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When evaluating the availability of an repairable equipment, it is customary to use its asymptotic (steady-state) value.

Recent developments in the field of Information Technology and Telecommunications have shown that the transient

regime should not be overlooked, since the availability can decrease below that limit. In a previous work presented

in ESREL 2019, a repairable system described by a gamma failure distribution and an exponential repair distribution

has been studied. The exact solution for the availability was obtained, exhibiting two regimes in which the minimum

availability is indeed smaller than the asymptotic value. We show here that this phenomenon also happens for more

general pairs of failure/repair distributions. We provide simple criteria for the occurrence of such a behavior, and

apply them to various well-known distributions (lognormal, Weibull, Birnbaum-Saunders, and Inverse Gaussian).

We show that replacing the availability by its steady-state value MTTF/(MTTF + MTTR) is not always a safe bet,

and that more care should be exercised for the definition of a robust lower bound of the availability, applicable for

all times. We conclude by providing methods to assess the true minimum of the availability.

Keywords: Availability, MTTF, MTTR, transient behavior, Laplace transform, failure/repair distributions, gamma

distribution, lognormal distribution, Weibull distribution, Birnbaum-Saunders distribution, Inverse Gaussian distri-

bution.

1. Introduction and context

It is well known that for the textbook model
exponential distributions with failure rate λ and
repair rates μ, the availability A(t) is given by
(Rausand and Høyland (2004))

A(t) =
μ

λ+ μ
+

λ

λ+ μ
e−(λ+μ) t . (1)

In most operational situations, λ � μ. The avail-
ability is therefore barely distinguishable from its

asymptotic value A∞ =
μ

λ+ μ
, which is a lower

bound to A(t). When the distributions are not
exponential, the steady-state availability has to
be replaced by another well-known, more general
result, namely MTTF/(MTTF + MTTR), where
MTTF is the Mean Time To Failure and MTTR
the Mean Time To Repair.

Recently, a few papers have shown that the
transient availability matters in operations in the
field of Information Technology and Telecommu-
nications (see for instance Distefano et al. (2010);
Carnevali et al. (2015)), and brought proof that
the assumption of exponential distributions is
questionable when a realistic description of the
behavior of equipments or systems is needed
(Albert and Dorra (2018)). They have shown
that A(t) can exhibit different behaviors: (i) the
asymptotic limit A∞ may only be reached after
a few MTTF (ii) A(t) may undergo oscillations,
and the asymptotic value is no longer a lower
bound of the availability. Consequently, it is no

longer safe to assume that the availability is given
by MTTF/(MTTF + MTTR). Current research
in telecommunications is devoted to 5G systems
(Mauro et al. (2017)) and on Network Function
Virtualization (NFV) (Mauro et al. (2018)). Re-
alistic calculations of the availability of IP multi-
media subsystems at all times imply using non-
Markovian frameworks, that are sometimes nu-
merically challenging. A robust lower bound
of the availability is also required for Service
Level Agreements (SLAs). Apart from the above-
mentioned references, to the best of our knowl-
edge, this issue does not seem to have been ad-
dressed in the literature.

In this context and for these reasons, Tanguy
(2019) and Tanguy et al. (2019)) investigated how
such transient behaviors can occur for a system,
for which the lifetime and repair distribution are
not exponential. The exact availability A(t) was
calculated for a lifetime gamma distribution with
a rational shape parameter α, and an exponential
repair time distribution. Two regimes could be
observed — for 0 < α < 1 and α > 2 — in which
A(t) goes below A∞. In these regimes, A∞ over-
estimates the true availability for extended periods
of time. Replacing the availability with A∞ could
therefore be misleading, when a robust assessment
of an equipment’s availability is needed.

In the present paper, we address the role of the
lifetime and repair distributions, in order to see
whether such a behavior only occurs for exponen-
tial and gamma distributions. Since the exact cal-
culation of A(t) is difficult in the general case, we
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have developed simple criteria that can ensure that
the availability may be lower than its asymptotic
limit. Our aim is thus to determine when caution
should be exercised by reliability practitioners.

This paper is organized as follows: Notations
and definitions are given in Section 2. Section 3
is devoted to the definition of our criteria, which
we apply to the previously studied configuration
(gamma failure distribution, and exponential re-
pair distribution) in order to compare them with
exact results. In Section 4, these criteria are
applied to various lifetime distributions. We show
in Section 5 that the roles of the failure and repair
distributions are not symmetric. We then conclude
and provide possible directions for the calculation
of the true minimum, which could be very helpful
for the robust determination of a lower bound to
the availability.

2. Notations and definitions

2.1. General definitions
For a failure density of probability f(t), the relia-
bility F (t) is given by

F (t) = 1−
∫ t

0

f(τ) dτ ; (2)

it follows that F (0) = 1. The Laplace transform
of f is

f̃(s) =

∫ ∞

0

f(t) e−s t dt . (3)

An integration by parts shows that

F̃ (s) =
1− f̃(s)

s
. (4)

F̃ (0) is equal to the MTTF. Similar definitions
and results are obtained for the repair density of
probability g(t).

Assuming that after each repair, the system is as
good as new, it is possible to compute the Laplace

transform Ã(s) of A(t). Taking into account all
the contributions of the possible scenarios, we
obtain

Ã(s) =
F̃ (s)

1− f̃(s) g̃(s)

=
F̃ (s)

s (F̃ (s) + G̃(s)− s F̃ (s) G̃(s))
. (5)

It is then straightforward to compute A∞ and
recover the well-known result

A∞ = lim
s→0

s Ã(s) =
F̃ (0)

F̃ (0) + G̃(0)

=
MTTF

MTTF +MTTR
. (6)

Going back to the time domain requires per-
forming an inverse Laplace transform, which is
very difficult, except in special cases (Tanguy
(2019); Tanguy et al. (2019)).

2.2. Exponential distributions
In the case of exponential distributions with rates
λ and μ,

F (t) = e−λ t , (7)

G(t) = e−μ t . (8)

This leads to

F̃ (s) =
1

s+ λ
, (9)

G̃(s) =
1

s+ μ
, (10)

and to the familiar MTTF = 1/λ and MTTR =
1/μ. Using Eqs. (9) and (10) in Eq. (5) gives

Ã(s) =
s+ μ

s (s+ λ+ μ)
,

=
μ

λ+ μ

1

s
+

λ

λ+ μ

1

s+ λ+ μ
, (11)

from which we deduce Eq. (1).
A consequence of this result is that A∞ is

reached after a few 1/(λ + μ), which means that
A(t) is barely distinguishable from its asymptotic
value after a few MTTR. For all purposes, the
availability can therefore be safely replaced by

μ

λ+ μ
.

2.3. Gamma distributions
Gamma distributions (Rausand and Høyland
(2004)) are, after exponentials, among the most
used distributions in Reliability Theory. In the
following, the gamma distribution is defined by

f(t) =
(αλ)α tα−1

Γ(α)
e−αλ t , (12)

where α is the so-called shape parameter, and Γ is
the Euler gamma function. The definition given in
Eq. (12) ensures that MTTF is equal to 1/λ. The

Laplace transform f̃(s) is
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f̃(s) =
(αλ)α

(s+ αλ)α
. (13)

The exponential case is recovered when α = 1.

3. Criteria for the determination of
minima below the asymptotic
availability

3.1. First criterion
We define our first criterion by

Δ0 =

∫ ∞

0

(A(t)−A∞) dt . (14)

Obviously, A(0) = 1 > A∞. Consequently, if
Δ0 is negative, there must be at least one time
interval during which A(t) − A∞ is negative. If
that happens, the availability would be overesti-
mated, were one to use A∞. Our first criterion is
therefore Δ0 < 0.

We can compute Δ0 without needing the exact

knowledge of A(t), because we can still use Ã(s)
with profit. Indeed,

Δ0 = lim
s→0

∫ ∞

0

e−s t (A(t)−A∞) dt ,

= lim
s→0

(
Ã(s)− A∞

s

)
. (15)

From Eq. (5), we find

Δ0 =
F̃ 2(0) G̃(0) + F̃ ′(0) G̃(0)− F̃ (0) G̃′(0)

(F̃ (0) + G̃(0))2
.

(16)

F̃ ′(0) and G̃′(0) must now be linked to properties
of the distributions F and G. For instance,

F̃ ′(0) = lim
s→0

d

ds

∫ ∞

0

F (t) e−s t dt ,

= lim
s→0

∫ ∞

0

(−t)F (t) e−s t dt ,

= −
∫ ∞

0

t F (t) dt ,

= −1

2

∫ ∞

0

t2 (−F ′(t)) dt ,

= −1

2
〈 t2 〉f . (17)

F̃ ′(0) is proportional to the average of t2 for the
distribution density f . More generally,

F̃ (s) =
+∞∑
n=0

(−1)n
sn

(n+ 1)!
〈 tn+1 〉f . (18)

Going back to the expression of Δ0 in Eq. (16),
we find

Δ0 =
1

(〈 t 〉f + 〈 t 〉g)2

×
{
〈 t 〉g

(
〈 t 〉2f − 1

2
〈 t2 〉f

)

−〈 t 〉f
(
〈 t 〉2g −

1

2
〈 t2 〉g

)

+〈 t 〉f 〈 t 〉2g
}
. (19)

In the following, we will keep F̃ (0) = 1/λ and

G̃(0) = 1/μ to better compare the influence of
failure and repair distributions. Because of the
presence of 〈 t2 〉f and 〈 t2 〉g , the variances of the
distributions play an important role too. Let us
recall that

varf = 〈 t2 〉f − 〈 t 〉2f > 0 . (20)

3.2. Δ0 for exponential and gamma
distributions

When failures and repairs are described by expo-
nential distributions, the variance is equal to the
square of MTTF, and the first two lines between
the curly brackets of Eq. (19) vanish, leaving only

Δ0(exp, exp) =
〈 t 〉f 〈 t 〉2g

(〈 t 〉f + 〈 t 〉g)2
=

λ

(λ+ μ)2
.

(21)
For a gamma distribution with shape param-

eter α and MTTF equal to 1/λ, noted in short
gamma(λ,α),

〈 t2 〉gamma =
1 + α

αλ2
. (22)

In the case of a failure distribution gamma(λ,α)
and an exponential repair distribution character-
ized by μ,

Δ0(gamma, exp) =
2αλ+ (α− 1)μ

2α (λ+ μ)2
. (23)

In most cases of practical interest, λ � μ. We
deduce from Eq. (23) that if α < 1, Δ0 will be
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negative, implying that A(t) exhibits a minimum
Amin which is smaller than μ

μ+λ . We thereby

recover very easily a previously obtained result,
namely the first of the two regimes.

3.3. Interpretation of Δ0

In our previous study of the gamma(λ,α)/exp(μ)
case, we found that for 1 ≤ α ≤ 2, the asymptotic
limit A∞ was indeed the minimum of A(t). We
shall show how Δ0 can be linked to the average
time needed to reach the asymptotic value.

Let us first define

B(t) = A(t)−A∞ , (24)

and

〈 t 〉asympt =

∫ ∞

0

t (−B′(t)) dt∫ ∞

0

(−B′(t)) dt
. (25)

An integration by parts leads to

〈 t 〉asympt =

∫ ∞

0

B(t) dt

B(0)

=
Δ0

1−A∞

=
μ+ λ

λ
Δ0 . (26)

Inserting Eq. (23) in the above expression gives

〈 t 〉asympt(gamma, exp) =
2αλ+ (α− 1)μ

2αλ (λ+ μ)
.

(27)
For α = 1, we recover the expected re-

sult 1/(λ + μ), whereas for α = 2, we ob-

tain
μ+ 4λ

4λ (λ+ μ)
≈ 1

4λ
, which is nothing but

the MTTF/4 already identified in Tanguy et al.
(2019).

3.4. Higher-order criteria
In our previous work (Tanguy
(2019); Tanguy et al. (2019)) we found that there
are also minima — and possibly large oscillations
— of A(t) when α > 2. This second regime was
not detected by Δ0. This shows that the criterion
Δ0 < 0, while interesting, is not sufficient. We
can however define other quantities, namely

Δn =

∫ ∞

0

tn (A(t)−A∞) dt . (28)

They generalize Δ0, and ensure that the contri-
bution for t close to zero does not weigh too much.
Like before, a negative Δn implies that there is
a time domain during which the availability is
below its asymptotic limit; this quantity can also
be calculated by using the Taylor expansion of

Ã(s) at the origin

Δn = (−1)n
dn

dsn

(
Ã(s)− A∞

s

)∣∣∣∣
s=0

. (29)

Alternatively, we have

B̃(s) = Ã(s)−A∞
s

=
∞∑

n=0

(−1)n

n!
Δn s

n . (30)

We expect therefore Δ1’s expression to include

values such as F̃ ′′(0) and G̃′′(0), which corre-
spond to 〈 t3 〉f and 〈 t3 〉g , and therefore to the
skewness of the respective distributions.

Applying the calculation of Δ1 to the configu-
ration gamma(λ,α)/exp(μ) gives

Δ1(gamma, exp) =

(α2 − 1)μ (μ+ 4λ) + 6α (α+ 1)λ2

12α2 λ (λ+ μ)3
.(31)

Assuming λ � μ, we see that the sign of Δ1 is
basically given by the sign of (α2−1)μ (μ+4λ).
It is negative for α < 1. So far, no new infor-
mation has been gained we did not obtain from
Δ0. Still, we can consider the limit λ → 0 to the
numerator of Δ1 to determine the sign.

Using MATHEMATICAa, we have computed the

Taylor expansion of B̃(s) and obtained the follow-
ing results in the limit λ → 0

Δ2 ∝ α2 − 1 , (32)

Δ3 ∝ (α2 − 1) (19− α2) , (33)

Δ4 ∝ (α2 − 1) (9− α2) . (34)

Theirs signs are negative for α < 1. The novelty

is here that for α >
√
19 (for Δ3) and α > 3 (for

Δ4), the sign is also negative. We have therefore
identified at least part of the second region for
α in which the minimum Amin is less than A∞.
Increasing the value of n up to 50 indicates that
the lower bound of the domain where Amin < A∞
seems to be 2+, as expected.

In conclusion, we have found a simple way
to identify whether the minimum value of the
availability lies below the asymptotic limit, and
checked the previous results obtained in the case

ahttps://www.wolfram.com/mathematica/
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of the gamma(λ,α)/exp(μ) configuration. Let us
now turn to the study of other configurations.

4. Application to various lifetime
distributions

As a first step towards a generalization of our
previous results, we have kept an exponential
repair time distribution, but changed the life-
time distribution, using other well-known ex-
amples from the safety and reliability literature
(Rausand and Høyland (2004)). By doing so, we
can assess the influence of the lifetime distribu-
tion, in cases where the exact calculation of the
availability is not possible, since the Laplace in-
verse transform is very difficult, even numerically.

In the following, the distribution parameters
will be rescaled with respect to the standard pa-
rameters (Rausand and Høyland (2004)) so that
the MTTF is always 1/λ. The second parame-
ter will be called α. When it corresponds to a
traditional shape factor, we shall not change its
meaning; otherwise, the “new” α will be defined
by α = λ2 varf . The corresponding Laplace
transforms are listed in Appendix A.

4.1. Lognormal (LN) distribution
Setting α = γ − 1, and following the same
procedure as in the preceding Section, we found
that in the limit λ → 0,

Δ3(LN, exp) ∝ 45−90 γ+20 γ2+30 γ3−6 γ6 ,
(35)

so that the condition Δ3 < 0 is satisfied if γ >
0.770221938. This means that for all positive
values of α, Δ3 is negative. Conqequently, there
is always a minimum of A(t) below A∞ for a log-
normal lifetime distribution, in sharp contrast with
the previous exponential and gamma distributions.

4.2. Weibull (W) distribution
The standard definition of α (the exponent) is kept
for the Weibull distribution. A first result is

Δ0(W, exp) ∝ 2Γ

(
1 +

1

α

)2

− Γ

(
1 +

2

α

)
,

(36)
which is negative for α < 1 (recall that when
α = 1 we have an exponential distribution, so
no negative sign should be found). As in the
gamma distribution configuration, only for n ≥ 3
can we infer the existence of another regime in
which the minimal availability is smaller than the
asymptotic value. Δ3 is negative when α >
α3 = 1.97290629. The study of higher-order
terms shows that the lower bound αn decreases
with n; in particular, α18 = 1.0763248975. The

variation of αn with n seems to indicate that the
lower limit is likely 1+. That would mean that
unless α = 1, there is always a minimum of A(t)
below the asymptotic limit.

4.3. Inverse Gaussian (IG) distribution
In the limit λ → 0,

Δ0(IG, exp) ∝ 1− α , (37)

meaning that there is a minimum below A∞ when
α > 1. Then,

Δ3(IG, exp) ∝ −(1− 15α2)2 . (38)

This is always negative unless α = 1/
√
15. This

particular case does not cause any trouble for Δ4,
since

Δ4(IG, exp) ∝ −(1− 25α2 + 210α4) , (39)

which is always negative. There will therefore
always be a minimum of A(t) lying below A∞.

4.4. Birnbaum-Saunders (BS)
distribution

When λ → 0,

Δ0(BS, exp) ∝ 1− α4 ; (40)

there is a minimum below A∞ when α > 1.
Increasing n leads to

Δ4(BS, exp) ∝ −(16 + 84α2 − 208α4

−1878α6 − 720α8 + 11170α10 + 12080α12

+5475α14 + 1200α16 + 105α18) . (41)

Since the polynomial between parentheses is posi-
tive for α > 0, Δ4 is always negative. Here again,
A(t) will dip below its asymptotic limit.

4.5. Summary and further remarks
We have summarized in Table 1 the results of the
previous paragraphs.

We observe that, contrary to what happens for
the exponential and gamma distributions, the ex-
istence of a minimum Amin below A∞ is the rule,
not the exception. We would also like to point out
that even for moderate values of n, the domain for
which Δn < 0 is actually a set of intervals. It
is therefore quite frequent to have, for a given α,
Δn < 0 while for some m > n, Δm > 0. This
should not be seen as a contradiction, but merely
an indication of the existence of oscillations of
A(t)−A∞, the positive or negative parts of which
are not sampled identically when using n or m.
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Table 1. Summary of the results for an exponential

repair distribution.

Lifetime distribution Amin < A∞

Exponential Never

Gamma 0 < α < 1 and α > 2
Lognormal Always

Weibull α �= 1∗
Birnbaum-Saunders Always

Inverse Gaussian Always

Note: ∗ likely, but not proven result.

5. Influence of the repair time
distribution: First results

Following a remark made by Pierre Dersin at
the ESREL 2019 conference in Hannover on the
asymmetry between failures and repairs with re-
spect to the availability, we have looked at the
possible occurrence of minima, when we swap the
two distributions. A good starting point is to take
an exponential lifetime distribution — a standard
assumption — and various repair time distribu-
tion, starting with the gamma(μ,β) distribution.
For the sake of clarity, we keep α for the second
parameter of the lifetime distribution, whereas β
will always be associated with repairs.

5.1. Gamma(μ,β) repair time distribution
5.1.1. Case β = 2

When β = 2, the Laplace transform of the avail-
ability reads

Ã(s) =
(s+ 2μ)2

s (s2 + (λ+ 4μ) s+ 4μ (μ+ λ))
.

(42)
This leads to the inverse Laplace transform:

A(t) =
μ

μ+ λ
+

λ

μ+ λ
e−

1
2 (λ+4μ) t H(λ, μ, t) ,

(43)
where

H(λ, μ, t) = cosφ+
2μ− λ√
λ (8μ− λ)

sinφ , (44)

and

φ =

√
λ (8μ− λ)

2
t . (45)

Obviously, H(λ, μ, t) may be negative. This
implies that A(t) undergoes oscillations and re-
peatedly dips below μ

μ+λ . When we considered

the configuration described by a gamma(λ,2) fail-
ure distribution and an exponential repair distribu-
tion (Tanguy et al. (2019)), the availability exhib-
ited a smooth, monotonous decrease toward the
asymptotic limit. This is a first example of the
asymmetry between the two distributions, even if
the same MTTF and MTTR were kept.

Since there is a minimum Amin for the avail-
ability, it might be worthwhile to look at its actual
value, in this exactly solvable configuration. Set-
ting δ = Amin −A∞, we obtain

δ = − λ

2 (μ+ λ)
exp

(
− λ+ 4μ√

λ (8μ− λ)
θ

)
,

(46)
with

θ = π − 2 arcsin

√
λ

8μ
. (47)

When λ � μ,

δ ≈ − λ

2μ
e1−π

√
2μ
λ . (48)

For λ = 10−2 μ, we get δ ≈ −5.95 10−22,
while for λ = 10−3 μ, δ ≈ −1.25 10−64. Even
though there is a minimum below A∞, it is in-
consequential. Keeping A∞ as a lower bound to
the availability would therefore not be such a big
mistake.

5.1.2. Other cases

Another configuration can be solved exactly, that
of an exponential failure distribution and a gamma
repair distribution with shape parameter 1

2 . We al-
ready considered the “symmetrical” configuration
gamma(λ, 12 )/exp(μ) (Tanguy (2019)). Whereas
we observed a pronounced dip in the former
study, no such feature appears here, only a
smooth, monotonous decrease towards the asymp-
totic limit. This can be further demonstrated by
the different value of Δ0 (compare with Eq. (23)):

Δ0(exp, gamma) =
(1 + β)λ

2β (λ+ μ)2
, (49)

leading to, for 0 < β ≤ 1,

〈 t 〉asympt(exp, gamma) =
(1 + β)

2β (λ+ μ)
. (50)

The expected result for β = 1 is recovered, while
for β = 1

2 , 3
2 (λ+μ) ≈ 3

2 MTTR. This shows that

MTTR is now the relevant time scale, in contrast
to Eq. (23).
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Numerical experiments have shown that the
possibility of Amin < A∞ depends on the ratio
λ/μ. For instance, when λ = 10−2 μ, the calcula-
tion of Δ50 gives a negative sign for β > 1.82929,
while for β = 3

2 there is no minimum except at
infinity.

Further work is clearly needed to complete a
more accurate assessment of the behavior of A(t)
for such parameters. This also applies to other
configurations, when the gamma distribution is
replaced by the distributions considered in Sec-
tion 4.

6. Conclusion and ongoing work

In a previous work on a system described by
a gamma failure distribution and an exponen-
tial repair distribution, we showed that the time-
dependent availability A(t) may reach values
smaller than the asymptotic, well-known limit
A∞ = MTTF/(MTTF +MTTR). We have
considered here various distributions, not only ex-
ponential and gamma distributions, and developed
a way to identify when such a minimum is likely
to occur, without having to solve exactly for A(t).
This method is based on the Taylor expansion of
the Laplace transforms of the lifetime and repair
distributions.

When the repair distribution is exponential, we
have shown that the existence of a minimum be-
low A∞ is the rule, not the exception. However,
that does not necessarily means that all the studies
using A∞ badly overestimate the true availability.
In many cases, since the MTTR is much smaller
than the MTTF, the error is nevertheless likely
to be negligible (an example is provided in Sec-
tion 5).

We have also evidenced the asymmetry be-
tween the two lifetime and repair time distribu-
tions: Even when the same MTTF and MTTR
are kept, swapping the distributions provides quite
different time variations of the availability.

An extension of the present work is naturally
to find a way to determine the minimum avail-
ability Amin for various pairs of distributions, and
MTTR/MTTF ratios. This is by no means easy,
especially for distributions that are not exponen-
tial. We have begun to explore two paths:

• Instead of computing the various Δn studied in
the present paper, we could consider sampling
A(t) − A∞ by a normalized function that is
sharply centered at a particular time tmin. Such
a function could be a gamma distribution of
parameters Λ and k (we would consider an
integer k) so that Λ = k

tmin
. A possible choice

is to consider

χ(tmin) =

∫ ∞

0

Λk tk−1

Γ[k]
e−Λ t (A(t)−A∞) dt .

(51)
χ(tmin) can be calculated by using the Laplace

transform Ã(s) again, and finally

χ(tmin) = (−1)k−1 Λk

(k − 1)!

dk−1Ã(Λ)

dΛk−1
−A∞ .

(52)
For reasonably large enough values of k,

χ(tmin) could provide a good assessment of
Amin −A∞, if the minimum is not too narrow.

• Another way to look for the minimum of A(t)
is to compute the optimal Padé approximant

of Ã(s). Since it is merely a fraction of two
polynomials in s, finding the inverse Laplace
transform would then be easy after a partial
fraction decomposition. This should provide
a good approximation to A(t), especially for
large values of t. This approximation could
extend to a time domain close to tmin, so that
a good estimate of Amin − A∞ would be ob-
tained.

In conclusion, we have shown that in many
cases, the time-dependent availability may de-
crease below its asymptotic limit MTTF/(MTTF
+ MTTR). We have provided tools to ascertain if
this is the case. The occurrence of such a situation
depends on the pair of distributions, as well as
on the ratio MTTR/MTTF. Determining a robust,
lower bound for the availability should be made
easier by the methods we propose.
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Appendix A. A few Taylor expansions for
useful time distributions

We list here the Taylor expansions of F̃ (s) used
in this study. They have been obtained by calcu-
lating the moments of orders higher than 2 of the

distributions. Note that for G̃(s), μ and β should
replace λ and α, respectively.

• Gamma distribution

F̃ (s) =
∞∑

n=0

(−1)n

(n+ 1)!

sn

(αλ)n+1

Γ(α+ n+ 1)

Γ(α)
.

(A.1)
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• Lognormal distribution

F̃ (s) =

∞∑
n=0

(−1)n

(n+ 1)!

sn

λn+1
(1 + α)

n (n+1)
2 .

(A.2)
• Weibull distribution

F̃ (s) =
∞∑

n=0

(−1)n

(n+ 1)!

sn

λn+1

Γ
(
1 + n+1

α

)
Γ
(
1 + 1

α

)n+1 .

(A.3)
• Birnbaum-Saunders distribution

F̃ (s) =
∞∑

n=0

(−1)n

(n+ 1)!

sn

λn+1

(
2

2 + α2

)n+1

×
Kn+ 1

2

(
1
α2

)
+Kn+ 3

2

(
1
α2

)
2K 1

2

(
1
α2

) , (A.4)

where Kν is the modified Bessel function of the
second kind.

• Inverse Gaussian distribution

F̃ (s) =
∞∑

n=0

(−1)n

(n+ 1)!

sn

λn+1

×
n∑

m=0

αm

2m m!

(n+m)!

(n−m)!
. (A.5)

References

Albert, M. and M. Dorra (2018, June). Industry
4.0 and complexity: Markov and Petri net based
calculation of PFH for designated architectures
and beyond. In S. Haugen, A. Barros, C. van
Gulijk, T. Kongsvik, and J. E. Vinnem (Eds.),
Safety and Reliability — Safe Societies in a
Changing World, Proceedings of ESREL 2018,
June 17–21, 2018, Trondheim, Norway. Taylor
& Francis Group. Paper 303.

Carnevali, L., F. Flammini, M. Paolieri, and E. Vi-
cario (2015). Non-Markovian performabil-
ity evaluation of ERTMS/ETCS level 3. In
M. Beltrán, W. Knottenbelt, and J. Bradley
(Eds.), Computer Performance Engineering,
pp. 47–62. Springer International Publishing.

Distefano, S., F. Longo, and M. Scarpa (2010, Oc-
tober). Availability assessment of HA standby
redundant clusters. In 29th IEEE Symposium
on Reliable Distributed Systems, pp. 265–274.
The Institute of Electrical and Electronics En-
gineers, Inc.

Mauro, M. D., G. Galatro,
M. Longo, F. Postiglione, and M. Tambasco
(2017, June). Availability evaluation of a virtu-
alized IP multimedia subsystem for 5G network
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2017, Portorož, Slovenia, pp. 2203–2210. CRC
Press/Balkema — Taylor & Francis Group.

Mauro,
M. D., G. Galatro, M. Longo, F. Postiglione,
and M. Tambasco (2018, June). Availability
modeling of a virtualized IP multimedia sub-
system using non-Markovian stochastic reward
nets. In S. Haugen, A. Barros, C. van Gulijk,
T. Kongsvik, and J. E. Vinnem (Eds.), Safety
and Reliability — Safe Societies in a Changing
World, Proceedings of ESREL 2018, June 17–
21, 2018, Trondheim, Norway. Taylor & Fran-
cis Group. Paper 305.

Rausand, M. and A. Høyland (2004). System
Reliability Theory, Models, Statistical Methods
and Applications (second ed.). Wiley.

Tanguy, C. (2019, June). Time-dependent avail-
ability for a gamma lifetime distribution with
rational shape parameter. In Mathematical
Methods in Reliability (MMR 2019).

Tanguy, C., M. Buret, and N. Brinzei (2019,
September). Is it safe to use MTTF/(MTTF
+ MTTR) for the availability? In M. Beer
and E. Zio (Eds.), Proceedings of the 29th Eu-
ropean Safety and Reliability Conference. Re-
search Publishing, Singapore.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.7
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


