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When evaluating the availability of an repairable equipment, it is customary to use its asymptotic (steady-state) value.
Recent developments in the field of Information Technology and Telecommunications have shown that the transient
regime should not be overlooked, since the availability can decrease below that limit. In a previous work presented
in ESREL 2019, a repairable system described by a gamma failure distribution and an exponential repair distribution
has been studied. The exact solution for the availability was obtained, exhibiting two regimes in which the minimum
availability is indeed smaller than the asymptotic value. We show here that this phenomenon also happens for more
general pairs of failure/repair distributions. We provide simple criteria for the occurrence of such a behavior, and
apply them to various well-known distributions (lognormal, Weibull, Birnbaum-Saunders, and Inverse Gaussian).
We show that replacing the availability by its steady-state value MTTF/(MTTF + MTTR) is not always a safe bet,
and that more care should be exercised for the definition of a robust lower bound of the availability, applicable for
all times. We conclude by providing methods to assess the true minimum of the availability.

Keywords: Availability, MTTF, MTTR, transient behavior, Laplace transform, failure/repair distributions, gamma
distribution, lognormal distribution, Weibull distribution, Birnbaum-Saunders distribution, Inverse Gaussian distri-
bution.

1. Introduction and context longer safe to assume that the availability is given

It is well known that for the textbook model by MTTF/MTTF + MTTR). Current research

exponential distributions with failure rate A\ and
repair rates p, the availability A(t) is given by
(Rausand and Hgyland (2004))

Ay = P A

= it
A )\—l—ue M

In most operational situations, A < p. The avail-
ability is therefore barely distinguishable from its

asymptotic value A, = % which is a lower

bound to A(t). When the distributions are not
exponential, the steady-state availability has to
be replaced by another well-known, more general
result, namely MTTF/(MTTF + MTTR), where
MTTF is the Mean Time To Failure and MTTR
the Mean Time To Repair.

Recently, a few papers have shown that the
transient availability matters in operations in the
field of Information Technology and Telecommu-
nications (see for instance Distefano et al. (2010);
Carnevali et al. (2015)), and brought proof that
the assumption of exponential distributions is
questionable when a realistic description of the
behavior of equipments or systems is needed
(Albert and Dorra (2018)). They have shown
that A(t) can exhibit different behaviors: (i) the
asymptotic limit A,, may only be reached after
a few MTTF (ii) A(¢) may undergo oscillations,
and the asymptotic value is no longer a lower
bound of the availability. Consequently, it is no

in telecommunications is devoted to 5G systems
(Mauro et al. (2017)) and on Network Function
Virtualization (NFV) (Mauro et al. (2018)). Re-
alistic calculations of the availability of IP multi-
media subsystems at all times imply using non-
Markovian frameworks, that are sometimes nu-
merically challenging. A robust lower bound
of the availability is also required for Service
Level Agreements (SLAs). Apart from the above-
mentioned references, to the best of our knowl-
edge, this issue does not seem to have been ad-
dressed in the literature.

In this context and for these reasons, Tanguy
(2019) and Tanguy et al. (2019)) investigated how
such transient behaviors can occur for a system,
for which the lifetime and repair distribution are
not exponential. The exact availability A(t) was
calculated for a lifetime gamma distribution with
a rational shape parameter «, and an exponential
repair time distribution. Two regimes could be
observed — for 0 < a < 1 and @ > 2 —in which
A(t) goes below A.. In these regimes, A, over-
estimates the true availability for extended periods
of time. Replacing the availability with A, could
therefore be misleading, when a robust assessment
of an equipment’s availability is needed.

In the present paper, we address the role of the
lifetime and repair distributions, in order to see
whether such a behavior only occurs for exponen-
tial and gamma distributions. Since the exact cal-
culation of A(t) is difficult in the general case, we
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have developed simple criteria that can ensure that
the availability may be lower than its asymptotic
limit. Our aim is thus to determine when caution
should be exercised by reliability practitioners.

This paper is organized as follows: Notations
and definitions are given in Section 2. Section 3
is devoted to the definition of our criteria, which
we apply to the previously studied configuration
(gamma failure distribution, and exponential re-
pair distribution) in order to compare them with
exact results. In Section 4, these criteria are
applied to various lifetime distributions. We show
in Section 5 that the roles of the failure and repair
distributions are not symmetric. We then conclude
and provide possible directions for the calculation
of the true minimum, which could be very helpful
for the robust determination of a lower bound to
the availability.

2. Notations and definitions

2.1. General definitions

For a failure density of probability f(t), the relia-
bility F'(t) is given by

F(t)=1- / f(r)dr; @

it follows that F'(0) = 1. The Laplace transform
of fis

for= [ rwesta o
0
An integration by parts shows that
- 1— f(
Fs)=1~7 & 4)

F(0) is equal to the MTTF. Similar definitions
and results are obtained for the repair density of
probability g(t).

Assuming that after each repair, the system is as
good as new, it is possible to compute the Laplace
transform A(s) of A(t). Taking into account all

the contributions of the possible scenarios, we
obtain

A(s) =

o NF(s) - 5)
s(F(s)+ G(s) —sF(s)G(s))

It is then straightforward to compute A., and
recover the well-known result

(5) ==

s—0

7 MTTF
" MTTF + MTTR

Going back to the time domain requires per-
forming an inverse Laplace transform, which is
very difficult, except in special cases (Tanguy
(2019); Tanguy et al. (2019)).

(6)

2.2. Exponential distributions

In the case of exponential distributions with rates
Aand p,

F(t)=e ', @)
G(t)=e "' (®)
This leads to
~ 1
(s) = P &)
1
(s) = st (10)

and to the familiar MTTF = 1/X and MTTR =
1/p. Using Egs. (9) and (10) in Eq. (5) gives

~ 6+ﬂ
A(s) = ———————,
&)= errrm
w1 A 1
= -+ , (11
Adps A+ps+A+p b

from which we deduce Eq. (1).

A consequence of this result is that A, is
reached after a few 1/(\ + u), which means that
A(t) is barely distinguishable from its asymptotic
value after a few MTTR. For all purposes, the
availability can therefore be safely replaced by

1

A+ p

2.3. Gamma distributions

Gamma  distributions  (Rausand and Hgyland
(2004)) are, after exponentials, among the most
used distributions in Reliability Theory. In the
following, the gamma distribution is defined by

(Nt s
[(e) ’
where « is the so-called shape parameter, and I is

the Euler gamma function. The definition given in
Eq. (12) ensures that MTTF is equal to 1/\. The

Laplace transform f(s) is

ft) = 12)
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e (a M)

f(s) = Grane (13)

The exponential case is recovered when av = 1.

3. Criteria for the determination of
minima below the asymptotic
availability

3.1. First criterion

We define our first criterion by

AO:/OOO (A(t) — Asc) dt. (14

Obviously, A(0) = 1 > A.. Consequently, if
A is negative, there must be at least one time
interval during which A(t) — A is negative. If
that happens, the availability would be overesti-
mated, were one to use A.,. Our first criterion is
therefore Ag < 0.

We can compute A without needing the exact

knowledge of A(t), because we can still use A(s)
with profit. Indeed,

Ay = lim e St (A(t) — Ay) dt,
5—0 0
. e Aoo
= lm (A(s) _ T) . (15)

From Eq. (5), we find

A, = POCO) + F(0) GO - FO)G'0)
(F(0) + G(0))?

(16)
F’(0) and G’(0) must now be linked to properties
of the distributions F' and GG. For instance,

[ee)
F'(0) = lim — / F(t)e stdt,
: 0

oo

(—t) F(t)e *tdt,

1

:f§<t2>f. 17)

F’ (0) is proportional to the average of 2 for the
distribution density f. More generally,

- too s

F(s) = Z (=" m

n=0

("t (18)

Going back to the expression of A in Eq. (16),
we find

Ag

+<t>f<t>3}. (19)

In the following, we will keep F(0) = 1/ and

G(0) = 1/p to better compare the influence of
failure and repair distributions. Because of the
presence of (¢?) and (#?),, the variances of the
distributions play an important role too. Let us
recall that

vary = (t*); — (t)7; >0. (20)

3.2. Ag for exponential and gamma
distributions

When failures and repairs are described by expo-
nential distributions, the variance is equal to the
square of MTTF, and the first two lines between
the curly brackets of Eq. (19) vanish, leaving only

RS ATXS2 )
Ay (exp, exp) = () O
2D

For a gamma distribution with shape param-
eter @« and MTTF equal to 1/, noted in short
gamma(\,«),

1+«
a2’
In the case of a failure distribution gamma(\,«)

and an exponential repair distribution character-
ized by p,

< t2 >gamma -

(22)

20+ (a—1)p
20 (X + p)?

In most cases of practical interest, A < p. We
deduce from Eq. (23) that if o < 1, Ag will be

Ap(gamma, exp) = (23)
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negative, implying that A(t) exhibits a minimum

Apin which is smaller than N’ﬁ We thereby

recover very easily a previously obtained result,
namely the first of the two regimes.

3.3. Interpretation of Ao

In our previous study of the gamma(\,a)/exp(iL)
case, we found that for 1 < o < 2, the asymptotic
limit A, was indeed the minimum of A(t). We
shall show how Ag can be linked to the average
time needed to reach the asymptotic value.

Let us first define

B(t) = A(t) — A, (24)
and
/ t(=B'(t))dt
<t>asympt - Ooo— . (25)
| B
0
An integration by parts leads to
/ B(t) dt
_Jo
< t >asympt - B(O)
11— A
+A
B A (26)

Inserting Eq. (23) in the above expression gives

203+ (a—1)p
2aX(A+ p)
27
For ¢ = 1, we recover the expected re-
sult 1/(\ + u), whereas for @ = 2, we ob-
pH4x 1
ANA+p) 4N
the MTTF/4 already identified in Tanguy et al.
(2019).

< t >asympt (gamma, exp) =

tain which is nothing but

3.4. Higher-order criteria

In our previous work (Tanguy
(2019); Tanguy et al. (2019)) we found that there
are also minima — and possibly large oscillations
— of A(t) when o > 2. This second regime was
not detected by Ag. This shows that the criterion
A < 0, while interesting, is not sufficient. We
can however define other quantities, namely

A, = /OO " (A() — As) dt. (28)
0

They generalize A, and ensure that the contri-
bution for ¢ close to zero does not weigh too much.
Like before, a negative A,, implies that there is
a time domain during which the availability is
below its asymptotic limit; this quantity can also
be calculated by using the Taylor expansion of

A(s) at the origin

A A
A= g (A0 -22)| e
Alternatively, we have
153 e AOO - (71)’” n
B(s) = A(s)-—> = > A" (30)

n=0

We expect therefore A;’s expression to include
values such as F”(0) and G”(0), which corre-
spond to (t3); and (¢3),, and therefore to the
skewness of the respective distributions.

Applying the calculation of A; to the configu-
ration gamma(\,«)/exp(p) gives

A (gamma, exp) =
(@ = Dpu(n+4X) +6a(a+1)A2
1202 X (A + p)3

Assuming A < p, we see that the sign of A is
basically given by the sign of (a? — 1) (pu+4 \).
It is negative for « < 1. So far, no new infor-
mation has been gained we did not obtain from
Ay. Still, we can consider the limit A — 0 to the
numerator of A to determine the sign.

Using MATHEMATICA®, we have computed the

Taylor expansion of B(s) and obtained the follow-
ing results in the limit A — 0

.(31)

Ay xa?—1, (32)
Az o (@ —1) (19 — a?), (33)
Ay o (@®—1)(9—a?). (34)

Theirs signs are negative for o« < 1. The novelty

is here that for o > /19 (for A3) and o > 3 (for
Ay), the sign is also negative. We have therefore
identified at least part of the second region for
« in which the minimum A,,;, is less than A...
Increasing the value of n up to 50 indicates that
the lower bound of the domain where A,,;, < Ao
seems to be 27, as expected.

In conclusion, we have found a simple way
to identify whether the minimum value of the
availability lies below the asymptotic limit, and
checked the previous results obtained in the case

2https://www.wolfram.com/mathematica/
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of the gamma(\,«v)/exp(y) configuration. Let us
now turn to the study of other configurations.

4. Application to various lifetime
distributions

As a first step towards a generalization of our
previous results, we have kept an exponential
repair time distribution, but changed the life-
time distribution, using other well-known ex-
amples from the safety and reliability literature
(Rausand and Hgyland (2004)). By doing so, we
can assess the influence of the lifetime distribu-
tion, in cases where the exact calculation of the
availability is not possible, since the Laplace in-
verse transform is very difficult, even numerically.

In the following, the distribution parameters
will be rescaled with respect to the standard pa-
rameters (Rausand and Hgyland (2004)) so that
the MTTF is always 1/A. The second parame-
ter will be called . When it corresponds to a
traditional shape factor, we shall not change its
meaning; otherwise, the “new” « will be defined
by a = A2 vary. The corresponding Laplace
transforms are listed in Appendix A.

4.1. Lognormal (LN) distribution

Setting @« = <~ — 1, and following the same
procedure as in the preceding Section, we found
that in the limit A — 0,

A3 (LN, exp) o< 45—90v+207%+307° —6+°,

(35)
so that the condition Ag < 0 is satisfied if v >
0.770221938. This means that for all positive
values of «, As is negative. Congequently, there
is always a minimum of A(¢) below A for a log-
normal lifetime distribution, in sharp contrast with
the previous exponential and gamma distributions.

4.2. Weibull (W) distribution

The standard definition of « (the exponent) is kept
for the Weibull distribution. A first result is

1\? 2
AO(W,exp)MQF(l—i——) —F<1+—> ,
6} (6%

(36)
which is negative for o < 1 (recall that when
a = 1 we have an exponential distribution, so
no negative sign should be found). As in the
gamma distribution configuration, only for n > 3
can we infer the existence of another regime in
which the minimal availability is smaller than the
asymptotic value. Asj is negative when o >
a3 = 1.97290629. The study of higher-order
terms shows that the lower bound «,, decreases
with n; in particular, ayg = 1.0763248975. The

variation of «,, with n seems to indicate that the
lower limit is likely 17. That would mean that
unless ov = 1, there is always a minimum of A(¢)
below the asymptotic limit.

4.3. Inverse Gaussian (IG) distribution
In the limit A — 0,

Ap(IG,exp) x 1 — «a, (37)

meaning that there is a minimum below A, when
« > 1. Then,

A3(IG,exp) < —(1 —150%)%.  (38)

This is always negative unless « = 1/+/15. This
particular case does not cause any trouble for Ay,
since

A4(IG,exp) x —(1 — 250 +210a*), (39)

which is always negative. There will therefore
always be a minimum of A(t) lying below A..

4.4. Birnbaum-Saunders (BS)
distribution

When A — 0,

Ag(BS,exp) x 1 —a’; (40)

there is a minimum below A., when o > 1.
Increasing n leads to

A4(BS, exp) o< —(16 + 84 a2 — 208 a*
—1878 a® — 720 0® + 11170 ' 4 12080 o'?
+5475 oM + 1200 ' + 105 ') . 41)

Since the polynomial between parentheses is posi-
tive for v > 0, A4 is always negative. Here again,
A(t) will dip below its asymptotic limit.

4.5. Summary and further remarks

We have summarized in Table 1 the results of the
previous paragraphs.

We observe that, contrary to what happens for
the exponential and gamma distributions, the ex-
istence of a minimum A,;, below A is the rule,
not the exception. We would also like to point out
that even for moderate values of n, the domain for
which A, < 0 is actually a set of intervals. It
is therefore quite frequent to have, for a given «,
A,, < 0 while for some m > n, A,, > 0. This
should not be seen as a contradiction, but merely
an indication of the existence of oscillations of
A(t) — Ao, the positive or negative parts of which
are not sampled identically when using n or m.
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Table 1. Summary of the results for an exponential
repair distribution.

Lifetime distribution Amin < Ao
Exponential Never
Gamma O<a<lando > 2
Lognormal Always
Weibull a # 1*
Birnbaum-Saunders Always
Inverse Gaussian Always

Note: * likely, but not proven result.

5. Influence of the repair time
distribution: First results

Following a remark made by Pierre Dersin at
the ESREL 2019 conference in Hannover on the
asymmetry between failures and repairs with re-
spect to the availability, we have looked at the
possible occurrence of minima, when we swap the
two distributions. A good starting point is to take
an exponential lifetime distribution — a standard
assumption — and various repair time distribu-
tion, starting with the gamma(u,3) distribution.
For the sake of clarity, we keep « for the second
parameter of the lifetime distribution, whereas (3
will always be associated with repairs.

5.1. Gamma(p,(3) repair time distribution
5.1.1. Case p =2

When 5 = 2, the Laplace transform of the avail-
ability reads

. (s +2p)°
Als) = s(s?+ (A +4p)s+4p(p+A)
42)

This leads to the inverse Laplace transform:

1% A —LN+4p)t
Ay = —— 4+ -2 ez Ot gy gy ¢
() ﬂ+)\+u+)\e (7/’1’7)7
43)
where
20— A
H(\, p1,t) = cosp+ sing, (44
(A p, 1) ¢ NETEDY ¢, (44)
and
AN8u—A
qﬁ:%t (45)

Obviously, H(\, p1,t) may be negative. This
implies that A(t) undergoes oscillations and re-
peatedly dips below TI:A When we considered

the configuration described by a gamma(\,2) fail-
ure distribution and an exponential repair distribu-
tion (Tanguy et al. (2019)), the availability exhib-
ited a smooth, monotonous decrease toward the
asymptotic limit. This is a first example of the
asymmetry between the two distributions, even if
the same MTTF and MTTR were kept.

Since there is a minimum A,.;, for the avail-
ability, it might be worthwhile to look at its actual
value, in this exactly solvable configuration. Set-
ting 0 = Apin — Aso, We obtain

P, S G 0 ) I
2(p+A) A(8u—N\)

(46)
with

. A
0 =m—2arcsin | —. 47

\/ 81

When \ < p,
A P

S —— 7™V (48)

-5 .
For A\ = 1072y, we get 6 ~ —5.9510722,
while for A = 1073y, § ~ —1.2510754, Even
though there is a minimum below A, it is in-
consequential. Keeping A, as a lower bound to

the availability would therefore not be such a big
mistake.

5.1.2. Other cases

Another configuration can be solved exactly, that
of an exponential failure distribution and a gamma
repair distribution with shape parameter % We al-
ready considered the “symmetrical” configuration
gamma()\,%)/exp(u) (Tanguy (2019)). Whereas
we observed a pronounced dip in the former
study, no such feature appears here, only a
smooth, monotonous decrease towards the asymp-
totic limit. This can be further demonstrated by
the different value of A (compare with Eq. (23)):

(1B
Bo(exp, gamma) = 7oL (49)
leading to, for 0 < 5 < 1,
1+
() asympt (€xp, gamma,) = % . (50)

The expected result for 5 = 1 is recovered, while

for B = %, ﬁ ~~ %MTTR. This shows that

MTTR is now the relevant time scale, in contrast
to Eq. (23).
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Numerical experiments have shown that the
possibility of A, < A depends on the ratio
A/ . For instance, when A\ = 102 y, the calcula-
tion of Az gives a negative sign for 5 > 1.82929,
while for 3 = 2 there is no minimum except at
infinity.

Further work is clearly needed to complete a
more accurate assessment of the behavior of A(¢)
for such parameters. This also applies to other
configurations, when the gamma distribution is
replaced by the distributions considered in Sec-
tion 4.

6. Conclusion and ongoing work

In a previous work on a system described by
a gamma failure distribution and an exponen-
tial repair distribution, we showed that the time-
dependent availability A(¢t) may reach values
smaller than the asymptotic, well-known limit
A = MTTF/(MTTF +MTTR). We have
considered here various distributions, not only ex-
ponential and gamma distributions, and developed
a way to identify when such a minimum is likely
to occur, without having to solve exactly for A(t).
This method is based on the Taylor expansion of
the Laplace transforms of the lifetime and repair
distributions.

When the repair distribution is exponential, we
have shown that the existence of a minimum be-
low Ao is the rule, not the exception. However,
that does not necessarily means that all the studies
using A, badly overestimate the true availability.
In many cases, since the MTTR is much smaller
than the MTTF, the error is nevertheless likely
to be negligible (an example is provided in Sec-
tion 5).

We have also evidenced the asymmetry be-
tween the two lifetime and repair time distribu-
tions: Even when the same MTTF and MTTR
are kept, swapping the distributions provides quite
different time variations of the availability.

An extension of the present work is naturally
to find a way to determine the minimum avail-
ability A,,;, for various pairs of distributions, and
MTTR/MTTF ratios. This is by no means easy,
especially for distributions that are not exponen-
tial. We have begun to explore two paths:

e Instead of computing the various A,, studied in
the present paper, we could consider sampling
A(t) — A by a normalized function that is
sharply centered at a particular time ¢,,;,. Such
a function could be a gamma distribution of
parameters A and k& (we would consider an
integer k) so that A = ti A possible choice

. . min
is to consider

e M(A() Ay dt .

(5D
X(tmin) can be calculated by using the Laplace

transform A(s) again, and finally

%) Aktk71
e = [ S

AR dFTA(A)
(k—1)1  dAk-T

—Ay .

(52)

For reasonably large enough values of £,
X(tmin) could provide a good assessment of
min — Aoo, if the minimum is not too narrow.

e Another way to look for the minimum of A(t)
is to compute the optimal Padé approximant

of A(s). Since it is merely a fraction of two
polynomials in s, finding the inverse Laplace
transform would then be easy after a partial
fraction decomposition. This should provide
a good approximation to A(t), especially for
large values of ¢. This approximation could
extend to a time domain close to t.,;,, SO that
a good estimate of A, — Ao would be ob-
tained.

X(tmin) - (_1)k71

In conclusion, we have shown that in many
cases, the time-dependent availability may de-
crease below its asymptotic limit MTTF/(MTTF
+ MTTR). We have provided tools to ascertain if
this is the case. The occurrence of such a situation
depends on the pair of distributions, as well as
on the ratio MTTR/MTTE. Determining a robust,
lower bound for the availability should be made
easier by the methods we propose.
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Appendix A. A few Taylor expansions for
useful time distributions
We list here the Taylor expansions of F(s) used

in this study. They have been obtained by calcu-
lating the moments of orders higher than 2 of the
distributions. Note that for G(s), u and 3 should
replace A and «, respectively.

e Gamma distribution

MNa+n+1)
I'(a)
(A.1)

~ (=) s"
F(s) = nz:% (n+ 1) (a )+l
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e Lognormal distribution

n

~ > 1" s
F(S)_Z()MAn+l (1+a)

n (n+1)
2

(A.2)
e Weibull distribution
- © 1) no (14 ntl
F(S):Z ( )u 781+1 ( n+)1'
= (A DA (14 1)
(A.3)

e Birnbaum-Saunders distribution

el n " 2 n+1
nZO I A+l (2+a2>

e ( )+Kn+ (a2)
2K1 ((12)

, (A4)

where K, is the modified Bessel function of the
second kind.
e Inverse Gaussian distribution

N
F(s) = Z (n+ 1) Antl
—~ a™ (n+m)
Z m.(A.S)
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