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A two-dimensional hybrid model of the Hall thruster discharge
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Particle-in-cell methods are used for ions and neutrals. Probabilistic methods are implemented for
ionization, charge-exchange collisions, gas injection, and particle-wall interaction. A diffusive
macroscopic model is proposed for the strongly magnetized electron population. Cross-field electron
transport includes wall collisionality and Bohm-type diffusion, the last one dominating in most of
the discharge. Plasma quasineutrality applies except for space-charge sheaths, which are modeled
taking into consideration secondary-electron-emission and space-charge saturation. Specific
weighting algorithms are developed in order to fulfil the Bohm condition on the ion flow at the
boundaries of the quasineutral domain. The consequence is the full development of the radial plasma
structure and correct values for ion losses at lateral walls. The model gains in insight and physical
consistency over a previous version, but thrust efficiency is lower than in experiments, indicating
that further model refinement of some phenomena is necessary. © 2006 American Institute of

Physics. [DOI: 10.1063/1.2219165]

I. INTRODUCTION

There is a strong scientific and technological interest in
Hall thrusters, which are one of the most developed concepts
in the field of electric space propulsion. Since the first opera-
tive Hall thruster was launched to space in the 1970s, this
technology has been tested on several flights, and its func-
tionality has been proven enough to consider them a reliable
propulsion alternative. The research in this field has focused
lately on: the development of thrusters of different power
levels, operation at higher or lower specific impulse with
minimum penalty on lifetime and performance, and different
improvements on basic designs. To these ends, it is crucial to
increase the understanding of the plasma physics of these
engines and to develop reliable and versatile models of the
whole plasma discharge.

Many models of the plasma discharge in a Hall thruster
have been proposed in recent years. They can be classified in
three main groups: fluid models,'? particle models,® and hy-
brid (fluid/particle) models.*™® Kinetic models are used only
for particular aspects of the discharge (such as interaction of
the plasma with the chamber walls). Hybrid fluid/particle-in-
cell(PIC) models represent a good tradeoff between macro-
scopic and fully PIC ones. They provide numerical solutions
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in relatively short times, despite the disparate dynamic scales
of electrons and ions, and the relatively complex thruster
geometry and magnetic field topology.

Fife and Martinez-Sdnchez developed the first two-
dimensional (2D) hybrid model, which was called HPHall.*’
Heavy species (ions and neutrals) are modeled with PIC plus
Monte Carlo (MC)-type methods, whereas electrons are
modeled as a fluid. Electrons are strongly magnetized and
the high anisotropy introduced by the magnetic field B per-
mits decoupling of the solutions of the electron motions per-
pendicular and parallel to B. HPHall was completed in 1998
and has been used in the analysis of several designs and
thruster phenomena and as base or input for other codes. 1
The usefullness of this simulation model, the large experi-
ence gained with it, and recent advances in Hall thruster
theory and modeling have made it advisable to update and
improve HPHall. This paper explains both the fundamental
features of the model (as presented in Ref. 7) and the main
advances on modelization made recently.

The changes implemented in the present version of the
model (which we call HPHall-2) can be classified in two
categories. The first category consists of improvements
which do not affect the fundamentals of the code but increase
its capabilities. The main ones are: (a) implementation of
ion-neutral collisions; (b) algorithms for injection, reflection,
and recombination of neutrals at the walls; and (c) develop-
ment of routines to check the local conservation of heavy
species magnitudes, such as mass and energy.

The second and main category of changes is related to
plasma-wall interaction phenomena, and these improvements
were necessary to assure the consistency of the model. A key
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feature of HPHall is that it takes advantage of the small
Debye length of the plasma to apply quasineutrality in the
bulk of the discharge. This condition drastically reduces the
computation time because it avoids the very short spatial and
temporal scales associated with space-charge fields. For ex-
ample, a typical simulation of 1 ms, with 1100 cells and
60 000 particles in a common personal computer takes
around 200 min. As a counterpart, this quasineutral model
cannot solve the space-charge sheaths formed around the
chamber walls. In the zero Debye-length limit, the quasineu-
tral model sees these sheaths as discontinuity surfaces tied to
the chamber walls. These sheaths must be solved indepen-
dently and the plasma conditions to be imposed at the near-
wall boundaries of the (quasineutral) computational domain
are not the wall conditions but the transition conditions to
those sheaths.

The advances on the understanding of Hall thruster plas-
mas in recent years have led us to identify, in the original
HPHall, three subjects related to sheath and wall phenomena
that required improvements. The first one is the fulfillment
by the ion flow of the Bohm condition required by the sheath
solution; we discussed this delicate issue in Ref. 13. The
second one is the inclusion of the “wall-collisionality” phe-
nomenon in all electron equations, adopting the treatment of
Ahedo ef al.' And the third one is the adoption of the sheath
model of Ahedo,'® which distinguishes between primary and
secondary electrons and takes into account the space-charge
saturation for high secondary electron emission (SEE).

The rest of the paper is organized as follows. Section II
- presents a description of general aspects of the model. Sec-
tion III is devoted to the PIC submodel for heavy species.
The Bohm condition issue, although part of the PIC sub-
model, has been treated separately in Sec. IV. Section V is
devoted to the macroscopic submodel for electrons. The
simulation results presented in Sec. VI are examples of the
innovations and capabilities of the code and allow us to dis-
cuss the physics of the discharge. Conclusions are presented
in Sec. VIL

ll. GENERAL FEATURES OF THE HYBRID MODEL

HPHall-2 is an axisymmetric, quasineutral simulation of
the plasma discharge between the anode and the cathode
(i.e., the neutralization surface). The magnetic field B in the
chamber is generated externally by the thruster magnetic cir-
cuit and is implemented into the simulation code in a prepro-
cess. The small magnetic field induced by the thruster dis-
charge is disregarded. HPHall-2 is divided into two
submodels: a PIC submodel for the heavy species and a mac-
roscopic submodel for the electrons. Both submodels are ad-
vanced sequentially in time with a time step Az. During each
time step, the main outputs of the PIC submodel are the
plasma density n,=n; (only singly charged ions are. consid-
ered in this paper) and the ion flux density g;=n;u;. These
values are then used in the electron submodel, which consists
of quasineutrality (n,=n;), electron mobility and energy
equations, and current conservation, to generate ¢ and 7,.
The electric field is then calculated from ¢, which, together
with T,, provides the necessary input for another advance-
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FIG. 1. (a) Mesh and variables used by the PIC submodel for cases 1.1 and
1.2. of Sec. VIl y represents a vector perpendicular to the domain bound-
aries. C is the cathode position. (b) Magnetic streamlines and finite-volumes
used by the PIC submodel for cases 1.1 and 1.2.

ment of the PIC submodel. The algorithm continues to iterate
in this way until a specified amount of computational time
has elapsed.

Cylindrical variables (z,r,6) describe the physical
space. The PIC submodel works with a structured, simulation
mesh (£, 7) in the plane (z,r), Fig. 1. The nodes of the mesh
cells correspond to integer values of & and 7, and are denoted
by jk, with j and k the integer parts of & and 7, respectively.
For a conventional thruster geometry, the anodic boundary is
at £=1, and the inner and outer lateral boundaries are at
n=1 and n=k,,, respectively. These lateral boundaries cor-
respond to Debye sheaths next to chamber walls, the plume-
ambient interface, or the axis of symmetry. The simulation
mesh is created in a pre-process and the code stores the val-
ues at the nodes of the transformation (z,r)=H(£, 5) and of
its Jacobian matrix JH(£, 77); a bilinear function is used to
determine H and JH at cell interior points.

Since electrons are strongly magnetized, a collisional-
diffusive model is used with different transport properties in
the directions parallel and perpendicular to the magnetic
field. A mesh of magnetic streamlines: \;,, with [=1,2,...,
(Fig. 1) is used to integrate the electron equations. The mag-
netic streamlines (indeed, axisymmetric streamsurfaces) are
obtained from

INdz=rB,, OINdr=-rB,. (1)

The first streamline, A, is one intersecting the anode wall.
Since the PIC and magnetic meshes do not coincide gener-
ally, plasma magnitudes are interpolated linearly between &
=1 and A=\,. The same is done at the plume boundary. In
addition to N, it is convenient to define an arc variable y
along each streamline, which satisfies
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(dz/dx,drldx) = (B,.B,)/B. (2)

Notice that x is defined as the length along the magnetic
streamlines and lines of y=const. are not necessarily perpen-
dicular to lines A=const. The directional derivative in the
directions parallel and perpendicular (in a meridional plane)
to the magnetic field, 1, and 1, (Fig. 1), are given by

d d d d

== 3
oly  dx )

=rB—,
a1, 2N

ll. THE HEAVY SPECIES SUBMODEL

As a compromise between good statistics and resolution
of the strong inhomogeneity of plasma densities along the
chamber, the model uses N°!'~20-50 (macro)particles per
cell and species (i.e., neutral and ions). Ton and neutral den-
sities differ typically by two orders of magnitude. Therefore,
to maintain roughly equal numbers of macroneutrals and
macroions, the typical mass M, of a macroneutral is much
larger than the mass M; of a macroion. This has conse-
quences in the collisional processes, particularly for ioniza-
tion: a single ionizing event cannot transform one macroneu-
tral into one macroion.

The time step At is selected so that, in general, one mac-
roion advances no more than one cell per time step. Starting
from the plasma state at instant #, the process to determine
the number of particles, their mass, position, and velocity at
t+ At includes the stages we describe next.

A. Advancement of particles

Let us consider that, at instant ¢, we know the position x
and velocity v of all macroparticles; the plasma density n,,
the electric potential ¢, the electron temperature 7,, and the
magnetic field B(z,r). The equations of particle motion are
satisfied using a leapfrog scheme'®

q
Vip—Uoip=At ;(EO'FU—I/Z AB)+R0], (4)

xl—x0=Atv_,,l/2, (5)

modified to work on a structured nonuniform axisymmetric
mesh. Here, g/m is the particle charge-to-mass ratio (zero for
neutrals and e/m; for ions), v is the particle velocity, E is the
electric field, R is any nonelectromagnetic force (such as
charge-exchange resistive effects on neutrals), and a numeri-
cal subscript a refers to the instant r+aAt.

In order to avoid large errors on the position of particles
that are close to the axis of symmetry, r=0, Eqgs. (4) and (5)
are solved in a cylindrical frame of reference centered at the
position of each particle at instant +.'° The new position of a
particle in the simulation grid (¢, 5, 6) is determined using a
Newton’s algorithm on function (z,r)=H(¢, n).

B. lonization

Ionization takes place by electron impact on the neutrals.
Direct simulation Monte Carlo (DSMC) methods are not ap-
plicable to simulate ionization because the electrons are
treated as a fluid."” Standard Monte Carlo collisions (MCC)
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methods are not applicable either since (i) neutral particles
are the dominant species, (ii) the neutral flux is highly re-
duced along the chamber, and (iii) ion and neutral particles
have very different masses. Therefore, a particular method
was developed for ionization in HPHall

The single-charge ionization rate

i =n,n,L(T,), _Fq'(’ (6)

is obtained assuming a Maxwellian electron /distribution
function and using the Drawin ionization modelg(Te).18 For
each macroneutral, ionization events during a time interval
At produce a decay of its mass according to

M, + A1) =[1 - Atn J(T,) M (1) ™

For the same time interval, the number of macroions created
by-ionization at a generic cell jk is-based on the quantity

m;
Njk,ioniz = ﬁ<’1i>vjkA[’ (8)
i

where M; is the mass of a new macroion, Vj is the cell
volume, and (#;) is the average ionization rate within the cell.
The effective (integer) number of new macroions is deter-
mined from a probability algorithm applied on Ny oy, The
position {(at r+Ar) within the cell and the velocity (at ¢
+Ar/2) of these macroions are selected randomly. For the
velocity, we use a drifting Maxwellian distribution, based on
the local fluid velocity and temperature of the neutrals, u,

and T, respectively.

C. lon-neutral collisions

The main phenomenon considered here is the presence
of charge-exchange (CEX) collisions. Generally, their effect
is more important in the plume, where low-velocity ions can
be deflected by the plume potential and hit spacecraft sur-
faces. HPHall is used as a source model for plume models'’
and a limited CEX algorithm has been implemented in order
to estimate the number of low-velocity ions coming from
inside the channel.

Charge-exchange collisions keep constant the ion and
neutral densities but modify their momentum. Considering
the mass difference between macroions and macroneutrals
(M, > M), a MCC model seems a good option to treat this
phenomenon. Light macroions will undergo these collisions
individually but heavy macroneutrals will feel them only in
an average way.

The basic magnitude modelling CEX collisions is the
rate parameter

Leex(cn) = ocex(Cri)Chis

based on the CEX cross section and the macroscopic drift
velocity between species, c,;=u;—u, . The probability that a
macroion undergoes a CEX collision is

Pcpx = 1 —exp(=n,{cexAt). ©)

For ions, the model decides probabilistically whether the col-
lision takes place. The new velocity of the macroion is ob-
tained randomly from the drifting Maxwellian distribution
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function of neutrals. For each macroneutral, the effect of
CEX collisions is the resistive force

Repx =M ni{cpxCai- (10)

The MCC model is acceptable in the thruster channel,
because ¢, and ¢; are similar, or not too dissimilar. In the
plume, however, ¢;>c,, and the CEX collisions create a dis-
tinct population of fast neutrals, which MCC ignores. Be-
cause of that, plume models usually work with DSMC."

D. Injection of neutrals at the boundaries

Three different processes inject neutrals at different
boundaries of the simulation domain: net injection of propel-
lant from the feeding system at the anode, reflection of neu-
trals at the walls, and recombination of ions at the walls. In
addition, at the plume boundaries, there are losses of ions
and neutrals and possible injection of ambient neutrals. For
each process, wall panel, and time step, probability algo-
rithms are used to determine the number of injected macro-
neutrals, and the location and injection velocity of each of
them.

In general, the gas injector occupies several panels of the
anode surface. The number of injected neutrals per panel is
proportional to the anode gas flow (m,), the time step, and
the area of the panel, and is inversely proportional to the
total surface of the injector and the mass of a macroneutral at
injection (M, ;). At the injector, the gas distribution function
is assumed to be a drifting Maxwellian of temperature Ty
and average velocity (normal to the injector) u;,;. Then, the
probability function for the velocity tangential and perpen-
dicular to the injection surface are'®!

m; mi“vr”2> 9
= -/ R=, 11
pv) 20T, exp( 2T, v, € (11)
p.(v,) = (M Tia)v, €xp[— mi(v, = win) */2Ti]
prep exp(~ iiiznj) + 'rr”zﬂinj erfe(~ it;y;) ’
v]) € [0700[, (12)

with ainjzuinj(mi/ZTinj)Uz-

‘We must distinguish between the reflection of macroneu-
trals and the recombination of light macroions into heavy
macroneutrals. The distribution function for a neutral re-
flected from a wall panel is a semi-Maxwellian distribution
of temperature

m,~2 Mpvf,
-
22 M,
p

(13)

Temi = awTwa]] + (] - aw)Timp’ 2Timp =

where a,, is an accommodation coefficient (a,,=0.8 in the
simulation examples of this paper), Ty, is the wall tempera-
ture, Ty, is the “temperature” of the neutrals impacting the
panel, which is determined from the impact velocity v, and
summation index p extends to all neutrals impacting the
panel within a time step.
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Due to the mass disparity, the recombination of one mac-
roion at the wall cannot lead to the creation of one macro-
neutral. Instead, the model defines the probability of inject-
ing back a macroneutral as the total mass of ions impacting
one panel within a given time step divided by the mass se-
lected for the new macroneutral M, ;. If a macroneutral is
finally injected, the point of injection is decided randomly
and the probability function for the injection velocity is the
same as for a reflected neutral, except that T;, in Eq. (13) is
based now on the velocity of impacting ions.

E. Weighting of plasma magnitudes

Once the mass, position, and velocity of all ions and
neutrals are known at instants t+A¢ or +A#/2, we must
proceed to weight macroscopic magnitudes for each species
to each node jk of the simulation mesh. In order to distribute
the properties of each macroparticle among the neighboring
nodes, we use the first-order weighting function

- ”)_{<1—|§'|)<1-|n'>, @mer

ik\S> 7} — T
’ 0, (¢.7) &1,
with ¢ =é~j and ' =9~k and I=[-1,1]X[-1,1].

Density, particle flux, macroscopic velocity, pressure
(tensor), and temperature {tensor) of a given species (ions or
neutrals) at node jk are computed from

1

=2, S&,n,)M,, 15

= oy, 2 Sl ) (15)
S SuE mM (16)

8ix="~ ik\Sp> 77 Up»

ik mi‘Q'jk > Jk\Sp» TTp/ = pYp

wi=gilnjk, (17)

= 1

ij= \Q,_.E Sjk(fpa ﬂ]))Mp(v]J - ujk)(vp— ujk)a (18)
'jk p

fikz l;'jk/njk. (19)

Here, the summation index p applies to all particles of the
given species, M), is the macroparticle mass, and

dz,r)
ijszsjk(f,ﬂ)zm” a(;;)

is a volume associated to node jk, which takes cylindrical

effects into consideration, thus avoiding errors at cells with
20

small .7,

déd, (20)

IV. WEIGHTING AT THE BOUNDARIES: THE BOHM
CONDITION ISSUE

This is a small part of the PIC submodel but a difficult
problem by itself, which justifies treating it in a separate
section. The solutions of the (collisionless) electron-repelling
sheath equations require necessarily that the ion flow satis-
fies the Bohm condition at the boundary with the quasineu-
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tral plasma. For a Maxwell-Boltzmann electron distribution
and a kinetic model for (singly charged) ions, the Bohm
condition reads®’

1 m; [© (v m;
<7>E—‘f vaf——’( ’5) <=, (21)
UN e Jo myy  Te

with n, and T, the local plasma density and electron tempera-
ture, vy=v- 1 the velocity perpendicular to wall and sheath,
Fig. 1, and fi(vy) the one-dimensional (1D) distribution
function of ions (once the integrals along the two other com-
ponents of v have been carried out). If the velocity disper-
sion of the ions can be neglected and u; is the ion local
macroscopic velocity, the Bohm condition takes the simple
form u;-1y=uy;=VT,/m;. For a steady-state solution and
uy; subsonic far from the wall, the equal sign on the Bohm
condition (21) must be used.

In continuous models of ions, the Bohm condition is
implemented as a boundary condition on the quasineutral
plasma. However, here ion dynamics are obtained from the
motions of individual macroparticles and there is no direct
way to impose a boundary condition on the ion flow. On the
other hand, the electric potential, which affects the ion flow,
is obtained through the electron fluid equations and the
quasineutrality condition. The possibility of imposing an
equivalent form of the Bohm condition in terms of the elec-
tric potential within the 2D electron submodel is unclear be-
cause of quasineutrality. We think that the quasineutral PIC
solution should fulfill automatically the Bohm condition. The
natural mechanism to achieve it would be the following:
since an electron-repelling sheath does not return back any
ions, the contour of the PIC domain acts as vacuum, which
should force the ion flow to be sonic/supersonic there. The
mechanism to establish this condition would be the propaga-
tion of ion-acoustic waves by the code, and the eventual
blocking of the backwards wave.

We have investigated the fulfillment of the Bohm condi-
tion at the lateral walls in Ref. 13. The main conclusions and
proposals of these works are summarized next.

(1) For usual mesh sizes, as the cell size of the mesh is
reduced, the ion flow at the boundary increases signifi-
cantly towards n,VT,/m; and larger plasma gradients
over the whole radial section develop. However, for
practical mesh sizes the ion flow remains well subsonic,
making it evident that a different numerical approach
should be used in order to satisfy the Bohm condition.

(2) The original version of HPHall used the same weighting
function S;(¢,7), Eq. (14), to compute magnitudes at
nodes placed along the domain boundaries, but substi-
tuting interval / by interval J=IN D, with D the simula-
tion domain (see Fig. 6 of Ref. 13). This one-sided
weighting tends to underestimate magnitudes that in-
crease toward the wall such as the ion velocity. The error
can be large for magnitudes that present large gradients
near the sheath boundary (which include #n,, v;, and ¢,
but not g;).

(3) The correction of the one-sided weighting with an algo-
rithm of higher order leads to a reasonable fulfillment of
the Bohm condition if the mesh is fine enough.

J. Appl. Phys. 100, 023304 (2006)

(4) Alternatively, a way of satisfying directly the basic form
of the Bohm condition, uy;=V7T,/m; was envisaged,
yielding very good results even for relatively coarse
meshes.

In HPHall-2, two algorithms are available for calculating
plasma density at the computational boundary: either “cor-
rect weighting” or Bohm-condition forcing. Unless otherwise
stated, Bohm-condition forcing was used in the calculations
presented here. Both algorithms have been implemented at
the lateral and rear (i.e., anode) walls. In order to explain
these weighting schemes, we describe briefly how the plasma
density at a node of the inner-wall boundary (j,k)=(j,1) is
determined.

The correct weighting algorithm is based on the fact that
the linear one-sided weighting does not yield ne|,,=1 but

nel,7=4,3.]3 Assuming a linear variation of n, within the cells
adjacent to the nodes, HPHall-2 computes the density at the
boundary as

R 5( Mol o = Mol gmars) - (22)

The validity of this weighting was demonstrated in Ref. 13.
However, it was also found that, since most plasma profiles
present large gradients near the sheath boundaries, fine
meshes must be used in order to obtain these large gradient
profiles (and satisfy the Bohm condition on the ion flow).
The second algorithm, Bohm-condition forcing, pro-
posed by Ref. 13 defines the density at the boundary as

gN"fl
ne|n=1 = I ’ (23)
UBohm

where gy; is the ion flux perpendicular to the wall and vy,

_ is the Bohm velocity. In the present formulation, gy; is ob-

tained from the correct-weighting algorithm, and the Bohm
velocity is defined simply as vgopm="V 7| 4=1/m;. Despite us-
ing such a simple expression for vgenm, Eq. (23) yields very
good results even with coarse meshes.

Recently, a third algorithm based on surface weighting at
the wall panels has been tested with good results.'

V. THE ELECTRON SUBMODEL

The axisymmetric macroscopic equations for the elec-
trons correspond to the strongly magnetized, diffusive limit,
which requires that w,> (v,,D/Dt), where w,=eB/m,, v, is
the effective collision frequency (defined below), and D/Ds
is the electron total time derivative. The magnetic field intro-
duces a large anisotropy in the transport properties of elec-
trons. In order to take advantage of it, vector variables and
equations for electrons are projected in the directions parallel
and perpendicular (in a meridional plane) to the magnetic
field, 1) and 1, defined in Eq. (3) and shown in Fig. 1.

For the time interval [¢,z+At], the inputs to the electron
subcode are the plasma and neutral densities, n,(z,r) and
n,(z,r), and the ion flux density g;(z,r). The main outputs of
the subcode are the new values of the electric potential and
field, ¢(z,r) and E(z,r), and the electron temperature
T.(z,1).
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A. Ohm’s and Fourier’s laws

In the diffusive limit, the momentum equation reflects
the equilibrium between the electric and magnetic forces, the
electron pressure, and the resistive forces. In the magnetic-
related reference frame, the three scalar momentum equa-
tions are

on,T, g

0=-—"+en,~—, (24)
x x

0=~ me(weg_l_e + VengOe) + Fo,ano + F(l,wall’ (25)

0=- rB(—j’;eTn + enerB%f + Mg - (26)
Here; g,=n.u, is the electron flux density; v, is the electron-
neutral collision frequency (electron-ion collisions are disre-
garded); and Fg,,, and Fy,,,; model the effects on the elec-
tron velocity of correlated plasma fluctuations (i.e., Bohm
diffusion) and wall collisionality, respectively."22 These two
effects and the classical collisional forces are assumed
, and have

thus been neglected in Eqs. (24) and (26).

Janes and Lowder™ showed that correlated fluctuations
on the plasma density and the electric field leave an average
azimuthal effect on the electrons, Fy,,,=(en,Ey), and sug-
gested that this is proportional to the main, axial force. Then,
using Eq. (26) to substitute the axial force by m,w,g4,., one
has

Fﬂ,ano = QanoWe!e8 6e» (27)

with a,,, the proportionality constant, which represents the
relative level of fluctuations. Since there is yet no established
theory of this anomalous diffusion phenomenon, «,,, is
taken as an empirical parameter.

Secondary electrons enter radially from the sheath into
the quasineutral plasma as a monoenergetic beam with zero
E X B (azimuthal) drift, which amounts to modify the elec-
tron mobility.22 More precisely, the conversion at the walls of
magnetized, primary electrons into unmagnetized, secondary
electrons yields a net reduction over the macroscopic azi-
muthal velocity of the total electron population u4, which is
modeled here as the resistive force

F0 wall = = PyumMe8 ge» (28)

with »,,, an effective frequency. The adaptation of the for-
mulation of Ahedo et al.' to oblique magnetic fields and
the finite volume elements sketched in Fig. 1, yields the
expression

Vi = [AA Eni } (29)
AV 1-34, 5\3 u S(_‘

with AV and AA meaning volume and lateral area and the
SEE yield &, is deaned in Sec.V B . Notice that SEE in-
creases the electron mobility, as suggested by Morozov et
al.”* [The original HPHall included a different and incom-
plete formulation of wall collisionality. A wall current was
computed based on the net axial drift of secondary electrons
after leaving the sheath and that wall current was taken into
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account only when computing the discharge current, i.e., in

Eq. (39)]
Defining

V(! = Ven + Vwm + CYill’lO('() (30)
as the total momentum collision frequency, Eq. (25) becomes
Oz_wng_e_Vegﬂe’ (31)

which relates gg, and g, ,. Substituting g, into Eq. (26) one
has

Yy,
€8¢~ -
w(’

which is Ohm’s law for the electron motion across B lines.

The vector equation for heat conduction ¢, is treated
similarly to the momentum equation. After some algebraic
manipulation the heat conduction equation in the diffusive
limit reduces to’

on,T, ﬁ(ﬁ)

+ 2
N e (32)

0=- W 1 ¢~ Ve pe» (33)
5 rv, dT,
gio=— EneTeew‘,—r_?;\ﬁ’ (34)
a7,
0=-—=£. (35)
ax

Equation (33) relates ¢, (diamagnetic component of the heat
conduction) and ¢, ,, Eq. (34) is Fourier’s law for the per-
pendicular dynamics, and Eq. (35) states that 7, is constant
along any magnetic streamline.

Using this last result, we obtain a first integral of Eq.
(24),

et =ed ) + 7.0 0, (36)

Iy

where ¢" is called the thermalized electric potential 1”? and ny

is a convenient constant (which affects the value of ¢" but
not of ¢).
The substitution of ¢ into Ohm’s law (32) yields

rv, 1, a7, d¢
= In~-1
E1e ‘ewe[< 1y ) PR ] B7)

which relates g |, to the derivatives of T,(\) and ¢"(\).

B. Conservation of particles and energy

The conservation equation for the electrical current can
be written as

V'(gi_ge)'_‘o' (38)

HPHall-2 admits only dielectric materials at lateral walls. In
that case, the integration of Eq. (38) across any streamsur-
face connecting the inner and outer walls, S:\=const.,
yields, at a given time,

- e()\)zld_li()\)’ (39)

where I,(N)=[seg, ,d5,(a=i,e), are the species electrical
currents, and I, is the discharge current (independent of \).
Using now Eq. (37) one has
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rv, a7, rv, 1,
n,~=dS = — n,—\{ 1 ~1In—|dS +I,(\)
s W g

- I(I’ (40)

which yields d¢"/d\ in terms of JT,/dn and I,. The ion
current I;,(\) comes from the PIC calculation.
Finally, the electron energy equation is written as

a(3
*(-nﬂ},) +V-§,=~eg,  E-nuak;, (41)
at\2

where c}engege+qe is the total (convective plus conductive)
flux of enthalpy, and

a{T,/E) =2.0+0.254 exp(0.67TE/T,) (42)

is Dugan’s expression of the ionization cost factor (for xe-
non), which takes into account excitation/radiation
processes.7 Electron energy losses due to elastic collisions
are much lower than the Joule heating and have been disre-
garded in Eq. (41).

A partial differential equation for T,(\,?) is obtained by
integrating the energy equation on finite volume elements
centered on the magnetic mesh streamlines A,. Using the no-
menclature of Fig. 1, one has

f dv(””eT‘f 522, E)+f iveodS
——— —eg, B— +n;a,E;
Av 2 X 8le Py (it " quQ
=—f qALelJ_'dS, (43)
where dS point outwards from the volume element,
i e [(1 L 2)'9Tf + '9"5*} (44)
=-n, n— — e — |,
Tre= ol e\ g~ 7S an T o

and gy.0=q.q* 1y measures the energy density flux at a lat-
eral boundary, which in most cases correspond to a sheath
edge. The work of the electric field along the magnetic lines
eg.9¢/ dx has been neglected in Eq. (43) since it is much
smaller than both gy, and the work of the perpendicular
component E | . (An additional, practical reason to disregard
it, is to avoid the cost of computing g, and d¢p/dx at each
electron time step.)

For the dielectric walls, we implement the sheath model
of Ahedo,'® which, completing the model of Fife er al.’, (i)
takes into account the sheath charge saturation at high SEE
yields,”** and (ii) makes consistent the presence of primary
(p) and secondary (s) electrons within the sheath with a
single electron population (e) in the bulk of the plasma. The
energy density fluxes at the wall and sheath-edge boundaries
(named points W and Q, respectively) satisfy'

2T,

Gnew = 1- 5w(Tp) g Gneg = dnew + € Pwo8nis (45)

where gy; is the ion density flux across the sheath, ¢y, is the
potential fall in the sheath, and 8,(7,) the effective SEE
yield in terms of the temperature of primary electrons.
For the cases computed here we took &,(7T},)
=min{(7,/T)°%%,0.983}, with T,=26.4eV; the value

J. Appl. Phys. 100, 023304 (2006)

8,=0.983 corresponds to the charge-saturation regime. Ex-
pressions relating ¢y and T, to the parameters n,¢, T,p, and
gni» of the quasineutral plasma, were taken from Ref. 15.

C. Integration procedure

The substitution of Egs. (34), (36), (37), and (40), into
Eq. (43) yields an integral equation involving only 7,(\,z),
its derivatives, and parameters and variables that are given
by the PIC submodel. Equation (1) provides the variable
transformation needed to solve the volume and surface inte-
grals. Volume integrals use the value of the integrand at the
intermediate surface S:A=X\,, Fig. 1. Thus, Eq. (43) is trans-
formed into

T, aT, ar,\?
Ci+Co—— +GT,— +Cy| —
ot 2N N/ g

JT, JT,
=\ CsT,+ CeT,—= | +|CiT,+CsT,—2| ,  (46)
M/, N,

where the coefficients C j,(j=l ,...,8) are integrals involv-
ing plasma variables at S, S;, or S,; for instance
Co(N)=(3/2)}[ ayn.dV, and Cs(\)=(5/2¢e)[1,—I(\}].

The discretization of Eq. (46) leads to a finite-differences
evolution equation for T, at the selected mesh of A, lines.”
Due to numerical stability, these equations must be inte-
grated in a subloop with smaller time step ét. The size of this
electron time step is, typically, &~ 107~1072At, where At
is the time step used to integrate the PIC model. However,
the coefficients C;, ¢"(\) [Eq. (40)] and &(\,x) [Eq. (36)],
although dependent on T,, are computed only once for the
whole interval Az.

Finally, the discharge potential between the point repre-
senting the cathode and the anode, V,{(I,), is obtained from

Aeng\NT,[27m, ]
3
A=A

47
-1, (47)

Vd = |:§/):k - Zﬁ In
€ 1

where the cathode potential has been set to zero, and the
potential drop at the anode sheath has been taken into ac-
count (for electron-repelling sheaths). Generally, V, is an
input parameter and the discharge current is an output pa-
rameter. Then Newton’s iteration algorithm is used on Eq.
(47) to determine I, at each time step. In each iteration, Eq.
(46) is integrated for the time step Ar; in general, 2 or 3 of
these iterations are enough to converge to the given value
of V,.

VI. RESULTS

This section presents computational results obtained for
three cases, named 1.1, 1.2, and 2. Operational conditions
and (time-averaged) performances are listed in Table I. Cases
1.1 and 1.2 simulate the SPT-70 thruster as modeled by Fife’
and sketched in Fig. 1. Case 1.1 was run with the original
HPHall and Case 1.2 with HPHall-2. Their plasma response
is compared in Figs. 2 and 3; spatial plots correspond to
time-averaged values, excluding the initial, transient period.
Figures 4-9 are for Case 2, which corresponds to the same
thruster geometry and magnetic field topology defined in Fig.
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TABLE I. Performances for cases 1.1, 1.2, and 2. Case 1.1 uses the original
HPHall, case 1.2 uses the modified HPHall-2. Both cases 1.1 and 1.2 refer to
the same thruster and operating conditions (V,, #11). The magnetic lines are as
in Fig. 1(b). The magnetic field magnitude has a maximum of 350 G near
the exit of the channel and has a value of around 10 G at the anode. Case 2
is run in HPHall-2, and uses a simplified, purely radial B field. The magnetic
field has a maximum of 270 G near the exit of the channel and a value of
around 10 G at the anode.

Case 1.1 Case 1.2 Case 2

m 2.30 mg/s 2.29 mg/s 2.31 mg/s
1, 223 A 2.05 A 1.80 A
A7 623 W 573 W 535 W
P 106 W 144 W 206 W
Pion 53 W 55 W 64 W
Pinode 15w MW 27 W
Puse 449 W 340 W 238 W
F 34 mN 30 mN 29 mN
I, 1508 s 1340 s 1280 s
7 41% 35% 33%
T 86% 76% 71%

1 of Ref. 13. This case uses a simple geometry and takes
B,=0 (violating irrotationality), with the intentions of (i) iso-
lating and interpreting more easily 2D effects due to the
plasma-wall interaction, (ii) interpreting more easily the re-
sults, and (iii) comparing with the macroscopic model of
Ahedo er al.' The three cases are just examples to show the
capabilities of the model; no study has been made here in
order to adjust empirical parameters or optimize thruster
performances.

Figures 2 and 3 compare 2D contour maps of the main
plasma magnitudes for cases 1.1 and 1.2. The irrotational
magnetic field is plotted in Fig. 1; it presents a peak value of
350 G near the exit of the channel, a value of the order of
10 G at the anode, and magnetic lines are rather symmetrical
with respect to the channel median. The fulfilment of the
Bohm condition at the sheath edges in case 1.2 explains most
of the differences with case 1.1. Thus, as ion velocities are
forced to be very similar at the two lateral sheath edges,
plasma profiles are more symmetrical with respect to the
channel median. Second, larger ion radial velocities mean
larger radial gradients of density and potential (for example,
the radial drop of n, at the maximum density section is 30%
larger with the new model); as a consequence, equipotential
lines follow less closely the magnetic lines. Third, plasma
recombination at lateral walls is larger, leading to larger neu-
tral densities near the walls and, eventually, a lower propel-
lant utilization and thrust efficiency (Table I). Four, the ful-
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FIG. 2. Two-dimensional maps of plasma magnitudes for cases 1.1 and 1.2.

filment of the Bohm condition at the anode sheath edge,
leads to a larger reduction of 1, near the anode and the pres-
ence of & well-defined ion backstreaming region, as observed
experimentally by Bishaev and Kim®® and theoretically by
Ahedo er al.' The different electron temperature profiles in
Fig. 2 are mainly due to a different treatment of the external
walls of the channel. HPHall-2 treats them as dielectrics in-
stead of as vacuum. This increases the energy losses in the
near plume, thus reducing the maximum plasma temperature.

Figures 4-9 for case 2 complete results shown in Ref. 13
on the fulfillment of the Bohm condition at the lateral walls.
Figure 4 illustrates the consequences of this fulfillment at the
anode sheath edge. Notice the larger ion velocities there and

Ll
N
e~y

Casc‘ 1.2.
0.01F v, (m/s) !

5000 m/s |

5000m/s "

FIG. 3. Ion velocity vectors (projected on a meridional
plane) for cases 1.1. and 1.2. At the chamber bound-
aries, the vectors do not include the velocity increment
within the adjacent sheaths (for instance, a sheath po-
tential of 50 V increases the ion radial velocity by
about 8 km/s).

0.0z 0.03 004 005 OG0T B07 0.03
z (m) z (m)

0061

0.0
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FIG. 4. Case 2. Effects of correcting the weighting of ion magnitudes at the
anode boundary. The vertical dashed line represents the exit of the chamber.
Solid and dashed lines correspond to the present and original models, re-
spectively. Axial profiles at r=0.027 m of (a) the ion axial velocity and (b)
the electric potential.

the displacement of the location of the maximum electric
potential away from the anode. In these simulations, the im-
proved treatment of the near-anode region has important ef-
fects locally but a weak global effect on thruster perfor-
mances. The relevance of the near-anode zone for more
general thruster conditions remains to be studied.

Figure 5 shows the ion and neutral flows at different
axial locations along the chamber, ri1,(z) and 11,(z). The sum
of both is the total mass flow m(z), which is practically con-
served inside the thruster and equal to n1,4. This conservation
check was needed, since the PIC model uses different algo-
rithms for creation/destruction of macroneutrals and macro-
ions [for instance, see Egs. (7) and (8) for ionization]. The
defect of neutrals in the near plume is due to mass losses
through the lateral plume boundaries. The reverse ion flow to
the anode is about a 1.2% of the emitted mass flow r14. The
dashed line of Fig. 5 plots the cumulative ion losses due to
recombination at the lateral walls, i, ,,,;(z). As we showed in
Ref. 13, for case 2, the correct weighting algorithm at the
boundaries increases the ion losses to the lateral walls by a
factor of 2.2 with respect to the original model. Total ion
losses to the walls amount to 49% of r14, which agrees rather

z (m)

FIG. 5. Case 2. Axial variation of ion and neutral flows. The dashed line
shows the cumulative ion flow lost to the lateral walls.
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FIG. 6. Case 2. Axial profiles of the electron temperature T, the potential
drop at the outer sheath ¢y, energy losses at the walls of ions and electrons,
Quway; and Oy, and excitation and ionization losses Q,,. The electron
temperature for 100% yield is 7,=26.4 eV.

well with data reported in Refs. 26 and 27. Finally, we notice
that the inclusion of CEX collisions does not modify practi-
cally the thruster performances in our simulations.

Two-dimensional contours of the electric potential, the
plasma density, and the neutral density for case 2 were
shown in Fig. 11 of Ref. 13. Here, Fig. 6(a) shows the elec-
tron temperature 7,(z) and the potential drop at the outer
lateral sheath ¢y (z). For the evolution of ¢yp(z), with T,
and the SEE material properties see Ref. 15 (in particular
observe the sheath potential fall in the charge-saturation re-
gime). Figure 6(b) plots the axial distribution of three power
losses: ionization and lateral-wall heating by ion and electron
impacts; Oy, and O,y ; have taken into account the energy
exchanges across the sheaths. In the near plume the inwards
electron flow is Joule heated. At the chamber exit, the large
electron temperature brings the SEE yield to 95%; thus, the
lateral sheaths are near charge saturation, electron energy
losses dominate over Joule heating and cool the electron
fluid. Heat conduction effects are responsible for placing the
electron temperature peak outside the chamber instead of at
the exit (a situation reported experimentally by Raitses
et al.™). Similar temperature profiles are obtained with the
macroscopic model of Ahedo et al.,' who showed how the
combination of heat conduction and high wall energy losses
induced by SEE, limit effectively the maximum 7,: a simple
balance of enthalpy flow and Joule heating would lead to
peak electron temperatures of order 2 eV,/5, in this case
120 eV. Figure 6(b) illustrates the high sensitivity of wall
losses to the electron temperature and the comparatively low
value of ionization losses. For case 2, energy wall losses
represent 39% of the available power, and ionization losses a
mere 12%. The useful power, computed as the total energy
flow of heavy species at the downstream end of the domain,
amounts to 44%.

Figure 7 compares the different contributions to the ef-
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FIG. 7. Case 2. Axial profiles of the different contributions to the total
collision frequency of the electron fluid at the channel radial midsection.
Vino= Quno®,, With a,,,=1/80, represents Bohm-type diffusion.

fective electron collision frequency, v,(z) in Eq. (30), at dif-
ferent axial locations. In agreement with results from macro-
scopic simulations' wall collisionality has a marginal role on
cross-field transport, even at the chamber exit, where SEE is
about 95%. Classical collisions dominate near the anode and
fluctuation-based diffusion in the rest of the chamber, which
coincides with the experimental observations by Meezan and
Capelli.29 Wall collisionality could be more relevant at high-
potential operation, where secondary electron effects are
even larger than here, or if the anomalous diffusion is
damped in the chamber exit zone, as some authors
suggest.”°

Figure 8(a) plots the scalar ion temperature (indeed, ve-

locity dispersion), T,=trace(T;)/3, as computed from the

temperature tensor 7;. The main contribution comes from the
component zz: T;~T,,;/3. The high value of this velocity
dispersion contrasts with the results of the steady model of
Ref. 1. The explanation is that the dispersion here is caused
mainly by the large temporal fluctuations of the electric po-
tential at any spatial location, and marginally by the extended
ionization region. These fluctuations are illustrated in Fig.
8(b), which plots the temporal variation of ¢ at a particular
point of the channel exit, and shows oscillations of 50 V

() o
8t / : i
5 6r .
2 .
= 4r / : 1
2t S
- 1
O==56T 0z 005 004
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25075
200 ‘h"'tllnn ul m
- |
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t(is)

FIG. 8. Case 2. (a) Axial profile of the ion scalar temperature. (b) Temporal
behavior of the electric potential at z=0.03 m and r=0.0275 m.
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FIG. 9. Case 2. Temporal evolution of the discharge current when (a) the
Bohm condition forcing or (b) the corrected weighting algorithm are used.

over a mean value of ~150 V. This electric potential oscil-
lations have an amplitude larger than expected, probably due
to numerical effects. Thus, the ion temperature reaches val-
ues over the experimental results. Further study needs to be
done to understand the oscillations observed in the model.

Simulation models are expected to be useful to under-
stand the mechanisms setting up the large variety of plasma
oscillations arising in Hall thrusters. At the same time, cau-
tion must be used in order to distinguish physical fluctuations
from numerical ones. Figures 9(a) and 9(b) illustrate these
two aspects of the problem. The two curves plot the temporal
variation of the discharge current when using either the
correct-weighting or Bohm-condition forcing algorithms at
the domain boundaries. In both curves we identify a main
oscillation mode of ~16 kHz and a high-frequency mode of
~150 kHz. No investigation has been made on the nature of
these fluctuations, but it is very likely that the two modes
correspond to the well-reported, breathing, and ion-transit
instabilities, respectively.2 On the other hand, the two curves
of Fig. 9 demonstrate that the fluctuation level can be
strongly influenced by numerical algorithms (by the weight-
ing at the boundaries, in this case). The relative amplitude of
the high-frequency mode is 15% when applying the Bohm-
condition forcing and just 5% with the correct-weighting al-
gorithm. The amplitude of the main mode is also slightly
higher with the Bohm-condition forcing. This algorithm
seems to induce higher amplitude oscillations, maybe be-
cause the PIC submodel is “forced” to reach the average
velocity VT,/m;, which is not an information obtained from
the PIC submodel, but from the sheath model. This gives the
algorithm an “extrinsic” character.

VIl. CONCLUSIONS

We have presented the main aspects of a 2D hybrid
model, capable of performing quick and detailed simulations
of the discharge in a conventional Hall thruster geometry.
The code is aimed for basic studies such as (i) the sensitivity
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of the discharge to the operational, semiempirical, and nu-
merical parameters, and to the magnetic field topology, (ii)
plasma-wall interaction effects(including erosion analysisy),
(iii) local energy balances (among energy convection and
conduction, Joule heating, and ionization and wall losses),
and (iv) electron transport.

The paper emphasizes the recent improvements on the
model, which highlight the importance of physical and math-
ematical aspects of the interaction among the (quasineutral)
plasma, the sheaths, and the walls. In particular, the fulfil-
ment of the Bohm condition at the sheath edge is found to
affect strongly the plasma profiles and the plasma recombi-
nation at the walls.

The new code is more consistent with our present under-
standing of Hall thruster physics but it does not always
present .a better agreement with experimental results.
Whereas good results are obtained for the ion current col-
lected by lateral walls, the propellant utilization seems to be
lower than in experiments (which, in the end, results in a
modest thrust efficiency). In addition, energy losses at the
walls seem to be overestimated. Recent publicationsn“36 are
working with the idea of a partial thermalization of the (pri-
mary and secondary) electron distribution function, which
would reduce wall energy losses and affect the ionization
rate (through changes on the temperature field). Also, doubly
charged ions are known to increase the propellant utilization
even at moderate discharge voltages.31

A relevant element of the model responsible for match-
ing thruster performance to experimental data, is electron
cross-field diffusion. Some of the differences detected be-
tween the code and the experiments are probably due to the
not yet well-understood anomalous diffusion. To use
HPHall-2 in a performance prediction role, the next step
would be to develop self-consistent electron diffusion
models” and to implement and validate them in the frame-
work of HPHall-2.
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