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Applications of Fractional Response Model to the Study of Bounded 
Dependent Variables in Accounting Research 

 
 
 

ABSTRACT: Bounded dependent variables are frequently encountered in settings of interest for 
accounting researchers. The econometric modeling of these variables presents particular 
challenges. Linear estimation methods (e.g. OLS) are often inadequate in the study of bounded 
dependent variables and may produce predicted values that lie outside the unit interval. 
Established nonlinear approaches such as logit and probit transformations, or censored and 
truncated regressions may attenuate the shortcomings of linear regressions. However these 
approaches are not suitable in settings where a material portion of the observations is at the 
boundaries. Nonlinear methods use restrictive distributional assumptions and employ ad-hoc 
transformations for observations at the boundaries. The fractional response model (FRM) (Papke 
and Wooldridge 1996, 2008) overcomes many limitations of established linear and non-linear 
econometric solutions in the study of bounded data. In this study, we review the econometric 
characteristics of the FRM and propose its applicability to a wide range of phenomena of interest 
for accounting scholars. We provide examples of accounting research that routinely uses 
bounded dependent variables, present results from Monte Carlo simulations to highlight the 
advantages of using the FRM relative to conventional models, and conduct an archival extension 
that compares the results from a traditional OLS model and the FRM to the study of managerial 
compensation. We conclude that the FRM provides an improved methodological approach to the 
study of bounded dependent variables.  
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identified in the paper. 
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Applications of Fractional Response Model to the Study of Bounded Dependent Variables 
in Accounting Research 

 
 

1. Introduction 

Accounting research often entails the use of “bounded” dependent variables, i.e., dependent 

variables that are measured as proportions or percentages, such as goodwill write-offs (Gu and 

Lev 2011; Beatty and Weber 2006), decreases in tax reserves (Blouin, Gleason, Mills, and Sikes 

2010), proportion of stock held by institutional investors (Bushee and Noe 2000), capital 

structure (Petacchi 2015), or weighting of executive compensation components (Ittner, Larcker, 

and Pizzini 2007; Core, Holthausen, and Larcker 1999; Skantz 2012). It is also common in 

accounting research to use data collected from survey instruments that use Likert-type scales 

(Maas and Matejka 2009; Indjejikian and Matĕjka 2012; Graham, Harvey, and Rajgopal 2005), 

which are naturally bounded by the response scale options. Econometric modeling of bounded 

dependent variables presents thorny challenges, especially for non-binary variables with a 

significant number of observations at the extremes. The fractional response model (FRM) 

developed by Papke and Wooldridge (1996, 2008) provides a robust approach to deal with the 

challenges posed by bounded dependent variables. The FRM overcomes many limitations of 

established linear and non-linear econometric solutions and has been extensively used in 

economics and public policy. In this paper we discuss the potential for application of the FRM to 

the study of bounded dependent variables that are commonly encountered in accounting 

research.  

Bounded response variables present peculiar distributional properties; as a result, in most 

cases such variables are not amenable to linear regression models. A major limitation of linear 

models is that they allows predicted values to lie outside the interval determined by the 
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measurement scale. Additionally, variables that are naturally bounded between a minimum and a 

maximum are likely to be subject to floor and ceiling effects and often display non-constant 

responses to changes in the predictors as they approach the bounds (Papke and Wooldridge 

1996). Linear models predict constant partial effects of unit changes in the explanatory variable, 

independent of the beginning value of the predictor. Prior literature has addressed the 

inadequacies of linear estimation models to predict bounded responses and suggested alternative 

econometric methods (Noreen 1998; Maddala 1991). These methods are commonly utilized in 

accounting research and include applications of logit and probit transformations to the data, 

truncated and censored regressions, and discriminant analysis techniques.  

Logit and probit models are widely used to study binary response variables; these models 

are used to predict the probability that a certain event is observed. Probabilities are naturally 

bounded between zero and one. Examples of probabilistic dependent variables in accounting 

research include adoption of new accounting standards such as IFRS (Zeghal and Mhedhbi 

2006), delayed 10-K filings (Impink, Lubberink, Praag, and Veenman 2011), and customer 

retention (Campbell 2008). In many cases, logit and probit regressions are used to model the 

dichotomization of underlying continuous latent variables (e.g. P(y>a), where a is often chose 

arbitrarily) (Rogers and Van Buskirk 2009; Kini, Mian, Rebello, and Venkateswaran 2009; 

Beatty, Liao, and Weber 2010). These estimation approaches are, in general, not devoid of 

limitations. First, they often rely on strong distributional assumptions for the underlying 

population. Additionally, observations that are at the extremes (corner solutions) are not directly 

tractable and require ad-hoc transformations such as Berkson’s minimum chi-square method 

(Maddala 1983). Alternatively, these extreme values are dropped from the sample. Both 

solutions induce distortions in the predicted distribution of outcomes, which may influence the 
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interpretation of the estimated coefficients and reduce the validity of the inferences drawn from 

the statistical results. Finally, in some cases, the observations at the corners might be of 

particular interest to answer the research question, which is where logit and probit models are 

least well-defined. 

Poisson regressions are generally used to model count variables that can only assume 

non-negative integer values and are therefore bounded below, such as the number of independent 

board members (Hermalin and Weisbach 1988; Yermack 1996). In this study we focus 

predominantly on bounded continuous variables. Continuous variables that are bounded in nature 

are generally addressed using Tobit models, censored regressions, or truncated models. 

Accounting examples of bounded dependent continuous variables include goodwill impairment 

(Beatty and Weber 2006), and asymmetric timeliness of the effect of good and bad news on 

earnings (Dietrich, Muller, and Riedl 2007). Tobit regressions are appropriate when the 

dependent variable is limited either above or below but unbounded elsewhere. Some studies 

have tried to account for boundedness from above and below. For example, Armstrong (2007) 

uses a two-limit Tobit model to study the fraction of available options exercised by executives in 

a given period. This solution, however produces logically inconsistent results in cases where the 

observations of the dependent variable “pile up” only at one of the corners. The fractional 

response model (FRM) developed by Papke and Wooldridge (1996, 2008) represents a viable 

solution to address many of the econometric limitations that are found in the nonlinear solutions 

currently utilized to model bounded dependent variables.  

The FRM is an extension of the general linear model (GLM) to a class of functional 

forms that circumvent most of the known issues of the traditional econometric models for 

bounded variables. The FRM accounts for the boundedness of the dependent variable from both 
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above and below, predicts response values within the interval limits of the dependent variable 

and captures the nonlinearity of the data, thereby yielding a higher fit compared to linear 

estimation models. Furthermore, the FRM does not require special data transformations at the 

corners and permits a direct estimation of the conditional expectation of the dependent variable 

given the predictors. The estimation of the model’s parameters is based on a quasi-maximum 

likelihood method (QMLE), which generates fully robust and relatively efficient estimates under 

general linear model conditions (Papke and Wooldridge 1996).  

The FRM is most advantageous in settings where continuous response variables are 

bounded and exhibit positive probability mass at one or both corners. Such variables are not 

uncommon in accounting studies. For example, the effect of accounting variables on capital 

structure has been of interest to accountants. Capital structure is often measured as book 

leverage, defined as debt to book value of assets (Petacchi 2015). Capital structure is naturally 

bounded between zero and 100 percent, with a nontrivial number of firms financed entirely with 

debt or entirely with equity.1 Researchers are often interested in drivers of covenant structure 

(such as the proportion of capital covenants that place restrictions on the sources and uses of 

capital versus performance covenants that monitor managerial actions). Christensen and 

Nikolaev (2012) measure covenant structure as a proportion (e.g. Performance 

covenants/Performance + Capital covenants) and note that a nontrivial number of firms may use 

only capital covenants or only performance covenants (footnote 11, page 99). Tax researchers 

explore the determinants of the portion of foreign earnings reported as permanently reinvested 

                                                 
1 For some firms, the amount of debt exceeds the value of total assets. Equity, in these firms, 
usually assumes a negative value due to accumulated negative retained earnings more than 
counterbalancing initial paid-in capital (Chang and Hong 2000). If the sample includes firms that 
have leverage below zero percent, the FRM would not offer significant benefits over other non-
linear econometric solutions currently used such as Tobit. 
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(Hanlon and Heitzman 2010; Graham, Hanlon, and Shevlin 2011). Observed values of this 

variable lie in the unit interval and there is a positive probability that some firms will declare the 

entire amount of earnings as permanently reinvested (see, for example, Table 5 in Graham, 

Hanlon, and Shevlin 2011) while other firms may not reinvest permanently any portion of their 

foreign earnings. Other studies analyze changes in tax-related reserves in view or as a 

consequence of new regulatory requirements, as in the case of the reduction in the contingent tax 

reserve subsequent to the adoption of FIN48 (Blouin, Gleason, Mills, and Sikes 2010). The 

amount of the reduction in the reserve is between zero and 100 percent, with over half of the 

sample piled up at zero (see Blouin, Gleason, Mills, and Sikes (2010), Table 1). To deal with the 

boundary problem, the authors convert the continuous variable into a dichotomous one and 

model the determinants of the probability of settlement using a logistic regression. Many studies 

of executive compensation use as dependent variable the compensation mix, defined as the ratio 

of variable compensation to total compensation. As discussed in Section 3, this variable most 

often exhibits mass at corners because of the prevalence of firms that use no variable pay or use 

only variable pay.  

Recent accounting research has begun employing the FRM when bounded dependent 

variables are encountered. For example, Core, Guay, and Larcker (2008) examine the role of 

press coverage in monitoring and influencing executive compensation practices. They use the 

FRM because their dependent variable, which is defined as the fraction of CEO compensation 

articles with a negative tone to the total number of articles about CEO compensation, has a fat 

left tail (Table 3, page 10 reports that median value of the response variable is zero). In their 

study of disclosures of option-based compensation, Bechmann and Hjortshøj (2009) use the 

FRM to estimate their dependent variable, which is the difference between the expected exercise 
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date and the earliest possible exercise date divided by the entire exercise period in years. Amir, 

Guan, and Livne (2010) use the FRM in their study of auditor independence and the cost of 

capital before and after Sarbanes–Oxley because their measure of auditor independence is the 

ratio of audit fees to total audit plus non-audit fees, which could have mass at the right tail. Li 

(2013) uses the FRM in his study of the determinants of accelerated filing of material contracts. 

His primary dependent variable, which is the percentage of material contracts filed via Form 8-K 

during a 12-month period has a fat left tail. Armstrong, Core, and Guay (2014) study the role of 

independent directors in firm transparency and use the FRM to estimate the proportion of firms' 

independent directors who were appointed during the CEO's tenure. Chen, Matsumura, Shin, and 

Wu (2015) examine the effect of competition intensity and competition type on the use of 

customer satisfaction measures in executives’ annual bonus contracts. One of their analyses uses 

the FRM to estimate the drivers of the percentage of total compensation weight placed on 

customer satisfaction measures. There are numerous other topics of relevance to accounting 

research that involve bounded dependent variables with positive probability mass at the corner, 

which lend themselves to the use of the FRM. The purpose of this paper is to review the 

properties of the FRM model and discuss additional opportunities for its application to 

accounting research.   

We contribute to the literature by reviewing the econometric benefits of the FRM in 

accounting settings that involve naturally bounded non-binary dependent variables. We first 

simulate the behavior of bounded response variables to identify conditions under which the FRM 

is advantageous compared to other established econometric solutions. Next, we provide 

examples of accounting research that typically uses bounded dependent variables and could 
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therefore benefit from the application of the FRM. Finally, we provide an empirical application 

of the FRM to a study of determinants of executive compensation to highlight its key benefits. 

The next section provides a description of the most common types of variable 

boundedness and summarizes the main features, assumptions and limitations of econometric 

models currently used in such cases. We then introduce the FRM and identify characteristics of 

the research settings in which the model most contributes to a better interpretation of empirical 

results. We use results from Monte Carlo simulation analysis to illustrate the benefits of FRM, 

compared to more traditional econometric techniques. Section 3 discusses examples of 

accounting research with bounded dependent variables where FRM could be applied. Section 4 

demonstrates an empirical application of the FRM in an accounting context to illustrate its 

benefits over alternative econometric solutions. Section 5 concludes. 

2. Econometric models for bounded dependent variables 

Variables are bounded when they can assume values limited by a minimum value (bounded 

below), or a maximum value (bounded above), or both. Sources of boundedness depend either on 

the nature of the phenomenon being studied or on the characteristics of the research design. 

Examples of the former type of bounded variables include proportions and probabilities where 

the variable cannot take values outside of the interval [0, 1] or [0, 100 percent] as well as count 

variables measured by nonnegative integers, such as the number of females within a group of 

individuals. In this paper we refer to such variables as naturally bounded to highlight that the 

variable can only take values within the interval in the entire population. Boundedness of the 

latter kind is associated with categorical variables, like bond ratings (Wescott 1984) or variables 

measured via self-reported likert scales, which are common to survey-based studies (Van der 

Stede, Young, and Chen 2007). Additionally, some studies focus on a defined subset of the 
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population, and assign pre-determined values to observations that fall outside the interval of 

interest (e.g. top-coding (Wooldridge 2012)). Finally, variable boundedness can be a 

consequence of missing data, as in the case of survey respondents refusing to answer questions 

about sensitive topics, such as their personal income level.  

Linear methods such as OLS are often inappropriate to model bounded variables. While 

the linear model might provide a plausible estimation of the expected value of the dependent 

variable, it is likely to predict values outside the natural interval (e.g. negative values for 

proportion variables, which are naturally bounded between zero and one). Further, regression 

coefficients estimated via OLS are independent from the value of the predictor. That is, OLS 

estimates constant partial effects. Although this characteristic is conducive to an easier 

interpretation of the estimation results, constant partial effects are incompatible with dependent 

variable boundedness, especially in cases where a significant number of observations is at the 

corners. In presence of limited dependent variables, the residuals generated by OLS procedures 

are typically heteroskedastic and the estimated parameters are inefficient; as a consequence the 

traditional significance test statistics become unreliable (Noreen 1998) unless the explanatory 

variables are jointly normal, which rarely occurs (Maddala 1991). 

Prior literature has addressed the challenges presented by bounded response variables and 

provided viable econometric solutions to guide appropriate statistical analyses and support 

correct interpretation of the results (Noreen 1998; Maddala 1991). These solutions, however, are 

often based on strong distributional assumptions. Moreover, they are simply not applicable to 

certain settings relevant for accounting researchers. In the next section, we provide a brief 

overview of the proposed solutions and highlight their main limitations. 
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Logit and Probit 

Logit and probit regressions are the most common econometric solutions utilized by accounting 

researchers when dealing with bounded response variables. The underlying phenomenon is 

usually measured by an indicator variable that takes the value of 1 if the event occurs, and 0 

otherwise. Logit and probit models estimate the probability of the occurrence of the event. 

Accounting research has employed binary dependent variables in numerous situations – for 

example, prediction of inventory valuation choices such as LIFO versus FIFO (Lee and Hsieh 

1985; Morse and Richardson 1983) or the determinants of auditors’ decisions to issue going 

concern reports (Carcello and Neal 2000). Often times the “event” is derived from a 

dichotomization of a continuous variable where the “occurrence” is noted when the observed 

variable assumes a value greater than an arbitrary cutoff point (see, for example, Blouin, 

Gleason, Mills, and Sikes 2010).  

Probit and logit regressions rely heavily on strict assumptions that the distribution of the 

observed dependent variable follows either a binomial or a normal distribution (Maddala 1983). 

Stone and Rasp (1991) argue that accounting studies often involve predictor variables that are 

skewed and collinear, thus violating the distributional assumptions necessary for probit and logit 

regression models. In addition, Noreen (1998) points out that probit regressions may not perform 

better than OLS, especially in the presence of small sample sizes. Consequently, the use of these 

econometric models may lead to incorrect inferences. 

Another problem that occurs with bounded dependent variables is that, while they may be 

continuous over the unit interval, they could exhibit a material positive probability mass at the 

extremes. In this case, logit and probit regressions cannot be directly utilized to predict values at 

the boundaries because the functional form at the core of these models is not defined for 
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independent variables equal to zero and/or 1. Ad-hoc transformations, such as the log-odds ratio 

have often been applied to allow for tractability of the values at the extremes. In other cases, 

these observations have been dropped from the sample, thus exposing the research model to 

potential issues in terms of sample-selection bias. Loudermilk (2007) demonstrates the 

limitations of commonly used ad-hoc transformations in the context of the determinants of firms’ 

dividend policies. A variable of interest in the study of firms’ dividend policies is share 

repurchases as a fraction of total payouts. This is a variable bounded between zero percent and 

100 percent that exhibits mass at both corners because a substantial fraction (20 percent in each 

corner in her sample) of dividend-paying companies have share repurchase payouts of zero 

percent or 100 percent in any given year. Loudermilk (2007) provides analytical and empirical 

evidence that applying the log-odds transformation to the large number of observations at the 

extreme points of the interval or ignoring these corner solution outcomes by dropping them from 

the sample could lead to misleading interpretations of the statistical results. 

Censored and truncated regressions 

Variable boundedness may also be caused by the sampling procedure utilized during the data 

gathering process. Examples include censored samples wherein observations of the dependent 

variable that fall outside a given range are assigned the same summary value, and truncated 

samples where the dependent variable observations lying outside of the selected interval of 

interest are dropped from the dataset. A frequently observed variable in accounting research that 

is censored is Cash Expected Tax Rate (CASH ETR), which is defined as cash taxes paid divided 

by pre-tax income minus special items (Dyreng, Hanlon, and Maydew 2008). It is traditional in 

accounting research to censor this variable (consistent with Dyreng et al. 2008), although a 

substantial number of observations fall outside the [0, 1] interval (e.g. 7.58 percent for one-year 
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CASH ETR in Dyreng et al. 2008).  Censoring introduces distortions into the predicted 

distribution of the dependent variable, conditional on the predictors. Tobit models and truncated 

regressions are suited to handle such situations; however, in many instances, researchers 

continue to use OLS models, as discussed in Section 3.  

Although truncated and censored models may yield better fit to the empirical 

observations than corresponding linear regressions, they are exposed to a high risk of sample-

selection bias, especially in the case of truncated regression, where the investigator chooses to 

ignore any observation that is outside of the desired range of the dependent variable (Maddala 

1991). Additionally, Tobit regressions, used in the case of censored samples, are particularly 

sensitive to issues generated by heteroskedasticity, which cause inconsistency and invalidate 

usual test statistics (Arabmazar and Schmidt 1981).  

In general, censored and truncated regressions are used to model dependent variables that 

are bounded either below or above. Cases involving variables bounded both ways require 

modifications of the estimation models. Beatty and Weber (2006) utilize a joint equation 

approach, while Armstrong (2007) adopts a two-limit Tobit procedure. The latter, in particular, is 

an appropriate solution if the distribution of the dependent variable presents observations piling-

up at both extremes. However, in cases where the piling-up occurs only at one corner, the two-

limit Tobit is likely to yield logically inconsistent estimates (Wooldridge 2002). 

The FRM was first developed in response to the call for an econometric approach capable 

of modeling empirical bounded dependent variables that exhibit piling-up at one of the two 

corners (Papke and Wooldridge 1996). The FRM provides several advantages: (a) it does not 

require any special correction of the values observed at the bounds, (b) it accounts for the non-

linearity in the data, (c) it is fully robust under generalized linear model assumptions, and (d) it 
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allows for direct recovery of the regression function for the dependent variable given the set of 

predictors. Next, we present the main features of the FRM and discuss its applicability to the 

study of phenomena of interest for accounting research. 

The fractional response model 

The main issue that arises with a bounded dependent variable is the inadequate fit of linear 

estimation methods like OLS. This limitation may be severe enough to counterbalance the 

benefits generated by OLS in the interpretation of the estimated coefficients. In non-linear 

models the impact on the dependent variable caused by a unit change in the predictor is not 

constant and its magnitude depends on the value of the independent variable. However, 

observations at the extremes of the distribution may not be included in the model without an ad-

hoc transformation. The FRM overcomes these limitations. 

The basic assumption underlying the FRM can be summarized as: 

| 	∀       (1) 

where G(.) is a known function with 0 1			∀ ∈ , which satisfies the requirement that 

fitted values lie in the unit interval. Examples of non-linear functional forms used for G include 

the logistic function ≡ Λ ≡ 	

	
 and ≡ Φ , where Φ .  is the standard 

normal cdf. 2 These functional forms do not depend on the sample size. The nonlinear estimation 

of the parameters of the model is performed via maximization of the Bernoulli log-likelihood 

function 

b ≡ log 1 log 1    (2) 

                                                 
2 A key difference between the FRM and the logit (or probit) regressions is that the FRM 
estimates the conditional expected value of the response variable, while logit and probit models 
predict the probability of occurrence of a certain event, which could require arbitrary 
dichotomizations of the dependent variable. 



 15

which is well defined for 0<G(.)<1. The quasi-maximum likelihood estimator (QMLE)3 of  is 

consistent and asymptotically normal, regardless of the distribution of the dependent variable, 

conditional on the predictors. That is,  could be a continuous variable, discrete variable or have 

both continuous and discrete characteristics. This flexibility contributes to the wide applicability 

of the FRM model to a variety of research settings.  

In order to represent a viable and advantageous alternative to the current econometric 

solutions used in presence of bounded data, the FRM needs to meet the following requirements. 

First, it must ensure that the values predicted for the dependent variable are within the unit 

interval, but allow for values at the extremes without ad-hoc transformations. Second, the 

estimators must be relatively consistent and the statistical tests for significance must be reliable. 

Third, it must be computationally simple. Finally, the FRM must provide a better fit than linear 

probability models. Papke and Wooldridge (1996) satisfy these requirements by choosing a 

specific class of functional forms and employing Bernoulli quasi-likelihood estimation methods. 

In an early application of the FRM, Papke and Wooldridge (1996) study the relation 

between employees’ participation to 401K plans and the match rate offered by the company. The 

expectation about the shape of this relation is a non-linear functional form, with diminishing 

returns observed as the match rate offered by the company increases. The dependent variable 

(participation rate) is continuous and varies from zero to 100 percent, with 40 percent of the 

observations lying at the upper bound of the interval.  

The authors first perform an estimation using OLS and then compare the results with a 

model estimated using logit QMLE methods. The results show high statistical significance for 

                                                 
3 The quasi-maximum likelihood estimation (QMLE) method allows for the possibility that the 
normal probability model might be misspecified (Greene 1951). 
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the match rate variable and diminishing partial effects as the match rate increases. Additionally 

the model is appropriately specified based on the results of the RESET test, and the R2 results are 

higher than that of the linear model. It is worth noting that the QMLE approach does not involve 

any maximization of R2 for the estimation of . The comparison of a QMLE procedure with a 

linear estimation involving quadratic terms for the independent variables provides additional 

support to the superior fit of the FRM compared to linear models. Finally, the quasi-likelihood 

results are fully robust and relatively efficient under GLM assumptions. 

One of the criticisms raised by the research community about the original formulation of 

FRM relates to its apparent inadequacy to control for unobserved heterogeneity, which is a 

particularly salient concern when analyzing panel data. To correct for this potential shortcoming, 

Wagner (2003), in his application of the FRM to a study of the determinants of export trends 

among German firms, includes firm-specific intercepts in the logit formulation of the FRM to 

control for firm fixed effects. This approach is considered to be appropriate when one observes 

the entire population, as in Wagner’s case. However, in the presence of random sampling or 

unbalanced panels, this approach may introduce an incidental parameter problem4, especially 

when the panel comprises of a small number of periods and a large number of cross sectional 

observations (Papke and Wooldridge 2008). In response to the criticism about the adequacy of 

the FRM to capture firms fixed effects, Papke and Wooldridge (2008) extend their model to the 

analysis of panel data. In a study of the relation between school spending and students’ 

performance in standardized tests they use a probit formulation of the FRM to allow for 

unobserved, time-invariant characteristics of the school districts, which may be correlated with 

                                                 
4When nonlinear panel data models contain n dummy variable coefficients, such as firm ID’s, the 
number of parameters increases with the number of firms in the sample. Consequently, the 
estimator of β is biased and inconsistent in presence of small numbers of periods (Greene 1951). 
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district spending on education. The characteristics of the normal distribution underlying the 

probit formulation provide important modeling benefits, including computationally simple 

estimates of the model, allowing for unobserved exogenous explanatory variables and for 

endogenous spending choices by the districts. 

FRM and average partial effects 

Another critical issue related to non-linear econometric models is the difficulty in the 

interpretation of the coefficients. With linear models, the estimated coefficients provide 

information about both the sign and the magnitude of the predictor’s effect on the dependent 

variable. These effects do not depend on the observed starting level of the predictor. In non-

linear models, while the estimation results are immediately informative about the sign and 

statistical significance of the relation, the magnitude of the change in the dependent variable 

caused by a unit change in the predictor varies with the starting level of the latter. Point-partial 

effects are easily calculated in nonlinear models, but not the average effects across the 

population. The computation of average partial effects (APE) is instrumental to the interpretation 

of the economic magnitude of the relations of interest.5 

The procedure for the estimation of APE within the FRM is particularly appealing due to 

the fact that its identification requires no assumptions in terms of serial dependence in the 

response variable, which may or may not be present in panel data analysis (Papke and 

                                                 
5 There are two ways in which the researcher can compute and interpret marginal effects 
similarly to the linear model. The first involves the evaluation of the slope of the relation at the 
mean value of the predictor (partial effects at the average – PEA, see Wooldridge (2002) p.575). 
The second requires the calculation of the marginal effect at every observation and, 
subsequently, the computation of the sample average of the individual marginal effects. The 
latter approach produces the average partial effects (APE). In large samples the two procedures 
would produce similar results. In the case in small samples, current practice favors the 
calculation of average partial effects (Greene 1951). 
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Wooldridge 2008). The procedure involves calculating the marginal effect at every observation, 

and then averaging the marginal effects across the range of the predictors (Greene 1951). The 

interpretation of APE’s is similar to that of linear regression coefficients. By calculating and 

interpreting APE’s, the researcher obtains useful information about the average magnitude of the 

causal relation, without compromising the non-linearity of the model and its enhanced fit 

characteristics compared to the linear ones. In general, the comparison of the APE calculated for 

the FRM model and the linear regression coefficients portray a consistent story. The similarity of 

the average economic significance estimated by the two models might lead to the erroneous 

conclusion that a linear model could be sufficient for the estimation of partial effects. The 

distinction between partial effects and average partial effects however, is nontrivial. The FRM 

model allows to capture the nonlinearity of the relation and to obtain estimates of partial effects 

at different percentiles of the predictor distribution, accounting for nonconstant returns and 

yielding a better fit than the linear model. This ability of the FRM to tease out the differential 

returns, especially at the extreme values of the distribution of the dependent variable is 

particularly valuable to accounting research where the extreme values are meaningful from a 

theoretical as well as practical perspective.  

In the following section we report the results from a simulation to provide a quantitative 

assessment of the FRM technique vis-à-vis other modeling techniques in the analysis of data 

using bounded dependent variables.  

Simulation results 

We use Monte Carlo simulations to highlight conditions under which the FRM is particularly 

advantageous over other known models. We define a response variable 

, where u represents unobserved heterogeneity assumed to be normally y*  f (x)u
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distributed, and x is a predictor, which is randomly obtained from selected probability 

distributions. The relation between x and y* is defined by the function f, which can be linear or 

nonlinear. We then artificially bound the observations for y* by substituting negative values with 

zero, and values greater than one with one. The resulting bounded variable (y) is our response 

variable of interest. We manipulate the probability distribution of x and the relation f. We then 

estimate the model y = g(x) using OLS, Tobit regression, and FRM. We draw the explanatory 

variable from one of three probability distributions: normal, beta, or poisson. Normal and beta 

distributions describe the behavior of continuous variables, which could have different level of 

skewness. The poisson distribution describes a discrete variable. To capture different types of 

nonlinearity in the population distribution, linear, quadratic, exponential and logarithmic 

functional forms are used to represent the relation between predictor and response variable, as 

indicated in Table 1. By construction, the dependent variable observations include a material 

number of boundary values. The Monte Carlo simulation performs 200 iterations. In each 

repetition, a sample of 1,000 observations is drawn from the selected probability distribution and 

estimated using OLS, Tobit and FRM. Regression coefficients and R2 are averaged across the 

200 repetitions for each estimation method and reported in Table 1. Additionally, we tabulate the 

estimates of the average partial effects (APE) at various percentiles of the distribution of the 

heterogeneity. 

--- Insert Table 1 here --- 

 The results reported in Table 1 indicate that, while established linear approximations 

perform adequately for the estimation of the average partial effects, they do not capture the 

nonlinearities in the data. The last five columns in Table 1 report APEs at the 1st, 5th, 50th, 95th 

and 99th percentiles of the distribution of the predictor, which indicate nonconstant returns in 
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majority of the cases. This information is not directly available when estimating the relations 

using linear approximations.  To elaborate, consider a normal distribution of x, which has 0.166 

mass at the corners. OLS indicates that the estimated β value is 0.834, which is not substantially 

different from the APE of 0.835 produced by the FRM. However, this is the average effect size – 

the FRM indicates that this average effect size is not obtained at the corners of the distribution. 

For example, the effect size for observations at the 5th percentile of the distribution is 0.652. For 

observations at the 99th percentile of the distribution, the effect size is 0.473. Suppose the 

dependent variable of interest is percentage of goodwill written off consequent to the adoption of 

SFAS 142, and about half of the firms have a zero value (as in Beatty and Weber 2006). OLS, 

Tobit, or censored regressions have the potential to lead to flawed conclusions about the effect of 

predictors of the decision to take a goodwill write-off when SFAS 142 is adopted for 

observations at the boundaries of the distribution if the effect sizes vary at the boundaries as 

indicated in Table 1.6  

Indeed, Table 1 indicates that effect sizes can be vastly different at the boundaries versus 

the middle of the distribution – for example if the mass at the corners is 0.317, then the effect 

size for a firm that is in the first percentile is almost 10 times lower than the effect size for a firm 

that is at the 50th percentile (0.189 versus 1.987 in Table 1, row 2). Additionally, the FRM 

reveals that the shape of the response function could be curvilinear, with larger effect sizes at the 

center of the distribution and lower effect sizes at the corners. To the extent that there is 

substantial mass at the corners, other estimation techniques that provide average effects would 

                                                 
6Beatty and Weber (2006) examine the determinants of goodwill write offs using a censored 
regression. They acknowledge the problem that arises because the percentage of goodwill cannot 
be below zero or above 100% (naturally bounded variable). However, the results from their 
censored regression model provide only the average effects and do not permit the estimation of 
different effect sizes at the corners of the distribution of the fractional dependent variable.  
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overestimate the effect size for the nontrivial number of firms that lie at the boundaries.  

Examination of the beta distribution with 0.220 mass at the corners reveals that the effect sizes 

are larger for observations at the 5th percentile than they are at the 50th, 90th, or 99th percentile. A 

poisson distribution with 0.353 mass at the corner has an asymmetric curvilinear response with 

the effect size at the 99th percentile close to zero.  

The results in Table 1 also indicate that while in general the FRM yields at least as good a 

fit as the OLS and Tobit, in the majority of the simulated conditions, the R2 associated with the 

FRM is higher than in the other methods. In summary, the simulation results indicate that, 

compared to established linear econometric models, the FRM provides (a) additional information 

on the effect sizes at the corners versus the middle of the distribution, (b) information about the 

shape of the relation between explanatory and response variables, and (c) improved fit.  

Applications of FRM to research in social sciences 

The FRM has been successfully utilized in research studies in economics and finance. Czarnitzki 

and Kraft (2004) investigate the influence of the degree of separation between ownership and 

management on firm innovativeness, which they measure by the share of sales generated by new 

product introductions. The magnitude of the investment in innovation results from the 

combination of two separate decisions. First the firm decides whether to invest in R&D or not. 

The investment amount is a subsequent decision. The authors discuss their choice of using the 

FRM instead of a more traditional approach based on a Tobit model. The Tobit approach would 

incorporate both decisions in one model, and the estimated coefficients would represent the 

effect of the predictors on the combination of the two decisions. The FRM, on the other hand, 

allows the authors to estimate the weights of the decision predictors separately for each decision, 

while treating the share outcome as a continuous variable bounded between zero and 100 
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percent. The inference deriving from the application of the FRM is directionally consistent with 

the Tobit results, but the FRM provides additional benefits in the interpretation of the results.  

Similar modeling requirements lead Ramalho, Ramalho, and Murteira (2011) to apply a 

two-part fractional response model to the study of the determinants of decisions related to capital 

structure. In their study, the decision of whether to issue debt is modeled using a binary variable, 

and the FRM is used to model the dependent variable measured as the amount of debt issued as a 

percentage of total assets. Bastos (2010) uses the fractional response approach to predict bank 

loans credit losses (i.e. the percentage of credit exposure that would become a loss if the 

borrower defaults). Loudermilk (2007) and Alli, Khan, and Ramirez (1993) apply the FRM to 

studies of dividend payout policies. 

Examples of research in international economics include studies by Wagner (2003), who 

introduces firm fixed effects in a FRM applied to panel data and offers statistical evidence that 

overturns the general belief of a positive concave relation between manufacturing firm size and 

export/sales ratio. Eickelpasch and Vogel (2011) study the determinants of export trends in the 

service industry and find that, when controlling for firm fixed effects, variables such as human 

capital and productivity have no significant effect on the firm’s export behavior, while size and 

product diversification are still significant.  

3. FRM applications to accounting research 

Bounded dependent variables are common in accounting research. In many cases, accounting 

researchers deal with naturally bounded variables that display a positive probability mass at the 

corners. A brief review of the studies that have been published in the last few years in major 

accounting academic journals reveals that in the presence of bounded dependent models, 

research has typically applied a variety of estimation techniques such as linear estimation models 
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(OLS and LPM), logit and probit regressions, as well as Tobit or truncated regression models. 

These models can lead to mistaken inferences when there is positive mass at the boundaries 

because the average effect sizes may not be applicable to observations that inhabit the corners. 

We discuss next, examples of bounded dependent variables that are of interest to accounting 

researchers, types of estimation techniques that have been employed, and potential problems 

related to using these techniques. 

Compensation Research 

Significant literature in accounting explores the determinants of executive compensation. Many 

studies focus on predictions of levels or changes of total executive compensation or of some the 

components of compensation (Murphy 1985; Natarajan 1996; Baber, Kang, and Kumar 1998; 

Lambert and Larcker 1987; Sloan 1993; Dikolli, Kulp, and Sedatole 2009). The mix of 

compensation components is also commonly studied (Skantz 2012; Ittner, Larcker, and Pizzini 

2007). Frequently, compensation mix is defined as the ratio of variable compensation (such as 

cash bonus, stock options, restricted stock, etc.) to total compensation.  For example, Ittner, 

Larcker, and Pizzini (2007) use OLS and probit 2SLS to regress compensation mix for 

physicians as a function of goal congruence, informativeness of clinical performance measures, 

physician experience, and characteristics of the member-owned practice. The descriptive 

statistics for this study indicate that 39 percent of the survey respondents are compensated 

entirely with incentive pay, while 15 percent obtain no incentive pay. Ittner, Lambert, and 

Larcker (2003) examine compensation practices in “new economy firms” defined as firms 

“competing in the computer, software, internet, telecommunications, or networking fields”, and 

compare these practices to “old economy firms” defined as traditional durable and non-durable 

manufacturers. Their primary dependent variable is %EQUITY GRANT, which is the percentage 
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of total compensation that is equity based. Although they do not report the entire distribution, the 

descriptive statistics indicate likely mass at the lower end (zero percent) for old economy firms 

and at the upper end (100 percent) for the new economy firms. On average (median) 78.2 percent 

(86.9 percent) of compensation of CEOs in new economy firms comes from equity grants; the 

corresponding numbers for old economy firms are 26.9 percent (19.3 percent).  

Another example of bounded variables used to model incentive compensation outcomes 

is a study by Denis and Xu (2013), which examines cross sectional differences in top executive 

compensation as a function of country-level restrictions on insider trading using Tobit 

regressions. One of their dependent variables of interest is the Equity Pay Ratio, which is the 

fraction of total compensation that is comprised of equity-based incentive pay. For companies 

located in countries with insider trading restrictions, the median Equity Pay Ratio is zero, which 

indicates substantial mass at the corners. Indjejikian and Matejka (2009) use dependent variables 

expressed as percentages to examine the design of CFO bonus plans to address concerns 

regarding the integrity of financial reporting. Some of their dependent variables have median 

values of zero percent and 75th percentile values of 100 percent, indicating material mass at the 

corners. Jayaraman and Milbourn (2012) use OLS and median regressions to examine whether 

the relation between cash versus non-cash composition of CEO annual pay is influenced by stock 

liquidity. They define cash compensation as the proportion of cash-based compensation to total 

annual compensation, which could have mass at the corners.  

The determinants, consequences, and exercise behavior of stock option compensation is 

another popular topic studied by accounting research wherein fractional response variables are 

observed. An early study by Huddart and Lang (1996) provides a comprehensive overview of the 

exercise behavior of employee stock options. In most of their Tobit and OLS regressions, the 
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dependent variable is the fraction of a grant exercised in a given month, which has a bottom 

quartile (Q1) value of zero percent (Table 5, Page 30), indicating mass at the lower corner of the 

distribution. The authors acknowledge that the distributional assumptions underlying OLS may 

be violated because of the nonlinearity of the underlying distribution and, as a result, they 

examine the robustness of the results to rank regressions. There are potentially interesting 

nonlinearities that could be assessed with the FRM model that are not properly detailed with 

Tobit or OLS regressions. For example, the authors conclude that stock option exercise activity 

is path-dependent, as exercise is more often to occur in periods in which the stock price is 

rebounding from a previous fall. The authors also find nonlinearities in the relation between 

exercise and market-to-strike ratios, i.e., exercise increases at a decreasing rate in response to the 

market-to-strike ratio. Application of FRM to such a dataset could provide more accurate 

insights into the shape of the distribution of exercise in response to the predictor variables, 

including differences in the speed of response for firms populating different parts of the 

distribution.   

Another example of use of a fractional variable to study stock option compensation is 

Chen, Guan, and Ke (2013) who examine the determinants, composition, and consequences of 

granting stock options to directors of state-controlled Red Chip firms.  Red Chip firms are 

mainland Chinese investor-controlled firms listed on the Hong Kong Stock Exchange and 

incorporated outside mainland China. Some of their primary dependent variables include the 

fraction of a director’s vested in-the-money stock options that are exercised during a firm-year 

(fraction exercised), and the number of vested in-the-money stock options held at the end of year 

by directors who retired that year divided by the number of vested in-the-money stock options 

held at the end of year by both the directors who retire and the non-director employee group 
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(fraction owned), and fraction forfeited, defined similarly. Similar to Huddart and Lang (1996), 

Chen et al. (2013) use Tobit regressions to test their prediction that directors of state-controlled 

Red Chip firms forfeit a significant larger percentage of their vested in-the-money stock options 

relative to directors of non-state controlled Red Chip firms.  

Some studies have noted the problems posed by bounded dependent variables in 

incentive compensation research. Bushman, Chen, Engel, and Smith (2004) in their study of the 

association between governance structures and the firm’s information environment and 

organizational complexity use as dependent variables percentage-based executive incentive 

measures, such as long-term incentives or equity-based incentives expressed as a proportion of 

long-term incentives plus annual bonus. They recognize the boundary problem and address the 

issue of the boundedness dependent variables by applying a logistic transformation.  

Institutional Investors 

A topic of interest in accounting research involves the relation between institutional investors 

and firm and market outcomes.  The weight of institutional investors in the firm’s ownership 

structure is typically represented as the percentage. Bushee and Noe (2000) use OLS and Fama-

McBeth regressions to examine the effect of corporate disclosure practices on the composition of 

institutional investors, and the relative distribution of three types of institutional investors. These 

include, transient investors, dedicated investors, and quasi-indexers. The Q1 values for these 

response variables range from 0.0399 to 0.1997 (Table 2, page 183), indicating likely mass piling 

at corners. Bushee (2001) examines whether institutional investors such as banks, insurance 

companies, investment companies, and independent investment advisors maintain preferences 

for short-term earnings relative to long-term value. His empirical specification includes as 

dependent variable the proportion of shares held by each type of institutional investor. The 
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descriptive statistics for these proportions report Q1 values ranging from 0.001 to 0.081 (Table 2, 

page 225), which could indicate some mass piling at zero. Similarly, Dikolli, Kulp, and Sedatole 

(2009) examine the relation between transient investors and CEO contracting and use the 

percentage of total shares held by transient investors as the dependent variable in their first stage 

of a 2SLS estimations. 

In their study of the relation between institutional ownership, dividend yield, and 

expected stock returns, Guenther and Sansing (2010) model their dependent variable 

(institutional ownership) as the percentage of shares held by institutions (Table 4, page 869).  

This variable ranges from zero to one in their sample (Table 2, pages 865-866), indicating the 

potential for mass at the corners. They use OLS regressions to determine the association between 

institutional ownership and firm characteristics, such as beta, size, book-to-market and return 

volatility. Larcker, McCall, and Ormazabal (2013) examine the consequences of using proxy 

advisory firm policies on a variety of outcomes including executive, director, and employee 

turnover. They use Tobit (OLS) to examine the association between executive (employee) 

turnover as a function of various characteristics of option repricing programs. Executive turnover 

is measured as the proportion of executives and directors that left the company during the twelve 

months following the announcement date of the repricing program; this fractional response 

variable has a mean (median) value of 10.6 percent (5.6 percent).  Employee turnover is defined 

as the number of options canceled or forfeited during the fiscal year subsequent to the repricing, 

scaled by the number of shares outstanding and has a mean (median) value of two percent (one 

percent). The mean and median values of both these variables indicate the possibility of piling of 

mass at zero percent. 

Tax Research 
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A variable of interest in tax research is investments in tax planning (Mills, Erickson, and 

Maydew 1998), defined as the sum of tax department salaries and outside legal, accounting, and 

other tax-planning expenditure expressed as a percentage of selling, general, and administrative 

(SG&A) expenses, and thereby bounded between zero percent and 100 percent. Although the 

study by Mills et al. (1998) does not discuss the details of the distribution of this particular 

variable, the descriptive statistics include a mean value of 0.39 percent and a median value of 

0.23 percent (Table 2, page 7). The skewness in the data, as indicated by the relative value of the 

mean to the median, could indicate substantial observations at the lower end of the distribution 

(likely zero). The reduction in tax reserves is also typically a measured by a bounded variable. 

Blouin, Gleason, Mills, and Sikes (2010) analyze data on the amount and changes of tax reserves 

around the adoption of FIN48. They use a logistic regression to model the probability of a 

decrease in tax reserve in that period of time, thus dichotomizing the distribution of a naturally 

continuous variable. In fact, the descriptive statistics reported in Table 1 (page 802) indicate no 

change in the tax reserve for at least half of the observations in the sample. 

While the above variables are naturally bounded, tax research also encounters artificially 

bounded variables. For example, tax planning, tax strategy, and tax avoidance are typically 

studied using the cash effective tax rate (CASHETR), defined as cash tax paid divided by pretax 

income excluding special items (Dyreng, Hanlon, and Maydew 2008), as the response variable. 

This measure is not naturally bounded because it can take values below zero (when cash taxes 

paid are negative, as in cases of tax credits) or above 100 percent when cash taxes are higher 

than pretax income (in cases of unfavorable settlements of prior year audits). However, 

researchers commonly winsorize or censor CASHETR and thereby ignore these extremes values 

(e.g. Armstrong, Blouin, and Larcker 2012; Dyreng, Hanlon, Maydew, and Thornock 2014; 
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Dyreng, Hanlon, and Maydew 2010; Omer, Weaver, and Wilde 2012; Rego 2003), which not 

only bounds the distribution but also distorts it. CASHETR typically exhibits mass at the corners, 

especially at the lower bound arising from tax strategies that enable a substantial proportion of 

firms to pay no taxes. This can be observed in Figure 1 of Dyreng et al. (2008), which indicates 

that around 23% of observations in the sample have one-year CASHETR between zero percent 

and 10 percent. No other decile of the dependent variable’s interval has as many observations - 

the next highest CASHETR between 30 percent and 40 percent is present in 21 percent of the 

sample. Dyreng et al. (2010, 2014) use OLS, which can lead to biased or inconsistent estimates 

especially for the substantial number of firms that are at the boundaries of the distribution. Tobit 

or truncated regressions represent more appropriate econometric solutions for data displaying 

artificial boundedness. Some studies such as Armstrong, Blouin, and Larcker (2012) use a two-

limit Tobit specification to deal with the distributional properties of CASHETR or GAAPETR. 

However, two-limit Tobit regressions assume that the distribution of the dependent variable 

exhibits positive mass at both extremes, and are logically inconsistent if the data displays piling-

up only at one corner (such as in Dyreng et al. 2010). 

Goodwill Impairment 

Gu and Lev (2011) study the relation between bidders’ overpricing during acquisitions and 

subsequent goodwill write-offs. Goodwill write-offs are, by definition, naturally bounded 

between zero percent and 100 percent. The descriptive statistics reported in Table 2 (p. 2007) of 

their paper indicate that over half of the firms with acquisition activity included in the sample 

incur no change in goodwill. The authors utilize a logistic regression to model the probability of 

occurrence of a goodwill write-off and, subsequently, predict the magnitude of the write-off 

using a Tobit regression. Similarly, Beatty and Weber (2006) first estimate the probability of a 



 30

goodwill write-off decision consequent to the adoption of SFAS 142, and then predict the 

percentage of goodwill write-off using a censored (Tobit) regression. The descriptive statistics 

report a median value of zero for the write-off amount (Table 2, p. 275).  

Survey Research 

Surveys are commonly used in accounting studies and involve respondents’ self-reporting of 

variables measured on a predetermined value range (Likert scale). Maas and Matejka (2009) 

study the influence of the degree of functional responsibility of business unit controllers on role 

ambiguity and tolerance for data misreporting. All of the descriptive statistics of the dependent 

variables collected via the survey display significant mass of corner responses. Indjejikian and 

Matĕjka (2012) use survey data to examine the relative propensity of using financial versus 

nonfinancial performance measures to evaluate business unit managers’ performance. The study 

uses respondents’ self-reported percentages of individual compensation packages related to 

financial, nonfinancial and subjective performance measures, as well as the degree of accounting 

and operating decentralization. All dependent variables reported in the study present 

observations at the extremes. The relation between the dependent variables and the predictors is 

modeled using weighted least squares estimation, which accounts for error clustering, but is still 

a linear estimation method.  Another example of survey research that employs bounded response 

variables without adjustments is Graham, Hanlon, and Shevlin (2011), which uses survey 

responses from tax executives to examine corporate decisions related to real investment location 

and profit repatriation. Their survey uses a five-point scale to examine the importance of the 

foreign tax rate, U.S. cash tax deferral, and financial accounting expense deferral under APB 23 

in firms’ decisions about locating operations in or outside the U.S. The authors then use OLS 

regressions where the dependent variables are the survey ratings.  Survey response variables that 
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use such Likert-type scales are bounded by design and display positive probability mass at the 

extremes. 

Many other accounting studies use fractional dependent variables. In addition to the 

topics covered above, for example, studies that examine analyst forecasts sometimes employ 

fractional response variables. Dechow and You (2012) investigate analysts’ motives for rounding 

(using zero or five in the penny location) annual EPS forecasts. One of their models use firm-

level Fama-Macbeth regressions where the dependent variable is the percentage of analysts 

whose most recent forecasts for firm EPS end with a zero or five in the penny digit (Table 5, 

page 1960). Gao, Wu, and Zimmerman (2009) study the unintended consequences of exempting 

small companies (i.e., non-accelerated filers) from Section 404 of the Sarbanes-Oxley Act of 

2002. Several of their tests use fractional dependent variables. For example, they examine if non-

accelerated filers delay good news and accelerate bad news disclosures and use as dependent 

variable the proportion of bad news relative to the sum of good and bad news disclosed in each 

quarter. Balakrishnan, Eldenburg, Krishnan, and Soderstrom (2010) use stacked regressions to 

examine the extent to which hospitals outsource clinical and nonclinical services in response to 

cost pressures from managed care. The primary dependent variable in their study is the 

percentage of total costs that are outsourced. Granja (2013) uses OLS on a variety of fractional 

variables to examine the impact of disclosure requirements on the resolution costs of failed 

banks.  

We do not provide an exhaustive list of papers that use bounded dependent variables. 

Rather, our goal is to emphasize the prevalence of such variables in accounting research. The 

choice of an appropriate model to describe the relation between predictors and response variables 

is crucial for the interpretation of the statistical results and the consequent inferential reasoning. 
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Relations involving bounded response variables of interest for accounting researchers are often 

non-linear in nature and likely to display some degree of nonconstant marginal effects. Allowing 

for non-linearity in the functional form is important for the estimation of nonconstant marginal 

effects and provides a better fit and specification of the model compared to linear approaches, 

such as OLS or Tobit. Additionally, positive mass at the extremes of the distribution may 

indicate particularly interesting cases to take into account when answering the research question. 

Among the family of nonlinear models, the FRM is relatively easy to estimate, allows for 

heterogeneity in the predictors, and provides information on both point and average partial 

effect. Additionally, due to its computational simplicity, the FRM can be used to supplement 

traditional linear models at a relatively low cost.  

4. Illustration: FRM applied to a study of compensation mix 

Accounting research has given considerable attention to the drivers of executive compensation. 

Research has explored the determinants of the level of executive pay and its changes over time, 

as well as the mix of executive compensation packages using proportion variables, which are 

naturally bounded. In addition to the stock option literature discussed earlier, other examples of 

studies that examine compensation mix include Core, Holthausen, and Larcker (1999) who 

analyze the effects of governance and ownership characteristics on the percentage of non-salary 

CEO pay, and Conyon, Peck, and Sadler (2009) who relate the use of compensation consultants 

to the portion of executive compensation paid in the form of equity. The statistical models 

adopted in these papers are, for the most part, based on linear estimation techniques.  

We utilize an executive compensation research setting to illustrate how the FRM can help 

to overcome limitations of other established econometric approaches. In particular, we examine 

the influence of selected economic and organizational characteristics on the relative weights 
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assigned to various elements of executive pay. We contain the number of predictor variables in 

order to simplify the output of our statistical analyses and the exposition of our findings. The 

omission of other important drivers of executive compensation identified by prior literature is not 

intended to cast a doubt on their significance, but to provide statistical results that illustrate the 

advantages and incremental information provided by the FRM. Furthermore, our analysis is not 

intended as a replication of existing studies of executive compensation. Indeed, we are stymied 

in conducting replication studies because most of the compensation literature we discussed 

earlier uses proprietary data. 

Sample and variables 

We use a panel of publicly available data extracted from Bloomberg, COMPUSTAT, 

Execucomp and Incentive Lab for a sample of firms in the S&P500 index.7 The initial sample 

includes observations for each of the 500 firms for each year between 2007 and 2012, for a total 

of 3,000 firm-year observations. Firms operating in financial and insurance industries, as well as 

mining and natural resources extraction and distribution are excluded from the sample (696 firm-

year observations).8 To eliminate undesirable effects of potential outliers, we trim the sample by 

excluding any observation for which the explanatory variables fall within the first or the 99th 

percentiles (334 firm-year observations). The final sample includes 1,970 firm-year observations.  

We refer to prior literature on the determinants of executive compensation to identify 

variables suitable for the illustrative purposes of this analysis. We defined our dependent 

variable, Pay-mix, as the proportion of variable pay to total compensation and computed as the 

difference between total CEO compensation and salary, divided by total CEO compensation, 

                                                 
7 The composition of the S&P500 is subject to variation over time. The sample for this study was 
extracted on June 12, 2013. 
8 Firms’ industry classification is based on two-digit SIC codes. 
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consistent with Core, Holthausen, and Larcker (1999). Additionally, we examine alternative 

fractional dependent variables representing other components of executive compensation. These 

include Equity_mix, defined as the sum of stock and options awarded to the CEO expressed as a 

proportion of total compensation, Stock_mix defined as the proportion of pay represented by 

stock alone, and Cash_bonus_mix defined as the portion of compensation paid as cash bonus. 

These dependent variables are all bounded between zero and one, and present interesting 

differences in their distributions, as shown in Figure 1 and reported in Table 2, Panel A. The 

distribution of Pay_mix (Figure 1, Panel A) does not present significant pile-up at the extremes. 

It is, however, left skewed (-4.299) and highly kurtotic (26.793). Equity_mix, appears to be 

normally distributed within an interval (skewness = -0.599; kurtosis = 3.173) but it displays 

significant pile-up at zero. Stock_mix exhibits a similar pile-up at zero, but the distribution is 

right skewed (0.370) and slightly kurtotic (2.594). Finally, Cash_bonus_mix displays a 

significant pile-up at zero, as well as significant right skewness (1.488), and kurtosis (6.537). We 

expect to obtain the largest informative advantages from the FRM in cases where there is 

significant pile-up at one of the extremes and the distribution is skewed. 

The explanatory variables are based on extant compensation literature and include 

measures of accounting and financial performance, characteristics of the board of directors, 

attributes of the CEO, and ownership structure (Core, Holthausen, and Larcker 1999; Eisenhardt 

1989; Armstrong, Ittner, and Larcker 2012; Finkelstein and Hambrick 1989). Economic and 

financial determinants of CEO compensation include the natural logarithm of firm revenue as a 

proxy for firm size (Sales_log), firms’ investment opportunity set (Inv_opp) defined as the 

average of the market-to-book ratio over the last five years, return on assets (ROA) and stock 

returns (RET), as well as the 5-year standard deviation of ROA (ROA_SD) and returns (RET_SD) 
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as measures of financial performance volatility (Core, Holthausen, and Larcker 1999). We 

include an indicator variable (CEO_duality) equal to one if the CEO is also the chairman of the 

board, and zero otherwise (Core, Holthausen, and Larcker 1999; Finkelstein and Hambrick 1989; 

Armstrong, Ittner, and Larcker 2012). Board structure variables are consistent with the studies by 

Core, Holthausen, and Larcker (1999) and Eisenhardt (1989), and include board size 

(Board_size), and the average age of the board members (Board_age). Finally, we include in our 

model the percentage of shares owned by the CEO (CEO_shares).9 Table 2, Panel B reports 

descriptive statistics for the predictors described above. 

---- Insert Table 2 here ---- 

Statistical analyses and results 

The dependent variable is bounded between zero and one. As reported in Table 2 observations at 

the extremes are present. With the exception of Pay_mix, the other dependent variables exhibit 

significant pile-up at zero (see Figure 1, panels A-D). The fractional nature of the four response 

variables and the positive probability mass at one of the extremes provide an ideal setting for the 

application of the FRM. We estimate the following relation: 

(3)

 

where DV refers to Pay_mix, Equity_mix, Stock_mix, or Cash_bonus_mix.  

As in Core, Holthausen, and Larcker (1999) and Armstrong, Ittner, and Larcker (2012) 

one period lagged predictors are included to account for the fact that compensation paid in any 

                                                 
9 We measure the predictors included in this study with information extracted exclusively from 
publicly available data sources. Extant studies that use proprietary datasets may not measure the 
variables in the same manner.  

DVi,t i,t 1Sales _logi,(t1)2Inv _ oppi,(t1) 3ROAi,(t1) 4RETi,(t1) 5ROA _ SDi,(t1)

6RET _ SDi,(t1) 7CEO _ dualityi,(t1) 8Board _ Sizei,(t1) 9Board _ Agei,(t1)

10CEO _ sharesi,(t1) Controls
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fiscal year is based on prior year performance. We also control for year and industry fixed 

effects. We estimate equation (3) using OLS as well as FRM.10 Because none of our bounded 

dependent variables presents pile-up at both extremes we do not use two-limit Tobit, which 

would provide logically inconsistent estimations. Table 3 reports the estimation results.  

We first turn to the results for Pay-mix. Panel A of Table 3 reveals that Sales_log, 

Inv_opp, RET, CEO_duality, Board_size, and Board_age are positively associated with Pay-mix, 

while ROA and CEO_shares is significantly negatively associated. OLS and FRM, for the most 

part, reveal similar results, and the APEs from the FRM model are substantially similar to the 

coefficients from the OLS model. Similar conclusions can be drawn from Panels B, C, and D of 

Table 3 that examine the determinants of Equity_Mix, Stock-Mix, and Cash_bonus_mix. Thus, 

we conclude that both estimation methods produce consistent results in terms of direction and 

statistical significance of the influence of the predictors on the response variable. 

---- Insert Table 3 here ---- 

The purpose of this analysis, however, is not to confirm or dispute results already 

documented in the literature on the drivers of executive compensation, but to highlight some 

potential benefits of the FRM for the interpretation of these results. The comparison of the R2 

values associated with the two approaches (Table 3) indicates that the FRM estimation 

systematically yields a better fit than OLS. This is because the FRM accounts for the nonlinearity 

in the data, as well as for the boundedness of the dependent variable. Additionally, the analysis 

                                                 
10 In the analysis of panel data with large cross-sections and small number of years, Papke and 
Wooldridge (2008) recommend the use of probit FRM (f-probit), which allows for unobserved 
exogeneity and provides consistent estimations without including separate intercepts to account 
for firm fixed effects. We include indicator variables for each year (with the exclusion of 2007, 
which is the dropped dummy) to account for generalized economic effects across all industries, 
especially during the years of the recent financial crisis (2008 and 2009).  
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of the partial effects shows how the FRM can be instrumental to more accurate inferences, 

especially at the tails of the response variable distribution. The OLS approach predicts constant 

changes in the response variable driven by a unit change in the predictors, independent of the 

starting value of the explanatory variable. The FRM accounts for nonconstant returns. While the 

overall average partial effect (APE) is comparable to the slope coefficient estimated by OLS, the 

analysis of partial effects at various percentiles of the predictor’s distribution provides insights 

on the shape of the relation between the explanatory and response variables, as summarized 

below.  

Pay_mix 

The relation between firm size (Sales_log) and the incentive-based portion of CEO compensation 

appears to have, on average, a slightly steeper slope in the FRM model relative to the OLS model 

(0.0097 versus 0.0089) as indicated in Table 3, Panel A. Additionally, this relation exhibits a 

deceleration toward the upper tail of the predictor. That is, at the 99th percentile, the slope is 33 

percent flatter than at the first percentile. Similarly, the effect of Board_size and Board_age also 

decrease along the range of the predictors. The influence of Inv_opp on Pay_mix appears to be 

constant throughout the range, while the effect of ROA on Pay_mix increases (in negative terms) 

from -0.0012 at the first percentile, to -0.0016 at the 99th percentile. CEO_duality and 

CEO_shares, present a relatively linear process, albeit with a kink in the slope. 

Evaluating the response variable (Pay-mix) at different points in the distribution of 

statistically significant predictors reveals (untabulated) that the predicted value of Pay-mix is 

0.221, 0.217, 0.198, 0.181, and 0.173 at the first, fifth, 50th, 95th, and 99th percentiles, 
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respectively.11 In comparison, the predicted value of Pay-mix using the mean values of the 

control variables and OLS estimates is 0.199 along the entire distribution.12 Thus, OLS 

understates (overstates) the predicted value of Pay-mix by 11 percent (13 percent) for 

observations at the left bound (right bound). Estimation methods that do not adjust for mass at 

the corners would conclude that firms at the lower bound (that is firms that use little to no 

variable pay) are less influenced by the predictor variables than they actually are. Conversely, 

firms at the upper bound (who use mostly all variable pay) are less influenced by the predictor 

variables than the prediction of OLS.  

Equity_mix 

As can be seen from Table 3, Panel B, this represents a case in which the FRM does not provide 

any significant additional information on the shape of the relations between executive 

compensation and firm characteristics, compared to the linear model. Recall that the distribution 

of Equity_mix (Figure 1, Panel B) presented characteristics similar to a normal distribution. 

Based on the estimation results, the mass at the lower bound does not seem to substantially 

influence the linearity of the relations except that the effect of CEO_shares on Equity_mix 

appears to be less pronounced at the 99th percentile relative to the other portions of the 

distribution. 

Stock_mix 

                                                 
11 This was computed by multiplying the coefficient for each of the statistically significant 
predictor variables with its respective mean value (Table 1, Panel B). For example, Sales_log, 
Inv_opp, ROA, RET, CEO_duality, Board-size, Board_age, and CEO_shares are significant 
drivers of Pay-mix. The predicted value of Pay-mix at the first percentile is computed as 
∑(coefficienti*mean valuei), which is (0.0108*2.188 + 0.0004*5.211 - 0.0012*7.444 + 
0.0338*0.111 + 0.0186*0.611 + 0.0077*10.811 + 0.0018*61.545  - 0.0047*0.970). Values at 
other percentiles are computed in a similar manner. 
12 This is computed as 0.0089*2.188 + 0.0005*5.211 - 0.0016*7.444 + 0.031*0.111 + 
0.0184*0.611 + 0.007*10.811 + 0.0017*61.545 - 0.0061*0.970. 
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The results in Table 3, Panel C reveals that Stock_mix is negatively associated with Inv_opp and 

CEO_shares and both effects decelerate toward the upper tail of the predictor, particularly the 

effect of CEO_shares, which has less than half of the effect at the 99th percentile (-0.0063) that it 

has at the mean (-0.0144). Thus, an estimation model that does not consider the mass at the tails 

could overestimate the effect of CEO-shares on Stock_mix for observations at the upper bound.  

Cash_bonus_mix 

RET and Board_age are positively associated Cash bonus_mix, and their effects accelerate at the 

upper tail. The former shows a 23 percent increase in the intensity of the relation at the upper tail 

(0.0407 at the 99th percentile versus 0.0358 at the 50th percentile), while the latter effect increases 

at the upper tail by 20 percent (0.0042 at the 99th percentile as opposed to 0.0039 at the 50th 

percentile). Similarly, the negative influence of the variability of stock returns (RET_SD) is 27% 

lower at the 99th percentile (-0.057) relative to the first percentile (-0.0776). 

The value of Cash bonus_mix along the distribution of the values of the predictor 

variables reveals (untabulated) that the predicted value of Cash bonus_mix is 0.192, 0.205, 

0.218, 0.233, and 0.243 at the 1st, 5th, 50th, 95th, and 99th percentiles, respectively. As against this, 

the predicted value of Cash bonus_mix using OLS is 0.227; thus OLS overstates (understates) 

the predicted value of Cash bonus_mix by 15 percent (7 percent) for observations at the left 

bound (right bound). OLS would lead to the erroneous conclusion that firms at the lower bound 

(that is firms that pay little cash bonus) are more influenced by the predictor variables than they 

actually are. Firms at the upper bound (who use mostly all cash bonus) are less influenced by the 

predictor variables than suggested by OLS.  

5. Summary and conclusions 
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In this paper we present some key features of the fractional response model (FRM) developed by 

Papke and Wooldridge (1996, 2008) and discuss its application to a large variety of accounting 

research settings. FRM overcomes limitations of existing alternative approaches for the statistical 

analysis of dependent variables that are bounded in nature and present a material number of 

observations at one of the bounds or tails. The model is computationally simple, offers 

interesting levels of flexibility in its applications to cross-sectional, longitudinal, and panel data, 

accounts for nonlinearity, and rests free of many of the restrictive assumptions that are in general 

required by more traditional econometric solutions.  

 Accountants are often interested in studying variables that are bounded in nature and 

exhibit positive probability mass at the bounds (fat tails). Examples include performance 

measures such as market share; accounting and reporting choices such as the portion of foreign 

earnings that are permanently reinvested; consequences of regulation adoptions as in the case of 

reductions of the reserve for uncertain tax positions; or the composition of boards of directors or 

executive compensation packages. We present simulation results that reveal the estimation 

advantage provided by FRM for varying levels of mass at the boundaries.  

 To provide an illustration of the FRM in an accounting setting, we build on the existing 

executive compensation literature and test some of the established relations known to identify 

drivers of executive compensation components. We perform the analyses using both OLS and 

FRM. Comparison of the results indicates that the FRM provides improved fit while accounting 

for the nonlinearity in the data and the nonconstant returns of the dependent variable along the 

range of the predictors. The FRM allows the evaluation of average partial effects at different 

levels of the explanatory variables, supporting more precise inferences especially in cases where 

observations at the corners are of particular interest for the researcher. Given the computational 
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simplicity and the incremental explanatory power, the application of the FRM should be 

considered at least as a complement to other traditional econometric methods used in accounting 

research. 

  



 42

References 

Alli, K. L., A. Q. Khan, and G. G. Ramirez. 1993. Determinants of corporate dividend policy: A 
factorial analysis. The Financial Review 28 (4): 523-547. 

Amir, E., Y. Guan, and G. Livne. 2010. Auditor independence and the cost of capital before and 
after sarbanes–oxley: The case of newly issued public debt. European Accounting Review 
19 (4): 633-664. 

Arabmazar, A., and P. Schmidt. 1981. Furhter evidence on the robustness of the tobit estimator 
to heteroskedasticity. Journal of Econometrics 17: 253-258. 

Armstrong, C. S. 2007. The incentives of equity-based compensation and wealth: SSRN: 
http://ssrn.com/abstract=1147363. 

Armstrong, C. S., J. L. Blouin, and D. F. Larcker. 2012. The incentives for tax planning. Journal 
of Accounting and Economics 53 (1-2): 391-411. 

Armstrong, C. S., J. E. Core, and W. R. Guay. 2014. Do independent directors cause 
improvements in firm transparency? Journal of Financial Economics 113 (3): 383-403. 

Armstrong, C. S., C. D. Ittner, and D. F. Larcker. 2012. Corporate governance, compensation 
consultants, and CEO pay levels. Review of Accounting Studies 17 (2): 322-351. 

Baber, W. R., S. H. Kang, and K. R. Kumar. 1998. Accounting earnings and executive 
compensation: the role of earnings persistence. Journal of Accounting & Economics 25 
(2): 169-193. 

Balakrishnan, R., L. Eldenburg, R. Krishnan, and N. Soderstrom. 2010. The influence of 
institutional constraints on outsourcing. Journal of Accounting Research: no-no. 

Bastos, J. A. 2010. Forecasting bank loan loss-given-default. Journal of Banking & Finance 34 
(10): 2510-2517. 

Beatty, A., S. Liao, and J. Weber. 2010. Financial reporting quality, private information, 
monitoring, and the lease-versus-buy decision. The Accounting Review 85 (4): 1215-
1238. 

Beatty, A., and J. Weber. 2006. Accounting Discretion in Fair Value Estimates: An Examination 
of SFAS 142 Goodwill Impairments. Journal of Accounting Research 44 (2): 257-288. 

Bechmann, K. L., and T. K. Hjortshøj. 2009. Disclosed values of option-based compensation – 
Incompetence, deliberate underreporting or the use of expected option life? European 
Accounting Review 18 (3): 475-513. 

Blouin, J., C. Gleason, L. Mills, and S. Sikes. 2010. Pre-empting disclosure? Firms' decision 
prior to FIN 48. The Accounting Review 85 (3): 791-815. 

Bushee, B. J. 2001. Do institutional investors prefer near-term earnings over long-run value? 
Contemporary Accounting Research 18 (2): 207-246. 

Bushee, B. J., and C. F. Noe. 2000. Corporate disclosure practices, institutional investors, ans 
stock return volatility. Journal of Accounting Research 38 (Supplement: Studies on 
Accounting Information and the Economics of the Firm): 171-202. 

Bushman, R., Q. Chen, E. Engel, and A. Smith. 2004. Financial accounting information, 
organizational complexity and corporate governance systems. Journal of Accounting and 
Economics 37 (2): 167-201. 

Campbell, D. 2008. Nonfinancial performance measures and promotion-based incentives. 
Journal of Accounting Research 46 (2): 297-332. 

Carcello, J. V., and T. L. Neal. 2000. Audit committee composition and auditor reporting. The 
Accounting Review 75 (4): 453-467. 



 43

Chang, S. J., and J. Hong. 2000. Economic performance of group-affiliated companies in Korea: 
intragroup resource sharing and internal business transactions. Academy of Management 
Journal 43 (3): 429-448. 

Chen, C. X., E. M. Matsumura, J. Y. Shin, and S. Y.-C. Wu. 2015. The effect of competition 
intensity and competition type on the use of customer satisfaction measures in executive 
annual bonus contracts. The Accounting Review 90 (1): 229-263. 

Chen, Z., Y. Guan, and B. Ke. 2013. Are stock option grants to directors of state-controlled 
Chinese firms listed in Hong Kong genuine compensation? Accounting Review 88 (5): 
1547-1574. 

Christensen, H. B., and V. V. Nikolaev. 2012. Capital versus performance covenants in debt 
contracts. Journal of Accounting Research 50 (1): 75-116. 

Conyon, M. J., S. I. Peck, and G. V. Sadler. 2009. Compensation consultants and executive pay: 
evidence from the United States and the United Kingdom. Academy of Management 
Perspectives 23 (1): 42-55. 

Core, J. E., W. Guay, and D. F. Larcker. 2008. The power of the pen and executive 
compensation. Journal of Financial Economics 88 (1): 1-25. 

Core, J. E., R. W. Holthausen, and D. F. Larcker. 1999. Corporate governance, chief executive 
officer compensation, and firm performance. Journal of Financial Economics 51: 371-
406. 

Czarnitzki, D., and K. Kraft. 2004. Firm leadership and innovative performance: Evidence from 
seven EU Countries. Small Business Economics 22 (5): 325-332. 

Dechow, P., and H. You. 2012. Analysts' motives for rounding EPS forecasts. The Accounting 
Review 87 (6): 1939-1966. 

Denis, D. J., and J. Xu. 2013. Insider trading restrictions and top executive compensation. 
Journal of Accounting and Economics 56 (1): 91-112. 

Dietrich, J. R., K. A. Muller, and E. J. Riedl. 2007. Asymmetric timeliness tests of accounting 
conservatism. Review of Accounting Studies 12 (1): 95-124. 

Dikolli, S. S., S. L. Kulp, and K. L. Sedatole. 2009. Transient institutional ownership and CEO 
contracting. The Accounting Review 84 (3): 737-770. 

Dyreng, S. D., M. Hanlon, and E. L. Maydew. 2008. Long-run corporate tax avoidance. The 
Accounting Review 83 (1): 61-82. 

———. 2010. The effects of executives on corporate tax avoidance. The Accounting Review 85 
(4): 1163-1189. 

Dyreng, S. D., M. Hanlon, E. L. Maydew, and J. R. Thornock. 2014. Changes in corporate 
effective tax rates over the past twenty-five years. In SSRN: 
http://ssrn.com/abstract=2521497. 

Eickelpasch, A., and A. Vogel. 2011. Determinants of export behavior of German business 
services companies. The Service Industries Journal 31 (4): 513-526. 

Eisenhardt, K. M. 1989. Agency theory: an assessment and review. Academy of Management 
Review 14 (1): 57-74. 

Finkelstein, S., and D. C. Hambrick. 1989. Chief executive compensation: a study of the 
intersection of markets and political processes. Strategic Management Journal 10 (2): 
121-135. 

Gao, F., J. S. Wu, and J. Zimmerman. 2009. Unintended consequences of granting small firms 
exemptions from securities regulation: Evidence from the Sarbanes-Oxley Act. Journal 
of Accounting Research 47 (2): 459-506. 



 44

Graham, J. R., M. Hanlon, and T. Shevlin. 2011. Real effects of accounting rules: Evidence from 
multinational firms’ investment location and profit repatriation decisions. Journal of 
Accounting Research 49 (1): 137-185. 

Graham, J. R., C. R. Harvey, and S. Rajgopal. 2005. The economic implications of corporate 
financial reporting. Journal of Accounting and Economics 40 (1-3): 3-73. 

Granja, J. 2013. The relation between bank resolutions and information environment: Evidence 
from the auctions for failed banks. Journal of Accounting Research 51 (5): 1031-1070. 

Greene, W. H. 1951. Econometric Analysis. 7th ed. Upple Saddle River, NJ: Prentice Hall. 
Gu, F., and B. Lev. 2011. Overpriced shares, ill-advised acquisitions, and goodwill impairment. 

The Accounting Review 86 (6): 1995-2022. 
Guenther, D. A., and R. Sansing. 2010. The effect of tax-exempt investors and risk on stock 

ownership and expected returns. The Accounting Review 85 (3): 849-875. 
Hanlon, M., and S. Heitzman. 2010. A review of tax research. Journal of Accounting and 

Economics 50 (2-3): 127-178. 
Hermalin, B. E., and M. S. Weisbach. 1988. The determinants of board composition. The RAND 

Journal of Economics 19 (4): 589-606. 
Huddart, S., and M. H. Lang. 1996. Employee stock option exercises. An empirical analysis. 

Journal of Accounting and Economics 21: 5-43. 
Impink, J., M. Lubberink, B. Praag, and D. Veenman. 2011. Did accelerated filing requirements 

and SOX Section 404 affect the timeliness of 10-K filings? Review of Accounting Studies. 
Indjejikian, R., and M. Matejka. 2009. CFO fiduciary responsibilities and annual bonus 

incentives. Journal of Accounting Research 47 (4): 1061-1093. 
Indjejikian, R. J., and M. Matĕjka. 2012. Accounting decentralization and performance 

evaluation of business unit managers. The Accounting Review 87 (1):  261-290. 
Ittner, C. D., R. A. Lambert, and D. F. Larcker. 2003. The structure and performance 

consequences of equity grants to employees of new economy firms. Journal of 
Accounting and Economics 34: 89-127. 

Ittner, C. D., D. F. Larcker, and M. Pizzini. 2007. Performance-based compensation in member-
owned firms: An examination of medical group practices. Journal of Accounting and 
Economics 44 (3): 300-327. 

Jayaraman, S., and T. T. Milbourn. 2012. The role of stock liquidity in executive compensation. 
Accounting Review 87 (2): 537-563. 

Kini, O., S. Mian, M. Rebello, and A. Venkateswaran. 2009. On the structure of analyst research 
portfolios and forecast accuracy. Journal of Accounting Research 47 (4): 867-909. 

Lambert, D. M., and D. F. Larcker. 1987. An analysis of the use of accounting measures of 
performance in executive compensation contracts. Journal of Accounting Research 25 
(Supplement): 85-125. 

Larcker, D. F., A. L. McCall, and G. Ormazabal. 2013. Proxy advisory firms and stock option 
repricing. Journal of Accounting and Economics 56 (2–3): 149-169. 

Lee, C.-W. J., and D. A. Hsieh. 1985. Choice of inventory accounting methods: Comparative 
analyses of alternative hypotheses. Journal of Accounting Research 23 (2): 468-485. 

Li, E. 2013. Revealing future prospects without forecasts: The case of accelerating material 
contract filings. The Accounting Review 88 (5): 1769-1804. 

Loudermilk, M. S. 2007. Estimation of fractional dependent variables in dynamic panel data 
models with an application to firm dividend policy. Journal of Business & Economic 
Statistics 25 (4): 462-472. 



 45

Maas, V., and M. Matejka. 2009. Balancing the dual responsibilities of business unit controllers: 
field and survey evidence. The Accounting Review 84 (4): 1233-1253. 

Maddala, G. S. 1983. Limited-Dependent and qualitative variables in econometrics. Vol. 3: 
Cambridge University Press. 

———. 1991. A Perspective on the use of limited-dependent and qualitative variables models in 
accounting research. The Accounting Review 66 (4): 788-807. 

Mills, L., M. M. Erickson, and E. L. Maydew. 1998. Investments in tax planning. The Journal of 
the American Taxation Association 20 (1): 1-20. 

Morse, D., and G. Richardson. 1983. The LIFO/FIFO decision. Journal of Accounting Research 
21 (1): 106-127. 

Murphy, K. J. 1985. Corporate performance and managerial remuneration. Journal of 
Accounting & Economics 7: 11-42. 

Natarajan, R. 1996. Stewardship value of earnings components: Additional evidence on the 
determinants of executive compensation. The Accounting Review 71 (1): 1-22. 

Noreen, E. 1998. An empirical comparison of probit and OLS regression hypothesis tests. 
Journal of Accounting Research 26 (1): 119-133. 

Omer, T. C., C. D. Weaver, and J. H. Wilde. 2012. Investments in tax planning, tax avoidance 
and the new economy business model. In SSRN: http://ssrn.com/abstract=2001716. 

Papke, L. E., and J. M. Wooldridge. 1996. Econometric methods for fractional response 
variables with an application to 401(K) plan participation rates. Journal of Applied 
Econometrics 11 (6): 619-632. 

———. 2008. Panel data methods for fractional response variables with an application to test 
pass rates. Journal of Econometrics 145 (1-2): 121-133. 

Petacchi, R. 2015. Information asymmetry and capital structure: Evidence from regulation FD. 
Journal of Accounting and Economics 59 (2-3): 143-162. 

Ramalho, E., J. Ramalho, and J. Murteira. 2011. Alternative estimating and testing empirical 
strategies for fractional regression models. Journal of Economic Surveys 25 (1): 19-68. 

Rego, S. O. 2003. Tax avoidance activities of U.S. multinational corporations. Contemporary 
Accounting Research 20 (4): 805-833. 

Rogers, J. L., and A. Van Buskirk. 2009. Shareholder litigation and changes in disclosure 
behavior. Journal of Accounting and Economics 47 (1–2): 136-156. 

Skantz, T. R. 2012. CEO Pay, Managerial Power, and SFAS 123(R). The Accounting Review 87 
(6): 2151-2179. 

Sloan, R. G. 1993. Accounting earnings and top executive compensation. Journal of Accounting 
& Economics 16: 55-100. 

Stone, M., and J. Rasp. 1991. Tradeoffs in the choice between logit and OLS for accounting 
choice studies. The Accounting Review 66 (1): 170-187. 

Van der Stede, W. A., M. S. Young, and C. X. Chen. 2007. Doing management accounting 
survey research.  1: 445-478. 

Wagner, J. 2003. Unobserved firm heterogeneity and the size-export nexus: evidence from 
German panel data. Review of World Economics 139 (1): 161-172. 

Wescott, S. H. 1984. Accounting numbers and socioeconomic variables as predictors of 
municipal general obligation bond ratings. Journal of Accounting Research 22 (1): 412-
423. 

Wooldridge, J. 2012. Introductory econometrics: A modern approach: Cengage Learning. 



 46

Wooldridge, J. M. 2002. Econometric analysis of cross section and panel data. Cambridge, MA: 
MIT Press. 

Yermack, D. 1996. Higher market valuation of companies with small board of directors. Journal 
of Financial Economics 40: 185-211. 

Zeghal, D., and K. Mhedhbi. 2006. An analysis of the factors affecting the adoption of 
international accounting standards by developing countries. The International Journal of 
Accounting 41 (4): 373-386. 



 47

FIGURE 1 Dependent variables distribution in the sample 
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TABLE 1 
Simulation results: comparison between OLS, Tobit and FRM 
 

Probability 
distribution 

of x 
f 

Mass at 
corners 

OLS Tobit Fractional Response Model (FRM) 

R2 OLS R2 Tob R2
 FRM APE 

APE 
(1%) 

APE 
(5%) 

APE 
(50%) 

APE 
(90%) 

APE 
(99%) 

Normal 

x 0.166 0.295 0.834 0.295 1.001 0.296 3.766 0.835 0.472 0.652 0.941 0.655 0.473 
2x 0.317 0.579 1.365 0.579 1.999 0.600 7.957 1.365 0.189 0.502 1.987 0.507 0.189 
x2 0.104 0.001 0.002 0.001 0.002 0.001 0.007 0.002 0.002 0.002 0.002 0.002 0.001 
x1/2 0.205 0.156 0.549 0.156 0.679 0.158 2.616 0.549 0.615 0.649 0.573 0.365 0.283 
exp(x) 0.169 0.297 0.839 0.297 1.013 0.297 3.793 0.839 0.493 0.677 0.947 0.634 0.451 
ln(x) 0.171 0.304 0.850 0.304 1.032 0.304 3.860 0.850 0.447 0.633 0.963 0.684 0.492 

Beta 

x 0.220 0.218 0.813 0.218 0.996 0.219 3.805 0.764 0.814 0.925 0.786 0.512 0.465 
2x 0.257 0.479 1.463 0.479 1.999 0.494 7.777 1.485 0.214 0.507 1.934 1.202 0.999 
x2 0.180 0.327 1.121 0.327 1.336 0.332 5.078 1.099 0.528 0.811 1.254 0.880 0.790 
x1/2 0.160 0.089 0.508 0.089 0.621 0.089 2.341 0.523 0.330 0.395 0.543 0.584 0.585 
exp(x) 0.266 0.507 1.519 0.507 1.984 0.515 7.766 1.451 0.347 0.775 1.868 0.841 0.676 
ln(x) 0.234 0.395 1.238 0.395 1.555 0.399 5.898 1.162 0.649 1.041 1.326 0.693 0.591 

Poisson 

x 0.182 0.338 0.082 0.338 0.100 0.341 0.381 0.082 0.055 0.069 0.095 0.056 0.034 
2x 0.353 0.612 0.129 0.612 0.201 0.643 0.804 0.129 0.028 0.058 0.201 0.029 0.007 
x2 0.293 0.258 0.062 0.258 0.098 0.250 0.368 0.066 0.088 0.919 0.069 0.024 0.014 
x1/2 0.186 0.029 0.019 0.029 0.023 0.029 0.093 0.019 0.022 0.021 0.019 0.016 0.015 
exp(x) 0.307 0.497 0.106 0.497 0.163 0.519 0.629 0.111 0.071 0.107 0.141 0.024 0.008 
ln(x) 0.381 0.557 0.125 0.557 0.203 0.619 0.776 0.127 0.038 0.074 0.191 0.025 0.007 

 
Notes to Table 1: (1) This table reports the results of a Monte Carlo simulation performed using Stata. The dependent variable is 
defined considering  and , where  . Each simulation run involves 200 repetitions of 
samples of 1,000 observations. We manipulate the type and parameters of the distribution from which observations are randomly 
extracted. We also manipulate the function f linking predictor and response variable. In all scenarios the error term is obtained from a 
normal distribution: . The estimation results reflect the means calculated for all parameters and statistics of interest in each 
run of 200 repetitions. The percentage of observations at the corners refers to the sum of the observations at each corner, divided by 
the total number of observations. The values of the estimated slope coefficients ( ) are reported for OLS and Tobit, which are linear 
models and, as such, predict a constant change in the response variable for any unit change in the predictor, independently from the 
percentile of the distribution of the predictor. The value of  in FRM is not representative of the economic significance of the effect, 

y min(y*,1) y  max(0, y*) y*  f (x)u

u ~ N (0,.3)
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because in nonlinear models the slope might be different at every value of the predictor. The average partial effect (APE) is 
comparable to the values of  in OLS and Tobit. Additionally, we report the APE at various percentiles of the distribution of the 
predictor to illustrate how the FRM accounts for nonlinearity in the data.    
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TABLE 2 
Illustration of FRM application to a study of determinants of relative weights assigned to elements of executive compensation:  
Descriptive Statistics  
 
Panel A: Dependent variables 

 
Variable  Description N Mean Std Dev Q1 Median Q3 Min Max Skewness Kurtosis 

Pay_mix Difference between 
total CEO 
compensation and 
salary, divided by 
total CEO 
compensation 

1,967 0.861 0.120 0.846 0.888 0.916 0.000 1.000 -4.299 26.793 

Equity_mix Sum of stock and 
options awarded to 
the CEO as a 
proportion of total 
compensation 

1,967 0.515 0.214 0.397 0.538 0.667 0.000 1.000 -0.599 3.173 

Stock_mix Stock awarded to the 
CEO as a proportion 
of total 
compensation 

1,965 0.302 0.216 0.144 0.291 0.444 0.000 1.000 0.370 2.594 

Cash_bonus_
mix 

CEO cash bonus as 
a percentage of total 
compensation 

1,966 0.217 0.158 0.119 0.188 0.277 0.000 1.000 1.488 6.537 
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Panel B: Predictor variables 
 

Variable  Description N Mean Std Dev Q1 Median Q3 Min Max 

Sales_log 
Revenue: proxy for size (in 
$Mil) 

1,970 2.188 1.184 1.369 2.078 2.869 -1.434 6.102 

Inv_opp 
Firm’s investment 
opportunity set 

1,960 5.211 19.181 1.999 2.989 4.711 0.712 725.848 

ROA Return on assets 1,968 7.444 7.931 3.573 6.958 11.275 -56.134 44.081 
RET Annual stock return 1,970 0.111 0.445 -0.113 0.077 0.269 -0.861 7.928 

ROA_SD 
Standard deviation of ROA 
over the last 5 years 

1,969 3.763 4.587 1.128 2.089 4.087 0.051 28.535 

RET_SD 
Standard deviation of annual 
stock returns over the last 5 
years 

1,848 0.347 0.253 0.193 0.282 0.428 0.022 3.700 

CEO_duality 
Indicator variable, equal to 1 
if CEO is also chairman of 
the board 

1,967 0.611 0.488 0 1 1 0 1 

Board_size 
Number of members of the 
board of directors 

1,970 10.811 2.102 9 11 12 5 18 

Board_age 
Average age of the board 
members 

1,937 61.545 3.472 59.600 61.800 63.690 33.600 95.000 

CEO_shares 
Percentage of shares owned 
by the CEO 

1,970 0.970 3.290 0.000 0.095 0.600 0.000 50.370 

          

 
Notes to Table 2: (1) All variables are obtained from COMPUSTAT, ExecuComp, Bloomberg and Incentive Lab. The descriptive 
statistics are calculated on the final sample used in the study (1970 firm-year observations). (2) Panel A reports descriptive statistics for 
the dependent variables. Pay-mix is calculated as the ratio of the difference between CEO total compensation and salary and the total 
compensation (Core, Holthausen, and Larcker 1999). Equity_mix, Stock_mix, and Cash_bonus_mix represent, respectively, the 
percentage of total CEO compensation paid in stock or options, stock only, and cash bonus. Panel B reports descriptive statistics for the 
predictors. 
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TABLE 3 
Drivers of Components of Executive Compensation: Comparison of OLS and FRM  

 
Panel A: Pay_mix 
 

  OLS FRM 

FRM Average Partial Effects (APE) R2 0.1839 0.2013 

N 1,468 1,468 

Predictor OLS FRM APE APE(1%) APE(5%) APE(50%) APE(95%) APE(99%) 

Sales_log 
0.0089 * 0.0453 ** 0.0097 ** 0.0108 ** 0.0106 ** 0.0098 ** 0.0087 ** 0.0083 *** 

(0.005)   (0.021)   (0.0045)   (0.0055)   (0.0052)   (0.0045)   (0.0035)   (0.0032)   

Inv_opp 
0.0005 * 0.002 * 0.0004 * 0.0004 * 0.0004 * 0.0004 * 0.0004 * 0.0004 * 

(0.0003)   (0.0011)   (0.0002)   (0.0002)   (0.0002)   (0.0002)   (0.0002)   (0.0002)   

ROA 
-0.0016 *** -0.0066 *** -0.0014 *** -0.0012 *** -0.0013 *** -0.0014 *** -0.0015 *** -0.0016 ** 

(0.0006)   (0.0023)   (0.0005)   (0.0003)   (0.0004)   (0.0005)   (0.0006)   (0.0007)   

RET 
0.031 *** 0.141 *** 0.0302 *** 0.0338 *** 0.0328 *** 0.0303 *** 0.0271 *** 0.0239 *** 

(0.0097)   (0.0417)   (0.009)   (0.0111)   (0.0105)   (0.0091)   (0.0072)   (0.0054)   

ROA_SD 
0.0009   0.0042   0.0009   0.0009   0.0009   0.0009   0.0009   0.0008   

(0.0007)   (0.0029)   (0.0006)   (0.0006)   (0.0006)   (0.0006)   (0.0006)   (0.0005)   

RET_SD 
-0.0252   -0.0965   -0.0207   -0.0201   -0.0201   -0.0205   -0.0216   -0.023   

(0.0169)   (0.0664)   (0.0143)   (0.0135)   (0.0136)   (0.0141)   (0.0156)   (0.0174)   

CEO_Duality 
0.0184 ** 0.0823 *** 0.0176 *** 0.0186 *** 0.0186 *** 0.0171 *** 0.0171 *** 0.0171 *** 

(0.0072)   (0.0294)   (0.0064)   (0.0071)   (0.0071)   (0.0059)   (0.0059)   (0.0059)   

Board_size 
0.007 *** 0.0308 *** 0.0066 *** 0.0077 *** 0.0074 *** 0.0066 *** 0.0059 *** 0.0055 *** 

(0.0021)   (0.0089)   (0.0019)   (0.0025)   (0.0024)   (0.0019)   (0.0015)   (0.0013)   

Board_age 
0.0017 * 0.008 * 0.0017 * 0.0018 * 0.0018 * 0.0017 * 0.0016 ** 0.0016 ** 
(0.001)   (0.0041)   (0.0009)   (0.001)   (0.001)   (0.0009)   (0.0008)   (0.0008)   

CEO_shares 
-0.0061 *** -0.0225 *** -0.0048 *** -0.0047 *** -0.0047 *** -0.0047 *** -0.0053 *** -0.0072 *** 

(0.0019)   (0.0059)   (0.0013)   (0.0012)   (0.0012)   (0.0012)   (0.0015)   (0.0025)   
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Panel B: Equity_mix 
 

 OLS FRM 
FRM Average Partial Effects (APE) R2 0.15 0.3842 

N 1,468 1,468 

Predictor OLS FRM APE APE(1%) APE(5%) APE(50%) APE(95%) APE(99%) 

Sales_log 
-0.0055   -0.0148   -0.0057   -0.0057   -0.0057   -0.0058   -0.0058   -0.0058   

(0.0073)   (0.0183)   (0.0071)   (0.0071)   (0.0071)   (0.0071)   (0.0071)   (0.0071)   

Inv_opp 
-0.0031 *** -0.0081 *** -0.0031 *** -0.0031 *** -0.0031 *** -0.0031 *** -0.0031 *** -0.0031 *** 

(0.0007)   (0.0018)   (0.0007)   (0.0007)   (0.0007)   (0.0007)   (0.0007)   (0.0007)   

ROA 
-0.0002   -0.0005   -0.0002   -0.0002   -0.0002   -0.0002   -0.0002   -0.0002   

(0.0009)   (0.0023)   (0.0009)   (0.0009)   (0.0009)   (0.0009)   (0.0009)   (0.0009)   

RET 
-0.0047   -0.0132   -0.0051   -0.0051   -0.0051   -0.0051   -0.0051   -0.0051   

(0.0163)   (0.0418)   (0.0163)   (0.0163)   (0.0163)   (0.0163)   (0.0163)   (0.0163)   

ROA_SD 
0.0013   0.0036   0.0014   0.0014   0.0014   0.0014   0.0014   0.0014   

(0.0017)   (0.0043)   (0.0017)   (0.0017)   (0.0017)   (0.0017)   (0.0017)   (0.0016)   

RET_SD 
0.0195   0.0516   0.0201   0.0201   0.0201   0.0201   0.0201   0.0201   

(0.0268)   (0.0692)   (0.027)   (0.027)   (0.027)   (0.027)   (0.0269)   (0.0268)   

CEO_Duality 
-0.0354 *** -0.0913 *** -0.0356 *** -0.0355 *** -0.0355 *** -0.0357 *** -0.0357 *** -0.0357 *** 

(0.0128)   (0.032)   (0.0124)   (0.0124)   (0.0124)   (0.0125)   (0.0125)   (0.0125)   

Board_size 
0.0032   0.008   0.0031   0.0031   0.0031   0.0031   0.0031   0.0031   

(0.0033)   (0.0083)   (0.0032)   (0.0032)   (0.0032)   (0.0032)   (0.0032)   (0.0032)   

Board_age 
-0.0043 ** -0.0111 ** -0.0043 ** -0.0043 ** -0.0043 ** -0.0043 ** -0.0043 ** -0.0043 ** 

(0.0018)   (0.0046)   (0.0018)   (0.0018)   (0.0018)   (0.0018)   (0.0018)   (0.0018)   

CEO_shares 
-0.0073 *** -0.0204 *** -0.0079 *** -0.008 *** -0.008 *** -0.008 *** -0.008 *** -0.0074 *** 

(0.0023)   (0.0069)   (0.0027)   (0.0027)   (0.0027)   (0.0027)   (0.0027)   (0.0021)   
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Panel C: Stock_mix 
 

  OLS FRM 

FRM Average Partial Effects (APE) R2 0.1966 0.2003 

N 1467 1467 

Predictor OLS FRM APE APE(1%) APE(5%) APE(50%) APE(95%) APE(99%) 

Sales_log 
0.005   0.0106   0.0036   0.0035   0.0036   0.0036   0.0036   0.0036   

(0.0067)   (0.019)   (0.0064)   (0.0063)   (0.0063)   (0.0064)   (0.0065)   (0.0066)   

Inv_opp 
-0.0027 *** -0.0093 *** -0.0031 *** -0.0032 *** -0.0032 *** -0.0032 *** -0.0031 *** -0.0027 *** 

(0.0006)   (0.0024)   (0.0008)   (0.0008)   (0.0008)   (0.0008)   (0.0008)   (0.0005)   

ROA 
0   0.0002   0.0001   0.0001   0.0001   0.0001   0.0001   0.0001   

(0.0008)   (0.0025)   (0.0009)   (0.0008)   (0.0008)   (0.0009)   (0.0009)   (0.0009)   

RET 
0.0041   0.0113   0.0038   0.0038   0.0038   0.0038   0.0038   0.0038   

(0.0163)   (0.0492)   (0.0167)   (0.0165)   (0.0166)   (0.0167)   (0.0168)   (0.0169)   

ROA_SD 
0.0003   0.0004   0.0001   0.0001   0.0001   0.0001   0.0001   0.0001   

(0.0016)   (0.0045)   (0.0015)   (0.0015)   (0.0015)   (0.0015)   (0.0015)   (0.0015)   

RET_SD 
-0.0376   -0.1125   -0.0381   -0.0386   -0.0385   -0.0382   -0.0372   -0.0358   

(0.0368)   (0.1071)   (0.0362)   (0.0373)   (0.0371)   (0.0365)   (0.0345)   (0.0316)   

CEO_Duality 
-0.0346 *** -0.0964 *** -0.0326 *** -0.0336 ** -0.0336 ** -0.0321 *** -0.0321 *** -0.0321 *** 

(0.0128)   (0.0367)   (0.0124)   (0.0131)   (0.0131)   (0.012)   (0.012)   (0.012)   

Board_size 
0.0033   0.01   0.0034   0.0033   0.0033   0.0034   0.0034   0.0035   

(0.0033)   (0.0094)   (0.0032)   (0.003)   (0.0031)   (0.0032)   (0.0033)   (0.0033)   

Board_age 
-0.0032 * -0.0085 * -0.0029 * -0.003 * -0.0029 * -0.0029 * -0.0028 * -0.0028 * 

(0.0017)   (0.0049)   (0.0017)   (0.0018)   (0.0017)   (0.0017)   (0.0016)   (0.0016)   

CEO_shares 
-0.0098 *** -0.0417 *** -0.0141 *** -0.0145 *** -0.0145 *** -0.0144 *** -0.0128 *** -0.0063 *** 

(0.0017)   (0.0094)   (0.0032)   (0.0033)   (0.0033)   (0.0033)   (0.0025)   (0.0003)   
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Panel D: Cash_bonus_mix 
 

  OLS FRM 

FRM Average Partial Effects (APE) R2 0.1512 0.1538 

N 1467 1467 

Predictor OLS FRM APE APE(1%) APE(5%) APE(50%) APE(95%) APE(99%) 

Sales_log 
-0.0037   -0.0139   -0.004   -0.0041   -0.004   -0.004   -0.0039   -0.0038   

(0.0049)   (0.0167)   (0.0048)   (0.005)   (0.005)   (0.0048)   (0.0045)   (0.0045)   

Inv_opp 
0.0002   0.0004   0.0001   0.0001   0.0001   0.0001   0.0001   0.0001   

(0.0007)   (0.0022)   (0.0006)   (0.0006)   (0.0006)   (0.0006)   (0.0006)   (0.0006)   

ROA 
-0.0004   -0.0012   -0.0003   -0.0003   -0.0003   -0.0003   -0.0003   -0.0003   

(0.0007)   (0.0024)   (0.0007)   (0.0007)   (0.0007)   (0.0007)   (0.0007)   (0.0007)   

RET 
0.0337 *** 0.126 *** 0.0359 *** 0.0331 *** 0.0339 *** 0.0358 *** 0.0383 *** 0.0407 *** 

(0.0115)   (0.0398)   (0.0113)   (0.0095)   (0.01)   (0.0113)   (0.0128)   (0.0143)   

ROA_SD 
0.0018   0.0059   0.0017   0.0017   0.0017   0.0017   0.0018   0.0018   

(0.0014)   (0.0043)   (0.0012)   (0.0012)   (0.0012)   (0.0012)   (0.0013)   (0.0015)   

RET_SD 
-0.0657 *** -0.2583 *** -0.0736 *** -0.0776 *** -0.0771 *** -0.0745 *** -0.0669 *** -0.057 *** 

(0.0185)   (0.0693)   (0.0197)   (0.0218)   (0.0215)   (0.0202)   (0.0161)   (0.0108)   

CEO_Duality 
-0.0115   -0.0406   -0.0116   -0.0118   -0.0118   -0.0114   -0.0114   -0.0114   

(0.0094)   (0.0312)   (0.0089)   (0.0092)   (0.0092)   (0.0087)   (0.0087)   (0.0087)   

Board_size 
-0.002   -0.007   -0.002   -0.0021   -0.002   -0.002   -0.002   -0.0019   

(0.0024)   (0.0081)   (0.0023)   (0.0024)   (0.0024)   (0.0023)   (0.0022)   (0.0022)   

Board_age 
0.004 *** 0.0137 *** 0.0039 *** 0.0035 *** 0.0037 *** 0.0039 *** 0.0041 *** 0.0042 *** 

(0.0014)   (0.0047)   (0.0013)   (0.0011)   (0.0012)   (0.0013)   (0.0015)   (0.0015)   

CEO_shares 
-0.0011   -0.0041   -0.0012   -0.0012   -0.0012   -0.0012   -0.0011   -0.0011   

(0.0023)   (0.0076)   (0.0022)   (0.0022)   (0.0022)   (0.0022)   (0.0021)   (0.0019)   

 
Notes to Table 3: (1) Table 3 reports the results for OLS and QMLE estimations of linear models and FRM, respectively. For the FRM, 
we report the overall average partial effects (APE), as well as the APEs at specific percentiles. (2) The dependent variables are defined as 
indicated in Table 2. (3) Differently than the results of the Monte Carlo simulation reported in Table 1, in this empirical application we 
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do not report the results of two-limit Tobit regressions because they will be logically inconsistent given that none of the dependent 
variables displays pile-up at both extremes. (4) Similarly to Core et al. (1999), we report the above coefficients up to the fourth decimal 
place. This is reflective of the small economic significance of these variables on the composition of the compensation package. (5) All 
estimations are performed with robust errors and controlling for year and industry fixed effect. The standard errors are reported in 
parenthesis. (6) Statistical significance (two-tailed): *** p<0.01; ** p<0.05; * p<0.10. 


