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MODULES

V. T. Markov, A. V. Mikhalev, UDC 512.553
L. A. Skornyakov, and A. A. Tuganbaev

A survey is given of results on modules over rings, covering 1976-1980 and continuing the series
of surveys "Modules" in Itogi Nauki.

The present survey covers the materials from the reviewing journal Matematika for 1976-1980 and can
be considered as a continuation of the surveys [130, 131, 99, 100, 137] on modules, covering the materials
of 1961-1962, 1963-1965, 1966-1968, 1969-1971, and 1972-1975, respectively, and also the survey [97] on
rings of endomorphisms. In particular, in citing papers reflected in these surveys, the reader, as a rule,
is referred to the corresponding survey paper. References to the bibliography of the surveys cited are for-
mulated as [M62:000], [M65:000], [M68:000], [M71:000], [M75:000], and [KE:000], respectively. For exam-
ple, [M65:121] means that one has in mind paper 121 from the survey M65 = [131], relating to 1963-1965.
References of the type Paragraph 3.1 indicate Section 3 Paragraph 1 of the present survey. In the bibliography
as a rule, we do not include reports to conferences or seminars, if the corresponding results have already ap-
peared in the form of journal publications. An exception is made only for survey reports. Definitions of con-
cepts which are in the monographs of Lambek [M71:59] and Faith [161] are usually not given.

Translated from Itogi Nauki i Tekhniki, Seriya Algebra, Topologiya, Geometriya, Vol. 19, pp. 31-134,
1981. .
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Unfortunately, the restricted size of the survey forced the authors to leave outside consideration a
gseries of important sections, in which modules play an essential role. In the first place this relates to com-
mutative algebra, homological algebra, algebraic K-theory, the theory of representations (of groups, asso-
ciative algebras, orders, Lie algebras, etc.), modules with semilinear and quadratic forms, category theory.
Each of these directions deserves separate consideration. The line of demarcation with the theory of rings
and the theory of Abelian groups, to which special surveys are devoted, is entirely subjective. Thus, by tradi-
tion, there are included in the present survey the homological classification of rings and localizations, includ-
ing the classical ring of fractions. At the same time, far from all papers on ring theory where modules play
an auxiliary role (for example, in the definition of radicals) appear in the survey. From the theory of Abelian
groups, only results of special interest for the theory of modules are elucidated (there is the survey of Mishina
[96] on Abelian groups). As in the preceding survey M75= [137], there is missing the large and important sec-
tion concerning rings of endomorphisms and the structure of submodules (a separate survey will be published
on this theme). During the period considered, several textbooks appeared, devoting considerable space to the
theory of modules. Here one can mention the books of Blyth [270], Kasch [696], Kertesz [709], Nastasescu [859].
The books of Geramita and Small [505), Raghavan, Singh, and Sridharan [974] are devoted to homological '
methods in commutative algebra. There appeared Russian translations of the two-volume monograph of Faith
[161], Cohn's book [87] on free rings, where the theory of modules is broadly represented. During this time
there also appeared in Russian translation the second volume of the monograph of Fuchs [163] on Abelian
groups, in which homological methods play an essential role. The books of Behrens [245], McDonald [811],
Qystaeyen and Verschoren [935], Vasconcelos [1172] are closely connected with the theory of modules. The
theory of modules is also represented in the materials of a series of conferences and symposia [167, 168, 169,
170, 1010].

If nothing is said to the contrary, the ground ring is denoted by R, all rings considered are assumed to
be associative and to have a unit, and modules are left and unitary. If nothing is said to the contrary, Noethe-
rian, Artinian, etc. mean on the left. The word "ideal" always means a two-sided ideal. As in the preceding
surveys, the following notation is used widely:

R-Mod is the category of all R-modules;

1A, is the product (complete direct sum) of the modules A ;

t _|A, is the coproduct (direct sum) of the modules A ;

A®@B is the direct sum of the modules A and B; ‘

8(M) is the socle of the module M;

Z (M) is the singular submodule of the module M;

M is the injective hull of the module M;

Endg (M) is the ring of endomorphisms of the R-module M;

Mp(R) is the ring of (n X n)-matrices over the ring R;

Z (M) is the lattice of submodules of the module M;

J(R) or J is the Jacobson radical of the ring R;

U(R) is the group of invertible elements of the ring R;

Z, Q, R are the rings of integers, rational, and real numbers, respectively;
AnnpS = {r¢R|rS = 0} is the annihilator of the subset S of the R-module M;
I (M) is the length of the module M.

1. Category of Modules

1.1. General Questions. We begin with results not appearing in specialized sections. In [1081, 1233]
there were considered basis submodules of modules over rings similar to discrete normed rings. A density
theorem for basis homogeneous modules is given in [796]. In [275] there are studied properties of modules
over commutative principal ideal rings. Tests for the isomorphism of two torsion-free modules of rank 2 over
commutative Dedekind domains are given in [402]. Separable modules over commutative Dedekind domains
were studied in [1194]. In [204] the following conditions on a module M over a commutative ring were consid-
ered: (1) each countably-generated submodule of M is contained in some finitely generated submodule of M; (2)
the module M cannot be represented in the form of a union of a strictly increasing countable chain of gubmod-
ules. Let R be the group ring of a quasicyclic group over the ring of p-adic integers. In [13] for irreducible
R-modules there is introduced and studied a certain arithmetic invariant. Vamos [1161] studied modules M
over a ring R such that Homg (N, M) # 0 for any nonzero R-module M. Rossoshek [119] continued the study
of correct modules started in [M75:128].
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In a series of papers there were considered classes of modules, introduced by analogy with certain
classes of rings. Primary and semiprimary modules, primary left ideals were studied in [4, 253, 399, 985].
Regular modules (that is, modules all of whose submodules are pure), were studied in [351] (cf. also [M75:
519, 521, 525, 529)]), semiregular modules in [877]. Factorial modules over commutative rings, which are
analogs of factorial rings, were studied in [379, 880] (cf. also [M75: 1039-1041, M71: 829]). Mehdi and Singh
[816, 817, 1084] studied properties of multiplication modules over commutative rings (a module M is called
multiplicational if for any submodules L, N, of M, where L C N, one can find an ideal A, such that L = NA).

A module, all of whose proper submodules are small, is called hollow. Harada [603] continued the study
of hollow modules started by Fleury [M75: 537]. In particular, he proved that a finitely generated homogeneous
hollow module over a right or left perfect ring has local endomorphism ring. Rangaswamy [978] studied mod-
ules, in which each finitely generated submodule is small. Harada [606] studied nonsmall modules, that is,
modules not small in their injective hull. The dual concept is also considered. Modules over commutative
Noetherian rings, each proper submodule of which lies in a maximal submodule, were considered in [1236].
Tiwary and Paramhans gave a condition on submodules A C B of a module M, equivalent with the fact that B/A
is the singular submodule of the module M/A. Andrunakievich [6] studied the Z-radical of a module, where &
is a special class of modules in the sense of [M65: 5], satisfying the additional requirement: if MEZy, 0 #NC
M, then N¢Zp. Nita [888] considered modules over commutative rings, containing as submodules, isomorphic
copies of any simple module. Osterburg [913] gave a series of remarks on modules over the crossed product
of a semilocal ring R and a finite group of automorphisms of the ring R, inducing a group of completely outer
automorphisms on the quotient-ring R/J(R). Let all finitely generated left ideals of the ring R be free modules
of identical rank, M¢R-Mod, M = R™/RN, A be a matrix of the module M, h(M) = m —n. If Homp (M, R) =0
and the inner rank of the matrix A is equal to min(m, n), then the module M is called complete. A complete
module is called positive (negative, periodic), if h(M) = 0 (h(M) = 0, h(M) = 0). Cohn [366] proved that any
finitely generated R-module is the direct sum of a free module and an extension of a negative module by a posi-
tive one. Labute {738] considered free Lie algebras as modules over their enveloping algebras. Shudo [1073]
studied properties of comodules over coalgebras. In [117, 1140] familiar results about Abelian groups were
carried over to the case of modules over bounded hereditary Noetherian primary rings. Dlab and Ringel [420]
attached module theoretic value to the property of summation of the root system of the Dynkin diagram.

1.2. Properties of Direct Sums. We shall say that the subset A of the module M is exchangeable with
respect to the direct decomposition M=A®B . if the equation M = A® B implies the existence of submodules

C, C Cy» such that M=A®(;;C,). The submodule A of the module M is called (finitely) exchangeable in the
@ . .

module M, if it is exchangeable with respect to any (finite) direct decomposition of the module M. The module
A is called (finitely) exchangeable, if it is (finitely) exchangeable in any module containing it. Nicholson [878]
proved that pM is finitely exchangeable if and only if in the ring Endg (M) idempotents can be lifted modulo any
left (right) ideal. It is also proved there that the finite exchangeability of a projective module P is equivalent
with the fact that if P = M; + M,, then one can find a direct decomposition P = P;®P,, where M;jD Pj, i =1, 2.
Exchangeable modules are also considered in {691]. Harada and Ishii [607] reproved the results of Yamagata
[M75: 1455] on projective exchangeable modules.

We shall say that in the direct decomposition A® B=A® C one can cancel (weakly cancel) by the module
A if B = C (one can find a natural number n such that B? = C). The property of (weak) cancellation was con-
gsidered in [539, 541, 548, 587, 1111}. Goodearl [539, 541], in particular, proved that one can weakly cancel
by the module A if A is a finitely generated module over any subring of a finite-dimensional algebra over the
field of rational numbers. Goodear!l and Warfield [548] considered the case when A, B, C are finitely gener-
ated modules over an algebra R over a commutative ring S such that the module of fractions RM is a finitely
generated SM-rnodulé for any maximal ideal M of the ring S. They proved that: (1) if A@ B = A®C, then B = C;
(2) if AR = Bn, then A = B; (3) if A? is isomorphic with a direct summand of B?, then A is isomorphic with a
direct summand of B. In [649] the theory of cancellation is developed for a series of categories, which applies
to modules over rings of algebraic numbers.

Gruson and Jensen [577] characterized modules M for which there exists a cardinal £ such that each direct
power of the module M splits into a direct sum of submodules, whose cardinality does not exceed t. Lenzing
[762] explained when for a fixed module F any homomorphism F-[M/[ M can be lifted to a homomorphism

t t

F—[M, wheret is an arbitrary cardinal. There too the question is studied when the module |_|M is distin-
4
guished as a direct summand in the direct power { IM. This result is applied to the case when E\/I =gR. In

t
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[244] it is explained when a module has a free direct summand of infinite rank, In [480, 781, 783, 784] prop-
erties of subdirect products of modules are studied.

Ringel [1013] studied properties of indecomposable modules over finite-dimensional hereditary algebras.
In [1087] finite-dimensional indecomposable modules over the quotient algebra of polynomials K[x,,...,x,]/
(Xpg.-o ,xn)2 were considered. Indecomposable modules over the group algebra of a noncyclic Abelian group
of exponent p over a field of characteristic p were studied in [308]. Indecomposable modules over various
algebras of infinite type of representations were considered in [285, 1192]. Jondrup {687] studied the question
of when a ring R with a finite number of cyclic (finitely generated, finitely representable) R-modules is left
Artinian. Warfield [1187] studied properties of (indecomposable) modules over commutative Artinian rings
and discrete normed rings. Indecomposable modules over certain quasifrobenius rings were studied in {212,
490]. By an Artinian algebra is meant an Artinian ring, which is a finitely generated module over its center.
Indecomposable modules over Artinian algebras were studied in {207, 209, 210, 211, 216, 217, 304, 552, 566,
567]. In the book of Gordon and Green [554] a study is made of a special class of indecomposable modules —
with a core. One says that a module M has a core, if the intersection of all nonsmall submodules of the mod-~
ule M is not equal to zero. Certain properties of indecomposable modules were considered by Green [568,
5706]. Zimmerman-Husigen [1231] proved that a countable direct power of the module M is a direct sum of
modules with local endomorphism rings if and only if any direct sum of copies of the module M is algebraically
compact. In [1226, 1230] other properties of direct powers of modules were investigated. In [250] properties
of direct sums of antisingular quasiinjective modules over a left antisingular ring are studied.

In [254, 639, 1080] familiar results on direct decompositions of Abelian groups are carried over to spe-
cial classes of modules. Stanton [1116-1118], Zdschinger [1235] and Lady [741] investigate direct decompositions
of modules over commutative discrete normed rings. Arnold [203] studies the connection and parallel between
the theory of lattices over orders and the theory of torsion-free modules of finite rank over Dedekind subrings
of an algebraic number field, which are applied to direct decompositions of Abelian groups. Direct decompo-
sitions of modules of a very special form were considered in [28, 871]. A series of properties of high sub-
groups of Abelian groups are carried over in [454] to modules over Dedekind rings.

1.3. Modules with Finiteness Conditions. Anderson [190] noted that Artinian modules over a commuta-
‘tive ring are countably generated and Hartley [608] gave an example of an Artinian module over a countable
ring, which is not countably generated. It is shown in [608] that the group algebra over a field of a group of
countable rank has an Artinian module, all of whose submodules are totally ordered by inclusion and the order
type of this totally ordered set is equal to the first uncountable ordinal. Snider [L100] proved that all injective
hulls of simple modules over the integral group ring of a finitely generated nilpotent group are Artinian mod-
ules. Lenagan [757] proved that if the ideal A of the right Noetherian ring R has a composition series as a left
R-module, then A has a composition series as a right R-module. Goodearl [545] gave examples of Artinian
modules as well as Noetherian modules over a regular primary ring, which do not have composition series. In
[581] it is shown that an indecomposable Artinian purely injective module has local endomorphism ring. The
action of an ideal on an Artinian module was considered in [395]. Roberts [1017] introduces and studies for
Artinian modules over a commutative local ring, a dimension, whose definition is dual to the usual definition
of Krull dimension, introduced by Gabriel and Rentschler [M71: 924]. Results announced earlier on Artinian
modules were published in [225].

A module having an essential Artinian submodule is called finitely embedded. Schelter [1054] proved
that finitely embedded finitely generated module over a left completely bounded Noetherian ring, all of whose
right-primitive quotient groups are Artinian, is an Artinian module. Ginn [511] gave an example of a right
and left primitive principal ideal domain over which there exists a nonartinian module which is an essential
extension of a faithful simple module. In [376], to characterize commutative coherent rings and commutative
rings of weak homological dimension one, there are used modules M such that M/M is a finitely embedded mod-
ule, Finitely embeddedleft ideals occurred in [175, 692]. Finitely embedded modules were also considered
in [410, 1094, 1214].

Shock {1070] proved that if each quotient module of the module M has a finitely generated socle and small
Jacobson radical, then M is a Noetherian module. Karakas [695] proved that a module over a commutative
ring is Noetherian if and only if all its primary submodules are finitely generated. The Krull dimension of the
module M (defined as the deviation of the set of all its submodules, partially ordered by inclusion) is denoted
by K dim (M). Any Noetherian module has a Krull dimension. A module is called compressible if it can be
isomorphically imbedded in any of its nonzero submodules. A module M having a Kdim (M is called critical,
if K dim (N) < K dim (M) for any of its proper quotient modules N. It is proved in [1185] that if R is a right
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Noetherian ring, integral over its center, then all finitely generated critical R-modules are compressible.
With the help of the concept of reduced rank for finitely generated modules over left Noetherian rings and
rings having left Krull dimension, in [346, 531, 760] many familiar results on left Noetherian rings and rings
with Krull dimension are reproved. Jategonkar [666] to prove an analog of Krull's principal ideal theorem
for primary rings with polynomial identity introduces and uses a certain analog of the length of a module over
a completely bounded Noetherian ring. Amitsur and Small [189] proved that if D is a field, then all simple
modules over the polynomial ring D[x,...,Xn] are finite dimensional over D.

Let A, B be submodules of the module M, C = AN B, f be 2 maximal extension of the identity mapping 1,
considered as a homomorphism from A to B, D be the domain of definition of the homomorphism £, d(X) be the
Goldie dimension of the module X. Camillo and Zelmanowitz [318] proved that d(A + B) = d(A) + d(B)—d(D) +
d(D/C), and gave an example when d(A + B) #d(A) + d(B) —d(AN B). Some applications of the formula of
Camillo—Zelmanowitz are given in [314, 523]. Properties of minimal systems of generators for a module
were studied in (608, 980]. Systems of generators of modules over semigroup algebras were studied in [607".
Gilmer [507] described modules over commutative rings, all of whose proper submodules are finite direct sums
of simple modules. Modules, dual to modules, finite-dimensional in the sense of Goldie, were studied in
(1139, 1169, 1170]. Camillo [313] characterized modules, all of whose quotient modules are Goldie finite-di-
mensional. Segal [1058] proved that a finitely generated module over the integral group ring of a {initely gener-
ated almost nilpotent group has a finite series of submodules, whose quotients have zero Jacobson radical.
Free modules with a maximality condition for n-generated submodules for each fixed number n were studied by
Renault [1000]. Constructive modules, which are a generalization of finitely representable modules, were con-
sidered by Ribenboim [1004]. Cohen [362} proved that if M and N are stably equivalent modules over the inte-
gral group ring of a finite group, which are free noncyclic Abelian groups, then their minimal numbers of gen-
erators are equal. A left fully bounded left Noetherian ring is called a left FBN-ring. Warfield [1191] gener-
alized to left FBN-rings of finite Krull dimension the theorem of Forster —~Swan [M68: 388] on the limit of the
number of generators of a finitely generated module. He also [1190] studied relations between a system of gen-
erators and a system of stable generators of a finitely generated module. Faith {451] studied the concept of the
genus of a module M, that is, the minimal number, for which there exists an epimorphism MP —pR. Robson
[1018] proved that if M is a finitely generated module over a Noetherian ring, whose ideals are pregenerators,
while K dim (M) = n, then M is generated by n + 1 elements. Bounds on the number of generators of ideals and
modules over commutative rings were considered in [274, 1177]. Properties of the length of the quotient mod-
ule M/J(M) of a finitely generated module M were studied in [984]. Beachy [236] considered finitely genera-
ted fully bounded Artin—Rees modules over Noetherian rings and proved that a finitely generated module over
a FBN-ring has only a finite number of maximal elements in its support. Properties of finitely generated
modules over semihereditary primary rings were studied by Miller [825], and over various classes of simple
Noetherian rings by Stafford [1106, 1110, 1112] and Robson [1019]. The module M is called finitely annihilated
if it contains a finite subset F, such that AnngM = AnngF. Finitely annihilated modules were used in [243] to
characterize various classes of rings. Existence theorems for basis elements in Stein modules are proved in
[302]. Nastasescu [860] proved that the module of power series M[[X]] over the ring R[[X]] has Krull dimen-
sion if and only if M is a Noetherian module. Coprimary decomposition of an Artinian module was considered
in [830]. Primary decompositions of various classes of modules were considered in [45, 255, 550, 891]. Ter-
tiary decompositions of a finitely generated module over a Noetherian ring were studied in [751]. Nastasescu
[864] studied Noetherian and Artinian modules with respect to the additive topology on the ground ring. He also
[861] considered Artinian objects in Grothendieck categories. Isomorphism of pairs of finitely generated mod-
ules over commutative principal ideal domains were investigated in [61]. Anderson [191] studied finitely gen-
erated modules M over a commutative Noetherian ring, such that N + (ﬂNa) = (N + Ng) for any submodules N

a o
and N, of the module M. Rangaswamy [978] investigated modules with mi__nimal condition for nonsmall sub-
modules. Modules, having Krull dimensionK dim and Gabriel dimension Gdim were considered in [184, 277,
278, 279, 340, 522, 595, 596, 597, 727, 730, 749, 756, 758, 761, 1044, 1145]. Lenagan [761] proved that if
the module M is represented as the union of a transfinite sequence of modules M, such that K dim(Mg) =t for
all @ and a fixed transfinite number t, then the Krull dimension of the module M exists and does not exceed t.
He also [758] studied the connection between K dim R and K dim R/A, where A is an invertible ideal of the left
Noetherian ring R. A series of results on rings and modules having Krull dimension were obtained by Lemon-
nier [756]. In particular, he proved that a module with Krull dimension over a V-ring is Noetherian. In addi-
tion, if R is a commutative ring, all of whose quotient rings are finite-dimensional in the sense of Goldie, then
the existence of K dim R is equivalent with the fact that R satisfies a maximality condition for simple ideals and
each ideal of the ring R contains a product of simple ideals. The Krull dimension of modules over left Noethe-
rian rings, integral over their centers, was studied by Chamarie and Hudry [340]. Boyle and Feller [278]
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investigated modules over a left Noetherian ring for which the Krull dimensions of all nonzero finitely gener~
ated submodules coincide. Boyle [277] considered modules M such that K dim M/N < K dim M for any essential
submodule N. The Gabriel dimension of idealizers and subidealizers was calculated in [597, 727, 730].
Lanski [749] used a noncategorical approach to the Gabriel dimension for considering the Gabriel dimension
over rings with involution. Golan [5622] considers inhis book functions of quasidimension, covering the Gabriel
dimension.

1.4. Projective and Flat Modules. For properties of projective and flat modules connected with locali-
zations and torsion, cf. Section 3. Resulis, closely connected with algebraic K-theory are hardly considered.

Below in this paragraph, by R we denote the ring of polynomials D[x,...,xp] in n independent variables
with coefficients in the ring D, by P we denote a finitely generated projective R-module. It was already men-
tioned in the preceding survey [137] that Suslin [M75: 146] and Quillen [M75: 1128] independently solved Serre's
problem positively, proving that if D is a field, then P is a free module. A series of papers was devoted to
Serre's problem and its generalizations. After the preprint of Quillen [M75: 1128] there appeared his paper
[971] in which it is proved that if D is a commutative principal ideal domain, then P is a free module. The
book [745] is devoted to a complete account of the results of A. A. Suslin and Quillen, and also contains a
series of open questions on this theme. Partial results on Serre's problem are contained in [1025, 1026].
Suslin [140] proved that if D is a skew-field, finite-dimensional over its center, and the rank of the module P
is greater than one, then the module P is free. Stafford [1115] proved that if D is a skew-field with infinite
center, then the module P is either free or isomorphic with a left ideal of the ring R. Serre's problem in the
noncompact case is also considered in [724]. Serre's problem is solved positively for the following cases: (1)
D is a commutative one-dimensional Bezout domain [791]; (2) D is a commutative Bezout domain, all of whose
simple ideals have finite height [763]; (3) D is the ring of formal power series in a finite number of variables
over a field [779]; (4) D is an affine normal subring of the ring of polynomials in two variables over a field,
generated by monomials [194]. In [287, 778, 1028] for certain commutative rings D it is proved that the mod-
ule P is an extension of a certain finitely generated projective D-module @. Kang Ming—Chang [694] proved
that if D is a commutative Noetherian ring with finite normalization and either 1/2€D or the rank of P is not
equal to 2, then the module P is isomorphic with the direct sum of a free R-module and a projective R~module
of rank 1. Anderson [192] proved that if A is an affine subring of the ring of polynomials in two variables over
a field, then any finitely generated projective A-module is the direct sum of a free module and aprojective mod-
ule of rank 2. In [731, 1026] results are given concerning the complement of a unimodular row with respect
to an invertible matrix. Suslin [140] proved that if A is an affine algebra of dimension d over an algebraically
closed field, then each finitely generated projective A-module, whose rank is not less than d, is free. Suslin
[1125] and Stafford [1108] are devoted to the cancellation problem for projective modules. A finitely generated
module gRM is called a stably free module of type n if M® RR is a free module. Lam [744] proved thatthedirect
sum of a sufficiently large number of stably free modules of type n is a free module.

Properties of the stable rank of the ring of polynomials in a finite number of variables over a commuta-
tive ring were studied by Gabel [498]. Stafford [1107] proved that any projective module over the Weyl algebra
An(D) is stably free. Suslin [101, p. 97] gave a construction, allowing one, for a pair (M, f), where { is a nil-
potent endomorphism of the finitely generated module M over the commutative Noetherian local ring R, to cons-
truct a finitely generated projective R[x]-module P(M, f), whose rank is equal to the dimension of the kernel of
the endomorphism Tor(f, K), where K is the residue field of the ring R. Let R be a Noetherian commutative
ring, A = Rix,, xl‘l,, e s XnexXnt, Vis+.-+Yml» P be a finitely generated projective A~module. Swan [1128]
under certain additional assumptions proved the existence of a projective R-module Q, such that P = A®pQ,
Carter [331] gave examples of projective modules over the integral group rings of the groups SL,(Z), GL,(2Z),
which are not stably free. Berridge and Dunwoody [248] constructed examples of nonfree projective modules
over the integral group rings of torsion-free groups. Michler [822, 823] proved that if F is a field of charac-
teristic p > 3, G is a finite group, which is not p-solvable, M is an indecomposable projective nonsimple FG~
module of F-dimension p, then M has a composition series of length 3 and the socle of the module M is one-
dimensional. Projective and free modules over group rings were also considered in [228, 320-322, 356, 582,
723].

Stafford [1110] proved that any projective module over the Weyl algebra Ay(K), where K is a field of
characteristic zero, is either free or isomorphic with a left ideal. Levy [768] studied the structure of finitely
generated projective modules over commutative Noetherian Krull one-dimensional domains. Fuller and Shut-
ters [497] and Brockmann [289, 290] elucidated the structure of projective modules over a semilocal p-con-
nected ring. Fuller and Shutters [497] also proved that over a semilocal ring there exist only a finite number
of classes of isomorphic projective indecomposable finitely generated modules. Parimala and Sridharan {949,
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950] investigated projective modules over generalized quaternion algebras. Projective and flat modules over
Frobenius algebras and the Steenrod algebra were considered by Lin and Margolis [776]. Projective modules
over nonassociative rings were studied by Wisbauer [1202, 1207]. Projective ideals of rings of continuous func-
tions were investigated by Vechtomov [27] and Brookshear [291, 292]. Beck and Trosborg [244] gave conditions
on a "large" projective module, equivalent with its freedom. Conditions for the finite generation of a projec~
tive module which is finitely generated modulo the Jacobson radical of the ring, were considered by Sakhaev
{124], Jondrup [683], Valette [1160]. Frohlich [473] studied locally free modules over orders in a finite-di~
mensional semisimple algebra over an algebraic number field. Warfield [1188], associating with each matrix
with coefficients in some ring the cokernel of the homomorphism of free modules, defined by this matrix, in-
vestigated the question when this cokernel defines the matrix up to equivalence. In [336] free and projective
graded modules were investigated. Reflexive modules were studied in [585, 675, 1057, 1155]. Masaike [800]
gave conditions on the ring R with left self-injective maximal left ring of fractions @, equivalent with the fact
that each finitely generated R-module M, isomorphic with a submodule of the direct product of copies of the
module gR, can be imbedded in a free R-module. Bruns and Vetter [303] proved that if M is a finitely gener-
ated torsion-free module over a commutative Noetherian ring R, while My is a free Rp-module for each sim-
ple ideal A with the cenditiongrade (A) = 1, then the module M contains a free submodule ¥, such that M/F is
isomorphic with an ideal of R. Projective modules, all direct powers of which are projective, were studied

by Zimmermann [1227] and Jeremy [673]. Nicholson [876] and Jansen [664] considered projective moduleg,
certain of whose quotient modules have projective coverings. Projective modules, all of whose quotient mod-
ules are injective, were investigated in [790]. Dominant projective modules were studied by Kato [697] and
Kawada [699, 700]. The connection between the properties of an infinitely generated projective module and its
endomorphism ring was studied by MacDonald [812]. ILet P be a finitely generated projective module over the
ring A, B=EndaP, T be the trace ideal of the module P. Miller [826] gave characterizations of the following
conditions: (1) Pp is a projective module; (2) Py is a flat module; (3) T is & projective module; (4) Ty is a
flat module; (5) the functor Homp(P, —) commutes with direct sums. Hill [623] studied modules, all of whose
submodules are projective. ILandrock [747] calculated the Loewy length of projective modules over symmetric
finite~-dimensional algebras over a field. In Dicks' book [406] there is given a self-contained proof of the fact
that the projectivity of the fundamental ideal of the group ring RG, where R is a nonzero ring, is equivalent
with the fact that G is the fundamental group of a graph of finite groups whose orders are invertible in the ring
R. Projective modules of differentials over algebras were considered in [305]. Ramamurthi [975] studied
modules with projective modules of characters. Swan [1127] gave a simpler proof of the fact that vector bundles
over a finite complex can be represented as projective modules over a Noetherian ring. Projective and free
modules over special classes of commutative rings were considered in [226, 676, 854]. Gruenberg and Roggen-
kamp [575] studied projectivity in full additive subcategories in R=Mod, closed with respect to isomorphisms
and finite direct sums. Levaro [766] considered structural sheaves on the spectrum of a commutative ring,
which are projective modules. Nicolas [B82] generalizes to the case of modules certain familiar resulfs on
free Abelian groups. Free and projective resolutions of modules over commutative rings were studied in [300,
1121, 1173].

Passing to generalizations of projective modules, we begin with work on quasiprojective modules, A mod-
ule M is called projective with respect to the module N, or an N-projective module, if for any epimorphism
h:N — N and an arbitrary homomorphism f:M — M one can find a homomorphism f: M — N, such that f = hf.
By a quasiprojective module is meant an M-projective module M. Tuganbaev [149, 150] described the struc-
ture of quasiprojective modules, respectively, over bounded Dedekind primary rings and over bounded heredi-
tary Noetherian primary rings. The work of Singh [M75: 1295, M75: 1296, 1079], Singh and Talwar [1086] was
devoted to the partial solution of these problems. Glavatskii [36] studied topological quasiprojective modules.
Hill {622] described semilocal rings, over which each submodule of a quasiprojective module is quasiprojec-
tive. Harada [600] reproved by ring-theoretic methods his results [M75:673] on direct decompositions of guasi-
projective modules over semiperfect and perfect rings. Quasiprojective modules over semilocal rings were
touched on by Ahsan [179, 180}]. A wider class of modules in comparison with quasiprojective modules is
formed by the class of unprojective modules. A module M is called unprojective if for any epimorphism h: M —
M and an arbitrary f €EndM one can find a f¢EndM, such that hf = fh. Tuganbaev [143, 152] described the struc-
ture of unprojective modules respectively over bounded Dedekind primary rings and over bounded hereditary
Noetherian primary rings. He also proved that the classes of quasiprojective and slightly projective modules
over a left perfect ring coincide [145, 151], and used slightly projective modules to characterize hereditary,
semihereditary, perfect, Artinian, semiprimitive, and completely reducible rings {151]. Zimmermann—Huis-
gen [1229] studied locally projective modules, that is, modules M, such that for any epimorphism h: A —B,
arbitrary g : M— B, and any finitely generated submodule F of M, one can find a homomorphism f: M — A, such
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that {g—h{)F = 0. In particular, any locally projective module is a flat module and is isomorphic with a pure
submodule of the direct power of the ground ring, pure submodules of locally projective modules are locally
projective; moreover, there are described locally projective modules over semihereditary rings. Modules,
projective with respect to endomorphisms h: A — B, where B is a finitely generated module, were considered
by Hiremath [630]. On other generalizations of projective modules, cf. [253, 258, 260, 269, 616, 678, 680,
721, 1149, 1167].

Passing to flat modules, we note that for applications of flat modules to problems on the homological
classification of rings, cf. Sec. 2. The connection of flat modules with rings of fractions is reflected in Sec.
3. Clarke [361] proved that if M is a flat module over a left and right Noetherian ring, then one can find a
free module F, such that M3 F is the filtered union of free modules. Dicks and Sontag [408] proved that flat
modules over certain domains (Sylvester domains) are locally free modules. For example, a free algebra
over a commutative principal ideal domain is a Sylvester domain. Sklyarenko [128] gave a characterization
of flat modules in terms of duality homomorphisms. He also [129] studied modules, flat with respect to pro-
per classes in the sense of Buchsbaum—MacLane. Modules, flat with respect to torsion, were considered
by Bland [268], Miller and Teply [827]. Jiraskova [679] investigated modules, flat with respect to the preradi-
cal. Strictly flat modules were studied by Rangaswamy [979]. Flat ideals of commutative rings were consid-
ered by Dobbs [423], Glaz and Vasconcelos [513], Sally and Vasconcelos [1042]. The works of Jondrup [685]
and Rush [1033] are devoted to conditions for the projectivity of flat modules. On other works on this question,
cf. Paragraph 2.7. Nobile [890] proved that if f: A — B is a homomorphism of commutative rings, B is a Noe-
therian ring, N is an ideal of the ring B such that N CJ(B) and all the induced homomorphisms f;: A — B/ND
are flat, then f is a flat homomorphism. A new proof of the familiar result that a flat homomorphism of com-
mutative rings has the property of going down was given by Dobbs and Papick [425]. On other works on flat
homomorphisms of rings, cf. Paragraph 3.6. Lady [739] studied properties of direct sums of flat submodules
of the field of fractions of a Noetherian commutative locally factorial domain. Evans [436] found conditions
under which torsion-free modules in the sense of Hattori form a class of torsion-free modules with respect to
some hereditary torsion theory, corresponding to a perfect topology.

1.5. Injective Modules (and Similar Classes of Modules). With respect to the use of injective modules
.in the homological classification of rings, cf. Sec. 2, in localizations, cf. Sec. 4. These or other injectivity
properties in Abelian groups and endomorphism rings of injective modules are only partially reflected.

Matlis [803] published a survey paper on the properties of injective and divisible modules over commuta-
tive rings. Let E be the injective hull of a simple module over the ring R. In the case of a Noetherian PI-ring
R, that the module E is Artinian was proved by Jategaonkar [667], and in the case of the integral group ring of
a finitely generated nilpotent group, by Snider [1100]. Injective modules over group rings were considered by
Brown and Lawrence [297], Goursaud and Valeite [563], Hariley [609], Musson [855}. Goodearl and Boyle [546]
developed for antisingular injective modules a theory of types, analogous to the theory of types of a2 Baer ring,
and a theory of dimension functions, analogous to the theory of Loomis and von Neumann for regular rings,
They applied these tools to study self-injective regular rings. A module is called completely decomposable, if
it is a direet sum of indecomposable injective modules. Let N be a direct summand of a completely decompos-
able module M, There remains unsolved the problem of Matlis [M75: 943]: is N a completely decomposable
module ? Yu Chi Ming [1222] gave a positive answer in the case when N contains the singular submodule Z (M)
of the module M. Kutami and Oshiro [736] proved that if Z(N) = 0, then N is a quasiinjective module. More-
over they elucidated when an antisingular module, containing the injective hulls of its cyclic submodules, is a
completely decomposable module. Subproducts of injective modules are investigated in the works of Fuchs and
Loonstra [480, 781]. Miller and Turnidge [829] studied injective modules, all of whose finitely embedded quo-
tient modules are irgective. Choudhury and Tewari [355] used for the characterization of left V-rings, modules
M such that M and M/M are cocyclic modules. Indecomposable injective modules over chain rings were con-
sidered by Roux [1030] and Tdrner [1152, 1153]. Hauger [614] studied injective cogenerators over rings of
linear differential operators. Roggenkamp [1020] classified injective modules over Gorenstein orders (in par-
ticular, over integral group rings of finite groups). mjective modules over Frobenius algebras and over the
Steenrod algebra were considered by Lin and Margolis [776], over enveloping algebras by Ballard [223], over
nonassociative algebras by Wisbauer [1202]. Fuelberth and Kuzmanovich [485] proved that an injective module
over a split subdirect product of rings A and B is a direct sum of an injective A-module and an injective B~
module. Camillo [315] studied commutative rings with the property Hom(M, N) = 0, where M, N are injective
hulls of nonisomorphic simple modules. Foxby [471] investigated the injectivity behavior under change of com-
mutative Noetherian rings with the help of a flat homomorphism. Injective graded modules over commutative
graded rings were considered by Goto and Watanabe [555, 556]. Injective modules over special classes of
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commutative rings are studied in the works of Nastasescu [862] and Harui [610-612]. Vechtomov [26, 27]
described injective and pure ideals of rings of continuous functions. Sharp [1063] proved that each injective
module over a commutative Noetherian ring is a direct sum of modules where multiplication by any element
of the ring is either an epimorphism or a nilpotent endomorphism. Vamos [1164] proved that the injective
hull E of the direct sum of all simple modules over a semilocal Noetherian PI-ring induces a duality between
the J(R)~adic completion R of the ring R and the ring T = EndgE. Moreover, the module ET is Artinian. In-
jective left ideals of Noetherian rings were studied by Chatters, Hajarnavis, and Norton [348]. Properties

of simple injective modules were studied by Anderson [195]. Cauchon [333] found conditions under which all
indecomposable injective modules over a left Noetherian ring are defined by associated primary ideals. On
rings over which all quasiinjective modules are injective, cf. Sec. 2 and the works of Bunu [23], Boyle and
Goodearl [280], Faith [442]. We proceed to classes of modules similar to injective. Let A and B be quasi-
injective modules. Goodearl [538] proved that if the module AR is isomorphic to the module B? (to a direct
summand of the module BR), then the module A is isomorphic to the module B (to a direct summand of the
module B). Properties of direct sums of antisingular quasiinjective modules over left antisingular rings were
studied by Berry [250]. Boyle [276] characterized homogeneous quasiinjective modules, not containing proper
quasiinjective submodules. Hill [622] described semilocal rings, over which quotient modules of quasiinjec-
tive modules are quasiinjective. Alamelu [181] studied quasiinjective modules over commutative Noetherian
rings. Ahsan's works [173, 177-180] are devoted to quasiinjective modules. Glavatskii [35, 36] studied topo-
logical quasiinjective modules. A module is called slightly injective if all endomorphisms of its submodules
extend to the whole module. Tuganbaev proved that: (1) a slightly injective module which has Gabriel dimen~
sion and an essential socle, is a quasiinjective module [148]; (2) each submodule of a slightly injective module
is an essential submodule of a direct summand of the whole module [144]; (3) a slightly injective nonhomogeneous
antisingular module over a right primary Goldie ring is injective [144]. He also described slightly injective
modules over commutative Dedekind rings [147] and used slightly injective modules to characterize hereditary
Noetherian, regular rings and Artinian principal ideal rings [151].

Bunu [20-22] considered modules, injective with respect to idempotent preradicals, pretorsion, and
pairs (F, M), where F is a function, M is a class of modules. Bican [252] considered modules, injective with
respect to pairs of preradicals, Nishida [886] with respect to torsion. Beachy [238] elucidated when a ring has
finite length with respect to torsion, defined by a fixed module. Modules and Abelian groups, divisible with
respect to some purity were studied by Ivanov [69]. Modules, divisible relative to torsion, are investigated by
Sarath and Varadarajan [1045]. On other connections of injectivity and divisibility with the theory of radicals
and purity, cf. Sec. 3. Bicommutators of completely divisible hulls of modules were studied by Zakharov [68].

Modules, injective with respect to embeddings of finitely ermnbedded modules, were considered by Hire-
math [631]. Yu Chi Ming [1218, 1224] to characterize various classes of rings, used the concept of a p-in-
jective module, that is, an R-module M, such that any homomorphism Ra — M (a €R) extends to the entire ring
R. Modules over special classes of commutative rings, similar to injective in some sense or other, were
considered in [53, 230, 377, 390, 574, 578, 722, 735, 883]. Kurata and Katayama [735] studied QF-3'-modules
(introduced and studied by Tsukerman [M73: 122] under another name). Cf. also [M75: 76; 286]. A module M
is called pseudoinjective if any monomorphism N — M, where NC M, extends to an endomorphism of the mod-
ule M. Tuganbaev [145, 150] proved that a pseudoinjective module which is not singular over a left primary
Goldie ring is quasiinjective, and described pseudoinjective modules over bounded hereditary Noetherian pri-
mary rings. Zimmerman and Zimmermann—Huisgen [1228, 1231, 1232] studied algebraically compact modules.
Linearly compact modules were investigated in [377, 578-580, 901, 1184]. The properties of finite axiomatiza-
bility and elementary closedness of certain classes of modules, similar to injective, were considered by Jensen
and Vamos [671]. On the connection of injectivity with the theory of sheaves, cf. [5634]. Modules similar to in-
jective in some sense or other are dealt with in [18, 53, 265, 267, 426, 514, 940].

2. Homological Classification of Rings

2.1. Homological Dimension of Rings and Algebras. An account of a series of questions about homo-
logical dimensions of rings and modules appeared in the books of Geramita and Small [505], Raghavan, Singh,
and Sridharan [974], and Vasconcelos [1176]. An axiomatic approach to dimensions (injective, projective, flat,
etc.) was proposed by Ohm [893]. A cycle of papers of G. L. Fel'dman [162], Chiplunkar [354], Goodearl [535],
Rosenberg [1029], McConnell [810] and Desrochers [404] is devoted to the calculation of the global dimension of
rings of differential operators, Weyl algebras, and Ore extensions. Malliavin—Brameret [788] proved the
finiteness of the global homological dimension of the localization with respect to a prime ideal of the universal
enveloping algebra of a finite-dimensional Lie algebra. Osofsky [911] made a calculation of the global dimen-
sion of the twisted group algebra of an Abelian group over a field of characteristic zero. In [2561, 327] there
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are calculated the global dimensions of a series of filtered algebras. Govorov [37] used new associativity
formulas for the functors Hom and @ to get estimates of homological dimensions of modules and rings. Boyar-
kin [168, pp. 12-13] gives an estimate of the homological dimension of algebras with the standard identity.
Datuashvili [168, pp. 32-33] calculates the homological dimension of certain linear topological matrix rings.
Connections between homological dimensions of a ring and a quotient ring, a ring and its flat extension, a

ring and the idealizer of its unilateral ideal, were considered in {273, 809, 1143]. Examples of calculations

of global dimensions of rings of endomorphisms of certain modules are given in [383, 1088]. In [780, 941]
global dimensions are calculated of extensions of rings by bimodules. Greenberg [572] analyzes the behavior
of the global and weak dimension upon passage to the fibre product of rings. Resco [1002] elucidates when

gl-dim (D ®pk(x1, ..., xa) =n,
where D is a division algebra over the field k, and k(x{,...,%n) is the field of rational functions. Jain and
Singh [660] note that if in a ring all left ideals are quasiprojective, then its global dimension can only assume
the values 0, 1, and ©. Greenberg and Vasconcelos {5673] showed that if R is a commutative coherent ring of
global dimension two, then the polynomial ring R[x,...,%y] is coherent. Roggenkamp [1022-1024] constructs
examples of Artinian algebras and orders of global dimension two. If S is a Boolean ring of idempotents of a
commutative regular ring R, then gl-dim R = 2 if and only if gl-dim S =2. Examples of rings of global di-
mension three with additional properties arise in {771]. Boyle and Goodearl [280] note that the global dimen-
sion of a ring with injective and quasiinjective modules does not exceed its Krull dimension. Ramras [977]
studies properties of the center of a local ring of finite global dimension. Vasconcelos [1174] considers com-
mutative local coherent rings, whose global dimension is finite and coincides with its weakdimension. Cozzens
[384] investigates the structure of localizable algebras of finite global dimension. Jensen [669] proved the
existence of rings, elementary equivalent with the ring of integers, andhaving any preassigned global dimension.

In connection with the study of modules over Artinian algebras, there were considered properties of glob-
al dimensions in the theory of dualizing varieties (cf. [213, 214, 215, 992]).

Rings with weak dimension equal to one are considered in [376, 288], and to two in [247, 421]. Lenzing
(cf. [1010]) announced that from the equality to zero of the left and right pure global dimensions follows the fi-
niteness of type of representations of the ring. Vasconcelos [1173] studied properties of the global dimension
connected with resolutions of free modules of finite rank. Injective, projective, and quasiprojective dimen-
sions of modules were considered in [328, 653]. Dominant and codominant dimensions are touched on in [328,
430, 638, 900]. Osofsky [910] carries over to the case of Abelian categories many of the results on projec-
tive dimension of various classes of modules, representable in the form of direct unions of given cardinality,
while in addition as consequences she gets a series of new theorems on projective dimensions of modules over
various classes of rings.

2.2. Hereditary and Semihereditary Rings. Their Generalizations. Fuelberth and Kuzmanovich [462]
described semiprimary hereditary rings. Drozd [57] published proofs of results announced earlier (cf. [M75,
p. 88]). Tests for the hereditariness and semihereditariness of generalized rings of triangular matrices were
proposed by Page [936, 1011]. It is also shown there that a left semihereditary PI-ring is right semiheredi-
tary. New tests for hereditariness and semihereditariness are given in [49, 151, 441, 442] and [644, 715],
respectively. Hereditary Noetherian primary rings were investigated by Agapitov [1] and Jategaonkar [665],
and semihereditary rings by Goldie—Chatters and Smith [350]. The center C of a hereditary (primary semi-
heréditary) ring, finitely generated as a C-module, is hereditary (is a Priifer domain) [684, 825]. Auslander
and Reiten [213-215] continued their investigation of Artinian algebras, stably equivalent with hereditary ones.
New tests for Priiferness are in [423, 453, 462]. Boisen and Sheldon [271] considered commutative rings, all
of whose proper quotient rings are Priifer. Noncommutative versions of Priiferness and Dedekindness were
considered in [445, 825, 1011]. Dicks [405] proved that the group ring RG is hereditary if and only if at least
one of the following conditions holds: (1) R is classically semisimple, and G if the fundamental group of a con-
nected graph of groups without R-torsion; (2) R is a regular ring with countably generated left ideals, and G
is a countable local group without R-torsion; (3) R is left hereditary, and G is a finite group without R-torsion.
A description of locally solvable groups for which the group algebra over any field is hereditary, was proposed
by Goursaud and Valette [564]. Fieldhouse [457], Goursaud and Pascaud [561] established the equivalence of
the following properties of a self-injective ring R: (1) the ring of polynomials R[x] is semihereditary; (2) R de-
composes into the direct sum of matrix rings over reduced regular rings; (3) R[x] is coherent and R is regular
(cf. [M71: 1026, M75: 369, M75: 956]). From the right semihereditariness of the ring R[x] follows the regular-
ity of the ring R (cf. {955]). The semihereditariness of the ring of twisted polynomials was investigated in
[562, 1197]. Vechtomov [168, p. 16] proved that the ring of functions C(X) is hereditary if and only if the space
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X is extremally disconnected. The hereditariness of the tensor algebra of a bimodule over a classically
semisimple ring and the semihereditariness of its completion with respect to the standard filtration were es-
tablished by Yu. V. Roganov [114]. The theory of representations of hereditary Artinian algebras, recounted
in the language of diagrams, can be found in Platzeck, Auslander and Reiten [212]. Hereditary and semi-
hereditary rings were also considered in {156, 481, 483, 1086, 1157] and {384, 436, 448, 466, 481, 483, 549,
1079, 1225], respectively. A characterization of hereditary rings of finite representation type is given in
[427].

Rings with quasiprojective left ideals were considered in {660, 1082]. Rings with a class of quasipro-
jective modules, closed with respect to passage to submodules, were considered by Hill [622], and with a
class of quasiinjective submodules, closed with respect to passage to quotient modules, by Ahsan {178]. Evans
[437] considered generalized hereditary rings, defined by requiring the projectivity of submodules of the flat
epimorphic hull, and Nauwelaerts and Oystaeyen [868] considered a class of modules, inciuding both heredi-~
tary Noetherian primary PI-rings, and classical orders in central simple algebras. Miller and Turnidge [829]
considered (strictly) cohereditary rings, defined by requiring the injectivity of finitely embedded (cf. p. 37)
quotient modules of any finitely embedded injective modules. In [344, 437, 466, 481, 644, 662, 1097, 1135]) as
well as elsewhere PP-rings are touched on. Lee [754] considered rings over which all injective modules are
projective, and E. M. Vechtomov [169, Part 2, p. 12] considered rings of functions with flat ideals. Further
we note the theorem of Dicks and Menal [407]): the group ring RG is a semi-FI-ring if and only if R is a skew-
field and the group G is locally free. Wong [1209] proved that the semigroup ring RS, where S is a module, is
a left and right FI-ring if and only if R is a skew-field and S is a free product of a free monoid and a free group.
Kozhukhov [168, p. 51] announced a similar result for a left FI-ring, formulated, it is true, in a considerably
more complicated way. Localizations of FI-rings were investigated by Cohn and Dicks [368]. Szendrei [1129]
characterized skew fields by properties of idempotent reductions of modules over them. In [381, 894] a skew
field is again characterized as a ring over which all modules are free, without assumption of unitariness.
There were considered noncommutative analogs of Gorenstein rings ([652, 1021, 1047, 1048]) and Cohen—
Macaulay rings [1061]. A series of new characterizations of regular rings was obtained. Thus, Tuganbaev
[151] proved that R is a regular ring if and only if all modules of characters M* -Hom,, (M, Q/2Z) of R-modules
M are slightly injective. In [1221] it is noted that the regularity of a ring is equivalent with the fact that each
cyclic singular module is flat. A commutative ring, as proved by Jondrup [687] is regular if and only if all
indecomposable modules are irreducible. Semiartinian regular rings were considered in [317, 771, 964], and
in particular, in [317] an example was constructed of a right and left semiartinian regular ring with minimal
condition for ideals, over which there exists a nonzero module without maximal submodules. In [1219] there
are given characterizations of left continuous regular rings in terms of p-injective modules. Cheatham and
Smith [351] proved that the quotient ring R /JR) is regular if and only if a direct product of regular modules
is regular (here by a regular module is meant a module in which all submodules are pure). Oshiro [906] noted
a series of properties of finitely generated faithful modules over commutative regular rings. Handelman [586]
investigated properties of normalized rank functions on regular rings. Wisbauer [1204] considers modules
over nonassociative regular and biregular rings.

2.3. V-Rings and Similar Classes of Rings. There are rather few results on V-rings themselves.
Sarath [1044] and Tisseron [1146] characterized Noetherian V-rings, and Goursaud and Valette [563] charac~
terized group V-rings (cf. [M75: 510]). Regular V-rings were considered by Goursaud [557]. Chandran [343]
proved that in the class of duorings, V-rings and only these are regular rings. Another class of rings with
this property was given by Licoiu [771]. There are also some results on V-rings in [5, 188, 379, 563, 629,
1221, 1223]. Classes of rings containing both V-rings and regular rings were considered by Couchot [380] and
Raphael [983].

Results on V-rings of functions were obtained by E. M. Vechtomov {170, Part II, p. 27]. Goursaud and
Jeremy [559] constructed a regular V-ring, whose injective hull is not a V-ring, indicating an ertor in [M75:
1165]. A nonassociative generalization of V-rings was considered by Wisbauer [1203].

Fuller [491] established the equivalence of the following properties of an Artinian ring R: (1) each inde-
composable R-module is quasiinjective; (2) each indecomposable R-module is quasiprojective; (3) for any primi-
tive idempotents e, f¢R one has: (a) Re is a uniserial R-module; (b) if 3% # 0 and Je/J% = J£/J%, then Re =
Rf; (c) I (ed /eJ? = 2; (d) eR is a distributive right R-module. All modules over a ring with these properties
turn out to be semidistributive. Tisseron [1146] characterized QI-rings (in [M75] they are called QII-rings) as
semiprimitive rings, the class of quasiinjective modules over which is closed with respect to direct products,
and Bunu [23] characterized them as fings over which all pretorsion is stable. If in addition one assumes that
the quotient module R/ L has zero socle for any essential left ideal L, then the QI-ring R splits into the direct
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sum of a classical semisimple ring and a ring with zero socle, over which all singular modules are injective
(cf. [M75, p. 91]). Faith [442] verified the conjecture (Boyle, [M75: 330]) on the hereditariness of QI-rings
under an additional assumption. Boyle and Goodear! [280] established that each QI-ring is a Noetherian V-ring,
but the opposite implication does not hold (cf. also [M75: 330}, [442])). Théy also obtained some results on the
global dimension of QI-rings (cf. Paragraph 2.1). The Krull dimension of V-rings and modules over them
were investigated in [280, 1044]. Damiano [394] and Mohamed [832] reproved Faith's theorem [M75: 498] on
the structure of PCI-rings (cf. [M75, p. 90]). Faith himself published a correction to his work [439].

A series of results on PCQI-rings, i.e., on rings, over which all proper cyclic modules are quasiinjec-
tive, were obtained by Jain, Singh, and Symonds [661]. In particular, a nonlocal PCQI-ring turns out to be
primary or semiprimary, and a local one is either a chain ring or has the properties J> = 0 and I (J) = 2.

Hill [622] established the equivalence of the following properties of a semilocal ring R: (1) each simple
R-module is projective or injective; (2) each submodule of a quasiprojective module is quasiprojective; (3) all
quotient rings of the ring R are hereditary; (4) R is hereditary and J (R)? = 0. In the class of duorings the fol-
lowing properties furn out to be equivalent: (1) each simple R-module is p-injective (i.e., injective with re-
spect to embeddings of principal left ideals); (2) simple R-modules are flat and the right annihilator of any ele-
ment of R is contained in its left annihilator; (3) R is strictly regular [353, 1217, 1220]. In the last two of
these works there is established the equivalence of the following properties of an arbitrary ring R: (1) each
simple R-module is flat or p-injective; (2) all cyclic modules with zero Jacobson radical are p-injective; (3)
R is regular. Rings with p~ and f-injective (i.e., injective with respect to embeddings of finitely generated
left ideals) simple modules were considered also in [1218]. The class of rings, over which any module having
Krull dimension is Noetherian was studied by Sarath [1044]. This class includes V-rings and perfect rings.

The following classes of rings were considered: CPQI — each cyclic module is projective or injective;
CDPI — each cyclic module is equal to the direct sum of a projective and an injective; SI — all singular modules
are injective; RIC — quotient modules R/L, where L is an essential left ideal, are injective; CPP — each cyclic
module is projective or p-injective; DCI — all cyclic modules are injective; CPF — each cyclic module is flat
or p-injective. Connections among the classes CPP, DCI, and CPF were studied by Yu Chi Ming [1221], and
among the classes CPQI, CDPI, SI, and RIC by Smith [1096]. In particular, the latter established the equi-
‘valence of the following properties of a commutative ring R: (1) R¢SI; (2) ReRIC; (3) R is regular, and its quo-
tient ring by its socle splits into the direct sum of fields. He also [1095] proved many assertions about the
classes CDPI, RIC, and similar ones. In particular, it turned out that R€RIC if and only if each cyclic module
is an extension of a projective module by an injective one. Koifman {168, pp. 53-54] generalized the results of
the last work and answered questions posed in it. Koifman [169, Part 2, pp. 38-39] also considered rings,
each module over which splits into a direct sum of projective, injective, and simple ones (cf. [M71: 54}, [M71:
55]), and gave a complete description of indecomposable Artinian rings from this class. Ponomarev [169,
Part 2, p. 62] announced this result: each R-module is an extension of a completely decomposable projective
module by a singular one if and only if the square of the left socle is essential in Teply [1142] generalized re-
sults of Goodearl [M75: 609] on rings, where the singular submodule is distinguished as a direct summand of
each module. Fuelberth and Kuzmanovich [486] under certain additional conditions described the structure of
rings where the singular module is distinguished as a direct summand of all finitely generated modules. The
structure of commutative rings with singular submodules distinguished as direct summands of cyclic modules
was described by Oshiro [908].

Smith [1093] proved that each cyclic R-module is free or has finite length if and only if R is either Arti-
nian or is a Noetherian domain, where I(R/L) < = for any essential left ideal L, and that each finitely genera-
ted R-module splits into the direct sum of a free module and a module of finite length if and only if R is either
Artinian or is a principal right and principal left ideal domain.

Rings with quasiinjective left ideals (i.e., g-rings) were considered in [310, 515, 710, 837, 1220], rings
for which all left ideals not isomorphic with the ring itself are quasiinjective, in [834, 836], and rings, all of
whose quotient rings are g-rings, in [837]. In [174, 175, 176] there were investigated rings over which all
cyclic modules are quasiinjective. Goel and Jain [514] considered rings with [I-injective cyclic modules, and
Tuganbaev considered rings with slightly injective cyclic [154] and finitely generated [103, p. 94] modules. A
survey of results connected with the imposition of certain homological restrictions on left ideals or on cyclic
modules is contained in Jain's report [659].

Hirano and Tominaga ([628, 629]) carried over to rings without unit a series of results on V-rings and
their generalizations.
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2.4. QF-Rings and Their Generalizations. We begin with an entirely unexpected result of Lawrence
[752]: a countable self-injective ring is quasifrobenius @QF). Armendariz [201] proved that a self-injective
ring satisfying a minimal condition for essential left or right ideals is quasifrobenius. Other new charac-
terizations of QF-rings can be found in [76, 616, 681, 1049, 1138]. Jensen [670] noted that the class of QF-
rings is elementarily closed. Fleury [464] gave a representation of a QF-ring as a direct sum of matrix
rings over skew fields and endomorphism rings of certain special modules. Horn [634] generalized a result
of Hughes [M75: 736] on a group ring being quasifrobenius. Kozhukhov [102, p. 101] reported that the semi-
group ring RS, where S is an inversal semigroup, turns out to be quasifrobenius if and only if R is quasi-
frobenius and 8 is finite. Nachev [105] got tests for an incidence ring to be quasifrobenius. New methods of
constructing Frobenius algebras were proposed by Green [569]. Kupisch [733] considered QF-algebras of
finite type. Certain classes of QF-rings are considered in [151] and [708]. Pascaud and Valette [951] noted
that the ring RG of elements of the QF-ring R, invariant with respecttothe action of the finite group of auto-
morphisms G, will not necessarily be a QF-ring, even if |Gl is invertible in R. However, the ring of invari-
ants is quasifrobenius if the ring R is semiprimary or if R is a flat RG-module [937]. The finite generation
of the latter module was investigated by Renault [1001}. Miller and Turnidge [829] studied injective modules
over QF-rings.

Quentel [970] established the equivalence of the following properties of a commutative ring R: (1) any in-
jective R-module is flat; (2) R is coherent and the injective hulls of irreducible R-modules are irreducible; (3}
R is coherent and any system of equations over R, solvable in some extension of it, is solvable in R. Rings
were also considered where each finitely generated injective module turns out to be flat [378].

For a ring R with maximal condition for annihilators of left ideals, as Rutter [1034] proved, these prop-
erties turn out to be equivalent: (1) R is a left and right QF-3 ring; (2) R has faithful injective projective mod-
ules (left and right) projective; (4) the injective hull of any projective R-module is (left and right) projective.
The characterization of QF-3 rings by properties of their maximal rings of fractions was proposed by Masaike
[800]. There are other characterizations in [616]. Noetherian QF-3 rings where inj-dimpR, inj-dimRp = 1,
where considered by Sato ([1047, 1048]) and Sumioka [M75: 1332]. The latter, in particular proved that under
certain additional restrictions they are characterized as rings of triangular matrices over QF-rings. Sumioka
[1123] considered also QF-3' rings with the same and certain other restrictions. He also characterized semi-
primary QF-3' rings. Shock [1071] and Asano, Motose [205] considered QF-2 rings, i.e., rings, which split
into the direct sum of homogeneous left ideals. QF-2 and QF-3 rings are touched on in {347, 654], QF-1 rings
in {1059, 1136, and 1138], balanced rings in [920 and 1083], rings having a dominant module in [700].

New characterizations of self-injective rings were proposed by YuChi Ming ([1218, 1219]) and Tuganbaev
[153]. Semiperfect self-injective rings were considered by Faith [444, 446]. He also gave new examples of
self-injective rings [450]. Simple self-injective rings were investigated by Goodear! and Handelman [547].
Kamil [693] noted that a left and right self-injective simple ring is isomorphic with a matrix ring over a skew
field. Tuganbaev [153] gave tests for the decomposability of a self-injective ring into a direct product of local
rings. Martin [792] gives a decomposition of a self-injective ring with certain additional conditions, similar
to decomposability, holding for Baer rings. He also elucidated [793] when the property of self-injectivity is
inherited by a quotient ring of a polynomial ring with respect to some principal ideal. He also solved the anal-
ogous problem for QF-rings. Birkenmeier [266] considers in a self-injective ring a direct summand (in the
module sense), containing all nilpotent elements. Kozhukhov [82] proved that the semigroup ring RS, where S
is semilattice, is self-injective if and only if R is self-injective and S is finite. The same result is true if S
is an inversal semigroup [101, p. 101]. Self-injective incidence rings were characterized by Nechaev [105].
Vechtomov [26] found conditions for the self-injectivity of the ring of continuous functions with values in a topo-
logical field. Sugano [1122] proved that both self-injectivity and quasifrobeniusness are preserved under pas-
sage to separable extensions. Kamil [692] characterized rings over which each module is completely faithful
(this is a generalization of Q F-rings) as self-injective quasiartinian rings, where being quasiartinian means
the existence of an Artinian left socle. In their own right, quasiartinian rings are characterized as rings over
which each faithful module is cofaithful. Ahsan [175] proved that being quasiartinian is equivalent with finite
embeddability (cf. p. 37) of each left ideal. It is also established there that a ring R with quasiinjective cyclic
modules turns out to be a pseudofrobenius ring (i.e., R is an injective cogenerator in the category of R~mod-
ules) if and only if it is quasiartinian. He also [179] characterized semilocal rings in terms of quasiinjectivity
of modules. The question of left-right symmetry of the concept of Frobeniusness is discussed in Faith's re-
port [448].

Koehler [725] considered rings with self-injective quotient rings. Rings, all of whose quotient rings turn
out to be slightly injective modules, were investigated by Tuganbaev [154].
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Goursaud and Jeremy [5658] proved that a regular ring is left and right self-injective if and only if it is
left ®8;~continuous (cf. also [1219]). Carson [329] gave tests for the self-injectivity of a strictly regular ring,
using its representation as ring of sections of a neighborhood space. Page [939] proved that all finitely gen-
erated modules over a regular ring R are generators if and only if R is self-injective and its index of nil-
potency is bounded. Goodearl [540] established that a self-injective Dedekind finite regular ring is invertibly
regular, i.e., the equation axa = a has an invertible solution. He also [543] investigated the center of a self-
injective regular ring. The occurrence of self-injective regular rings upon completing a regular ring is dis-
cussed in [379, 537, 542, 586]. The rank function was also considered in [559] and [672]. In [560] it is proved
that the ring of fixed elements of a self-injective regular ring with respect to a given finite group of automor-
phisms is also self-injective and regular: Self-injective regular rings were also considered in [544] and in
[546, 674, 982]. Certain problems concerning these rings can be found in [461]. On regular rings, cf. Para-
graph 2.2.

2.5. Rings of Finite Type. Ringel [1010] noted that the confirmation of the second conjecture of Brauer—
Thrall, obtained by Nazarova and Roiter (cf. M75, p. 95]) in the case of a perfect field, remains valid also for
arbitrary fields. The paper [1090] is devoted to the inductive step in the solution of this problem for an Arti-
nian algebra. A survey of results connected with the Brauer —Thrall conjectures was given by Drozd and
Roiter {103, pp. 91-92].

Levy [767] proved that an Artinian ring R has finite type if and only if one can find a number m such that
the collection of rows and columns in a matrix over R, not equivalent with any diagonal matrix with more than
one diagonal block, does not exceed m. Miiller [848] characterized Artinian rings of finite type, having Morita
duality, and constructed all indecomposable modules over such rings. Quasifrobenius algebras of finite type
were considered by Kupisch ([733, 734]). Riedtmann [499] proposed a classification of self~injective finite-
dimensional algebras of finite type. Tests for finiteness of type of the ring of lower triangular matrices over
an Artinian ring were given by Leszczynski and Simson [765]. Kirichenko and Nikulin [168, p. 49] proposed
tests for finiteness of type for a class of finite-dimensional algebras. Finiteness of type of semimaximal
rings (cf. Paragraph 2.7) are discussed in [63] and [64]. Crossed group rings of finite type were considered
by Barannik and Gudivok [14] (cf. [M75, p. 97]). Janusz [M75: 765] showed that a semichain ring will not
-necessarily be a ring of finite type, although this is so for rings which are left and right semichain. Tachikawa
{1138] got that a semichain QF-1 algebra has finite type. Using the Coxeter functors, Dowbor and Simson [427,
428] characterized hereditary rings, bimodules and quasiartinian species of finite type.

Simson [1077] proved that an Abelian category, each object of which is isomorphic with a coproduct of
Noetherian subobjects, having only a finite number of simple objects, is equivalent with the category of all
modules over an Artinian ring of finite type(it is true that the proof given in the paper needs some corrections).
In [L078] he studies the category of representations of species.

Yamagata [1215] gave a description of indecomposable modules over an Artinian ring of finite type, con-
nected with a specific partition of the set of irreducible modules. A description of matrix representations of
hereditary algebras of finite type is given in [495]. Bimodules over Artinian rings of finite type were consid-
ered by Waschbusch [1193].

Jensen [1010] established that a ring R has strongly finite type if and only if each left and each right R-
module splits into a direct sum of finitely representable ones. Baur [229] proved that this is equivalent with
the R-categoricity of the theory of any R-module. There are sufficient conditions for the strong finiteness of
type of the ring of lower triangular matrices over an Artinian ring in [218] and [552]. Kupisch [734] established
the finiteness of the number of n~-dimensional symmetric algebras over an algebraically closed field having
strongly finite type. Lenzing [1010] announced: each left and each right P-module splits into a direct sum of
finitely representable submodules if and only if R is Artinian and there exists only a finite number of indecom-
posable R~modules of finite type.

We shall say that R is a ring of weakly bounded type if the number of generators of indecomposable
finitely generated [finitely representable] R-modules is bounded in aggregate. Generalized uniserial rings
have weakly bounded type ([M75: 50; M75: 1421]). An Artinian ring of weakly bounded type turns out to be a
ring of finite type [47]. Jondrup [687] proved that a PI-ring with a finite number of indecomposable cyclic
modules is Artinian, and proved that a ring of weakly bounded type is not necessarily Artinian. Semiperfect
Noetherian hereditary rings of weakly bounded type were described by Gubareni [47]. She also [47] described
rings of weakly bounded type in one class of generalized matrix rings, which are automatically hereditary. In
the course of these investigations there arise mixed matrix problems over skew fields and discrete normed
rings. Kirichenko [170, Part II, p. 74] announced: a semiprimary Noetherian semiperfect ring has weakly
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bounded type if and only if it is right Noetherian and hereditary. Rings with a finite number of simple mod-
ules were considered by Miller and Turnidge [829].

2.6. Koethe Rings, Uniserial and Semidistributive Rings. There were efforts of Brandal, Vamos,
and the Wiegands [281-284, 1163, 1199] at the complete solution of Kaplansky's problem on commutative
Koethe rings, i.e., rings over which all finitely generated modules split into a direct sum of cyclic sub-
modules. It turns out that a commutative ring is a Koethe ring if and only if it can be represented as a direct
sum of linearly compact chain rings, almost maximal Bezout domains (almost maximality means that the quo-
tient rings by all ideals different from the entire ring are linearly compact) and torch rings. The latter are
defined by the following properties: (1) R is not local; (2) there exists a smallest prime ideal of R, having the
following properties: a) P is a nonzero chaon R-module; b) each nonzero element of the quotient ring R/P be-
longs to only a finite set of maximal ideals and each of its nonzero prime ideals is contained in only one maxi-
mal. ideal; c) the localization RP is an almost maximal Bezout ring. This result is recounted in Brandal's
book [283]. In it there is also contained the history of the question and the necessary examples. The descrip-
tion of semiprimary Koethe rings was also obtained by Oshiro [909], also considering rings over which each
antisingular finitely generated module splits into a direct sum of cyclic modules. Faith [447] gave a survey
of results. on noncommutative Koethe rings. The role of the theory of sheaves in the description of these rings
is discussed in [1166]. Vamos [1163] proved that ideals of a commutative Koethe ring can be represented as
intersections of finitely reducible ones if and only if each finitely generated module M admits a representation

m
M= Z R/I; , wherel, = ... = I;,. Many questions concerning Koethe rings are touched on in Roux {1030].
f==}

There too, and also in Poneleit [961] there are results on Koethe duorings. Ivanov [651] characterized rings
over which all finitely generated modules are semichain, by certain properties of cyclic modules. Miller
[825] proved that finitely representable modules over a primary semihereditary rings, finitely generated as

a module over its center, are isomorphic with a direct summand of a direct sum of cyclic modules. The em-~
beddability of modules over a Noetherian ring in a direct sum of cyclic modules was studied by Bruns [301].
Oshiro [904, 905] investigated the decomposability into a direct sum of cyclic modules and the embeddability
in such a direct sum of certain finitely generated modules over a commutative von Neumann regular ring.
Fuller [489], introducing into consideration the ring E of all endomorphisms of the direct sum of all finitely
generated R-modules, established the equivalence of the following properties: (1) each finitely generated R~
module splits into a direct sum of finitely generated submodules; (2) each R-module has a direct decomposi-
tion, complementing direct summands; (3) the ring E is left perfect; (4) the direct product of any set of pro~
jective E~modules is projective. Simson [1077] gave a category-theoretic generalization of this result. Jon-
drup and Ringel [689] established that in the case of a quasifrobenius ring R the decomposability of any R-mod-
ule into a direct sum of cyclic submodules is equivalent with its representability as a direct sum of left ideals.
In the same work he established that the latter property is not inherited by the ring of matrices and indicated
an error in Skornyakov [132]. However, the results of the latter concerning the description of rings over
which any cyclic module can be represented as a direct sum of left ideals, ramain valid. We note the result
of Gruson and Jensen (cf. [577] and [1010, p. 6]): if there exists a cardinal number €, such that each R-mod-
ule splits into a direct sum of g-generated submodules, then each R-module splits into a direct sum of finite-
ly representable submodules. For a ring R with zero singular ideal the following properties turn out to be
equivalent: (1) R is finite-dimensional in the sense of Goldie; (2) a direct sum of antisingular quasiinjective
modules is injective; (3) there exists a cardinal number T, such that each antisingular quasiinjective module
splits into a direct sum of 3 -generated submodules [250]. Wiegand [1198] considered rings, each finitely
generated module over which splits into a direct sum of n-generated modules. Zimmerman—Huisgen [1231]
proved that all algebraically compact R-modules split into direct sums of indecomposable ones if and only if

in the category of R-modules all pure monomorphisms split.

Kirichenko ([168, p. 48}; [103, p. 91]) considered a ring R with nilpotent primary radical H and Noethe-
rian quotient ring R/H and announced: all finitely generated R-modules are semichain if and only if R is a
semichain ring and for any idempotents e and f of the ring R /1 the inequality e(H /HY)f # 0 implies that (R /
HYe turns out to be a skew field or a discrete normed ring. He also [74, 75] got a complete description of left
and right semichain hereditary rings. The question of self-duality of generalized uniserial rings is discussed
by Haack [584]. Generalized uniserial QF-algebras, connected with QF-algebras of finite type, were consid-
ered by Kupisch [733]. Here too one can mention the works (77, 219, 348, 961]. Artinian rings, whose qui-
vers are trees were studied by Fuller and Haack [495]. Other generalizations of uniserial rings appeared in
[493, 494, 706].
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One can also relate to this same circle of questions the investigation of rings, all modules over which
are semidistributive, i.e., split into a direct sum of modules with distributive lattice of submodules. Tugan-
baev [155] proved that such rings coincide with the class of Artinian rings, all of whose modules over the base
ring are direct sums of completely cyclic modules. We note that such base rings are described [M65:135-139|
in a very complicated way, it is true. Another characterization of this class of rings, from which follows its
left-right symmetry, was proposed by Fuller [494]. He established that the semidistributivity of all modules
is equivalent with the semidistributivity of all so-called standard modules, defined in terms of cyclic modules.
Some results on left distributive rings were obtained by Tuganbaev [157].

2.7. Perfect and Semiperfect Rings. Tuganbaev [151] proved that a ring is perfect if and only if all flat
modules over it are slightly projective. Nicholson [877] established that a ring R is perfect if and only if for
any projective R-module P the ring End(P) is semiregular, i.e., its quotient ring by the Jacobson radical is
regular and idempotents lift modulo this radical. A duoring R is perfect if and only if each R-module contains
a maximal submodule and in R there are no infinite systems of orthogonal idempotents [343], which partially
confirms Bass' conjecture. Rant [980] noted that a local ring is perfect if and only if each module over it has
a minimal system of generators. Other new characterizations of perfect rings can be found in {518, 607, 711,
762, 836].

Roux {1030] proved that a ring is perfect if each finitely generated module splits into a direct sum of
local ones. Under certain additional conditions, the converse is also true. Perfect rings with quasiprojective
left ideals were considered in [660], and commutative perfect rings in [1138}. The papers [411, 412, 415, 1119]
are devoted to the purely ring-theoretic investigation of perfect rings. Inthem, in particular, it is established
that the periodic part of a perfect ring is distinguished as a direct summand. In [414, 416, 417] rings are con-
sidered, all of whose proper quotient rings are perfect. Domanov [54] reduced the question of the perfectness
of the semigroup ring RS to the consideration of cases when the semigroup 8 is T-nilpotent or 0-simple. In
the first of these cases RS is perfect if and only if R is perfect, and in the second, if and only if R is perfect,
all subgroups of the semigroup S are finite and the semigroup ring BS, where B is the subring of the ring R
generated by the unit, satisfies a polynomial identity. Faith [444, 445, 446] established a series of results
on perfect and semiperfect rings, over which each faithful finitely generated module is a generator, and on
.self-injective perfect rings (cf. [M71:1069]). The structure of semiperfect rings with commutative Jacobson
radical was investigated by Ratinov [111, 112]. Szeto [1131] proved that a semiperfect ring splits into a direct
sum of matrix rings over local rings, if the central idempotents lift to central idempotents modulo the Jacob-
son radical. Okninski [896] showed that for the group algebra KG, where K is a field of characteristic 0, the
following properties are equivalent: (1) KG is semiperfect; (2) KG is semilocal; (3) G is finite; (4) KG is an
algebraic algebra of bounded degree. A semiperfect semiprimary Noetherian ring, the rings of endomorphisms
of indecomposable projective modules over which are discrete normed rings, is called semimaximal. A semi-
maximal ring R turns out to be hereditary if and only if each submodule of an indecomposable projective module
over it contains exactly one maximal submodule [63]. Zavadskii and Kirichenko [63] described semimaximal
rings as direct sums of rings of generalized matrices of special form. In these same terms Gubarenii and
Kirichenko [50] described semiperfect Noetherian hereditary primary rings R, where R/J(R) is a direct sum of
skew fields. Semimaximal rings are also considered in [64]. One old theorem of Michler on the structure of
semiperfect hereditary Noetherian rings was reproved by Upham {1156). Perfect and semiperfect rings are
also touched on in [47, 48, 220, 350, 445, 489, 515, 603, 661, 707, 708, 912, 1037, 1057, 1077, 1134]. Lin
[775] investigated semiperfect coalgebras.

Nicholson {877] proved that each finitely representable module has a projective cover if and only if R is
semiregular (cf. above). All ideals of a commutative indecomposable ring have projective cover if and only if
it is either perfect, or local Noetherian, or Dedekind [1098]. Semiregular rings were studied by Jansen [664].
In [872] there were considered rings, satisfying a minimal condition for principal right ideals, which are not
direct summands, and commutative rings from this class are characterized. In the noncommutative case
these rings are characterized by the requirement: any principal right ideal not satisfying the minimal condition
for submodules, is distinguished as a direct summand. Renault {1000} considered rings with maximal condi-
tion for certain chains of submodules of free modules. Neggers [869] studied so-called cyclic rings, which are,
as he assumes, perfect. A class containing V-rings and perfect rings was considered by Sarath [1044].

We recall that a ring is called semiartinian if the socle of any nonzero module over it is different from
zero. Camillo and Fuller [317] proved that each nonzero right module over a semiartinian pseudofrobenius
ring (cf. Paragraph 2.4) contains a maximal submodule, although even for regular semiartinian rings this
does not hold. Commutative semiartinian group rings were considered by Salles [1041]. We note also her old
paper [1040], where she characterized these rings in terms of localization systems (cf. M75:1240; M75:1241])).
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Popescu and Spircu [964] noted that in contrast with the commutative case a semiartinian subring of a regular
semiartinian ring is not necessarily regular. Semiartinian regular rings were also considered by Locoiu
[771], who pointed out an error in [M75:1120]. A survey report on semiartinian rings, including various char-
acterizations of them, was made by Salles [1039].

There are new characterizations of classical semisimple rings in {151, 358, 693, 1148, 1216, 1219].

Let A be an Artinian algebra (i.e,, an Artinian ring, finitely generated as a module over its center).
The nonsplit exact sequence

0>A>B5C=0
with indecomposable modules A and C is called almost split if for any homomorphism g:A —Y, which is not
a splittable monomorphism, there exists a homomorphism h:B — Y, such that g = hi. The theory of almost

split sequences has found wide application to the study of indecomposable modules over Artinian algebras:
[207, 211, 216, 217, 795, 995, 998].

There was actively continued (cf. [M75: 216, 220, 221]) the investigation of stably equivalent Artinian
rings (in particular, questions of stable equivalence of hereditary rings, self-injective rings, uniserial and
generalized uniserial rings, rings of finite representation type, etc.): [211, 213-215, 272, 496, 638, 992-997].

2.8. Finiteness Conditions in Homological Classification. In a series of papers there are considered
coherent rings. Belesov [18] showed that the coherence of the ring R is equivalent with the ¥ -injectiveness
of any filtered product of 8;~injective modules. Bernecker [247] proved that the ring R with w.gl.dim R = 2
is coherent if and only if the class of pure R-modules is closed with respect to direct, and the class of flat R-
modules with respect to inverse limits. The coherence of rings of polynomials in various cases was estab-
lished in [330, 561, 573], of the ring of formal power series in [1010]. (Ratter}.

Bieri and Strebel [262] described completely finitely generated solvable groups G such that the ring ZG
is coherent. Coherence conditions and semiartinianness of the group ring of an Abelian group were studied by
Salles [1041]. In [815] there was investigated the coherence of certain rings of bounded analytic functions.
Various properties of coherent rings were noted in [393, 635, 762, 814, 1774], Dobbs [422], Dobbs and Papick
[424] studied coherent (pseudo)valuation rings, Papick [942, 943] studied coherent overrings of commutative
domains.

Couchot [376} considers the dualization of coherence, and Hannick [594] its generalization to rings with
many objects, and also the generalization of Noetherianness, Artinianness, etc.

Sklyarenko {128] investigated homological properties of pure modules over coherent rings and got charac-
terizations of coherent, semilocal, and Noetherian rings in terms of duality.

We note the following characterizations of Noetherian rings with the help of concepts similar toinjectivity:
the ring R is Noetherian if and only if direct sums of injective hulls of irreducible modules are injective (for
commutative rings — Harui [611}]) or direct powers of injective modules are injective (Ahsan [173]) or direct
sums of injective modules are slightly injective (Tuganbaev [151]) or all injective modules are purely proper
(Rososhek [118]).

Skornyakov {133] described commutative rings, all of whose ideals are homomorphic images of injective
modules, Quartararo and Butts [969] considered commutative rings R such that no R-module (ideal in R) is a
union of proper submodules. Nita [888] proposed a new characterization of S-rings, i.e., rings over which
any simple module is isomorphic with a left ideal, Vamos [1161] characterized commutative rings, over which
each test module (cf. M75, p. 70) is a cogenerator.

Properties of rings similar to Steinit'zness were considered in [359, 1030]. Anderson [193] explained
when each homomorphic image of a ring is a ring with invariant basis number, and Nicholson [878] explained
when a ring R has the exchange property as an R-module.

Nicolas [881] considers rings, free modules over which satisfy the maximality condition for n-generated
submodules, Couchot [380] considers those rings R such that each finitely generated R-module has zero Jacob-
son radical, and Crivei [391] considers commutative rings, all of whose maximal ideals are essential.

Hauptfleisch and Loonstra [617] investigated rings of type (n, k), i.e., rings R, for which (n, k) is the
minimal pair of natural numbers having the property RD = ROHE,
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Tisseron [1146, 1147] considered rings over which the product of any set of quasiinjective modules is
a quasiinjective module.

Mehdi [816, 817] considered commutative rings having a faithful multiplicative module, i.e., a module
M such that for any of its submodules L C N there exists an ideal A C R such that L. = AN.

Harada [606] investigated rings over which each module, which. is not a small submodule of its injective
hull, contains a nonzero injective submodule. Cauchon [332, 333] established a series of new properties of T~
rings in the sense of [M75:899], for example: annihilators of subsets of a finitely generated module over a T-
ring satisfy a minimality condition. Properties of annihilators of modules were also investigated in {239, 243].

2.9. Logical Aspects. The investigations started by Eklof and Sabbagh [M71, II p. 41] (cf. also [352])
attracted the attention of many algebraists. In the works of Gorbachuk [168, p. 26], Komarnitskii [86, 168,
p. 54] and Prest [965-967] their results were carried over to the case of relative homological algebra, con-
nected with torsion in more detail (cf. Paragraph 3.1), Skornyakov [135] established that the class of all faith-
ful R~modules is finitely axiomatizable if and only if the ring R contains a finite subset of nonzero elements,
having nonempty infersection with each nonzero two-sided ideal of the ring R. Tyukavkin [160] proved that the
class of irreducible R-modules is axiomatizable if and only if the quotient ring R = R/J(R) contains a finite
subring S, such that § +I =R for any maximal left ideal T of the ring R. There is established the left-right
symmetry of this property, and its sharpening for the commutative case is given. Generalizations to subrings
are noted [101, p. 98]. Tykavkin also characterized rings with axiomatizable class of completely reducible
modules as rings with Artinian quotient ring by the Jacobson radical, and announced an assertion about the
equivalence of the following properties: (1) the theory of nonzero R-modules is complete; (2) the theory of non-
zero R-modules is model complete; (3) R is an infinite simple regular ring [104, p..100]. It is also proved
there that for a Noetherian ring R, both completeness and model completeness of the theory of injective R-mod-
ules is equivalent with the fact that R is an infinite Artinian ring with simple quotient ring R/J(R). Further
we note the results of Jensen and Vamos [671]: 1) the class of Z-injective modules is always elementary closed;
2) the class of FP-injective R-modules (i.e., those modules M such that Ext! (F, M) = 0 for any finitely repre-
sentable module F) is finitely axiomatizable if and only if the class of flat right R~modules is finitely axiomati-
.zable; 3) the class of injective modules over a commutative ring is finitely axiomatizable if and only if this ring
is Noetherian semilocal and has only a finite number of prime ideals. There are also results on the axiomatiz-
ability of the classes of divisible and FP-modules. Garavaglia [500] proved that a commutative ring without
nilpotent elements is regular in the sense of von Naumann if and only if any R-module is elementary equivalent
with a direct sum of cyclic modules. Baur [229] established that the theory of any module over a countable
ring R turns out to be ¥j~categorical if and only if R is finite and has only a finite set of indecomposable R~
modules. In the commutative case, finite principal ideal rings and only these have this property. Also proved
there is the stability of the theory of all R-modules for any ring R. Sabbagh [1037] proved that a countable
ring being Noetherian is equivalent with the w-stability of the theory of any injective module over it. Also
established there is the connection between the stability of modules and the perfection of the ring.

The w~stability of the theory of an individual module was investigated [500]. In particular, in the case
of a countable ring the w-stability of the theory of a certain module A is equivalent with the equational compact-
ness of all modules, elementary equivalent with it. Sabbagh [1036, 1037] investigated the connection between
stability and categoricity. A survey on stability was published by Shelah [1066].

Skornyakov [134] proposed an elementary proof of a generalization of the theorem on elementary equi-
valence of the direct sum and direct product of modules.

Ryatova [123] gave tests for the elementary equivalence of modules over a Dedekind ring. Fisher [458]
announced this result: if % = w R+, then for any R-module one can find a saturated R-module of cardinality
", elementary equivalent with it. Richman [1006] developed the theory of KT-modules ([ef. M75:1419]) from
the constructive point of view. Jensen [669, 670] established the existence of rings, elementary equivalent
with the ring of integers and having any preassigned global dimension (finite or infinite). A more profound
study of a multilingual logic and its applications to the theory of modules was started by Fisher [459].

Shelah [1064, 1065, 1067] solved the famous Whitehead problem, establishing that the assertion of the
freeness of an Abelian group C, satisfying the condition Ext(C, T) = 0 for any periodic Abelian group T, de-
pends on the choice of set-theoretic axiomatics. Another proof of this fact was proposed by Eklof [434].

3. Radicals, Localizations, and Purity

3.1. Preradicals, Radicals, and Torsion. By a preradical is meant an arbitrary subfunctor of the iden-
tity functor (on an arbitrary Abelian category). Thedefinitions of (co)hereditary, (co)stable, preradical, radical,
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kernel functor, torsion are given in [137}. The investigations started in {M75:291-294] by Bican, Jambor,
Kepka, and Nemec were continued in [256], where it is explained in which cases 7 (R) is a ring direct summand
in R, if 7 is the cohereditary radical. Kepka's work [702] relates to [M75:296]. In [257] many properties of
torsion are carried over to hereditary preradicals, and dual assertions are also obtained. The works of
Nemec [870] and Jirasko [677] are devoted to analogous guestions. In [259] it is explained when a submodule
NC M or an ideal 1C R has the form r(N) (respectively, r(R)) for some preradical r with given properties.

In [255] there is constructed an analog of the primary radical in the category of modules and its connection
with general concepts of the theory of preradicals is investigated. Fenrick [455] considers the process of con-
gtructionof minimal torsion containing a given faithful preradical. Kashu [73] investigates properties of pre-
radicals, defined by situations of conjugacy between the category of modules and an arbitrary Abelian category,
where one of these turns out to be the radical and the other the idempotent preradical. Nicholson and Watters
[879] call a module M strongly primary if for any nonzero element m¢€M one can find ry, ..., rptR such that
AnnR({rim}) =0. IfgR is a strongly primary module, then the strongly primary modules form a semisimple
class. The authors study properties of the radical obtained. Aoyama [199] found conditions under which the
filter of ideals of a commutative ring defines a radical and clarified when this radical satisfies the condition
r(M) = r(M) for any module M. Varadarajan [1171] connects with each class of modules two preradicals and

as application gets, for example, a new sufficient condition for the semiperfection of a ring, using hollow
modules (cf. [137, p. 60]). One of these preradicals also occurs in [1168]. Gardner [501] studies radical
properties of T-nilpotent rings, while in [502] he establishes a one-to-one correspondence between sets of
torsion in R~Mod and in (P/I)~-Mod, if I is a T-nilpotent ideal. [708] is also devoted to lifting properties mod-
ulo a T-nilpotent ideal. Gorbachuk and Komarnitskii {41} found out when the class#r={MI|IM = 0}, where I

is an ideal of a ring, is a radical class of some torsion.

With each preradical, by analogy with torsion, one can connect various generalizations of projectivity
{253, 678], injectivity [252], etc. Bunu [22] for an arbitrary idempotent preradical r considers modules, in-
jective with respect to all monomorphisms 0 — A — B such that r(B /A) = B/A (respectively, r(B) = B or v(4A) =
A) and gives conditions for the pairwise coincidence of these three classes of modules. In [258] preradicals
are applied to characterize test modules (in the sense of [137, p. 70]). Dauns [398] also relates to this circle.

Perfect torsions in categories of bimodules were studied by Verschoren [1181, 1182]. A large cycle of
papers (Andrunakievich, Krachilov, Ryabukhin [7, 8], Andrunakievich, Ryabukhin {9, 10], Andrunakievich,
Ryabukhin, Krachilov, Terbyrtse [196], Krachilov [88, 89], Ryabukhin, Krachilov [121], Ryabukhin, Florya
{122]} is devoted to the investigation of radicals and torsions in categories of rings and algebras. Some of the
results obtained here appeared in the monograph of Andrunalievich and Ryabukhin [11]. Skornyakov [136] abuts
on this cycle. These results to a large degree relate to the theory of rings rather than the theory of modules,
and in the present survey it is impossible to pay as much attention to them as they require.

We also note the papers of Lambek [746], Diers [409], and Verschoren [1179] on localizations in various
Abelian categories, and also Bigard [263], carrying over the theory of torsions to the category of f~-modules.
Defining radical classes of modules with the help of tensor products also occurs in Harui [611] and Niti [889].
We also note the publication of Raphael [981} known from its preprint [M71:1150].

We proceed to the consideration of papers devoted to more specialized questions of the theory of torsions
in the category of modules. Let R-tors be the set of all torsions in the category R-Mod. As is known, R-tors
is a complete lattice with respect to the natural order of torsions. For T€R-tors let 7. be the class of 7 -radi~
cals, or r-periodic modules, &; be the class of 7 -semisimple modules, @, (M) Q7 (R)) be the module (ring) of
fractions of the module M (of the ring R) with respect to 7. The connection between R~tors and S-tors for a
given homomorphism f: R —§ was studied by Murdoch and Oystaeyen [853]. Golan [521] established when the
association R — R-tors is functional — this is true, for example, for the canonical homomorphism ¢ R — Q.
(R). Louden [787] compares the rings of fractions with respect to torsions 7 ¢R-tors and T*€8-tors such that
T w=0 (7)), where ¢:S-Mod —R-Mod is the functor of "forgetting the S-module structure."”

Tebyrtse [158] investigated irreducible elements with respect to intersection in R~tors and showed, in
particular, that simple torsions in the sense of Goldman have this property, and if the ring R has Gabriel di-
mension, then the converse is also true. Popescu [962] showed that R-tors is a lattice with complements if and
only if R is a semiartinian ring. The question of the algebraicity of R-tors was investigated by Martinez [794],
and Golan [528] gave some conditions for compactness of elements of the lattice R-tors. All torsions over non-
commutative principal ideal rings were described in terms of atoms of R-tors by Gorbachuk and Komarnitskii
[39]. Bunu and Tebyrtse [24] studied the lattice of hereditary preradicals in R-Mod, proved its modularity and
atomicity, described its atoms, and established that it is Booleanness is equivalent with the classical semi-
simplicity of the ring R.
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Simple torsions in the sense of Goldman were considered by Golan [520, 528] and Raynaud [986, 987, 988]
In particular, the latter showed that if the Stone topology on SpegR, where SpegR is the set of simple torsions
in R-Mod, coincides with the Zariski topology, then the Gabriel dimension of the ring R coincides with the
Krull dimension of SpegR as a partially ordered set (i.e., with the TTK-dimension). Goldston and Mewborn
[534, 535] used SpegR as the base for an analog of the structure sheaf. Oshiro [907] investigated torsion
theories defined by subsets of the spectrum of the ring of idempotents of a commutative ring with the operation
of additione®f = e + f — Lef. Ringel [1014] investigated SpegR for a finite-dimensional algebra R.

A series of papers is devoted to "the relative homological classification of rings and modules.” Pono-
marev [107] studied classically T-semisimple rings for a hereditary preradical 7, which are characterized by
a series of equivalent properties, for example: all R~modules are T-injective. Another condition for classical
T-semisimplicity was given by Baccella [222]. In [109, 110] Ponomarev investigates T -regular rings. We also
mention here [370, 371, 1015].

Modules satisfying a minimality (maximality) condition for 7-closed submodules are called 7 ~Artinian
(T -Noetherian). Miller and Teply [828] got a generalization of Hopkins' theorem: if the ring R is 7~Artinian,
then any 7 -~Artinian R~module is 7 -Noetherian. Golan [525] found a series of conditions, equivalent with a
ring being 7 -Artinian. [517, 519, 523] are devoted to rings having finite 7 -length, and the first of them abuts
on [M75:597]. Here too we mention the paper of Miller and Teply [827] on 7 -flat modules and that of Spulber
1102] on commutative 7 -Dedekind rings. Sarath and Varadarajan [1045] got an indirect generalization of the
familiar test of Chase for a ring being Noetherian.

Questions of the splitting of torsions were investigated by Koifman [83, 84]. Basic result: if R is a com-
mutative ring and 7 (R) = 0, then the torsion 7 splits if and only if the radical filter corresponding to 7 contains
a smallest ideal K, where R/K is a finite direct sum of fields and x¢Kx for any element x¢K. Another de-
scription of splittorsions over commutative rings is given in [483]. The results of [185, 415, 1141, 1142] are
also connected with splitting properties. E. L. Gorbachuk and N. Ya. Komarnitskii [40] investigate the split~
ting of S-torsions over right duorings (if S is a left ideal of the ring R, then an S-torsion is defined by the set
of those left ideals T C R, such that T + 8 = R, under the condition that this set is a radical filter). The same
authors [42] proved that certain torsions do not split. N. Ya. Komarnitskii [85] found out when any torsion
over a right duoring is an S-torsion. Fuelberth and Kuzmanovich [482, 486] got conditions for the splitting of
the Goldie torsion on finitely generated modules.

The connection of the theory of torsions with the theory of primary and tertiary decompositions and its
generalizations is elucidated in Golan's book [522]. Nastasescu {856] studied tertiary and primary elements
of the lattice of 7 ~closed submodules of a finitely generated module. [45, 236, 369, 550] also abut here.
Shores [1072] investigated rings over which any module which is periodic in the sense of Dickson decomposes
into a direct sum of S-primary modules (for certain simple modules §). Richards [1005] constructed a decom-
position of the Goldie torsion over a primary Noetherian ring of Krull dimension 1 into a direct sum of torsions
defined by equivalence classes of simple modules with respect to the relation S; ~ 8, <=-Ext!(S,, S,) = 0.

The investigation was continued of stable torsions, i.e., those 7 tR-tors, such that the classg is closed
with respect to taking injective hulls. Bunu [23] proved that any pretorsion over R is stable if and only if any
quasiinjective R~module is injective. Stable rings, i.e., rings over which any torsion is stable, were charac-
terized by Raynaud [987]. Papp [944, 946-948] investigated stable Noetherian rings. In [945] a torsion Tis
called semistable if v (F) = 0 or 7 (F) = F for any indecomposable injective R-module F. A characterization is
given of rings R over which all torsions are semistable, in terms of the topology on SpegR. Manocha [789]
gave a sufficient condition for the stability of the torsion 7R (we recall that 71y is the largest torsion for which
the module M is simesimple).

Attention was drawn to symmetric torsion, defined in [M75:1010] as a torsion whose radical filter has a
basis of two-sided ideals. Various aspects of localization with respect to symmetric torsions are discussed
by Oystaeyen [927]. He also [918] gave conditions for the perfection of a symmetric torsion. In [926] the ring
7 is called Zariski central if the Zariski topology on the set of primary ideals of the ring R (which, as in the
compact case, will be denoted by SpecR) is generated by subsets Xy = {PIP 1}, where I runs through the spec-
trum of the center C of the ring R. It is proved that in this case all symmetric torsions in R-Mod are induced
by torsions in C~Mod, and for a perfect symmetric torsion the localization of the ring R can be defined as the
module of fractions of the module cR. Similar properties, but for a narrower class of torsions, are possessed
by birational extensions of the center [930], i.e., rings for which the inclusion of the center induces a homeo-
morphism of open subsets of the spectra. It is noted that all semiprimary PI-rings relate to this class. [867,
929] also sbut here. Sim [1075, 1076] showed that a simple symmetric torsion over a Noetherian ring R is
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defined by the radical filter ¢ _p, generated by the set {{aR|IDP}, where P is some primary ideal, and that
any torsion over a Noetherian ring is symmetric if and only if this ring is completely bounded [1074]. Beachy
- [237] gives another characterization of these rings in terms of the theory of torsions.

A series of authors continued the study of colocalizations and concepts connected with them in the cate-
gory of modules. To the direction started in Beachy's papers [M72: 182, 183] there abuts Ramamurthi and
Rutter [976]. Another direction, the investigation of modules, coperiodic in the sense of [M72: 71}, is rep-
resented by Orsatti [902] and Fuchs [475]. Bland [269] established that the ) ;-codivisibility of the module
B is equivalent with its (R /ann M)-projectivity (where M is any R-module). A third direction, the study of
colocalizations with respect to an idempotent ideal, also connected with cosemisimple classes of modules,
developed by Sato [1050], Chtake [895], Kato [698], Golan and Miller [529]. To this there also abuts the
earlier work of Miller {826] on radically semisimple classes. For any torsion 7€R~tors there is defined the
class of 7 -cosemisimple modules C; = {Me¢R-Mod \ Homp (M, N) = 0 for any N¢ 7 +}. It is shown that if the
class g, is radically semisimple (in this case the torsion Tis called Jansian), then the torsion 7 can be uniquely
established in the class C;. The map A, which makes the class C, andthe map A’ correspondtothe class 7.
such that A%C;) = {MtR-Mod\ Hompg (M, N) = 0 for N¢C;}, are considered by Golan [518], who shows that the
following conditions are equivalent: (1) R is perfect; (2) the map A is surjective; (3) the map A" is surjective.
By 7 ~colocalization of the module M is meant a homomorphism « : N — M such that kera€7 ., M/a(N)eJ", and
N is a 7 -~cosemisimple T-projective module. It turns out that any module has a colocalization if and only if
the torsion 7 is Jansian [895]. In this case the colocalization is the natural homomorphism L(7) ® L{r) ®M—

R R
M, where L(r) is the smallest ideal belonging to the radical filter ¢, of the torsion 7. Golan's survey [527]
is devoted to an account of this direction in the theory of colocalizations. Bland [268] and Gardner and Stewart
[504] are connected with the study of radically semisimple classes.

Komarnitskii [86] and Prest [965] established that the class &: is a quasivariety if and only if ¢, contains
a basis of finitely generated left ideals. The latter also found out when the class of T-injective modules is a
quasivariety, characterized Jansian torsion in'terms of logic [966] and investigated for certain v €R-tors the
model completion of the theory of T-semisimple modules [967].

Brown [294, 295} and Snider [1099] studied the singular ideal of a group algebra. Spulber {1161} con-
sidered M-saturated radical filters, i.e., filters ¢r, where 7 = 7y, and N = M/7 (M). Lin [774] defined two
products of radical filters in the direct product of rings and investigated their properties. Evans [436] found
when the Hattori torsion is perfect.

Izawa [656] characterized those finitely generated projective right R-modules P such that the module
P & gX is o-injective (0-projective) if and only if X is a 7 -injective (7-projective) module, where 7 and ¢
are dual torsions in the sense of [M72:1098] in R-Mod and in (EndgP}-Mod, respectively. Crown and Hutchin-
son [392] established the connection of properties of the localization functor with properties of the completion
functor with respect to some system of submodules. We also mention [278, 319, 374, 625, 959, 1148] con-
nected with localizations and torsion and the surveys [235, 524]. Periodic and semisimple modules also occur
in [309, 324, 712, 742, 968].

3.2. Purity. A considerable number of papers was devoted to the investigation of purity in the category
of Abelian groups. These papers are not reflected in the present survey, since many of them were considered
in the survey of Mishina [96]. Of papers in which analogs of group-theoretic results were obtained for modules
over some ring or other, we note the investigations of Ivanov [69] on w-divisible and w~flat modules, Manovt-
sev [95] on purities, closed with respect to direct sums and direct products.

Generalov [30, 31] are devoted to the generalization of weak services on modules. In [1228, 1231] there
were considered questions of algebraic compactness (i.e., injectiveness with respect to pure embeddings) of
direct sums of algebraically compact modules. Connected with algebraically compact modules is also the pa-~
per of Couchaut [377]. Pure quasiinjective modules over a Dedekind commutative domain were studied by
Dobrusin [53].

An analog of service hulls of elements for modules without torsion in the sense of Levy is constructed
by Rososhek [117]. Rangaswami [979] generalizes to modules the concept of balanced subgroup. Singh and
Talwar [1085] got the following test for purity of a submodule N C M over a bounded HNP-ring: the submodule
N is pure in M if and only if MARNN-NAK for any k and any maximal invertible ideal A (here and later, if
nothing is said to the contrary, we have in mind purity in the sense of Cohn [M75, p. 112]). Properties of
pure submodules were also studied by Rege and Varadarajan [989], Couchaut [379]. Brewer and Costa [286]
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considered pure extensions of rings and showed that purity is preserved upon passage to the ring of formal
power series. In [1229] it is shown that locally projective R-modules are pure in the product of copies of the
ring R. Some classes of pure embeddings were also considered in [129, 389, 390, 885, 1016].

Dualizations of the concept of purity were investigated by Choudhury and Tewari [355]. Properties of
submodules, similar to purity, occur also in [435, 1213].

3.3. Rings of Fractions with Respect to Torsions. In this section we consider papers in which the basic
object of investigation was the ring of fractions with respect to various torsions, among them complete and
classical rings of fractions and their generalizations. The ring of fractions of the ring R with respect to the
torsion 7 or the radical filter ¢ will be denoted by Q(R) or Q4(R), respectively, the complete ring of frac-
tions by Q(Rj, the classical ring of fractions by Qg1 (R), the ring of fractions with respect to the multiplicative
system 8 by Rg, the primary radical of the ring R by N(R).

Kashu [72], Hauger and Zimmermann [615], Knbrr [722], Hedstrom [620], Beachy {234}, and Morita
[839] studied the representation of rings of fractions by the bicommutator of some module. Oystaeyen {922,
923] showed that the property of a ring being completely bounded and the AR-property carry over to the ring
of fractions with respect to a perfect torsion,

Elizarov [59] proved that if & is a strongly symmetric filter of left ideals of the ring R, then the ring
Q Rl is a (semijsimple Artinian ring if and only if ¢ is a perfect system consisting of all large left ideals
of the ring R, while R is a (semi)primary ring. For radical filters, similar questions were investigated by
Zelmanowitz [1225]. Page [938] showed that if the ring R is continuous in the sense of Utumi, 7¢R-tors is
perfect and T (R) = 0, then Q+(R) is also continuous. Nauwelaerts [866] noted that the ring of fractions of an
Asano order with respect to a symmetric torsion is an Asano order. Sato [1048] established that if R is a left
and right Noetherian ring and inj.dim(gR) = 1, then the canonical embedding ¢ : R —Q(R) is a fiat endomor-
phism if and only if R is a left or right QF-3-ring and Q(R) is a quasifrobenius ring. Poneleit [961] found
when the classical ring of fractions of a local uniserial ring is self-injective. Chatters [344] showed that if
R is a left Noetherian PP-ring, then Qcl(R) is semiprime if and only if any left regular element of the ring R
is regular and R/N(R) is a left Goldie ring. Tuganbaev [149] established that if R is a hereditary Noetherian
-primary ring, the quasiprojectivity of the R-module Q. (R) is equivalent with the fact that R is the ring of
matrices over a local one-sided principal ideal domain A, complete in the J(A)-adic topology. The question
of the injectivity of the R-module Q.j(R) for pseudofrobenius and similar rings was considered by Faith [449].

Rutter [1035] characterized those rings R such that the ring Q(R) is a finitely generated projective R~
module and has a certain ring-theoretic property. We also mention here {547, 654, 800, 1163].

Rubin [1032] found when the ring Q(R) is simple if R is a nonsingular ring, finite-dimensional inthe sense
of Goldie (cf. [M75: 100]). Hutchinson and Turnidge [641] gave conditions on a Morita context <R, P, Q, S>
under which the rings Q(R) and Q(S) are Morita-equivalent. Stenstrém {1120] gave a complete description of
the ring Q(R), when R is a ring of matrices of special form. Chuchel and Eggert [357] characterized the com-
plete ring of fractions of the homomorphic image of a semilocal Priifer domain. Diab [418] described a maxi-
mal essential extension for certain nonsingular rings. Gilmer and Heinzer [509] proved that if R is a Noethe-
rian ring, X is an infinite set of commuting variables, then the rings of fractions of the ring R{X] with respect
to certain multiplicative systems are Noetherian. The question of the transfer of certain properties from a
commutative ring R to the ring Rg was considered in [463].

Beidar [15], Beidar and Mikhalev [101, p. 99] with the help of the concept of orthogonal completeness,
reduce the study of rings of fractions of semiprimary rings to the primary case.

The study of Noetherian rings having an Artinian classical ring of fractions, started in the famous series
of papers of Small, was continued. Beachy and Blair [243] apply for the description of such rings the theory
of torgions. On the other hand, in the papers of Lenagan [759], Miiller [844], Krause, Lenagan, and Stafford
[729] the Krull dimension is used. An ideal I in R is called weakly ideal invariant if II® M| < |IgR/Il for any

R
finitely generated module M such that [gM| < gR/Ii, where IM! is the Krull dimension. By a Macaulay or k-
homogeneous ring is meant a ring R such that IgRi = | Ll for any nonzero left ideal L of the ring R. In the last
of the cited papers, for example, it is proved that if R is a Macaulay ring, and N(R) is a weakly invariant ideal,
then R has an Artinian ring of fractions. Some refinement of this result was obtained by Goldie and Krause
[632]. As it turns out, weak ideal invariance can be used successfully to investigate the localizability of pri-
mary ideals (cf, 3.4).
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Here too we note the results of Sato [1049], finding a radical filter £ of left ideals of a Noetherian ring
R of Krull dimension 1, such that Qg(R) is isomorphic with the two-sided classical ring of fractions of the
ring R/A, where A is the Artinian radical of the ring R, and of Stafford [1114]: if R is a completely bounded
Noetherian ring and KII| = a for any nonzero ideal I of the ring R, then any left ideal L C R such that IR/LI<
a contains a regular element of the ring R.

For Noetherian rings, integral over a subring of their centers, the problem of existence of an Artinian
classical ring of fractions was studied by Wangneo and Tewari [1185], and for Bezout rings, which are Goldie
rings, by Warfield [1189]. Wexler —Kreindler [1196] showed that if the ring R has an Artinian classical ring
of fractions, then the ring of twisted polynomials over it also has this property.

The existence of a classical ring of fractions for a semiprimary PP-ring, finitely generated as an al-
gebra over its center, was proved by Jondrup [686]. Classical rings of fractions of PP-rings were also stud-
ied by Oshiro [908].

In a series of papers, rings of fractions of PI-rings were studied. We note first of all the result of
K. 1. Beidar [17] on the transfer of generalized identities from the ring R to the ring Q(R) and on the structure
of the ring Q(R), when in R there holds the strict identity: Q(R) = EndP, where P is a projective generator
over a strictly regular self-injective PI-ring. Another result of Beidar [16]: if a PI-ring has a classical ring
of fractions, then the latier is also a PI-ring. Formanek [467, 468] proved that the center of the skew field of
fractions of a free affine algebra of order n = 3 and n = 4 is a purely transcendental extension of the ground
field. For n = 5 the question remains open. Rowen [1031] studied rings with monomial conditions, for which
the complete ring of fractions is isomorphic with the ring EndpV, where V is a linear space over the skew field
D. Schelter and Small [1055] gave an example of a PI-ring R such that Q(D) does not satisfy any polynomial
identity, and also an example of an Artinian ring R such that Q(R) is not even Noetherian.

Faith [443], Kitamura [720], and Renault [1001] are devoted to the elucidation of the connection between
properties of the ring of fractions of a ring R and the ring of invariants with respect to the action on R of a fin-
ite group. The strongest results in this direction were obtained by Breider and Kharchenko (cf. the recent
survey [164]).

The question of the functoriality of the construction of the complete ring of fractions for various classes
of morphisms of rings was considered by Kitamura [719] and Louden [785].

A considerable number of papers contain results on rings of fractions of group and similar rings. We
note the series of papers of Hannah [589, 590, 591, 592], Hannah and O'Meara [693], O'Meara [898], in which
there are studied complete rings of fractions of group algebras over a field K. There are given some classes
of groups for which the ring Q(KG) lands in one of the following classes: ‘(a) simple Artinian rings; (b) rings of
linear transformations; (c) nonsimple rings with zero socle; (d) von Neumann finite simple rings, i.e., rings
in which xy = 1 implies yx = 1; (e) infinite simple rings. For example: if G is a group with a countable number
of conjugacy classes of elements, then case (b) or (e) holds, while if in addition the group G is locally finite,
then only case (e) holds.

Brown [296] showed that if G is an FC-group, and |A*(G)| < =, then the center of the complete ring of
fractions of the group algebra of the group G over a field coincides with the complete ring of fractions of its
center. Lawrence and Louden [753] proved that if H is a subgroup of the countable group G, the algebra KG
is a semiprimary nonsingular ring and the ring Q(KG) is naturally isomorphic with the ring KG & Q(KH), then

KH
Ia /H| < ©. Conditions for continuity and self-injectivity of the ring Q(KG) were given by Brown and Lawrence
[297].

Horn [633, 634] gave & certain class of groups G such that if R is an order in a quasifrobenius ring, then
RG is an order in an Artinian or quasifrobenius ring. Sufficient conditions for a twisted product to be a semi-
primary Goldie ring were found by Reid [990]. Some results on the complete ring of fractions of free Abelian
groups were obtained by Wilkerson [1200]. Rings of fractions of semigroup rings were studied by Luedeman
and Bate [787]. The connection of localizations of the integral group ring with localization of the group was
investigated by Oystaeyen {921]. The question of the existence of an Artinian or quasifrobenius ring of fractions
of a group ring was considered by Brown [293].

Complete rings of fractions were also used by Harada [601], Oshiro {904, 905], Facchini [438], Huckaba
and Keller [635]. Irlbeck [644] uses them to characterize PP-rings, Lenagan [760] applies the classical ring
of fractions to study the reduced rank of modules, Gerstein [506] to prove classical results on diagonalizability
of matrices, Cohen and Montgomery [363] to study finite groups of automorphisms of primary rings.
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The classical ring of fractions of the algebra A over the commutative ring R, which is a finitely gen~
erated flat R-module, was considered by Szeto [1133].

Armendariz [{200] considered rings R such that any proper R-submodule in Q(R) is finitely generated.
Eggert [431] studied commutative rings R, dubrings of which in Q(R) are integrally closed in Q(R).

Submodules in Q(R) were also considered in [601, 804, 805].

Fisher [460] proves analogs of Goldie's theorem for differential primary rings, Ion and Nastasescu [642,
643] for graded rings. Oystaeyen [928, 931] constructs for graded rings and modules a theory of torsions,
defines localization, similar to the classical, etc. Arnautov [12] shows that a locally bounded topology extends
from a commutative ring R to Ry, if A does not contain generalized divisors of zero (under certain additional
conditions to a locally bounded topology). Localizations of rings with involution were studied in [748], 1ocal-
izations of ordered modules in [470].

Armendariz and Fisher [202] investigated the connection between rings of fractions of a ring and the
idealizer of its right ideal, having zero left annihilator, Berrondo [249] the connection between the field of
rational functions and the field of fractions of the ring of power series over a commutative integral domain.

Cohn [364], Cohn and Dicks [368] investigated inverting homomorphisms of semi~FI-rings, explaining,
for example, when an inverting localization Rp of a semi-FI-ring R is a semi-FI-ring, and in [365] inverting
localizations of one-sided principal ideal rings. For certain systems I inverting localizations Ry were de-
scribed by Beachy [240].

Gerasimov [32] constructed inverting localizations with an explicit construction, and with its help proved
that any 2-FI-ring R is potentially invertible.

In [171, 372] there is investigated the skew field of fractions of the universal enveloping algebra of a
finite-dimensional Lie algebra. Ore domains and their skew fields of fractions were considered by Irving
[648], Jordan [690],

Sherman [1068], Szeto [1130], Oswald [916], and the surveys and reports [526, 531, 728] are also con-
nected with rings of fractions.

3.4. Localization with Respect to (Semi) Primary Ideals. With a (semi)primary ideal P of the ring R
there are connected: the multiplicative system C(P) of elements of the ring R, regular modulo P; the torsion
tp = TR/ p; the symmetric torsion tR-P’ the radical filter which is generated by the set of ideals having zero
annihilator modulo P. With each of the two torsions one can associate the localization Rp and Rp_p, respec-
tively, as well as with the multiplicative system C(P), if it satisfies Ore's condition (in this case the ideal
P is called localizable, and the corresponding ring of fractions, its classical localization). Conditions under
which a primary ideal P of R such that R/P is a Goldie ring is localizable were found by Beachy and Blair
[242], in the semiprimary case by Cozzens and Sandomierski [387] in terms of properties of the torsion tp, in
the case of a primary ideal of a Noetherian ring by Popescu [963], Lesieur [764], Cauchon and Lesieur [334]
under the additional assumption that R is integral over a subring of its center by Chamarie and Hudry [341].

Miiller [840, 841] defined a clan as a minimal set {P;, ..., Py} of primary ideals of a Noetherian ring R suchthat
N =lfl}1’i is a localizable semiprimary ideal, while the ideal J(Rg) has the Artin-Riesz property. One shows

that an ideal cannot belong to more than one clan. A series of properties is given of the ring of fractions Rg
for example: the central idempotents of the completion of the ring Rg in the J(Rg)~adic topology are in one-to-
one correspondence with the subsets I C{P;,...,Pn} such that N{P;| P;€I} is a localizable ideal. A generaliza-
tion of clans to nonnoetherian rings was considered by Lai [743].

In Oystaeyen [919] there are investigated localizations of FBN-rings, where the basic attention is on sym~
metric localizations. Localizations with respect to semiprimary ideals of hereditary FBN-rings were studied
in [1157]. We also mention here Miiller and Sandomierski [846, 847, 1043].

Miiller [842, 844] investigated localizations of Noetherian PI-rings. In particular, he constructs an
example of a finitely generated Noetherian Pl-algebra over a field, lying in the ring of matrices of order 2
over a commutative Noetherian domain, each primary ideal of which is localizable, but there exists (and it
is unique) a prime ideal of the center of the algebra R, which is not reduced. In [843] there are studied locali-
zable ideals of rings of matrices of special form.
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Brown, Lenagan, and Stafford [298] proved that a localizable semiprimary ideal S such that the ring
R/S is Macaulay, is weakly ideal invariant, and if S has the Artin—Riesz property and R/S is a Macaulay
ring, then conversely, from the weak ideal invariance of the ideal S follows its localizability. The connection
of localizability with ideal invariance was also investigated by Miiller [843].

Dauns [397, 398] studied localizations with respect to one-sided primary ideals, Oystaeyen [917], the
connection between the torsions tp and tg_p for a Noetherian ring R and conditions under which they are per-
fect, Latsis [750], localizations of duorings. Beachy [241] got conditions for the classical semisimplicity of
the ring of fractions with respect to the torsion tp modulo the Jacobson radical.

3.5. Sheaves of Modules and Noncommutative Analogs of the Structure Sheaf. If ® is a neighborhood
space, and R is its ring of sections, then one can consider functors %-Mod'; R-Mod, where F(®)=Homgy (R, M),
G

and the fibers of the R-module G(M) are defined by the equation G (M)(x)=R(x)®zM, where x is an element
of the base space. These functors are adjoint, and if the base space is compact (paracompact) and only in this
case these functors realize an equivalence of the categories of all (finitely generated) modules ([851], cf. also
[849]). Mulvey [M71:807], [852] (cf. also [M75:901]) established the equivalence of the following properties:
(1) % is a generator of the category of ®-modules; (2) each fiber of the sheaf ® is generated by the sections
over the arbitrarily small neighborhood. The specialization and refinement of this result for the case of the
sheaf of continuous functions and the structure sheaf of a commutative ring can be found in [850] and [M75:901]
respectively. Szeto [1132] showed that an exact sequence of modules B -+ C— 0 splits if and only if each of its
fibers in the sheaf of the Pierce representation splits. Carral [326] called a commutative ring soft if the
localizations with respect to its maximal ideals are surjective, and proved that softness of the ring R is equi-
valent with the quasicoherence of any sheaf of R-modules over the space of maximal ideals.

In the papers of Verschoren and Oystaeyen [924, 933, 935, 1180, 1183] there is constructed a theory
of torsions and localizations in the category of presheaves of modules over a fixed (pre)sheaf of rings. A tor-
sion 7 in such a category is called local if it is defined by a family of torsions 7 (U) in the categories R(%)-Mod
where % are open subsets of the base space, R(%) is the corresponding ring of sections. For local torsions
and for flabby sheaves there are constructed analogs of modules of fractions. It is found under what conditions
the torsion and localization preserve the property of a presheaf being a sheaf. Verschoren [1178] considered
analogs of perfect torsions. Under certain restrictions this property turns out to be equivalent with the fiber-
wise semisimplicity of any sheaf of modules.

¥

Golan, Renault, and Oystaeyen [5630] construct an analog of the structural sheaf for a certain class of
noncommutative rings, including Azumaya algebras. Oystaeyen [925] found the stalks of this sheaf. Other
analogs of the structure sheaf are considered in [867, 920, 926] (cf. also [534]).

For a semiprimary affine PI-ring there is constructed in [934] an analog of the structure sheaf, more
similar in its properties to the commutative construction: the base for it is the space of primary ideals of the
ring with the Zariski topology, it is functorial with respect to extensions, generated by the centralizing image
of elements (in other words, Procesi extensions) and on an open dense subset of its base space, its stalk is the
classical localization (cf. 3.4). Applications of perfect localizations in the category of bimodules to these
sheaves are described in [1181, 1182]. Another approach to a noncommutative structure sheaf is developed
by Cohn [367]. Szeto [1134] and Vamos [1166] are devoted to representations of noncommutative rings by sec~
tions of sheaves.

Zakharov [68] constructed a representation by sections of the orthocomplement and divisible hull of a
ring.

3.6. Epimorphisms of Rings. Ringel [1014] considers the topological space of (ring) epimorphisms of
a finite-dimensional algebra to simple Artinian rings. Olivier [897] shows that an arbitrary epimorphism of
commutative rings o:R - S decomposes into a composition of an epimorphism §:R — T, inducing a homeomor-
phism B*:Spec T—SpecR, and a flat surjective epimorphism y:T —~8S. Epimorphisms of commutative rings
also occur in [721].

Bulaszewska and Krempa [306] show that if o: R — S is an epimorphism of rings, then commutativity,
existence of a unit, nilpotence, and T-nilpotence carry over from the ring R to the ring S. On the contrary,
satisfaction of an identity (even the standard of degree 3) does not carry over from the ring R to the ring 8
(Gardner [503]).

For a flat epimorphism «: R — S Hudrie [636] establishes when the ring S is local, quasilocal, semilocal.
The lift of certain properties under an absolutely flat homomorphism is considered in [952]. The torsion
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associated with an epimorphism of rings was studied by Lambek [746]. Spulber [1105], Nishida [884], and
vasconcelos [1175] found when a given homomorphism of rings is a flat epimorphism. Shinagawa [1069]
established a connection between divisorial and codivisorial modules over Krull domains A and B, if i:A—B
is a flat embedding.

Cipolla [360] considers a generalization of the theory of strictly flat descent of Grothendieck.

Morphisms in the category of rings and in other categories whose properties are similar to the properties
of flat ring epimorphisms, were studied in [605, 707, 1211].

3.7. Maximal Orders in Central Simple Algebras and Their Generalizations. In Reiner's book [991]
there is recounted the theory of ideals of maximal orders. TFaith [445] studies a noncommutative analog of
Priifer rings, and Marubayashi [797] continues to study noncommutative Krull rings.

Cozzens and Sandomierski (385, 386] investigate reflexive ideals in maximal orders, Cozzens [383],
reflexive modules over them. Chamarie and Maury [342] proved the following analog of the principal ideal
theorem: if R is a primary Noetherian PI-ring, whose center is a Krull domain, then at least one of the radi-
cals of components of the minimal tertiary decomposition of any principal ideal in R is a minimal primary
ideal. Some generalizations of this theorem were obtained by Maury {807]. [337, 339, 637, 806] relate to
this series.

Stafford [1108] proveda cancellation theorem for certain projective modules over Asano orders (cf. also
11018]).

Ginn and Moss [512] showed that a two-sided Noetherian order in an Artinian ring splits into a direct
sum of an Artinian ideal and a ring with zero socle. This result stimulated the investigation of the Artinian
radical in such rings (Chatters [344, 345]) and its analogs (Chatters and Robson [349]).

Harada [599] investigates the representation of an order, equivalent with a given one, as an intersection
of idealizers.

For a commutative hereditary domain R with field of fractions K, it is shown that any subalgebra A in a
projective separable K-albegra Z, integral over R, is an R-order, and that any maximal R-order is hereditary
(Kirkman and Kuzmanovich [716]). In [182] it is shown that a certain ring of fractions of a maximal order in a
semisimple finite-dimensional algebra over an algebraically closed field is Euclidean. Maximal V-orders in
the ring of matrices Ky, where V is a normed ring of height 1 in the field K, were described by Dubrovin [58].

Cozzens [384] calls a semilocal ring A with set of maximal ideals {My,...,Mp} localizable if there exists
a set of ring epimorphisms {¢j : A — I' such that (I'j) A and A(T'j) are finitely generated projective modules and
;e A/Mj =0 for all j #i. A series of results is announced about the structure (in terms of block matrices)
A

of localizable orders, finitely generated as modules over the center.

Ramras [977] and Janusz [663] study the question of when the tensor product of rings turns out to be a
maximal order, and Chamarie [338] the same question for Ore extensions (cf. also [866]).

Masaike [799] defines and studies an equivalence relation between orders in two different Artinian semi-
simple Morita-equivalent rings. Nauwelaerts and Oystaeyen [868] consider a class of rings, including along
with Noetherian hereditary PI-rings, classical orders in central simple algebras.

4. Modules with Supplementary Structures

4.1. Topological Modules. Kirku [168, p. 50] noted that an arbitrary module over a discrete ring R
is a precompact topological R~module. Couchot [377] considers in a module the topology whose basis of neigh~
borhoods of zero consists of all those submodules, the quotient modules by which are modules of finite type.
A geries of remarks on Zariski topologies on rings and modules is made by Costovici [375]. Prodanov [968)]
investigates precompact minimal topologies in certain modules without torsion of Arnautov and Mikhalev {170,
Part 2, p. 8] obtained a topological analog of Hilbert's basis theorem (for the condition of breaking off of in-
creasing chains of open right ideals) for topological rings and modules. Aleksei and Kalistru in [3] and Kalis-
tru in [71] analyze the question of the completeness of a free topological module, M. 1. Vodinchar ([29]; [168,
p. 18]; [170, Part 2, p. 30]) investigate algebraic radicals of topological modules. Ballet [224, 225] are de-
voted to linear topological modules. In [197] it is proved that if R is a complete ring with basis of neighbor-
hoods of zero of left ideals, then R is a semisimple linearly compact ring if and only if each topological R-
module is topologically injective. Linearly compact topologies on modules are investigated in [1184] and [578].
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The cycle of papers of Glavatskii [33; 34; 168, p. 25] is devoted to a topological analog of quasifrobenius
modules, defined by their duals. Linearly compact modules are studied in {379, 580, and 1208]. Questions of
duality of the type of Pontryagin duality were considered for topological modules in [232, 400, 465, 479, 902}
also.

Completions of linear topological rings and certain types of dualities arising here are considered in
[231].

The duality defined by a bilinear form over a commutative topological ring is analyzed in [808]. Topolog-
ical quasiprojective and quasiinjective modules are studied by Glavatskii [35, 36]. A topological version of
perfect rings is investigated by Klyushin [78; 168, p. 50]. Open Noetherian rings and modules are character-
ized by Klyushin [79].

Projective Banach modules are studied by Selivanov {125-127], finitely generated, Noetherian and Artin-
ian Banach modules by Grabiner [565]. Homological dimensions of Banach algebras and Banach modules are
investigated by Khelemskii [165], Golovin and Khemel'skii [38], Moran [838].

4.2. Ordered Modules. A series of questions on ordered modules is found in the book of Bigard, Keimel,
and Wolfenstein [264]. A new stimulus to the study of partially ordered rings and partially ordered modules is
given by semialgebraic geometry (i.e., the domain of mathematics studying a finite number of polynomial equa-
tions and inequalities), Brumfiel's monograph [299] gives an introduction to this part of algebra.

Localizations of ordered modules are considered by Bigard [263] and Fox [470]. A series of remarks on
bases of partially ordered modules is made by Belding [246]. Ordered modules of characters are mentioned
in [960].

Questions of completeness and various completions and hulls of ordered modules occur in Zakharov [66,
67]. Kutateladze [90] describes modules over l-ring, in which one can develop convex analysis.

Wirth [120] investigates partially ordered Abelian groups, locally compact in the interval topology. Var-
ious topologies on Abelian /-groups and completions over them are considered by Kenny [701]. Smarda
[1091] studies the lattice of all topologies of an I-group, in which the group and lattice operations are conti-
nuous. The closed graph theorem for ordered topological Abelian groups is proved by Khaleelulla [713].

4.3. Valued Modules. A large cycle of papers is devoted to valued vector spaces and Abelian groups:
Fuchs [474, 476-478], Rado [973], Richman and Walker [1008]. Richman [1007] offered a guide to the liter-
ature on valuated Abelian groups. Liebert [773] investigates valuations and covaluations on periodic complete
Abelian /-groups. [311] abuts here. Kirby and Mehran [714] and Ribenboim [1003, 1004] are devoted to valu-
ated modules.

4.4. Graded and Filtered Modules. There was begun the systematic study of graded and filtered modules
(categorical properties, projective and injective objects, homological dimension, Krull dimension, graded pri-
mary ideals, localizations and versions of Goldie's theorems, primary decompositions, radicals, and other
questions) — c¢f. Fossum and Foxby [469], Nastasescu [857, 860], Ion and Nastasescu [642, 643], Oystaeyen
[931], Goto and Watanabe [555, 556], Griinenfelder [676]. The book of Nastanescu and Oystaeyen [865] gives
a sufficiently complete account of this circle of questions.

4.5. Differential and Difference Modules. Primary decompositions of differential modules were studied
by Ursianu [1158} and Nowicki [891]. Torsions in the category of differential modules were investigated by
Gorbachuk and Komarnitskii [170, Part 2, p. 41]. Differential operators and derivatives on modules are
touched on in [187]. Properties of integrally closed submodules are given by Trendafilov [142]. Methods of
calculation of the differential dimension of a polynomial (using resolutions of the module of differentials and
from the characteristic set of a simple differential ideal), and also calculations of the characteristic set and
differential dimension of a polynomial for concrete systems of differential equations (wave equation, the equa-
tions of Dirac, Euler, Laie, Maxwell, and Einstein) are recounted by Mikhalev and Pankrat'ev (cf. [103, p. 94];
[168, pp. 76-77]). Levin [91, 92] investigates characteristics of polynomials and the difference dimension of
filtered modules and extensions of difference fields. He also in [168, p. 67] investigates properties of the func~
tor Ext in the category of inverse difference modules.

Dzhavadov [51] studies differential-difference modules (questions connected with Noetherianness, the Ja-
cobson radical, with versions of the Artin-Riesz lemma, etc.), and in [52] he constructs characteristics of
polynomials for differential-difference modules.
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5. Generalizations of Modules

5.1. Modules Over Generalized Rings. Affine Modules. In this section there is reflected the content
of only those papers in which objects are considered, directly abutting on modules over rings. A significant
number of papers devoted to the homological classification of semigroups and other questions associated with
properties of polygons over monoids, do not appear in the present survey. This is explained by the inade-
quacy of space as well as by the fact that the theory of semigroups and polygons over them is dealt with in an
independent domain of algebra. For this same reason, we do not deal with papers in which commutative semi-
groups are studied, although they can also be considered as modules over the semiring of positive integers.

Tyukavkin [159] proved that the regularity of a commutative semiring is equivalent with the fact that all
modules over it are flat. Kovalenko [80, 81] considered modules over inverse semirings (i.e., semirings,
whose additive subgroup is inverse). Pachkoriya [106] investigated extensions of modules over a semiring.

An additively written groupoid A is called a quasimodule over the ring R, if for all r¢R and a €A there
is defined the product ra€A, where

(E+0)+ (g +2) = (x+9) + (£ +2), (—1)x+ (x+y) =y,
r(x4+y)=rx+ry, (r+s)x=rx+sx,
r(sx) = (rs)x, lx=x and Ox=0y.

The structure of quasimodules, generated by three elements, was described by Kepka and Nemec [704].
They also [705] noted the possibility of getting a quasimodule from a module by imposing some additional ter-
nary operation. Kepka [703] considered preradicals of quasimodules and established that subquasimodules of a
finitely generated quasimodules over a Noetherian ring are finitely generated.

There were continued the investigations of modules over almost rings. Oswald [915] constructed a coun-~
terexample to the results of Sesa and Tewari [M75:1259]. Meldrum [818], Mason [802], Banaschewski and Nel-
son {227] noted that in the category of modules over an almost ring injective objects, generally speaking, do
not exist. Mason [802] considered weakened injectivity properties and used them for the homological classifi-
-cation of almost rings. Oswald [916] constructed an analog of the ring of fractions for an almost ring.

Pseudomodules were considered in Perdew [953] and Rimer [1009], while the latter paper contains
errors.

Ponomarev [108] investigated the category of n-modules (cf. [M71: 121]).

We proceed to papers in which there were investigated modules over not necessarily associative rings
and algebras,

Let K be an associative ring with unit and R be a not necessarily associative K-algebra. A module M
over the algebra R is defined as a K~module, admitting a unit preserving K-linear mapping p : R —EndgM,
where we set Am = p(A) (m). Shestakov [166] refined results obtained earlier (cf. [137, p. 60}, and also [60])
for the case of modules over an alternative ring and proved that irreducible modules over such a ring are left
and right associative. Wisbauer [1202] called an element m&¢M associative, if (\t)m = A(um) for any A, p€R.

A module, generated by its associative elements, is called associatively generated. An injective {projective)
module is defined as a module, injective (projective) with respect to exact sequences of associatively gener-
ated modules. There is proved an analog of the theorem on the homological characterization of classical semi-
simple rings [1202]. There are investigated connections between the properties: (a) R is regular; (b) each
simple R-module is injective; (c) each (left) ideal of R can be represented as the intersection of maximal (left)
ideals {(cf. [1203]). In [1204] a ring is called left regular, if each of its left ideals is generated by an idempo-
tent. In contrast with the associative case, left-right symmetry, generally speaking, does not exist. It is
proved that left regularity of a ring is equivalent with flatness of all associatively generated modules over it.
There is also given a homological characterization of biregular rings. There were considered analogs of
hereditariness, semiheredifariness, and semiperfection for the nonassociative case [1207]. Modules over non-
associative rings were also considered by Osborn [903]. Jacobson McCrimmon and Parvathi [658] studied
localizations of Jordan algebras.

Zhozhikashvili [62] proved that the equivalence of the categories of affine modules over rings R and R!
implies the isomorphism of these rings. In passing it is established that from the isomorphism of these rings.
In passing it is established that from the isomorphism of the semigroups of endomorphisms of free affine mod-
ules of rank = 2 it follows that these modules are connected by a semilinear isomorphism. We note also the
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paper of Szendrei [1129], in which there is established a connection between affine operations on an R-module
and pairs (R', I), where R' is a central subring in R, and I is an ideal in R'.

5.2. Category-Theoretic Generalizations. Gruenberg and Roggenkamp [575] studied the category of
extensions of modules. Brodskii [104, p. 110] characterized finitely closed subcategories of the category of
modules. Questions connected with the embedding of a given category in the category of modules were consid-
ered by Verschoren [1179]. In Diers [409] there is studied the localization defined by some functor from the
category of modules to an Abelian category. Oystaeyen and Verschoren [935] and Izawa [656] abut this circle
of questions.

Dartois [396] considers a series of questions concerning modules over a small additive category. Gri-
goryan [46] proved that regularity (in the sense of von Neumann) of a small preadditive category 7 is equiva-
lent with the flatness of all 7-modules. Simson [1077] investigated pure semisimple categories and applied
them to the study of rings of finite representation type. Reiten [993] gave a method of construction of ahered-
itary Abelian category, stably equivalent with a given one. Papers concerning projective and injective objects
in categories similar to the category of modules are reflected in the corresponding divisions of Section 2,
those concerning various preradicals in such categories in 3.1.
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