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1 Introduction

Recently a new “linear algebraic” framework for the
analysis of nonlinear systems has been introduced by
Di Benedetto et al. [1]. This approach is centered
around the study of a finite chain of ordinary vector
spaces consisting of differentials of functions construc-
ted from the output of a nonlinear system. Moreover,
the work of Di Benedetto et al. is largely inspired by
the differential algebraic approach of Fliess [2] which
has enabled a fundamentally new understanding of sys-
tem theory.

A basic concept in the new algebraic framework is the
notation of the zero siructure at infinily of the system.
It is well-known that this concept is very useful, in the
class of linear systems, for tackling such problems as
noninteracting control [3], disturbances decoupling [4]
and model matching [5]. The properties of the abstract
algebraic definition of the infinite zeros of a nonlinear
system are more consistent to the linear situation than
the properties of an other definition of Nijmeijer and
Schumacher [6] which is based on the geometric ap-
proach.

The nonlinear infinite zero structure can easily be ob-
tained from the dimensions of the vector spaces of out-
put differentials. Recently, it has been proved (see [7])
that the relevant parts of these vector spaces can be
formed from the input-output paths of an associated
weighted directed graph of the nonlinear system. A

*Research supported in part by the Fdrderverein Institut fir
Mechatronik.

Helmut Schwarz
Faculty of Mechanical Engineering
University of Duisburg
P.O. Box 10 15 03
W-4100 Duisburg
Germany

great number of formal computations which normally
are necessary to construct these vector spaces can be
avold by using this property.

The aim of this paper is to give some computational
results [8] obtained by two programs using the language
MACSYMA for formal calculus. The first one compu-
tes the vector spaces in a conventional way by formal
differentiations of the outputs. The second one makes
use of the results in [7].

2 Notation and Preliminaries

Consider a nonlinear control system ) of the form

z(t) = f(z(®)+g(=@®)u) = f(=) +g(=,u) (1)
y(t) = h(=(t)) = C=(?) 2

where z(f) € R*, u(t) € R™, y(t) € R?, and f(-) and
the columns of g(-) are meromorphic functions of z;
that 1s, they are elements of the fraction field F of the
ring of functions of the variable z which are analytic
on a domain P C R". In the following we suppress
the time argument to simplify the notations.

Remark: The class (1,2) of nonlinear systems under
consideration is not really more restricted as the class
considered in [1] since every system with a nonlinear
output equation y = h(z) can be transformed to an
augmented system of the form (1,2) (see [9] page 171)
having the same infinite zero structure.

Following [1], we associate to ), a chain of vector
spaces over the field K of meromorphic functions of
z, u, u(®=1) defined as follows. Let us rec-
all, first, that denoting by wv (v1,...,vj) the com-
ponents of (z, u, ..., u(®~1)), the action of the partial
derivative operator §/0v; on a meromorphic function
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P = - A

n(v) = p(v)/q(v), where p(-) and ¢(-) are analytic, is
defined, by the usual rule of calculus, as

8 p(v) _ 9(v)32-p(v) — p(v)52-4(v)
dvi g(v) g% (v) ’ (3)
Then, the differential of 5 is given by
n(w) = 3 2y, (@
i=1 3

The components of the time derivatives of the output

of 3

: . 0
y = Yo = @ +eEn] ()
P = y("“)(w,u,---,u(’“)) (6)
(%)
= [f($)+9 u]+Zgi(,) e

(7)

are meromorphic functions of z,u, ..., u'*), whose com-

ponents are elements of K.

Let £ denote the vector space spanned over K by
{dz,du,...,du(®"1}. One defines the subspaces & C
- C &y of £ by

& = span {dz}
(8)
&, = span {d=z,dy,...,dy™}
and the associated list of dimensions pp < --- < pn by

(9)

By using this list of dimensions the infinite zeros or
structure at infinity can be defined as follows:

Definition 1 [10]
The number o of zeros at infinity of order less
than or equal to k, ¥ > 1, is 03 = pr — pr—1.
The structure at infinity is given by the list

{0’1,. . .,Jn}.

pr :=dim &.

Remark: The number of zeros at infinity of order k is
then op—0r_; and the total number of zeros at infinity
on corresponds precisely to the rank of ) (see [1]) as
well as, in a suitable context, to the differential output
rank of Fliess [2]. When specialized to the class of
linear systems, this abstract algebraic definition agrees
with the usual linear notion of the structure at infinity

[11).

With the given nonlinear system (1,2) we associate a
weighted directed graph (weighted digraph) G defined
by a vertex-set and edge-set as follows (cf. [12]):

The vertex-set is given by m input vertices denoted

by ui, us, ..., Um, by n state vertices denoted by
1, 2, .., n and by p output vertices denoted by
Yi, Y25 -y Yp-

The edge-set results from the following rules:

o If the state variable z; really occurs in fi(z) +
gi(xz,u), i.e. (fi +gi)/0z; # 0, then there exists
an edge from vertex j to vertex i with the edge
weight O(f; + g:)/0z;.

e If the input variable u; really occurs in gi(z,u),
le. Og;/0ur # 0, then there exists an edge from
input vertex up to state vertex i with the edge
weight Og;/0ug.

e If the state variable z; really occurs in hg(=),
i.e. 8hi/O8z; # 0, then there exists an edge from
state vertex i to output vertex yp with the edge
weight Ghy /0z;.

A (directed) path is a sequence of edges {e;, e;,..}
such that the initial vertex of the succeeding edge is
the final vertex of the preceding edge. The edges oc-
curring in the sequence {e;, €j,...} are not necessarily
distinct. The number of edges contained in the se-
quence {e;, €j,...} is called the length of the path.
Now the subspaces & can easily be obtained from the
digraph of the nonlinear system by using the following
theorem:

Theorem 1 [7]
Each path of length ! between an input vertex
u; and an output vertex y; in the digraph of the
nonlinear systern corresponds to a term Pj dup of
the differential dy(*~1). The factor P;, is equal to
the product of the edge weights of the path, i.e.

Of:, Odi,
63,‘._, 3:!:53

dzi,_, Ozi_,

Ouyg

_ Oy
- 51‘,‘1

Pt'l (10)

Oz:,_,
In particular the set of input-output paths of
length [ contains the paths corresponding to
these terms of dy{'~') which increase the inte-
ger o1 = dim &_; —dim &_».

In [7] a well known example of Fliess [2] was used to
explain the application of this theorem. Due to lack of
space we refer to the paper of Svaricek [T7].

3 Computational Results

In this section we will compare the performance of two
programs developed by Wey [8] under the supervision
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of the authors, using the symbolic programming lan-
guage MACSYMA to compute the chain of subspaces
& C -+ C &. The first program computes the com-
plete output differentials by calculating the differentia-
tions of the outputs. The second one needs formal dif-
ferentiations only for the building of the system graph.
Then the relevant parts of the vector spaces are formed
from the input-output paths of the system graph. This
is realized in the following way:

1. Computation of the Jacobian

oi 0
" dzq Oz,
x ; :

D =—= : 11
@uw=2o=]| (1

0z, 0z,

6271 6z:n

2. Computation of a matrix

E; = CD"¥(z,u)g(z), 1=2,....n+1. (12)

Then the elements e;; of the matrix E; are equal
to the sum of the edge weights of all paths of
length I between the input ¢ and the output j.

Now we consider a nonlinear model of a primary con-
trolled hydraulic rotary drive (cf. Figure 1), which con-
sists of a pressure generating unit (primary unit), a
line-network for the distribution of hydraulic energy
and a secondary unit, the drive which has to be con-
trolled in the presence of changing load. The behavior
of this drive can be described by a nonlinear model
(for details see [13]) of order 10:

Fixed Motor

Variable
displacement

displacement
pump |

Position,
speed

Positioning
cylinder

Fig. 1 Equipment plan of a hydraulic system

3
-é-(%;—_(xg = .’*:4) =1 ciM Ty X
Ko Mﬂ(rg) = ML)
Betl2e)(Qam(zs) — K, - 22 x

x — Kri(za — z4) — K. - z3)

Boirl=a) () p s (5) + K, zy x

Ve

X + Kri(zs — z4) + Kr. - z4)

Tg
f(z) — #(AK(:B?_IS)"‘L‘@'G bS
' X-—-FR(IG)—-FE)
%{zﬂ(QA(-’L'?,zs)*—A-xs x
x — Kri(z7 — z8) — Kr. - z7)
E—"%ﬂl(QB(Zs,ts)-&A-zs X
X + Kpi(z7 — z8) + KL - 27)
z10
wg -Zg — 2Dywy, - T19 X
e FR(IN) vu;‘:
[0 ] (1 0 0]
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 1
9@ = | o "€ =100 |
0 0 0 0
0 0 00
0 0 00
_“"EJ | 0 0 0 |

with one input (valve voltage) and three outputs
(position and speed of the secondary drive, posi-
tion of the stroke cylinder) and nonlinear functions
Fr,Eoi1,Qa,B,Qamem and Mgp. Fig. 2 shows the
associated system graph. For the sake of clearness the
edge weights has been neglected.

Fig. 2 The unweighted digraph of the hydraulic system
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The nonlinear model of the hydraulic drive has one
zero at infinity of order 5 so that the subspaces
£ C --- C £ must be computed. On a HP 9000/400
computer the conventional program needs more than
154 seconds to generate the full subspaces. The pro-
gram based on the described graph-theoretic approach
computes the relevant parts of the subspaces in only 11
seconds. More than the half (6 sec.) of this computing
time is necessary to calculate the Jacobian (11).

It is clear that the computing time depends on the
supremum of the orders of the infinite zeros. In the
case, that the considered nonlinear model of a hydrau-
lic drive has only two outputs (position and speed of
the secondary drive) the order of the infinite zero in-
creases to 7. Hence, it is necessary to build two further
subspaces & and &£7. In this case the 16 MB memory
of the computer is not large enough to compute and
store the complete subspaces & C --- C &. In con-
trast to this the relevant parts of all these spaces can
be calculated with the graph-theoretic approach in less
then 10 seconds.

This example shows that the performance of a symbolic
computation of the dimensions of the subspaces & can
evidently be increased if only the relevant parts of these
spaces are considered. In addition to this only such
a course of action will actually makes it possible to
determine the subspace dimensions in much cases.

4 Conclusions

The infinite zero structure of a nonlinear system 1is
directly related to the dimensions of a chain of ordi-
nary vector spaces consisting of differentials of func-
tions constructed from the output of the system. In
this paper we have presented our experience with a re-
cently introduced graph-theoretic approach for the de-
termination of the relevant parts of these spaces. The
results for ‘a model of a technical plant show that a
MACSYMA-program based on the graph-theoretic ap-
proach is not only much faster than a conventional
program but makes it first possible to compute the
dimensions of these vector spaces for larger nonlinear
systems.
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