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1 Introduction

In 1995, Enochs et al. introduced the concept of Gorenstein injective and Gorenstein flat mod-
ules. Then, these modules have become a vigorously active area of research. For background on
Gorenstein modules, we refer the reader to [8, 9, [12]]. In 2012, Gao and Wang introduced and
studied in [11]] Gorenstein FP-injective modules. They established various homological properties
of Gorenstein FP-injective modules mainly over a coherent ring (for more details, see [[13]]).

Recall that coherent rings were first appeared in Chase’s paper [3] without being mentioned by
name. The term coherent was first used by Bourbaki in [2l]. Then, n-coherent rings were introduced
by Costa in [5]. Let » be a non-negative integer. An R-module M is said to be n-presented if
there is an exact sequence F,, — F,_1 — -+ - F} — Fy — M — of R-modules, where
each Fj is finitely generated free. And a ring R is called left n-coherent if every n-presented R-
module is (n + 1)-presented. Thus, for n = 1, left n-coherent rings are nothing but coherent
rings (see [3, [7, [17]). Chen and Ding in [4] introduced, by using n-presented modules, n-FP-
injective and n-flat modules. Bennis in [1] introduced n-.2 -injective and n-.2 -flat modules and
n-2 -coherent rings for any class 2~ of R-modules. Then, in 2018, Zhao et al. in [20] introduced
n-FP-gr-injective graded modules, n-gr-flat graded right modules and n-gr-coherent graded rings
on a class of graded R-modules. Moreover, they defined special finitely presented graded modules
via projective resolutions of n-presented graded left modules, where if U is n-presented graded
module, then in the exact sequence F,, — F,—1 — -+ - F1 = Fy - U — 0, K,_1 =
Im(F,,—1 — F,,_2) is called a special finitely presented module. In this paper, we unify and extend
various homological notions, including the ones cited above, to a more general context. Namely,
we define special finitely presented modules via projective resolutions of n-presented modules in
a given 2" of R-modules. Then, we introduce and study Gorenstein n-.2 -injective and n-.2 -flat
modules with respect to special finitely presented modules.

The paper is organized as follows:

In Section 2, some fundamental concepts and some preliminary results are stated.

In Section 3, we give some characterizations of n-.2"-injective and n-.2" -flat modules.

In Section 4, we introduce the notions of Gorenstein n-.%2 -injective and n-2 -flat modules. We
generalize some results of [20] to the context of n-.2 -injective and n-2 -flat modules as well as
some results of [11]] to the context of Gorenstein n-.2 -injective modules. Then, we give some

characterizations of Gorenstein n-.2 -injective and 2 -flat modules on n-%2 -coherent rings.

2



In Section 5, we introduce and investigate 2 -F'C rings (i.e., self n-Z -injective and n-2 -
coherent rings) whose every module is Gorenstein n-.2 -injective and every Gorenstein n-.2 -
injective right module is Gorenstein n-2 -flat. Furthermore, examples are given which show that
the Gorenstein m-.2 -injectivity (resp., the m-.2 -flatness) does not imply, in general, the Goren-

stein n-2 -injectivity (resp., the n-Z -flatness) for any m > n.

2 Preliminaries

Throughout this paper R will be an associative (non necessarily commutative) ring with identity,
and all modules will be unital left R-modules (unless specified otherwise).

In this section, some fundamental concepts and notations are stated.

Let n be a non-negative integer, M an R-module and 2" a class of R-modules. Then, M is
said to be Gorenstein injective (resp., Gorenstein flat) 8, 9] if there is an exact sequence --- —
I; = Iy — I° = I' — ... of injective (resp., flat ) modules with M = ker(I® — I') such
that Hom (U, —) (resp., U @ —) leaves the sequence exact whenever U is an injective left (resp.,
right) module. The Gorenstein projective modules are defined dually. Recall also that M is said
to be n-FP-injective [4] if Ext's(U, M) = 0 for any n-presented R-module U. In case n = 1, n-
FP-injective modules are nothing but the well-known FP-injective modules. A right module N is
called n-flat if Tor}(N, U') = 0 for any n-presented R-module U. Also, M is said to be Gorenstein
FP-injective |[11] if there is an exact sequence E = --- — F; — Ey — E° —» Bl — ... with
M = ker(E® — E') such that Homz (P, E) is an exact sequence whenever P is finitely presented
with pdp(P) < oo. A graded R-module M is called n-FP-gr-injective [20] if EXT’%(N, M) =0
for any n-presented graded R-module N. A graded right R-module M is called n-gr-flat [20]
if Tori(M,N) = 0 for any n-presented graded R-module N (for more details about graded
modules, see [I10, (14} [15]]).

From now on, 2% is a non empty class of k-presented R-module in a given class 2~ for any
integer k£ > 0.

An R-module M is said to be n-2 -injective [1]] it EXT’,(U, M) = 0 for any U € Z;. A right
R-module N is called n-2 -flat [1]] if Tor’,(N,U) = 0 for any U € Z;,. We use 2".%,, (resp.,
Z %) to denote the class of all n-2 -injective left R-modules (resp., n-2 -flat right R-modules).

Aring R is called left n-.2"-coherent if every n-presented R-module in 2" is (n + 1)-presented.
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It is clear that when n = 0 (resp., n = 1) and 2" is a class of all cyclic R-modules, then R is

Noetherian (resp., coherent).

3 n-Z -injective, n-.2 -flat and special .2 -presented mod-
ules

In this section, we state a relative version of [20, Definition 3.1] and provide several characteriza-
tions of n-Z -injective and n-.2 -flat modules.
Let us introduce the following notions. Let n > 0 be an integer and U € 2, for a class 2~ of

R-modules. Then, an exact sequence of the form
r,—F_4——F"—5—U-—0,

where each F; is a finitely generated free R-module, exists. Let K,y = Im(F,—1 — F,_9)
and K,, = Im(F,, — F,_1). The short exact sequence 0 — K,, — F, — K, 1 — 0is
called a special short exact sequence of U. It is clear that K, and K, _ are finitely generated and
finitely presented, respectively. We call K, a special 2 -generated R-module and K, a special
Z -presented R-module.

Also, a short exact sequence 0 - A — B — C' — 0 of R-modules is called special .2 -pure, if

for every special 2 -presented K,_1, there exists the following exact sequence:
0— HOIIlR(Kn_l, A) — HOIIlR(Kn_l, B) — HOII]R(Kn_l, C) — 0.

The R-module A is said to be a special 2 -pure in B. Also, the exact sequence 0 — C* — B* —
A* — 0is called a split special exact sequence. If M is an n-.2 -injective (resp., a flat) R-module,
then Exth(K,_1, M) = Ext%(U, M) = 0 (resp., Torf(M, K,,_1) = Tor®(M,U) = 0) for any
Ue Zn.

In particular, if 2 is a class of graded R-modules, then every special 2 -generated and every
special 2 -presented module are special finitely generated and special finitely presented graded R-
modules, respectively. Also, every n-Z -injective R-module and every n-.2 -flat right R-module

are n-FP-gr-injective and n-gr-flat, respectively; see [20].

Proposition 3.1. Let 2" be a class of R-modules and M an R-module. Then, the following state-

ments are equivalent:



(1) M is n-Z -injective;
(2) Every short exact sequence 0 — M — A — C — 0 is special Z -pure;
(3) M is special Z -pure in any injective R-module containing it;
(4) M is special Z -pure in E(M).
Proof. (1) = (2) Let U € Z,,. Then, there exists the following exact sequence
r,—F4——F"—5—U-—0,

where each Fj is a finitely generated free R-module. If K,,_; = Im(F,—; — F,_2) is special
2 -presented, then Exth(K,,_1, M) = Ext(U, M) = 0 since M is n-2 -injective. Hence (2)
follows.

(2) = (3) Consider the canonical short exact sequence 0 — M — E — £ — 0, where E is
an injective R-module containing M. So by (2), M is special 2 -pure in E.

(3) = (4) is trivial.

(4) = (1) Assume that U € 2}, and K,,_; is special 2 -presented. By (4), the short exact

sequence 0 - M — E(M) — % — 0 is special 2 -pure. Therefore, Exth (K, _1, M) = 0,
and so from Exth(K,,_1, M) = Ext’ (U, M) we get that M is n-.2 -injective. ]

The following lemma is a generalization of [18), Exercise 40].

Lemma 3.2. Let 2 be a class of R-modules and 0 - A — B — C — 0 be a short exact

sequence of R-modules . Then, the following statements are equivalent:
(1) The exact sequence 0 - A — B — C' — 0 is special Z -pure;

(2) The sequence 0 — Homp(K,—1,A) — Homp(K,_1,B) — Homp(K,_1,C) — 0is

exact for every special Z -presented K, _1;
(3) The short exact sequence 0 — C* — B* — A* — 0 is a split special exact sequence.
Proposition 3.3. Let 2" be a class of R-modules. Then:
(1) Every special Z -pure submodule of an n-Z -flat right R-module is n- %2 -flat.

(2) Every special Z -pure submodule of an R-module is n-Z -injective.



Proof. (1) Let A be a special 2 -pure submodule of an n-%2 -flat right R-module B. Then, by
Lemma[3.2] the sequence 0 — (%)* — B* — A* — 0 is a split special exact sequence. By [1]
Lemma 2.8], B* is n-%2 -injective. Then, from [1, lemma 2.7] and Lemma [3.2] we deduce that A
is n- 2 -flat.

(2) Let A be a special 2 -pure submodule of an R-module B. Then, the exact sequence 0 —
A—B— % — 0 is special .2 -pure. So, by Proposition 3.1} A is n-2 -injective. [

Remark 3.4. (1) Every flat right R-module is n- 2 -flat.
(2) Every injective left (resp., right) R-module is n-Z -injective.
) IfU € Zwm, then U € %, for any m > n.

A ring R is called self left n-Z -injective if R is an n-.2Z -injective left R-module.
Let F be a class of R-modules and M an R-module. Recall that a morphism f : ' — M is called
an F-precover of M if F € F and Homp(F', F) — Hompg(F', M) — 0 is exact for all ' € F.
Moreover, if whenever a morphism g : F© — F' such that fg = f is an automorphism of F', then
f+ F — M is called an F-cover of M. Dually, the notions of F-preenvelopes and F-envelopes

are defined.

Theorem 3.5. Let R be a left n-2 -coherent ring and % be a class of R-modules. Then, the

following statements are equivalent:
(1) R is self left n- % -injective;
(2) For any R-module, there is an epimorphism % % -cover;
(3) For any right R-module, there is a monomorphic 2 .7 -preenvelope;
(4) Every injective right R-module is n-Z -flat;
(5) Every 1-% -injective right R-module is n-Z -flat;
(6) Every n-Z -injective right R-module is n-Z -flat;
(7) Every flat R-module is n-Z -injective.

Proof. (1) = (3) By [}, Theorem 2.16], every right R-module N has an n-2"-flat preenvelope
f: N — F.By [, Theorem 2.13], R* is n-Z -flat, and so [ R* is n-Z -flat by [1, Theorem 2.6].
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On the other hand, R* is a cogenerator, so a monomorphism of the form g : N — [[ R* exists.
Hence, there exists a homomorphism & : F' — [[ R* such that hf = g which implies that f is
monic.

(3) = (4) Let E be an injective right R-module. By (3), there is f : E — F a monic n-.2 -flat
preenvelope of E. So, the sequence 0 - F — F' — % — 0 splits, hence F is n-Z -flat.

(3) = (5) The proof is similar to the one of (3) = (4).

(4) = (6) Let N be an n-.2 -injective right R-module. Then, by Proposition the exact
sequence 0 - N — E(N) — % — 01is special 2 -pure. Since by (3) E(N) is n-2Z -flat, then
from Proposition 3.3] we deduce that N is n-2 -flat.

(5) = (4) is clear by Remark 3.4

(4) = (1) By (4), R* is n-Z -flat since R* is injective. So, R is self left n-2 -injective by [}
Theorem 2.13].

(6 = 7) Let F' be a flat R-module, then F™* is injective, so F™* is n-.Z -flat by (6), and hence F
is n- 2 -injective.

(7 = 2) For any R-module M, there is an .2".% ,-cover f : C' — M. Notice that R is an n-2" -
injective R-module, so f is an epimorphism.

(2 = 1) By hypothesis, R has an epimorphism 2 .#,,-cover f : D — R, then we have a split
exact sequence 0 — Kerf — D — R — 0 with D is n-Z -injective. Then, R is n-.%2 -injective

as a left R-module. ]

Proposition 3.6. Let R be a left n- 2 -coherent ring and 2 be a class of R-modules. If {A;}icr
is a family of R-modules, then @, A; is n-2 -injective if and only if every A; is n- 2 -injective.

Proof. Assume that U € 2. So, there exists a special exact sequence 0 — K, — F, —
K,_1 — 0of Z,. Since R is n-Z -coherent, we conclude that U € Z;; and K, is special
Z -presented. So, if {4;};cs is a family of n-.2 -injective R-modules, we have that

Hom(K,, @ A;) = @ Hom(K,, A;).
il i€l
One easily gets that

EXt%(U,@Az) = EXt}%(Kn,®Az) = @EXJE}%(Kn,Az) = @EXJET}%(U, A,)

iel el iel el



4 Gorenstein n-.2 -injective and n-.2 -flat modules

In this section, we investigate Gorenstein n-Z -injective and Gorenstein n-Z -flat modules which

are defined below. Then, by using of results of Section 3, some characterizations of them are given.
Definition 4.1. Let R be a ring and % be a class of R-modules. Then:

(1) An R-module G is called Gorenstein n-Z -injective, if there exists an exact sequence of

n-Z -injective R-modules:
A= — A4 — A — A" — A — ...

with G = ker(A® — AY) such that Hompg(K,_1, A) is an exact sequence whenever K,,_1

is special 2 -presented with pdp(K,—1) < o0.

(1) An R-module G is called Gorenstein n-Z -flat right R-module if there exists an exact se-
quence of n-Z -flat right R-modules:

F=...—F —F—F —F' — ..

with G = ker(F® — F') such that F ®p K,_1 is an exact sequence whenever K,_1 is

special Z -presented with fdg(K,_1) < oo.

For example, if 2" is a class of all cyclic R-modules, then every Gorenstein 1-.2 -injective R-
module is Gorenstein FP-injective, and every Gorenstein 1-.2 -flat right R-module is Gorenstein
flat, see [} [11]].

Remark 4.2. (1) Every n-2 -flat right R-module is Gorenstein n- %2 -flat.

(2) Every n-Z -injective R-module is Gorenstein n- % -injective.

(3) In Definition 1) one easily gets that each ker(A; — A;_1), ker(A* — A1) and ker(F; —
F,_1), K = ker(F' — F™*') are Gorenstein n-% -injective and Gorenstein n-2 -flat, respec-

tively.

Lemma 4.3. Let R be a left n-2 -coherent ring and X be a class of R-modules. If K, is a
special 2 -presented R-module with fdr(K,,—1) < oo, then pdp(K,—1) < oo.



Proof. If fdg(K,—1) = m < oo, then there exists U € 2}, such that fdg(U) < n + m. We
show that pdr(U) < n + m. Since R is n-2 -coherent, the projective resolution - - - — Fj, 11 —
F, = ---— Fy — U — 0, where any F; is finitely generated free, exists. On the other hand, the
above exact sequence is a flat resolution. So by [16} Proposition 8.17], (n +m — 1)-syzygy is flat.
Hence, the exact sequence 0 — K,4m—1 — Fn4m-1 — -+ = Fy — U — 0 is a flat resolution.
Now, a simple observation shows that if n > m or n < m, K, 4,1 is finitely presented and
consequently by [16, Theorem 3.56], K, 4n,—1 is projective and therefore, pdp(U) < n + m if
and only if pdg(K,—1) < m. ]

In the following theorem, we show that in the case of left n-2 -coherent rings, Gorenstein n-
Z -flat and Gorenstein n-.2 -injective are determined via only the existence of the corresponding

exact complexes.
Theorem 4.4. Let R be a left n- 2 -coherent ring and 2" be a class of R-modules. Then:
(1) A right R-module G is Gorenstein n- 2 -flat if and only if there is an exact sequence
F=..—F —F—F —F — ...
of n-2 -flat right R-modules such that G = ker(F° — F*).
(2) An R-module G is Gorenstein n-Z -injective if and only if there is an exact sequence
A= — A4 — A)— A" — A — ...
of n-% -injective R-modules such that G = ker(A° — A%).

Proof. (1) (=) follows by definition.

(<=) By definition, it suffices to show that F ®p K,,_1 is exact for every special 2 -presented
K, with fdr(K,-1) < co. By Lemmald.3] pdgp(K,—1) < oo. Let pdp(K,—1) = m. We
prove by induction on m. The case m = 0 is clear. Assume that m > 1. There exists a special
exact sequence 0 — K,, — P, = K,, 1 — 0of U € 2, where P, is projective. Now, from the
n-Z -coherence of R, we deduce that K, is special 2 -presented. Also, pdg(K,) < m — 1. So,

the following short exact sequence of complexes exists:
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0— Fi®rpK, —Fh®rP —FQrK,1—0

I 1 I

0— F®rpK, —F®rP —FrK,1—0
I 1 I

0— F'®prK, —F'@rP, — F'®rK,_1 —0
I 1 I

0— F'o@pK, —F'@rP, — F'®@rK,_1 —0

I { I
| [ |
0— ForpK, —FxrpP, —FrK,1—0.

By induction, F ® g P, and F @ K, are exact, hence F ®r K,,_1 is exact by [16, Theorem 6.10].
(2) (=) This is a direct consequence of the definition.
(«<=) Let K,,_1 be a special 2 -presented R-module with pdp(K,,—1) < oo. Then, similar
proof to that of (1) shows that Homr(K,,—1, A) is exact and hence G is Gorenstein n-.2 -injective.

Corollary 4.5. Let R be a left n-Z -coherent ring and 2" be a class of R-modules. Then, for any

R-module G, the following assertions are equivalent:
(1) G is Gorenstein n-Z -injective;

(2) There is an exact sequence --- — A1 — Ay — G — 0 of R-modules, where every Aj; is

n-% -injective;

(3) There is a short exact sequence 0 — L — M — G — 0 of R-modules, where M is

n-% -injective and L is Gorenstein n-Z -injective.

Proof. (1) = (2) and (1) = (3) follow from the definition.
(2) = (1)There is an exact sequence

0—G—I1"—5T1"— ...
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where every I' is injective for any i > 0. By Remark 3.4] each I’ is n-2 -injective. So, an exact

sequence

i — A — A — I — T —

of n-% -injective modules exists, where G = ker(I" — I'). Therefore, G is Gorenstein n-.2 -
injective by Theorem (4.4

(3) = (2) Assume there is an exact sequence
0—L—M-—G—0, (1)

where M is n-Z2 -injective and L is Gorenstein n-2 -injective. Since L is Gorenstein n-2 -

injective, there is an exact sequence
e Ay — A} —>AE]—>L—>O, (2)
where every A; is n-2 -injective. Assembling the sequences (1) and (2), we get the exact sequence
---—>A’2—>A'1—>A6—>M—>G—>0,
where M and A; are n- 2 -injective, as desired. L

Corollary 4.6. Let R be a left n-Z -coherent ring and % be a class of R-modules. Then, for any

right R-module G, the following assertions are equivalent:
(1) G is Gorenstein n-Z -flat;

(2) There is an exact sequence 0 — G — BY — Bl — ... of right R-modules, where every
Btis n-2 -flat;

(3) There is a short exact sequence 0 — G — M — L — 0 of right R-modules, where M is
n-2Z -flat and L is Gorenstein n-Z -flat.

Proof. (1) = (2) and (1) = (3) follow from the definition.

(2) = (1) For any right R-module G, there is an exact sequence
i —> P — Py — G — 0,
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where any P; is flat for any ¢ > 0. By Remark 3.4] every P; is n-2 -flat. Thus, there is an exact
sequence

ii—5P —P—B"— B — ...

of n-Z2 -flat right modules, where G = ker(BO — B 1). Therefore, by Theorem 4.4] G is Goren-
stein n-2 -flat.

(3) = (2) Assume there is an exact sequence
0—G—M-—L—0, (1)

where M is n-2 -flat and L is Gorenstein n-2 -flat. Since L is Gorenstein n-2 -flat, there is an
exact sequence

0—L—F' S F' S F? ... (2
where every F' is n-2 -flat. Assembling the sequences (1) and (2), we get the exact sequence

0—G—M-—F"—F' —F* ...

where M and any F* are n-2 -flat, as desired. ]
Proposition 4.7. Let 2 be a class of R-modules. Then:

(1) Every direct product of Gorenstein n-Z -injective R-modules is a Gorenstein n-Z -injective
R-module.

(2) Every direct sum of Gorenstein n-Z -flat right R-modules is a Gorenstein n-Z -flat R-

module.

Proof. (1) Let U € 2, and {A;};cs be a family of n-2 -injective R-modules. Then, by [I}
Lemma 2.7], [T A; is n-% -injective. So, if {G;};cs is a family of Gorenstein n-Z -injective R-

modules, then the following corresponding exact sequences of n-.2 -injective R-modules
A= — (A1 — (A)o — (4)° — A — -,

where G; = ker((4;)° — (A;)!), induce the following exact sequence of n-2 -injective R-

modules:

HAi = — H(Az)l — H(AZ)O — H(AZ)O — H(Az)l —

iel iel el el el
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where [[;c; Gi = ker(IT;e;(Ai)° — Tlier(Ai)1). If K,y is special 2 -presented, then
Homp (K -1, [[ Ai) = [[ Homp(Kn—1, Ag).
il i€l
By hypothesis, Hom g (K,—1, A;) is exact, and consequently [];<; G; is Gorenstein n- 2 -injective.
(2) LetU € 2, and {I; };c s be a family of n-2 -flat right R-modules. Then, by [1, Lemma 2.7],
@Dicy Li is n-Z -flat. So, if {G; }ics is a family of Gorenstein n-2 -flat right R-modules, then the

following corresponding exact sequences of n-.2 -flat right R-modules

0

L= — )1 — L) — L) — (L) — -,

where G; = ker((I;)® — (I;)!), induces the following exact sequence of n-2 -flat right R-

modules:
PLi=— Pl — Pl — PL)°’ — P — -,
i€ i€ i€ i€ i€
where @, ; Gi = ker(Dies L)° = (D, Ii)). If K,,—1 is special 2 -presented, then
(P ®r Kn1) = PE @ Kn1).
ieJ ieJ
By hypothesis, (I; ® p K,—1) is exact, and consequently @, ; G; is Gorenstein n-.2 -flat. ]

Now, we study the Gorenstein n-.2 -injectivity and Gorenstein n-.2 -flatness of modules in short

exact sequences.
Proposition 4.8. Let R be a left n-Z -coherent ring and Z be a class of R-modules. Then:

(1) Let0 - A — G — N — 0 be an exact sequence of R-modules. If A and N are Gorenstein

n-Z -injective, then G is Gorenstein n- 2 -injective.

(2) Let 0 » K — G — B — 0 be an exact sequence of right R-modules. If K and B are
Gorenstein n- % -flat, then G is Gorenstein n- 2 -flat.

Proof. (1) Since A and N are Gorenstein n-2 -injective, by Corollary there exist exact se-
quences 0 > K — Ag - A —>0and 0 —» L — Ny - N — 0 of R-modules, where Ay and
Ny are n-Z -injective and also, K and L are Gorenstein n-2 -injective. Now, we consider the

following commutative diagram:
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0 0 0

I I I

0O — K — KelL — L — 0
{ { {

0 — Ay — AgdNy — Ny — 0
{ { {

0 — A — G — N — 0
I I I
0 0 0

The exactness of the middle horizontal sequence where Ay and Ny are n-2 -injective, implies
that Ay @ Ny is n-Z -injective by [1, Lemma 2.7]. Also, K & L is Gorenstein n-2 -injective by
Proposition [4.7(1). Hence, from the middle vertical sequence and Corollary we deduce that G
is Gorenstein n-Z -injective.

(2) Since K and B are Gorenstein n-Z -flat, by Corollary there exist exact sequences 0 —
K—-Ky—L —-0and0 —- B — By — L’l — 0 of R-modules, where K and By are n-Z -

flat and also, L and Lll are Gorenstein n-2 -flat. Now, we consider the following commutative

diagram:

0 0 0
4 { 4

0O — K — G — B — 0
4 I 4

0 — K() — KQEBBO — BO — 0
4 I 4

0 — L — Li®Ll; — L — 0
4 I 4
0 0 0

The exactness of the middle horizontal sequence with Ky and By are n- 2 -flat, implies that K &
By is n-Z -flat by [1, Lemma 2.7]. Also, L & L/1 is Gorenstein n- % -flat by Proposition [4.7(2).
Hence from the middle vertical sequence and Corollary .6, we deduce that GG is Gorenstein n-.2"-

flat. ]
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The left n-.2 -injective dimension of an R-module M, denoted by id 2;, (M), is defined to be the
least non-negative integer m such that Ext?;r”“'1 (U, M) =0 forany U € Z,. The left n-2 -flat
dimension of a right R-module M, denoted by fd 4, (M), is defined to be the least non-negative
integer m such that Tor®,, ,(M,U) = 0 for any U € Z,,. If G is Gorenstein n-.2 -injective,

then id 2, (G) = m if there is an exact sequence

0—Ap, — - — A4 — A4 —G—0
or an exact sequence

0—G— A" — A — ... A" 0

of n-Z -injective R-modules. Similarly, if G is Gorenstein n-2 -flat and fd 4, (G) = m, then the
above exact sequences for n-.2 -flat right R-modules exists.
The following theorems are generalizations of Corollaries 4.5 and 4.6 and Proposition

Theorem 4.9. Let R be a left n-2Z -coherent ring and 2" be a class of R-modules which is closed
under kernels of epimorphisms. Then, for every R-module G, the following statements are equiva-

lent:
(1) G is Gorenstein n-Z -injective;
(2) There exists an n-Z -injective resolution of G:
b4y Pya Ty e o
such that @;2 Im(f;) is Gorenstein n-Z -injective;
(3) There exists an exact sequence
B N N

of R-modules, where A; has finite n-2 -injective dimension for any i > 0, such that

i o Im( f;) is Gorenstein n-Z -injective.
Proof. (1) = (2) By Corollary there is an exact sequence
A S
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where every A; is n- % -injective. Consider the following exact sequences:
c— Ay — A} — Ap — Im(fy) — 0,

-—>A3—>A2—>A1—>Im(f1)—>0,

By Proposition @1 A; is n-Z -injective. Thus, there exists an exact sequence

- —Pa—Pa— P A —>@Imf2

1>2 i>1 >0

of n-Z -injective R-modules. Consequently, Corollary 4.3]implies that B;°, Im( ;) is Gorenstein
n-2 -injective.
(2) = (3) trivial.
(3) = (1) Let
s g Py Dy o

—> —G—0

be an exact sequence of R-modules, where A; has finite n-2 -injective dimension. By Corollary
it is sufficient to prove that A; is n-.2 -injective for any ¢ > 0. Consider, the short exact
sequence 0 — Im(fi+1) — A; — Im(f;) — 0 for any ¢ > 0. Therefore, the short exact sequence
0 — @2oIm(fir1) — D2y Ai — Dj2oIm(f;) — 0 exists. By (3) and Proposition 4.8(1),

oo Ai is Gorenstein n-.2 -injective. Also, @;j= A; has finite n- 2 -injective dimension. If
id g, (P52 Ai) = k, then there exists an n-2 -injective resolution of @72 A;:

0— By — By — -+ — By — P A — 0.
el

Let L1 = ker(Bg—1 — Bji—_2) and U € Z,. Then, the exact sequence 0 — By — By_1 —

Ly_1 — 0 induces the following exact sequence:
0 = Ext}(U, By_1) — Ext}(U, L—1) — Extls™ (U, B,) —

By hypothesis, By is (n + 1)-Z -injective, and also U € 2,41 since R is n-2 -coherent. So
Ext%“(U, By) = 0, and hence Ext%(U, Ly—1) = 0. Thus, Lj_; is n-Z2 -injective. Then, with
the same process, we get that =, A; is n-.Z -injective, and so by Proposition A;is n-Z' -

injective for any ¢ > 0. ]
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For the following theorem, the proof is similar to that of (1) = (2), (2) = (3) and (3) = (1)
in Theorem

Theorem 4.10. Let R be a left n- 2 -coherent ring and Z be a class of R-modules which is closed
under kernels of epimorphisms. Then, for every right R-module G, the following statements are

equivalent:
(1) G is Gorenstein n-Z -flat;

(2) There exists the following right n-Z -flat resolution of G:
0 fl f2
0—GLIs10 51t 1.

such that @32, Im(f?) is Gorenstein n-2 -flat,

(3) There exists an exact sequence

0 1 2
0—>Gf—>10f—>11f—>---
of right R-modules, where I; has finite n-Z -flat dimension for any i > 0, such that
2o Im(f?) is Gorenstein n-2 -flat.

5 2 -FC-rings

A ring R is called left 2 -FC-ring if R is self left n-2 -injective and left n-2 -coherent. In
this section, we investigate properties of Gorenstein n-.2 -injective and n-2 -flat modules over
2 -FC-rings, thus generalizing several classical results. Notice that the notion of 2 -FC-ring
generalizes the classical notions of quasi-Frobenius and F'C' (i.e., IF) rings.

It is well-known that quasi-Frobenius (resp., F'C') rings can be seen as rings over which all
modules are Gorenstein injective (resp., Gorenstein ['P-injective). Here, we extend this fact as

well as other known ones to our new context.

Proposition 5.1. Let 2" be a class of R-modules. Then, every R-module is Gorenstein n-Z -
injective if and only if every projective R-module is n- % -injective and for any R-module N,
Homp(—, N) is exact with respect to all special short exact sequences of 2y with modules of

finite projective dimension.
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Proof. (=) Let M be a projective R-module. Then, by hypothesis, M is Gorenstein n-.2 -

injective. So, the following n-.2 -injective resolution of M exists:
e — A — Ay — M — 0.

Since M is projective, M is n-Z -injective as a direct summand of Ay. Also, by hypothesis and
Definition 4.1l Hom g (—, N) is exact with respect to all special short exact sequences with modules
of finite projective dimension since every R-module N is Gorenstein n-.2 -injective.

(<=) Choose an injective resolution of G: 0 — G — E° — E!' — ... and a projective
resolution of G: --- — F} — Fy — G — 0, where every F; is n-Z -injective by hypothesis. As-
sembling these resolutions, we get, by Remark[3.4] the following exact sequence of n-.2 -injective
R-modules:

A= . —F —F—F —E'"— ...,

where G = ker(E? — E'), K' = ker(E" — E**1) and K; = ker(F; — F,_1) forany i > 1. Let
K,,_1 be aspecial 2 -presented module with pdp(K,,—1) < co. Then, by hypothesis, we have:

Extp(Kn-1,G) = Ext(Ky—1, K;) = Extp(K,—1, K') = 0.
So, Homp(K,—1,A) is exact, and hence G is Gorenstein n-Z -injective. [

Proposition 5.2. Let 2 be a class of R-modules. Then, every right R-module is Gorenstein n-
Z -flat if and only if every injective right R-module is n- % -flat and for any R-module N, N @ g —
is exact with respect to all special short exact sequences of 2y with modules of finite projective

dimension.
Proof. Similar to the proof of Proposition n

Theorem 5.3. Let R be a left n-2 -coherent ring and % be a class of R-modules. Then, the

following statements are equivalent:
(1) Every R-module is Gorenstein n-Z -injective;
(2) Every projective R-module is n- % -injective;
(3) R is self left n-Z -injective.
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Proof. (1) = (2) and (2) = (3) hold by Proposition [5.11
(3) = (1) Let G be an R-module and - - - — F; — Fy — G — 0 be any free resolution of G.
Then, by Proposition each F; is n- 2 -injective. Hence, Corollary completes the proof. m

Examples 5.4. Let R = k|23, 22, 2%y, xy?, zy, y?, y°] be a ring and 2" a class of all 1-presented
R-modules. We claim that R is not 1- Z -injective. Suppose to the contrary, R is 1-Z -injective. We
have %Z is special X -presented since Rx?> = R is special 2 -generated. Also, pd R(%) < o0.
So by Proposition [3.1] and Theorem % is projective. Therefore, the exact sequence 0 —

2

R2z? - R — % — 0 splits. Thus, Rx? is a direct summand of R and so, x* is an idempotent, a

contradiction.

Let 2 be a class of graded R-modules. Then, a graded ring R will be called n-gr-regular if and
only if it is n-Z -regular if and only if every n-presented R-module in 2" is projective if and only
if every R-module in 2 is n- %2 -injective if and only if every right R-module in 2 is n-.2Z -flat.
This is a generalization of [19| Proposition 3.11]. Notice that, when n = 1, then R is gr-regular if
and only if 1-2 -regular, see [[18].

The following example show that, for some of class 2" of R-modules and any m > n, ev-
ery Gorenstein n-2 -injective (resp., flat) module is Gorenstein m-.2 -injective. But, Gorenstein
m-2 -injectivity (resp., flatness) does not imply, in general, Gorenstein n-.2 -injectivity (resp.,

flatness).

Examples 5.5. (1) Let R be a graded ring and % a class of graded R-module. Then, for any
m > n, every Gorenstein n- % -injective (resp., flat) module is Gorenstein m- % -injective (resp.,
flat), since by [20, Remark 3.5], every n-Z -injective (resp., flat) module is m-Z -injective (resp.,
flat).

(2) Let R = k[X], where k is a field, and X" a class of graded R-modules. Then, by Remark
every graded left (resp., right) R-module is Gorenstein 2- 2 -injective (resp., flat) since every
2-presented graded R-module is projective. We claim that there is a graded left (resp., right) R-
module N so that N is not Gorenstein 1- 2 -injective (resp., flat). Suppose to the contrary, every
graded left (resp., right) R-module is Gorenstein 1-Z -injective (resp. flat). If U is a finitely
presented graded module, then the special exact sequence 0 — L — Fy — U — 0 of graded
modules exists. So by Proposition (resp., Proposition[3.2), U is projective and it follows that R
is 1- 2 -regular or & -regular, contradiction, see [20| Example 3.6].
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Proposition 5.6. Let 2 be a class of R-modules. Then, the following statements hold:

(1) If G is a Gorenstein injective R-module, then Homp(—, G) is exact with respect to all

special short exact sequences with modules of finite projective dimension.

(2) If G is a Gorenstein flat right R-module, then G Q@ — is exact with respect to all special

short exact sequences with modules of finite flat dimension.

Proof. (1)Let0 — K,, — P, — K,_1 — 0 be a special short exact sequence of U € Z,,. Itis
clear that pdg(U) = m < oo since pdz(K;,—1) < 0o. Also, let G be Gorenstein injective. Then,

the following injective resolution of G exists:
0—N-—A4,-1— - —Ag— G—N0.

So, Ext%H(U, Aj) = O0forevery 0 < j < m —1and any ¢« > 0. Thus, we deduce that
Ext}tH(U, G) = Ext (U, N) = 0 for any i > 0. So, Extk(K,—1,G) = Ext}(U,G) = 0.

(2) The proof is similar to the one above. ]
Now we can state the main result of this section.

Theorem 5.7. Let R be a left n-Z -coherent ring and Z be a class of R-modules. Then, the

following statements are equivalent:
(1) R is self left n- % -injective;
(2) Every Gorenstein n- % -flat R-module is Gorenstein n-Z -injective;
(3) Every Gorenstein flat R-module is Gorenstein n-Z -injective,
(4) Every flat R-module is Gorenstein n- % -injective;
(5) Every Gorenstein projective R-module is Gorenstein n-2 -injective;
(6) Every projective R-module is Gorenstein n-Z -injective;
(7) Every Gorenstein injective right R-module is Gorenstein n- 2 -flat;
(8) Every injective right R-module is Gorenstein n-Z -flat;

(9) Every Gorenstein 1- % -injective right R-module is Gorenstein n- 2 -flat;
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(10) Every Gorenstein n-Z -injective right R-module is Gorenstein n- % -flat.

Proof. (1) = (2), (1) = (3), (1) = (4), (1) = (5) and (1) = (6) follow immediately
from Theorem [5.3]

(3) = (4), (4) = (6) and (5) = (6) are trivial.

(3) = (1) Assume that G is a projective R-module. Then, G is flat and so G is Gorenstein
n-Z -injective by (3). So, similar to the proof of (=) of Proposition 5.1} G is n-.2 -injective.
Thus, the assertion follows from Theorem [5.3]

(6) = (1) This is similar to the proof of (3) = (1).

(1) = (9) By Theorem [3.3] every 1-.2 -injective right R-module is n-2 -flat. Suppose that G

is Gorenstein 1-%2 -injective. So, an exact sequence
M= — M — My — M* — M' — .|

of n-2 -flat right R-modules exists, where G = ker(M° — M"'). Let K, be special 2 -
presented with f.d(K,,—;) < co. Then, similar to the proof of Theorem 4.4(1), M ®pr K, is
exact, and hence G is Gorenstein n-.2 -flat.

(9) = (7) By Remark[3.4] every injective right R-module is 1-.2 -injective. So, if G is Goren-

stein injective, then an exact sequence
E=...—F —F —E —F — ...

of 1-2 -injective right R-modules exists, where G = ker(EY — E!). So, if U € 27 with
pd(U) < oo, then U is special 2 -presented and by Proposition 5.6 Hom (U, E) is exact. There-
fore, GG is Gorenstein 1-2 -injective.

(7) = (8) is trivial since every injective R-module is Gorenstein injective.

(8) = (1) Let M be an injective right R-module. Since M is Gorenstein n-.2 -flat, we have

an exact sequence:
M= — M — My — M* — M' — .|

where any M; is n-2 -flat and M = ker(M" — M?). Then, the split exact sequence 0 — M —
M® — L — 0 implies that M is n-.2 -flat, and hence by Theorem we deduce that R is self
left n-.2 -injective.
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(1) = (10) Suppose that G is a Gorenstein n-.2 -injective right R-module. By Theorem [3.5(6),

every n-.2 -injective right R-module is n- 2 -flat. Thus, an exact sequence
N=...— N, —Ny— N’ — N — ...

of n-% -flat right R-modules exists, where G = ker(N° — N1'). Then, similar to the proof of
Theorem [4.4}(1), (10) follows.
(10) = (7) is clear. [

Acknowledgment. The authors would like to thank the referee for the very helpful comments and
suggestions. Arij Benkhadra’s research reported in this publication was supported by a scholarship
from the Graduate Research Assistantships in Developing Countries Program of the Commission

for Developing Countries of the International Mathematical Union.

References
[1] D. Bennis, n-2 -Coherent rings, Int. Electron. J. Algebra 7 (2010), 128-139.
[2] N. Bourbaki, Algébre Homologique, Chapitre 10, Masson, Paris (1980).
[3] S.U. Chase, Direct product of modules, Trans. Amer. Math. Soc. 97 (1960), 457—473.
[4] J. L. Chen and N. Ding, On n-coherent rings, Comm. Algebra 24 (1996), 3211-3216.

[5] D. L. Costa, Parameterizing families of non-Noetherian rings, Comm. Algebra 22 (1994),
3997-4011.

[6] S. Crivei and B. Torrecillas, On some monic covers and epic envelopes, Arab. J. Sci. Eng.
33(2) (2008), 123-135.

[7] D. E. Dobbs, S. Kabbaj and N. Mahdou, n-Coherent rings and modules, Lect. Notes Pure
Appl. Math. 185 (1997), 269-281.

[8] E.E.Enochs and O. M. G. Jenda, Gorenstein injective and projective modules, Math. Z. 220
(1995), 611-633.

22



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

E. E. Enochs, O. M. G. Jenda and B. Torrecillas, Gorenstein flat modules, J. Nanjing Univ.,
Math. Big. 10 (1993), 1-9.

Z. Gao and J. Peng, n-Strongly Gorenstein graded modules, Czech. Math. J. 69 (2019),
55-73.

Z. Gao and F. Wang, Coherent rings and Gorenstein FP-injective modules, Comm. Algebra
40 (2012), 1669-1679.

H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189 (2004), 167-193.

L. Mao and N. Ding, Gorenstein FP-injective and Gorenstein flat modules, J. Algebra Appl.
7(4) (2008), 491-506.

L. Mao, Strongly Gorenstein graded modules, Front. Math. China, 12(1) (2017), 157-176.

C. Nistdsescu, Some constructions over graded rings, J. Algebra Appl. 120 (1989), 119-
138.

J. Rotman, An Introduction to Homological Algebra, Second edition, Universitext, Springer,
New York, (2009).

B. Stenstrom, Coherent rings and FP-injective modules, J. London Math. Soc. 2 (1970),
323-329.

B. Stenstrom, Rings of Quotients, Springer-Verlag, Berlin, Heidelberg, New York (1975).

X. Y. Yang and Z. K. Liu, FP-gr-injective modules, Math. J. Okayama Univ. 53 (2011),
83-100.

T. Zhao, Z. Gao and Z. Huang, Relative FP-gr-injective and gr-flat modules, Int. Algebra
and Computation 28 (2018), 959-977.

23



	1 Introduction
	2 Preliminaries
	3 n-X-injective, n-X-flat and special X-presented modules
	4 Gorenstein n-X-injective and n-X-flat modules
	5  X-FC-rings 
	Bibliography

