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Abstract

The paper deals with the semi-implicit time scheme combined with a finite element
spatial approximation for a parabolic variational inequality related to American op-
tions problem. The convergence of the iterative scheme is established and a optimal
L*°-asymptotic behavior is given. Furthermore, the proposed approach is based on
a Sub-solutions method.
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1. Introduction

The American options problem in a black scholes model with constant coefficients and
without dividend may be solved by considering the following parabolic variational in-
equality (P.V.I) see [21]:

U
W—I—AUZO,UZKIJ for (r,x) € (0, T] x Q

U

(EJFAU) (U—-w)=0 for(s,x) € (0,T] x Q (1.1

U(t,x) =W¥(x) for (t,x) € (0, T] xT
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with the initial condition
UGO,x)=¥(x), xe8,

where € is a bounded domain of RV , N > 1, whith smooth boundary I'.W (x) denote

the payoff.
The operator A is given by:
AU ]ZVD 1% ”U + 12\/3 1]2\]1 8U+ U (1.2)
= — — OijkO ;i G - ru. .
L=t \ 26210 ) axax; T Si\2iE0Y T ) b

To discretize (1.1) by the finite element method, we write the parabolic variational
inequality related to american options problem in a more compact form.

Assuming that there exixts a C 2 function W such that w = W on I', after setting
u=U— w we can reformulate the problem (1.1) to the following P.V.I:

Find u € K solution of

(%,v—u)—l—a(u,v—u)Z(f,v—u), Vv € K, (1.3)

where K is a closed convex set defined as follows:

[ vt x) € LA([0, T1, H} (), v(t,x) > ¥ (x),
K= { v(0,x) =% ((x)inQ, v=0 onT. } (1.4
f 1s aregular function, f = —AIZ in LZ(Q). (1.5)

Y a positive obstacle of W1’2(Q), where y = WV — 1,/0\ (1.6)

the function v has at least the same regularity as W, and @ is a quite smooth function.
The bilinear form associated with operator A is given by:

(u, v) / AL DAL d 1.7
L V) = ; — v , i
ar i,j _la Jax, ox;  j=I ]axj aott o

and the coefficients: a; j, b, ap, where 1 <i < N,1 < j < N are satisfy the following
conditions:

1N

ajj=aj; = Ekglaikajk; ap =r > B > 0, where B is constant, (1.8)
N N
X a,]£,81>y|8| eeR", y>0. (1.9)
i,j=
1N
bj = 5121011 r. (1.10)

For more detail on the parabolic variational inequality related to American options
problem (see [1, 16, 22]).
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The formalization of the American options problem as variational inequality and
its discretization by numerical methods, appeared only rather tardily in the article of
Jaillet, Lamberton and Lapeyre see [17]. A little later, the book of Wilmott, Dewynne
and Howison see [22] has made it much more accessible the pricing by L.C.P from
American Option problem.Then, the article of Xiao lan Zhang see [21], and the article
of Feng, Linetsky, Morales, Nocedal see [16]. For the problems at free boundary several
numerical results have was obtained for parabolic and elliptic variational and quasi-
variational inequality see [2—-11].

In this paper, we establish an L°°-asymptotic behavior using the semi-implicit dis-
cretization scheme combined with a finite element spatial approximation and subsolution
method. This method is introduced in P. Cortey-dumont [14], [15], M. Boulbrachene
[5],[8], and M. Boulbrachene, P. Cortey-dumont [7], which characterizes the continu-
ous solution (resp. the discrete solution) as the least upper bound of the set of continuous
subsolutions (resp. the discrete subsolution) will also be crucial to prove the asymptotic
behavior in uniform norm for the variational inequality related to American options prob-
lem. The approximation method developed in this paper stands on the construction a
sequence of continuous subsolutions denoted (,Bk) 1 Such that

B* <ufand | —uj|| < CR* |Inh >, Vk=1,...,n,

k

and the construction a sequence of discrete subsolution (oeh)n>1 such that
ozlli < u’;l and ”ozfl —ukHoo < Ch? | Inh |2,Vk =1,...,n,
we obtain
|uf — || < CR* |Inh 2 Vk=1,....,n,

and the estimate of convergence of the continuous and discrete iterative scheme

k
I =l = (1pmr) B0 =0l

1 k
I~ ol = (g7 ) 18—l

In this situation we establish an L°°-asymptotic behavior that is:

1 n
2 2
| upy —u™ ||oofc|:h | Inh | +(m> ]

It is worth mentioning that the construction of second membre f and the approx-
imation method presented in this paper is entirely different from the one developed in
[2].

The outline of the paper is as follows. In section 2, we transform the parabolic
variational inequality into a non-coercive elliptic variational inequality by the semi-
implicit scheme, then we associate with the continuous V.I a fixed point mapping and we
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use that in proving the existence of a unique continous solution, and we prove some related
qualitative properties. In Section 3, we discretize the parabolic variational inequality by
the semi-implicit Euler discretization scheme combined with a finite element method,
then we associate with the discrete V.I a fixed point mapping and we use that in proving
the existence of a unique discrete solution, and we give analogous qualitative properties
for the discrete problem. In section 4, we introduce two auxiliary problems which allow
us to define sequences of continuous and discrete subsolution. Finally, in Section 5, we
establish the asymptotic behavior in L°°-norm for the American Options problem.

2. Study of the continuous problem

2.1. The time discretization

Now, we apply the semi-implicit scheme of the continuous parabolic variational inequal-
ity (1.3), we have for uF e Kand k = 1,...,n

uk — k1
(T,v—uk)+a(uk,v—uk) > (f,v—u), Yvek, 2.1)

T
where At = —, t;, = kAt.
n
The inequality (2.1) is equivalent to

bk, v—u") > (f + af v —ub), Vv ek, (2.2)
such that
b(uk, v — uk) = A (uk, v — uk) + a(uk, v — uk),
1 . (2.3)
A=—=—.
At T
Notation:

(., .) denotes the inner product in L* ().
[l = Moo s -l = NI1Iy and [l z2 = I.1l2 -
2.2. Existence and uniqueness for the continuous P.V.I

Using the preceding assumptions, we shall prove the existence of a unique solution for
problem (2.2) by means of the Banach fixed point theorem.

2.2.1 Fixed Point Mapping Associated with the continuous P.V.I (2.2)
We define the following mapping
T:LY(Q) — LT(Q) (2.4)

w— T(w) =§,



Variational Inequality Related to American Options Problem

such that & is the solution of the following problem:
b, v—8§) = (f +iw,v—§), Yvek,
where L3°(L2) is the positive cone of L>(2).
2.2.2 Iterative continuous algorithm
We choose u” as the solution of the following continuous equation
bw®, v) = (F,v), Yvek,

where F is a regular function given.
Now we give the following continuous algorithm:

uk:Tuk_l, k=1,...,n, ukeK,

where ,u* is the solution of the continuous P.V.I (2.2).

2.2.3 A monotonicity property of the continuous solution

Let F = f 4+ au*™!, F = f + xi*~! be two right-hand sides and u* =

(2.5)

(2.6)

2.7)

3 (F,¥),

T (I:" , 1/7) the correspending solutions to the continuous P.V.I (2.2), respectively.

Lemma 2.1. If F > F and ¥ > ¥ then u* > .

Proof. This proof i 1s an adaptatlon of [5].

Starting from u® and u solutions to equatlon (2.6) Wlth right-hand sides F and F,

respectively. Then u’ > i 1mphes f+ru’> f+2ri’and ¢ > .

Therefore, applying standard comparison result in coercive VI (see [12]), we get

u >u .

Now assume that

it follows that

and

Finally, we get

<
A%
<

This completes the proof.
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2.2.4 A lipschitz dependence property of the continuous solution
Proposition 2.2. Under the above notations and conditions of lemma 2.1, we have

k=, < |F-F| . (2.8)

Proof. This proof is an adaptation of [5]. Let

olr- ]
o0
it is easy to see that
F§F+HF—F’.
o0
F<F+®
and 5
v =v

Using Lemma 2.1, we have

where 5 3
v =<v+o
Thus,
auawygaﬁi¢)+¢.
Therefore

uk < ik + o.
Interchanging the roles of F and F,we similarly get
i~ < uf + o,

Therefore,
Ju =t = |7 = F] .
(0.0)

This completes the proof. |

Proposition 2.3. Under conditions of Lemma 2.1 and assumption (1.8), the mapping T
is a contraction in L*°(2), i.e.,

- 1 -
1T (w) =Tl < m”w_w”oo (2.9)
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Therefore, T admits a unique fixed point, which coincides with the solution of continuous
VI (2.2).

Proof. For w, W in L*°(2), we consider £ = T(w) = d(f + Aw, ¥) and§ =T(w) =
o(f + rw, \Z) solution to continuous variational inequality (2.2) with right-hand sid
F=/f+iw F=f+Ab.

Now, setting

1 -
L F—FH .
¢ )\+,3H 00
Then, it is clear that
F§F+HF—1?“H .
o0
aop+ A

F +
B+ A

A

HF—}E

‘ o0

(because ag > B > 0). N
< F+ (ap+ M.

Using to Lemma 2.1, it follows that
A(F, ) < O(F + (ap + M. V).
On the other hand, one has
AF, ¥)+ ¢ =0(F + (a+ M. ¥ + ).
Indeed, & + ¢ is solution of
bE+¢, (W+¢)—E+¢) = (F+(a+1p, (v+¢)— E+¢)
E+op>v+o, v+0>y+6, Ywek

Thus
AF,¥) < 0(F + (a0 + M), V) < 9(F + (a0 + M, ¥ + ¢).
hence 5
E<é+¢.
Similarly, interchanging the roles of w and w, we also get
E<t+9.
Finally, this yields
1 ~
T(w) = T < —— | F— F|
IT(w) = T(W)lleo < P o
1
< — Aw — f — AW
—A+,3”f+ w— f = Al
A -
= ”w - w”oo

A+ B
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1
T(w)—T(w <—lw— W]y -
IT(w) =T (W)l = I+ pAr lw — oo
This completes the proof. |

Proposition 2.4. Under the conditions of Proposition 2.2 and the previous hypotheses,
we have the following estimate of geometric convergence

1 k
N e 2.10)
o0 1 4+ BAt? o0
where 1 is stationary solution to the following continuous V.I.
bw™,v—u>®) > (f + i, v—u*>), Yvek (2.11)

Proof. For k = 1, we have

and |
ot = = 7 = 1] = (s ) =l
1+ BAt 00

We assume that, for step k

k
I =) = (1) 10—l

then, we use the Bensoussan-Lions algorithm

1
e N e N (e T LAt

k
et =l = (vpmr) () 0=l
o = \1+BAr) \ 1+ BA? 00

1 k+1 0
S(Tﬂm) [u” = u] -

This completes the proof. |

thus

2.2.5 The notion of continuous subsolution

Definition 2.5. o € K is said to be a subsolution for the continuous P.V.I (2.2) if
b(F, v) < (f + 20" v), Vv eK, (2.12)

Let X be the set of such subsolutions.

Theorem 2.6. The solution of the continuous P.V.I (2.2) is the maximum elements of
the set X.

Proof. It is an easy adaptation of [15]. [
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3. The study of discrete problem

We decomposed €2 into triangles and let 7;, denotes the set of all those elements, where
h > 0 is the mesh size. We assume that the family 7, is regular and quasi-uniform. We
consider the usual basis of affine functions ¢;, i = {1, ..., m(h)} defined by ¢; (M;) =
dij, where M| is a vertex of the considered triangulation.We introduce the following

discrete spaces V" of finite element constructed from polynomials of degree 1.
V" = (v, € L*(0, T, Hi (2)) N C(0, T, Hy (X)), such that v, [x€ Py, k € 4}, (3.1)
and
K" = {vy € V", vy > rpn, va(0,x) = rppy inQ, vy =0 on T} (3.2)
We consider r;, be the usual interpolation operator defined by

m(h)
vp € L0, T, Hy () N C(0, T, Hy(Q)), v = Y _v(Mdgi(x).  (3.3)

i=1

The discrete maximum principle assumption (dmp) (cf.[13]): We assume the matrix
whose generic coefficients a(g;, ¢;) are M-matrix.

Theorem 3.1. [cf.[20]] Let us assume that the bilinear form a(., .) is weakly coercive
inK" c HO1 (€2), there exists two constants « > 0 and A > 0 such that:

a(up, up) + Alluplly > o fluglly (3.4)
3.1. Discretization

We discretize the space HO1 (€2) by a space discretization of finite dimensional K" e
H(} (€2) constructed from polynomials of degree 1. In a second step, we discretize the
problem with respect to time using the semi-implicit scheme. For this, we search a
sequence of elements u’;l e K" which approaches u* (1), e = kAt , with initial data
ug = Uoh-

We apply the finite element method to approximate inequality (1.3), and the semi-
discrete P.V.I takes the form of

du
<8_th vy — Mh) + a(up, vy —up) = (f, vp — up), Yo, € K" (3.5)

Now, we apply the semi-implicit scheme on the semi-discrete problem (3.5); for any
k=1,...,n, wehave for v, € K"

k k—1
uy —u
(—h Ath , Uy — ulfl) +a(u’;l, vp — Mﬁ) > (f,on — u’é)- (3.6)
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Then, problem (3.6) can be refomulated into the following coercive discrete elliptic
variational inequality:

bk, vp —uky = (f + ruk™' vy —ub), v, e K. (3.7)
such that
b(uﬁ, vy — uﬁ) =A (u];l vy — uﬁ) + a(ulfl, vy — u];l),
n (3.8)
A= —=—.
At T

3.2. Existence and uniqueness for the discrete V.I

In a similar way to that of Section 2, we shall characterize the solution of discrete V.I as
the unique fixed point of a contraction. To that end, we need a monotonicity result and
a lipschitz dependence property for the discrete V.I.

3.2.1 Fixed Point Mapping Associated with the discrete V.I (3.7)
We define the following mapping
Ty : L(Q) — K" (3.9)

w —> Th(w) =&,

such that &, is the solution of the following problem:
b(En, vn — &n) = (f +Aw, vy — &), Vo € K", (3.10)
where L3°(L2) is the positive cone of L™(2).
3.2.2 Iterative discrete algorithm
We choose u2 as the solution of the following discrete equation
bd, vy) = (F,vp), Y, € K", (3.11)

where F' is a regular function given.
Now we give the following discrete algorithm:

ulfl = Thul,;_l, k=1,...,n, u];l € Kh, (3.12)

where ulfl is the solution of the discrete P.V.I (3.7).

Remark 3.2. Under the D.M.P,, the qualitative properties and results established in the
section 2 are conserved in the discrete case.Their respective proofs will be omitted as
they are very similar to their continuous analogous ones.
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3.2.3 A monotonicity property of the discrete solution

Let F = f+auy ', F = f + Adi} ! be two right-hand sides and u§ = 8, (F, ry ),
ﬁl;l = 0y (I:“ ,Th 1/?) the correspending solutions to the discrete P.V.I (3.7), respectively.

Lemma 3.3. [cf[5]] Under the DML.P, If F > F and rpy > rpi then ub > ik

3.2.4 A lipschitz dependence property of the discrete solution

Proposition 3.4. [cf[5]] Under the above notations and conditions of Lemma 3.3, we
have

Juh — ], < || F - | (3.13)

o
Proposition 3.5. [cf[2]] Under conditions of Lemma 3.3 and assumption (1.8), the
mapping T}, is a contraction in L*°(Q2) , i.e.,

1
ITh(w) — Th(W)lloo = mllw—ﬁ)llw- (3.14)

Therefore, Tj, admits a unique fixed point, which coincides with the solution of discrete
P.VI (3.7).

Proposition 3.6. [cf[ 2]] Under the conditions of Proposition 2.4 and the previous
hypotheses, we have the following estimate of geometric convergence

1 k
I =0 = (15 ) Dot = L 319

where u;° is stationary solution to the following discrete V.I

b, vy — ul®) > (f +2ul®, vy — ul®), Yo, e K. (3.16)
3.2.5 The notion of discrete subsolution
Definition 3.7. [Cf[15]] a)lg € K" is said to be a subsolution for the discrete V.I (2.2)if

by, i) < (f + o) @), Viell,....m(h)}. (3.17)

Let X, be the set of such discrete subsolutions.
Theorem 3.8. [C f[15]] Under the D.M.P., the solution of the discrete.P.V.I (3.7) is the
maximum elements of the set X,.
4. Error estimates in the L°°-norm

In this section, we introduce two auxiliary problems which allow us to define sequences
of continuous and discrete subsolution.
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4.1. Two Auxiliary Sequences of Variational inequality

Let i* be the solution of the continuous V.I:
bk, v —i*) = (f + 2k v —i*) Yo e K, (4.1)
where u’;l is defined in (3.12). Let ﬁ’,‘l be the solution of the discrete V.I:
b(ik, vy, — k) > (f + a1 v — k) vo e K, (4.2)

where u* is defined in 2.7).

Lemma 4.1. [cf[15]] There exists a constant C independent of %, and k such that
| " = u) oo < Ch* | Inh 2, (4.3)

and
| itk — u* |lo< Ch? | Inh |*. (4.4)

Now, we shall estimate the error in the L°°-norm between the u* and uﬁ defined in
(2.7) and (3.12), respectively.

Theorem 4.2.
|uf — | < Ch* |Inh > (4.5)

the following lemma plays crucial role in proving the theorem (4) .

Lemma 4.3. There exists a sequence of continuous subsolutions (ﬂk )i>1 such that
g <uk vk=1,...,n, (4.6)

and
|B* = uy|, < Ch* | Inh |, 4.7)

and a sequence of discrete subsolutions (aﬁ )i>1 such that
af <uf,vk=1,...,n, (4.8)

and
legg —u¥|| ., < Ch* | Inh *. (4.9)

Proof. Consider the continuous V.1
b(',v—a') > (f + ud,v—i') Vv e K.

1

Then, as u " is solution to a continuous V.1, it is also a subsolution, i.e.,

b(i', v) < (f +rul,v) Vo e K.
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and
b, v) < (f + rud — 2 + Au®, v) Yo € K.
we have
|up —u®|, < Ch* |Inh| (see[19])
Then

b’ v) < (f +Aluj — uOHOO + 2u’, v) Vv € K.
and using (4.10) , we get

b(',v) < (f + ACh* | Inh | +2u°, v) Vv € K.
So, i1! is a subsolution for the continuous V.I whose solution is
U'=3(f +1Ch* | Inh | +2u0).

Then, as u' = 3(f + Au") making use of Proposition (1), we have

| —u'|, < |f+2rCh* | Inh|+2u® — f— 2|

Ch® | Inh |,

A

and, due to Theorem (1), we have

' <U' ' <u'+Ch* |Inh|.

Now putting
gl =i' —Ch? | Inh|,
we have
Bl <u'
and

18" —uj |l < a" = Ch? [ Inh | —uy |,
< |a'—u,|, +Ch* |Inh |
< Ch*|Inh |> +Ch®|Inh |

< Ch*|Inh|?.
Consider the discrete of discrete V.I

by, vh — i) = (f + 2, vy —ii)) Yo € K"

13

(4.10)

4.11)

(4.12)
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Then, as ﬁ}, is solution to discrete V.1, it is also a subsolution i.e.,

b@), g0) < (f +2u®, @5) Yo, 5 = 1,..., m(h)

and
b(it}, o5) < (f 4+ 2u® — ) +2ud, @5) Vo, s = 1,...,m(h)

Then
bith, @) < (f + 2 |u® —uf)|| _ +rul), 0) Vi, s = 1, ..., m(h)
and using (4.10) , we get
b(ity, ps) < (f +ACh* | Inh | +Auj, ¢5) Yoz, s = 1, ..., m(h)

So, ii}, is a subsolution for the system of V.I whose solution is

Ul = 0p(f +ACh? | Inh | +Au)).
Then, as u}, =on(f + ku?l) making use of Proposition (4), we have

Oy —upll, < |f+ACh* [ Inh | +huy — f —dup
< Ch*|Inh|.

and, due to Theorem (3), we have

ity <Up <up+Ch*|Inh|.

Now putting
af =i, —Ch® | Inh |,
we have
< up, (4.13)
and
|y —u'| < iy — Ch* | Inh | —u'| (4.14)
< |y —u'| +Ch? | Inh |

Ch* | Inh |> +Ch* | Inh |

A

Ch* |Inh |?.

A
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Thus, combining (4.11),(4.12) and (4.13),(4.14) we get

1

u ap +Ch* [ Inh |?

A

IA

up +Ch* | Inh |?

B!+ Ch? | Inh )2

IA

u' +Ch* |Inh |?

IA

Therefore
|u' = | < Ch* |Inh |*.

Step k. we assume that
Huk_l — k! H <Ch2|Inh %,
o0

and we prove that
Huk—uk” <Ch2|lnh|2.
hilco

For that, consider the continuous V.I

b(i*, v —i*) = (f + k™ v —idb), Yo e K.

Then, as ik

bk, v) < (f +2uh 1 v), Vv eK,

and

b, v) < (f + bt — a4k ), Ve e K

Then

bt v = (f 5 fuf =t 4 ak L), ek
(0,0)

and, using (4.15), we get

bk, v) < (f +ACh?* | Inh |> +1*7 1, v), Vv e K.

Let it* subsolution for the continuous V.1, whose solution is

U =09(f +ACh? | Inh |> 4271,
Then, as uf = 3( f+ k=, making use of Proposition (2), we have

|OF =] < | f+ArCh? | Inh P 40— f =Y

< Ch*|Inh|?,

is solution to a continuous V.1, it is also a subsolution i.e.,

15

(4.15)
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and, due to Theorem (1), we have

ik <U" <uF+Ch? | Inh|?.

Now putting
BX =u* —Ch? | Inh |?,
we have
B* < uk, (4.16)
and
|B* —u}| . < |d* —Ch* | Inh > —uf]| (4.17)

< |a* —uj|,, +Ch* | Inh|?

Ch* |Inh |> +Ch* | Inh |?

IA

Ch* | Inh |*.

A

Consider the discrete V.1
bk, vy — i) = (f + Ak v, — k), Yoy € KP

Then, as ﬁﬁ is solution to a discrete V.1, it is also a subsolution i.e.,

by, ¢5) < (f + 2" ) Vos, s = 1,...,m(h)

and

blity, ¢5) < (f + '™ = a7 o @) Yos s =1, .. m(h)
Then, we have

b(k, g;) < (f + & Hu"‘l - uZ‘IHOO + 2k o) Vs s =1, m(h)

and, using (4.15), we get

by, g5) < (f +ACH* | Inh | +auy"" 05) Yoi, s = 1,....m(h).
Let b_t];l subsolution for the system of V.I, whose solution is

Uf = 8p(f +ACh? | Inh |* +auk ).

Then, as u’Z = op(f + ku];l_l) making use of Proposition (4), we have

[A

[0 —ubl o = |F+2ch1mn P +ruf! _f_kui_luoo

Ch* |Inh |*.

[A
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and, due to Theorem 3, we have

ik <UN <ub +Ch*|Inh |*.

Now putting
ak =ik —ch?|nh 2
we have
ak < uk, (4.18)
and
oy — |, < @ — Ch* | nh 2 —u*|| (4.19)
< |y —u*| +Ch* | Inh ?
< Ch*|Inh |> +Ch? | Inh ?
< Ch*’|Inh|?.
Thus, combining (4.16),(4.17) and (4.18),(4.19) we get
uk < af +Ch* | Inh |?
< uk+Ch* | Inh |?
< gE+ch? | nh ?
< u*+Ch®|Inh |?
Therefore
|uf — | < Ch* |Inh |*.
[

5. Asymptotic behavior in L°°-norm for
the American Options problem

This section is devoted to the proof of principal result of the present paper, where we prove
the theorem of the asymptotic behavior in L°°-norm for parabolic variational inequality
related to American options problem. More precisely, we evaluate the variation in L™
between uy, (T, x) , the discrete solution calculated at the moment 7 = n At and u°°, the
stationary solution of continuous variational inequality.
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Theorem 5.1. Under the results of the proposition (3) and theorem (4), we have

g — u| §C[h2|lnh|2+(;) ] (5.1)
o0 1+ BAt

where C is a constant independent of /4 and n.

Proof. We have

uk =uy (¢, x) for t € J(k — 1) At; kAt (5.2)
thus
up =up (T, x), (5.3)
then
Jun (700 = ] = = < it =+ " =]

Using the Theorem 5.1 and the Proposition 3.4, we have

n 1 "
H”h _MOO”OO =C |:h2 |Inh |* + <m> ]

6. Conclusion

In this paper, we study the finite element approximation of the variational inequality
related to American options problem. We establish an L°°-asymptotic behavior similar
to that in [2] using the subsolution method. The type of estimation that we get here
enables us to locate the free boundary,thing crucial in practice of the American options.
A future work we will consolidate our theoretical results by numerical simulation, where
efficient numerical monotone algorithms will be treated.
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