

Theorem 2.1 Under the hypotheses concerning the equilibrium described in
the Introduction and in Subsection 2.1, we have

Tes(F) = | {Ia(k) U Ip(k) U Iy (K)}. (2.4)
keZ

In order to compare o ( F') with the essential spectrum of the force
operator F, arising in the MHD model with perfectly conducting boundary,
we recall here the result of Theorem 2.2 and Corollary 2.4 in {Rai 1]:

oe(Fy) = U {La(K) U In(k)} (2.5)
keZ

Comparing (2.4) and (2.5), one finds easily that there exist MHD equilib-
ria such that the corresponding set o (F) \ ess(Fp) is not empty. To our
knowledge, this effect is described here for the first time not only at rigorous
mathematical level, but even at heuristic one.

2.3. In this subsection we discuss the reasons for which we consider the
particular MHD equilibrium described in Subsection 2.1.

First of all, we would like to underline that our aim is not the analysis
of a general MHD equilibrium. OQur result should be considered rather as
an explicit comparison of es(F) and gess(F,) for a particular MHD model;
as far as we are informed such a result has not been achieved for any MHD
equilibrium.
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The plasma equilibrium we consider is a generalization of the so-called 6-
pinch model (see e.g. [Frei, Section IV.B.1]) where (1, is a disk, and b, depends
only on the distance to the axis of the circular cylinder O,. We restrict our
attention to this simple plasma equilibrium since it is among the rare MHD
models for which the essential spectrum of the operator F, has been localized
(see (2.5)). The intrinsic and not quite evident reason for the availability of
this result is the fact that the force lines of the magnetic field B, are straight
and parallel to the generatrix of the cylinder O,.

It should be noted that the essential spectrum of the ideal linear MHD
equations for quite general equilibria has been studied in various works (see
e.g. [Ham], [Lif]). In these works, however, the authors prove only that a given
set ¥ is included in the essential spectrum, but not that £ coincides with the
essential spectrum.

Moreover, there exist rigorous results on the localization of e (F,) for
some symmetric equilibria (see {Des.Gey], [Kako 1}, {Kako 2], [Kako 3], [Rai 2,
Section 4]), but they involve only the localization of the essential spectrum of
the force operator F,(k) with fixed wavenumber(s) k corresponding to the
negligible variable(s).

In order to justify the choice of the vacuum equilibrium (see (2.3)), we
need several auxiliary assertions.

Set

== {w e {H(0)} : rotw =0, divw =0, (n,w)s, = 0, (A,w)s, = o} :
(2.6)

Some well-known facts from the Hodge theory (see e.g. [{Mor, Chapter
7]) entail the following lemma.

Lemma 2.1 We have dim Z = 2, and the orthogonal (not necessarily normal-
ized) basis in = can be written in the form {w;,w;} where wy 1= (0,0,1) and
wy 1= (029, —01%,0), ¥ = ¢(y) being the unique solution of the boundary-value
problem

Ap=0 in £,
¥v=1 on T, (2.7
Pp=0 on T,.

Since B, satisfies (1.3), (1.5), (1.7), we have B, € =, i.e.
Bu = cjw + Cowo, (28)

where ¢; and ¢; are real constants. The relation (2.3) is equivalent to ¢, = 0.

Note that if ¢; # 0, then (1.11) is violated already for some quite simple
domains O, (e.g. we have G(s) < 0 for all s € T, in the case where O, is
a circular annulus). Even if we had demonstrated that the operator F was
lower-bounded despite the violation of (1.11), the picture in the case ¢; # 0
would change dramatically in comparison with the case ¢; = 0. The intrinsic
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reason for this phenomenon would be again the fact that if ¢; = 0, the force
lines of B, are straight and parallel to the generatrix of O,, and if ¢; # 0 they
are not.

Finally, there is yet another methodological reason for the choice of the
equilibrium studied here. We would like to display clearly enough the re-
lation between the non-local boundary condition arising in the MHD model
containing a vacuum region, and the Neumann-to-Dirichlet and Dirichlet-to-
Neumann maps described below in Section 4. In particular, we would like
to show that the pseudo-differential methods enter the analysis of the MHD
model containing a vacuum region in a fairly natural way. If we had consid-
ered a more general MHD equilibrium, this methodological novelty could be
completely hidden by the tedious technicalities typical for the MHD theory.

We hope that we shall be able to extend our analysis to more general
MHD equilibria in a future work.

3 Fourier decomposition

3.1. Expanding € € Dy(F) into a Fourier series

€(y,2) = N > P (y)e™, (3.1)

1
27 rez
we get

ap[f] = Y ol [¢®); k]

keZ
(see (1.13)), where

a,(pl)[’% k)= /n 9{02 |61 + Bama + ikBonal® +

P

K (Alm[* + vilnal” + vhlnal®) } dy, (3.2)
with 8y := 8/0yy, 8, := 8/dy2, n = (N, M2, M3) € DolaV], and
DolatV) := {n € {L2(QP)}3 in; € HY(Q,), j = 1,2}, (3.3)

3.2. Our next goal is to introduce the quadratic forms a(Vn; k], k € Z,
1 € Do[aV], such that the equality

aff] = 3 alle®); k]

keZ

holds (see (1.15)).
Consider the boundary-value problem
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A® =0 in O,,
2 __p 2N
fona o s, 4
an on vy
fs, ®dS =0,

where ¢ € Dola] = {H'(0,)}°.

Lemma 3.1 The boundary-value problem (3.4) has a unique solution & =
o(¢) € HY(O,).

Proof. The lemma concerns a classical result on the solvability of the Neu-
mann boundary-value problem for the Laplace equation in a three-dimensional
bounded cylindrical manifold (see e.g. {Vla, Theorem 23.1] where a slightly
different version of the lemma is proved). We shall just note that if we put

buﬂ%ﬂ on &,
¢ = :
0 on &,

then the condition [, @ dS =-0 guarantees the solvability of the problem
(3.4); here the quantity [5,, » dS should be understood as the duality pair
< ¢,1 > between H-/2(30,) and HY*(30,).

Lemma 3.2 The operator R introduced in (1.9) is uniquely defined by the
relation

RE = V() + 2:1:,»! /5 (n, ) dS, (3.5)

where £ € Dyla], ® = $(£) is the solution of the boundary-value problem (8.4),
and |T';| denotes the length of T'p.

Proof. Set
w=RE~Vd =10t A -V, (3.6)

where A is a solution of the boundary-value problem (1.10). Then we have

rotw = rotrot A ~rot V9o = 0,

divw = divrot A — A® = 0.

Further, on &, we have

(n,w) = (n,rot A) — (n, V@) = —Div [n, A] - g—: -
8¢ | 9(n) 09
Div ((n,€)B,) = 57— = bv"‘”(gf) “on
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where Div denotes the divergence operator acting on the Riemannian manifold
Sp. Analogously, on S, we have

(R,w) = 0.
Therefore, we have w € = (see (2.6)), and it can be written in the form

w= Z 055,

i=1,2
(see Lemma 2.1) with
: |2 d = / y Wi d ? ) = 172'
gj /0., |w;|* dz Ov(“’ wj)dz, j
It is easy to check the validity of the equalities

/Ov(w,w_,-)d.r = /Sp(n,f)(B,,,wj)dS, j=1,2.

Since (B,,wz) = 0 in O, we get 0, = 0. Hence, we obtain

W= o = ! fs,(nvg)(wal)dS _ B, fsp(nvé)ds
IR Is, len]? dS © o 2a(ny

(3.7)

Combining (3.6) and (3.7), we obtain (3.5).

Remark. Lemma 3.2 has been proved in a slightly different form in
[Ush, Proposition 4.7]. Heuristically, this result has been known long ago (see
[List.Mar]). We include the proof of Lemma 3.2 for reader’s convenience.

Corollary 3.1 Let £ € Do(F) Then we have

2

afg):= [ Ve de +c’ J meyds

where ®(€) is the solution of the boundary-value problem (3.4), and
C := (b,/27|T,|)* vol O,. (3.8)
For k € Z, k # 0, consider the boundary-value problem

—A¢p + k¥ =0 in €,
33‘2“ =tkby(im + vam) on T, (3.9)
=% =0 on T,,

where 7 € Dolal")] (see (3.3)), and v (respectively, #) denotes the unit normal
to T, (respectively, T',) vector, exterior with respect to Q, (respectively, {,).
Hence, we have (117; + vam2)r, € HYYT,).




82 RAIKOV

Lemma 3.3 The boundary-value problem (8.9) has a unique solution ¢, =
ée(n) € HYD,), k € Z, k # 0. Moreover, if £ € Dgla] is written in the form
(8.1), we have

1 .
o) =—= 3 7) gite, 3.10
(5) \/27 ceo0) ¢k (f ) € ( 1 )

where ®() is the unique solution of the boundary-value problem (3.4).

Proof. The first assertion of the lemma concerns a classical result on
the solvability of the Helmholtz equation with purely imaginary non-zero fre-
quency (see e.g. [Vla]). The second assertion is implied immediately by the
symmetry of O,. Note that the Fourier series (3.10) does not contain a term
corresponding to k = 0 since if we search for a solution ® of (3.4) in the form
®(y, z) = ¢o(y), then ¢ should satisfy the boundary-value problem

A¢0 =0 in QU,
9% —~0 on T ,
32“ =0 02 Fp

an vy
frp ¢0 dS = 01

and, therefore, ¢ = 0.
Let n € Do[a™)]. Put

aM; k] := /n {1V + Knf?} dy, k € Z, k #0,

where ¢(n) is the unique solution of the boundary-value problem (3.9). Fur-

ther, put
2

aV[m0):=C

b

/ (vim + vam2) ds
rP
where C is defined in (3.8). Finally, set
ain; k) := ofVm; k] + a{V[n; ), k € Z.
Corollary 3.2 Let £ € Do(F) be decomposed into the Fourier series (3.1).

Then we have
alé] = 3 aM[eW; k),
keZ

|, eleldz =3 [ el

keZ

3.3. It is easy to check that the non-negative quadratic form a‘Y)[p; k],
k € Z, defined on Dya'V], is closable in {L*(Q,;ody)}’. Denote by F(k)
the selfadjoint operator generated in {Lz(Q,,;gdy)}s by the closed quadratic

g NI e i
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form aY)(k). Obviously, the force operator F is unitarily equivalent to the
orthogonal sum Y ez ¢0F (k) and, hence, we have

U Tess(F(R)) C gess(F). (3.11)
keZ
Note that one cannot exclude a priori the possibility that the set at the
left-hand side of (3.11) is just contained in oess( F/(k)) since certain sequences of
discrete eigenvalues of the operators F(k) with different ¥ € Z might converge
to points which are in gess(F) but do not belong to any oess(F(k)), k € Z.

Corollary 3.3 Assume that the equality

Oess(F(K)) = Ta(k) U Ip(k) U Iv(k),Vk € Z, (3.12)
holds. Then we have
U Gess(F(R)) = 0css( F). (3.13)
keZ
Proof. Set
e = min Wh(y), ef = max vh(y).
vEQNp yEQp

Evidently, we have
k2er = inf {T4(k) U Ig(k) U Iv(k)},Vk € Z,
and, by (3.12), we get
inf Oess(F(k)) = k?e],Vk € Z.
On the other hand, the inequality v}(y) < vi(y), y € @, implies
aMin; k] > Kef /n,, olnl*dy, Vn e DolaV), VkeZ
Therefore, we obtain
inf o(F(k)) > k’ey,Vk € Z.
Hence, we have
inf o(F(k)) = inf oese( F(k)) = k€], Yk € Z. (3.14)

Assume at first that e] = 0. Note that ef > 0 since we have assumed
P #0, b, # 0. Therefore, ke tends to +o0o as k2 — oo. Thus, we get

o(F) C[0,00) = | [0,k%ef] = | N(k) € | Gess(F(k)) C 0ess( F).
keZ keZ keZ
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The trivial inclusion oes(F) C o F) then entails

0(F) = 0ess(F) = | 0ess( F(K)) = [0, 00).
keZ

Assume now that ey is strictly positive. Then (3.14) implies that for each
A > 0 the interval [0, \] may contain points of the spectra of a finite number
of operators F(k), k € Z. Hence, we have

[0,A]Nn { U aess(F(k))} = [0, A] N 0ess(F), VA > 0.
keZ

which entails (3.13).

The rest of the paper is devoted to the proof of the equalities (3.12).

4 Neumann — to — Dirichlet and Dirichlet —
to — Neumann maps
4.1. Throughout this subsection the parameter k € Z, k # 0, is fixed. For a

given f € H™Y¥(T,) denote by é, = &x(f) € H(Q,) the unique solution of
the boundary-value problem

—_Afi;k +h% =0 in Q,

%‘:—f on T, (4.1)
a—f;:o on T,.

Note that we have ¢i(n) = -—ikbugt;k(u,m + vam2) where ¢x(n) is the solution
of the boundary-value problem (3.9).

Define the operator N, : H=1/*(T,) — H'/*T,) by
Nof = & H)rr,-

We denote the restriction of M, onto L?(I,) in the same way.
In the sequel we shall use classical pseudo-differential operators (¥YDOs)
defined and described briefly for example in [Shu, Subsection 3.7].

Lemma 4.1 The operator Ny is a selfadjoint positive compact operator in
L¥(T,). Moreover, it is a classical DO of order -1 whose principal symbol
can be written in the local coordinates (s,¢) € T*T, as ¢! for || = 1.

Proof. Let fi € HY*T,), f» € HYXT,). Set f := (f1, f2). Let Uy =
Ui(f) € H'(Q,) be the unique solution of the boundary-value problem
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AU+ kU, =0 in 0,
U=fi on Ty,
Uc=fy on T,

Define the operator D, : H'/*(00,) — H~'/*(9Q,) by

'D,_,ka =g
where g = (g1,92) and

_ou oU,
0 == M, 0= O

1t is well-known that the operator D, is an elliptic classical ¥DO of or-
der 1 whose principal symbol can be written as [¢| for |[¢] = 1. Moreover,
the restriction of D, onto H'(99,) is a positive definite selfadjoint opera-
tor in L2(89,) (see [Hor, Chapter II}, [Syl.Uhl, Sections 1-2]). Since we have
L*(09,) = L*(T,) & L¥(T,), the operator D, can be considered as a classi-
cal matrix ¥DO which can be written as D, = Dm + ’D( where D) ok 15 2
classical matrix selfadjoint WDO of order 1 whose symbol <:01nc1des thh

lsI 0
<Oc Igl)i MZI,

and D‘(,z,z is a classical matrix ¥DO of order at most 0.
Now, let g, € H-V¥(T,), g € H"VX(T,). Set g := (g1,92). Let W; =
Wi(g) be the solution of the boundary-value problem

- AW+ kW =0 in Q,,

My = —g, on T,,
oo o]
35 =gz oOn .

Define the operator N, x : H~1/%(8Q,) — HY*0Q,) by
Nosg=f
where f = (f1, f2) and
fHii= Wi, f2i=Wilg)r,.
Obviously we have
Nk =D;i, VE€Z, k#0.
Therefore, the opera.t;or N,k is a classical matrix ¥DO which can be written

as Ny = ./\/;flk) + N where N;E,‘ is a classical matrix selfadjoint ¥DO of order
-1 whose symbol coincides with

lsi=* 0
0 |§|-l ]
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for [g| > 1, and Nu(gk) is a classical matrix YDO of order at most -2 (see [Shu,
Subsection 5.5]).

Let fy € L*(T,), f2 € L¥T,) and f = (f1, f2) € L*(89,). Define the
orthogonal projection P acting in L?2(0Q,) by Pf = (f1,0). H f = (f,,0) €
PL?*(80,) define the isometric operator I : PL¥(8Q,) — L*(T,) by If = f;.
Then we have

Ny =IPN,PI".
Hence, the operator NV} is a positive selfadjoint classical YDO of order -1, and
it can be written as Ay = MY + NP where M) is a selfadjoint classical
UDO of order ~1 whose symbol coincides with |¢]™! for || > 1, and N,Sz) is a
classical ¥DO of order at most -2. Finally, we note that since ', is a compact
manifold, any classical ¥DO of negative order acting in L?(T,) (in particular,
N¢) is compact.

Corollary 4.1 Let f € H™V/*(T,), and let ¢¢(f) € H'(R,) be the solution of
the boundary-value problem ({.1). Then we have

/m {1984l + K162} dy = /F V| ds.
Proof. The identities
0= [ (~26c+Kd)ddy = [ {IVou+ Ko} dy +

0= 04=
T, Ov r, b bds
imply

112 21302 _ — 1/2 ¢
/ﬂv{;vm + kgf2} dy_Afmds_/rP[Nk 1| ds.
Corollary 4.2 For each k € Z, k # 0, we have

ol )= 5, | AR+ v
P

|2

ds, Vn € Dola™).

4.2. It is convenient to introduce here yet another ¥DO acting in L*(T,).
For f € HY*(T,) consider the boundary-value problem

(4.2)

—divoVx+x=0 in §,,
x=f on T,

Define the operator D, : HY/*T,) — H~'/*(T,) by

D,f = gg%(f)lr,,-

We shall denote the restriction of the operator D, onto H'(T,) in the same
way.
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Lemma 4.2 The operator D, is selfadjoint and positive-definite in L*(T,).
Moreover, it is an elliptic classical Y DO of order I whose principal symbol
could be written in the local coordinates (s,s) € T*T, as o(s)|s| for |s| > 1.

The lemma follows from the general properties of the Dirichlet-to~ Neu-
mann maps (see [Hor, Chapter IIJ, [Syl.Uhl, Sections 1-2]).

Corollary 4.3 Let f € HY*T,), and let x = x(f) be the solution of the
boundary-value problem ({.2). Then we have

[, {ervx?+ i} ay = [ [P ds. (4.3)

5 Weyl-Friedrichs decomposition

5.1. Our next purpose is to introduce for each k € Z the scalar selfadjoint
operators Fj(k), j = 1,2,3, such that we have

vea(F(R)) = | @ 0w (Fi(k)), VkE€Z

=123

Note that there is an approximate correspondence respectively between Fy(k)
and the fast magnetosonic polarization, Fy(k) and the Alfvén polarization, and
F3(k) and the slow magnetosonic polarization.
The argument in this subsection follows quite closely the analysis in
[Rai 1, Section 3]. Since some differences caused by the change of the boundary
conditions arise, we do not omit the details just for reader’s convenience.
Introduce the auxiliary differential operators

Mu = —divp ' Vu, Ru:=M+ Ko 182, ke Z,
on the domain
D(M) = D(Ry) = Dola{] := {u € H*(,) : ur, = 0}.

Further, set
Dolal?] := {u € H*(Q,) : /ﬂ udy = 0}, Do[ad)] := L*(92,).
P

Finally, put

Do[a(z)] = {u = (u1,uz,u3) 1 u; € Do[agz)], i=12 3}.

On Dy[a®] introduce the operator

;
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O —p0y kO M5,
O 981 ikagM-lﬂo ,k € Z.

U= L
e\ ikfy 0 0

Evidently, u € Do[a(®] entails Upu € Dy[aM).
Lemma 5.1 The operator Uy : Do[a'®] — Do[a¥)], k € Z, is bijective.

Proof. Fix 5 € Do[a™]. Define u; as the unique solution of the operator
equation

Riuy = — (i + Oana + ikBona) -
Hence, u; € D(Ri) = Dolal?]. Set

uz = n3 — iko™ Bour.

Obviously, us € L%(Q,) = D[a$]. Put

1 . _ .
Xi =7 56] (U] + kM ! (ﬂoua)) y = 1,2.

Then we have
Ax:y+0x2=0 in Q. (5.1)

Fix yo € 0, and set

- Y
ta(y) := /W (=x1dyz2 + x2dn1)

where the integration is taken along any piece-wise smooth contour lying in

{2, and connecting yo with y. Since (5.1) holds, and £, is simply connected,
the function #,(y) is well-defined, i.e. independent of the integration contour.

Put

Uy = Ug

1 .
" vol 2, Jo, U dy.

Then we have Sjuz = X2, Baus = —x; (hence, in particular, uy € H?(f,)),

and, moreover, fo uzdy = 0. Therefore, u; € Do[agz)].
Finally, it is obvious that Uu = 5.

Denote by M the Hilbert space defined as the closure of Do[a(?)] in the
norm generated by the quadratic form

6 V[u) := /ﬂ oltul® dy, u € Do[a®).
Note that we have

3
bIu) = 360 (uyi k], u = (ug, uz, ug) € Dofat?),

i=1
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where

2
{0 = [ R w] dy,
6wl = [ oIVual® dy,
P

2
usi k= [ {olusl + 8 [M 2 (Bous)[[} dy.
Hence, we have H = Y7, ®H; where the Hilbert space H; coincides with the
set {u1 € H'(Q): wyp, = 0} equipped with a scalar product generated by

the quadratic form bgl), the Hilbert space H; coincides with the set

{ug e H'(Q,): /n wpdy = 0}

equipped with a scalar product generated by the quadratic form bgl), and the
Hilbert space Hz coincides with the set L2(Q,) equipped with a scalar product
generated by the quadratic form bgl).
Set
aP[u] := aMUyu], u € Dola®).

The non-negative quadratic form a(?[u; k| is, evidently, closable in H, and the
selfadjoint operator F(k) generated by the closed quadratic form a®(k) in H
is unitarily equivalent to F(k), k € Z. Hence, in particular, we have

Tess(F(K)) = a'ess(ﬁ(k))’ Vk e Z. (52)

5.2. Let the scalar product in some Hilbert space H be generated by
the quadratic form go[u], u € H. Let g[u] be a closed lower-bounded quadratic
form in H. We shall discuss the spectral properties of the quadratic-forms
ratio ¢/go meaning the corresponding properties of the selfadjoint operator
generated by the quadratic form ¢ in the Hilbert space H. In particular, the
equality (5.2) could be re-written as

Tess( F(K)) = 0uss(a®) (k) 8D (k)), VE € Z. (5.3)

Lemma 5.2 Let the scalar product in some Hilbert space H be generated by the
quadratic form qo. Let q be a closed non-negative quadratic form in H. Further,
let ¢y be a real-valued quadratic form compact in H such that the gquadratic
form qo + q1 is positive-definite. Finally, let q; be a real-valued quadratic form
compact in the Hilbert space with a scalar product generated by the quadratic
form qlu] + go[ne), u € D[g). Then we have

Tess(9/90) = ess((9 + 92)/ (90 + @1))- (5.4)

Lemma 5.3 Let the scalar product in some Hilbert space H be generated by
the quadratic form qo. Let q be a bounded real-valued quadratic form in H.

|
i
it
i
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Further, let Hy be a subspace of H such that dim H O H; < oo. Denote by gy
(respectively, by §) the restriction of qo (respectively, of q) onto H,. Then we
have

Ues:(q/qo) = O’eu(fl/%)-

Lemmas 5.2-5.3 follow easily from the well-known Weyl theorem about
the invariance of the essential spectrum of selfadjoint operators under rela-
tively compact perturbations (see [Re.Sim, Section XIIL.4]).

5.3. Set

a§3>[u1; k] = /ﬂ ov? I'Rkuﬂz dy, u; € D[aﬁ”(k)] =: D[a{”(k)], keZ,

P [ug; k] = 6N uss k], uy € DIB(K)] =: DB (k)), k € Z.

Further, put
a(za)[ug; k] :=

{ 32 { o, 003 [Vual? dy + B2 fp
0,if k=0,

N2 (2" ds}, i keZ, k0,

uy € HY(Q,) = D[aP(k)}, VkeZ,
B0us) = [ {oIVual® + lwl'} dy, ua € H'(@) = D).

Note that we have
dim D{p{] & DY) = 1. (5.5)

Next, set

g ] := kZ/n ov? [usl? dy, us € D[] =: D[a(k)], k € 2,
§ 3

K9] i= [ elwl’ dy, us € DIKY) =: DY)

Finally, put

3
a®u] = Eags)[uj;k], u = (uy,uz, us), U; € D[aﬁ-s);k], 1=123, keZ,
j=1

3
Bus k] = 36w k], u = (wy,u,ua),u; € DBY), 5=1,2,3, k€ Z.

j=1

Note that we have

bm[u; k] - b(”[u; k) = /n {|142[2 —k? lM—lﬂ(ﬂoua)‘z} dy.
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Using the compactness of the embedding H*(9,) — L*(§},) and the compact-
ness of the operator M~1/2, we get the following result.

Proposition 5.1 For each k € Z the quadratic form b®[u; k] — 6(V[u; k] is
compact in the Hilbert space with the scalar product generated by the quadratic
form b@(k).

Now, note that for k € Z, k # 0, we have

a®(u; k] — aPfu; k] =
~k? {/ﬂ 0! {vj |V (w + kM (Bous)) (’ + k2 g|u1|2} dy—

2Re /rz {vi (curl U, V (u, + ikM—l(ﬂOU3))) + ikvé,@oulﬂ;,} dy +
P

bg{/rp

y 1 -1 T 7a \
R R oy

12 (g_la(u, +ikM"(ﬂou3)))’2 den

o v

where the vector-valued function curl u; is defined as (Jyuz, —01u;). Moreover,
for k = 0 we have

2

a®u; 0] — aPu;0)=C ,

v

du
-1 1
—d.

where C is defined in (3.8).

Using the compactness of the embeddings H*(Q,) — H'(®,), H(®,) —
L*(Q,) and HY(Q,) — L*(T,), as well as the boundedness of the operator M~
from L*(9,) into H*(),) and the compactness of the operator N in L*(T}),
we obtain the following result.

Proposition 5.2 For each k € Z the quadratic form a®[u; k] — a®{u; k] is
compact in the Hilbert space with the scalar product generated by the closed
positive-definite quadratic form a®{u; k} + b®[u; k], u € D[a®(k)].

Applying at first (5.5) combined with Lemma 5.3, and then Propositions
5.1-5.2 combined with Lemma 5.2, we obtain the following result.

Corollary 5.1 For each k € Z we have

Tess( @ (k) /DV(R)) = Tuss(a® (k) /6D (k) = Tess(@ (k) /B (R)). (5.6)

3=1,23
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If we denote by F;(k) the selfadjoint operator generated by the quadratic-
forms ratio a(a)( )/b;z)(k), 7 =1,2,3, and combine (5.3) with (5.6), we get.

Gess F(k)) = | ess(Fj(K)), Yk € Z. (5.7)
1=1,2,3
6 The essential spectrum due to the fast and
slow magnetosonic polarizations

6.1. In this subsection we investigate ooss( Fy (k) = 0ess(al (k)/6P (), k € Z.
We recall that we have

o (u bl _ o, o0 IRewif” dy
RO 12, |2
1 [u1; k] Ja, I’Rk u1| dy

., u € D(M)=D(Ry), kecZ

Hence, the operator F(k) is unitarily equivalent to the operator pv®* Ry defined
on D(M), and selfadjoint in L*(Q,; 0"'v~2dy). Obviously, this operator is
elliptic, and since §, is bounded, we obtain

Oess(F1(k)) = 0ess(0v?Ry) = 0, Yk € Z. (6.1)
6.2. In this subsection we localize Gou(F3(k)) = Tess(al? (k)/BD(E)),
k € Z. We recall that we have

i [ug; ) _ ¥, evh fual* dy
b us) Ja, o lus|® dy

, Ug€ Lz(Qp)v k €Z.

Evidently, F3(k) is unitarily equivalent to the multiplier by the function k?v}
in L*(Q,). Hence, we get

ses(F2(k)) = |J {k*h(v)} = 15(k), Vk € Z. (6.2)
Eﬂp

7 The essential spectrum due to the Alfvén
polarization
7.1. At first we assume k = 0. Since a} )[Ug,O] = 0, we have
Tess( F2(0)) = 0ess(a$)(0)/657(0)) = {0} . (1.1)
In the sequel we assume k # 0. Set

D[bﬁ] = {w; € HY(Q,) : wyr, = 0},
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D)) := {ws € H'(R,) : ~diveVuw, +wp =0},

Put
b w;) = b w;], w; € DY), j =1,2,
and
Bw) = 3 Bw;], w = (wr, wa), w; € D[], j = 1,2.
i=1,2

It is convenient to recall here the representation
b w,) / {olVwaf* + s} dy = / D3 2wn|" ds, w, € Db,
(see (4.3)). Evidently, we have

b(z) z @D[b(a)

71=1,2
For w = (wy,w,), w; € D[b(S)] 7=1,2, set

a$Vw) := e w; + ws),

bm[w] - b( )[wl +wy) = E b(S)[w]]

j=1,2

Thus we obtain
Gesa(Fa(k)) = ess( @l (k) [6D) = 0eus(a (k) /67), k € Z,k #£ 0. (7.2)
7.2. Now set

agsl)[wl] = kz/n ov? [lel2 dy,w, € D[b?l)],
P

8wl i= [ eIVl dy, s € DIBEY),

Nl /2 3102
03

b wa) 1= b wg) = / DY, || ds, w, € D[S,

2
a(zs,‘%[wz;k] = kQ/r {"D;/?(v,;wz)‘ + 5

} ds,w; € D[bY),

aPiwik] = 3 aPlwi k), W= (wy,wa), w; € D[, 5 = 1,2,

1=1,2

0w = 3 b§w;], w = (wy,wa), w; € D[], § =1,2.

. :
7=1,2

The quadratic forms

ag4)[w; k} - a2 [w k] = {'/(; {vﬁ |'UJ2|2 + Rep (V (va) ,ng) Wy +
P
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2Re o (V (v}), Vuw,) T + 2Re vy, ) dy+

Re /F V4 ([Dp, vaw2) By ds}

and (3) (4) 2
Hw) = 0w = [ nl” dy

are compact in D[a (k)] = DB = Y12 @D[b&f}]. Applying Lemma 5.2
combined with (7.2), we get

Tess(Fa(k)) = Oea( @D (k) /62) = | Gess(aR)/BED), k€ Z, k#0. (1.3)

7=1,2

7.3. In this subsection we localize ey(al)(k)/b5Y), k € Z, k # 0. We
recall that we have

oy k) K o, 0vh [Vunf* dy
’ bsﬂ[wl] o, 0|V dy

, w, € D[BY)).

Evidently, we have
Tens(aS(k) /M) € o(afA(R)/BED) € J (KA} = La(k), k€ Z, K #0.
yEflp

Using the singular Weyl sequence described explicitly in {Rai 1, Subsection
5.2], we conclude that each A € I,(k) belongs to cre,,(a(zsz( k)/b (4)), ke Z,
k # 0. Hence we have

TeulaS1(k)/05) = La(k), k€ 2, k #0. (7.4)
7.4. In this subsection we localize om(agsg(k)/bg%), ke Zk#0 We

recall that we have

2
a ,[w,, k) - kI, {ID;’/2 (vsz)i +0,
b{3lwa] br, |3 wn|

" (3)
ds

} ds .
, wy € D[BY).

Substituting the functional variable w, for 'D"ﬂw, w € LYT,), we find that

the operator generated by the quadratic-forms ratio a(s)(k)/ b(gf% is unitarily
equivalent to the operator kT, k € Z, k # 0, where

T:=T'Ty+ T

and
T, := DMy Dy V2, Ty o= —ib, Af"2 D2,
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Using Lemmas 4.1-4.2 and the basic properties of the classical $¥DO (see
[Shu]), we deduce that T is a classical ¥DO of order 0 whose principal symbol
for [¢] > 1 can be written as

vh(s) + 8207 (s) = (B2(s) + B2) /e(s),s € T (7.5)
Hence, the operator T coincides up to a compact operator with the mul-
tiplier by the function (7.5). Applying Lemma 5.2, we get

s

Tealaf3(0)/553) = U {8 (5(e) + ) fel)} = Iv(R), k€ 2, k£ 0. (76)
er,
Combining (7.1)~(7.4) and (7.6}, we obtain

ess(Fa(k)) = Ly(k) U Iy(k), k € Z. (1.7)
7),

Finally, putting together (5.7),; (6.1), (6.2) and (7.7), we come to (3.12),

and whence to (2.4).
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