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NEW CHARACTERIZATION OF X-INJECTIVE MODULES
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(Communicated by Birge Huisgen-Zimmermann)

ABSTRACT. We provide a new characterization for an injective module to be
Y-injective.

1. INTRODUCTION

In his paper [4], Carl Faith introduced the concept of X-injectivity and defined an
injective module M to be X-injective if every direct sum of copies of M is injective.
It turns out that such an R-module M provides a good deal of information about
the structure of a ring R. For example, R is right noetherian if and only if every
injective right R-module is Y-injective [5]. If R is an integral domain, then the
injective hull E(RR) of R is E-injective if and only if R is a right Ore domain [4].
Goursaud-Valette showed that if a ring R admits a faithful 3-injective module, then
R is a right Goldie ring [0].

The following characterizations are well-known for an injective module to be
Y-injective.

Theorem 1 (Cailleau [3], Faith [4]). For an injective module Mg, the following
are equivalent:

(1) M is S-injective.

(2) M is countably Y-injective.

(3) R satisfies ACC on the set of right ideals I of R that are annihilators of
subsets of M.

(4) M is a direct sum of indecomposable Y-injective modules.

The purpose of this paper is to provide the following new characterization for
an injective module to be Y-injective.

Theorem 2. Let Mg be an injective module. Then the following statements are
equivalent:

(a) M is S-injective.

(b) Every essential extension of M) is a direct sum of injective modules.
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2. PRELIMINARIES

All rings considered in this paper have unity, and all modules are right unital.
We denote by F(M) the injective hull of M. We shall write N C, M whenever N is
an essential submodule of M. A submodule L of M is called an essential closure of
a submodule NV of M if it is a maximal essential extension of N in M. A submodule
K of M is called a complement if there exists a submodule U of M such that K
is maximal with respect to the property that K N U = 0. Given a cardinal o and
a module N, we denote by N(® the direct sum of a copies of the module N. A
module N is said to be ¥-injective provided that N(® is injective for any cardinal
a. We say that the Goldie dimension G dimy (N) of N with respect to U is finite,
written as G dimy (N) < oo, if N does not contain an infinite independent family
of nonzero submodules which are isomorphic to submodules of U. A module N is
said to be ¢.f.d. relative to U if for any factor module N of N, GdimU(N) < 00.
We say R is right q.f.d. relative to U if Ry is q.f.d. relative to U.

We first start with a key lemma.

Lemma 3. Let M be an injective module and suppose that every essential extension
of M®9) is a direct sum of injective modules. Then

(a) Given a direct sum G = @,y My, M; = M, and nonzero injective sub-
modules V; of M;, there exists an infinite subset J C N and nonzero injective
submodules Vj/ CV;, 7€, such that @gej jl is injective.

In particular, if {V : i € N} is an independent family of uniform injective
submodules of M, then EBJGJ ;15 injective for some infinite subset J C N.

(b) R is right q.f.d. relative to M.

Proof. (a) Set E = E(G). Since V; is an injective submodule of M;, M; = V; & M,
for some submodule M; C M;. Therefore, G = (Bien Vi) © (Djen M;). Let H
and H' be essential closures of Dicn Vi and D, M; "in E, respectively. Clearly,

E=H®H . If D, .~ Vi = H, then there is nothing to prove.

ieN
Now consider the case when @, Vi # H. Pick x € H\ @, Vi. Let Q be
a submodule of H maximal with respect to the properties that @, Vi C @ and

©¢ Q. Set P=Qa®H and note that E/P = (H® H)/(Q® H') = H/Q is a
subdirectly irreducible module.

Now, as G C. F and G C P C E, we have G C, P. Hence, by our assumption,
P = ®keK Wi, where each W}, is a nonzero injective module. Since P C. F and
P # E, P is not injective, and so || =

We claim that for any finite subset £ of K and for any positive integer n there
exists ¢ > n such that V; N (@, W) is not essential in V;.

Suppose the above claim is not true. Then there exists a finite subset £L C K
and an integer n > 1 such that V; N (P, ., Wi) Cc V; for all i > n. Let A be an
essential closure of @, (Vi N (B, Wi)) in @), Wi which is injective, and so
A is also injective.

We have @,.,,(ViNn@cp Wi) Ce A C Djcp Wi Setting B=V, & V2@ ... D
V,,® A, we have Vi & Vo @ ... &V, ®isn (ViN @y Wi) Ce BC E=H®H' . Now,
(Di<n Vi) @inn (Vin(Dye Wi)))NH Cc BNH C H, which gives (D, <, Vi) ®i>n
(Vin(Byer Wr)) Ce BNH C H. Since V;N (P, Wk) Ce Vi for all i > n, we have
(Bicn Vi) Dizn (Vi (Brer Wi)) Ce Dien Vi Ce H. Thus BN H is an essential
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submodule of H. Furthermore, as (P, ., Vi) Disn (ViN(Byecr Wi)) Ce B, we have
BNHC,B.

Since BNH C. B, we have BNH = 0. As BNH C. H, we have (BﬁH)@H/ Ce
H®H' = E. Therefore, BOH C. E. But since both B and H' are injective, B&H
is injective. Thus E=B&H = (VioVa® ..oV, A)eH CQ+P+H =P,
a contradiction because P C F and P # E.

This proves that for any finite subset £ of I and for any positive integer n there
exists ¢ > n such that V; N (P, W) is not essential in V;.

We now proceed by induction to construct a sequence of submodules {W,;J :
j = 1,2,...,n,..} such that each W,;j is a nonzero injective submodule of Wy,
isomorphic to a submodule Vi; of Vi, where ki, ka, ..., ky, ... are distinct elements

of Cand 1 <y <ig < ... < iy < ..
Let i1 > 1 be arbitrary. Now V;, C @k K Wy, implies that there exists a nonzero

submodule Vl/1 of V;, such that Vll1 is isomorphic to a submodule W,;lof Wy, for some
k1 € K. Clearly, we may choose Vi/1 to be an injective submodule of V;;.

For n > 1, assume that we have a sequence {W,;J i j = 1,2,..,n} with the
above stated property. By the fact proved above, there exists i,,+1 > @, such that
X = Vi, N (Brex, Wk) is not essential in V; ., where K1 = {ki1,ka,...,kn}.
Let X' be a complement of X in Vinsr- Then X' #0and X' N (Brex, W) =
X' NX =0 Wehave X' C Vi, C (@perc, Wi) ® (Byexe, Wr), where Kz =
K\K1. Let 72 (B, Wi) © (Breic, Wi) — Diex, Wi be the projection. Then
ker(m|yx) = X N (Drex, Wi) = 0. Therefore, X'is isomorphic to some submodule
of ®k€K2 Wg. So, X " contains a nonzero submodule which is isomorphic to a
submodule F' of Wy, ., for some ky11 € K2. Denote by W,;n+1 an essential closure
of F'in Wy, ,. Since F is isomorphic to a submodule of the injective module V;
we conclude that W,;n+1 is isomorphic to a submodule of V;

nt1)
1 as well. Obviously
the family {W,;J :j=1,2,...,n+ 1} satisfies the required property. This completes
the induction argument.

Now set K = {ki,k2,...,kn,...}. Choose disjoint subsets K; and Ky of K
such that K =K, UK, and K'NK; = {ki1, ks, ..., kang, ...}, Clearly, K'NKy =
{ko,kay ..., kon, ...}

Now we claim that either @ke’c; Wy, is injective or ®kEK; Wiy, is injective.

Set V = @pexr Wi and W = @, ccr Wi We have P =V & W. Let V and

W be essential closures of V and W, respectively, in E. Clearly, £ = VoW
Therefore, E/P = (V & W)/(V W)= (V)V) x (W/W) Since E/P is shown to
be subdirectly irreducible in the beginning of the proof, we have either V = V or
W = W. This proves our claim.

Thus, we may assume, without loss of generality, that the module @keIC’l Wi,
is injective. Since €D, W,;%H is a direct summand of @ke’c; Wy, we get that
b, W,;%H is injective. Recalling that @, Vi;nﬂ ~ P, W,;ZHH, we con-
clude that @, Vi;nﬂ is an injective module. This completes the proof.

(b) Assume to the contrary that R is not right ¢.f.d. relative to M. Then there
exists a cyclic right R-module C' with an infinite independent family {C; : i € N} of
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nonzero submodules of C' such that each C; is isomorphic to a submodule B; of M.
Set D; equal to an essential closure of B; in M. Then {D; : i € N} is a family of
injective submodules of M. Therefore by (a), there exists an infinite subset J CN
and nonzero injective submodules D;- C Dy, j € J, such that @ jeg D;- is injective.

Set B; = B;N D;», j € J and note that B;» # 0. Let C’; be the inverse image
of B; under the isomorphism C; — B; stated above. This induces a canonical
isomorpl}ism between 6/9 e C;- and ¢ 7 B;- s/ay 0. Let o be the inclusion map
@D,csB; — DjcsD;- Then, since P, D, is injective, the map f = o :

/

@jej C;, — ®jEJ D; can be extended to a homomorphism f: C — @jej D

It
Because C is cyclic, there exists a finite subset K C J such that f(C) C Drex D,.
Now, f(C}) = f(C}) = 00(C}) = o(B}) = B}. But f(C;) C f(C)N D =0 for all
j ¢ K, a contradiction.

Therefore, R is right ¢.f.d. relative to M. (]

3. PROOF OF THEOREM 2

Proof. (b) = (a). Suppose that M) is not injective for some infinite cardinal .
Set B = E(MW), pick z € E\M®W and let L = zR. By Lemma 3 (b), R is right
q.f.d. relative to M. From this it follows that every nonzero cyclic and hence every
nonzero submodule of M contains a uniform submodule. Now, consider the set S of
independent families (M},)rex of uniform injective modules 0 # My C M. Suppose
S is partially ordered by (Mg)rex < (VNi)iez if and only if K C £ and My = Ny
for k € K. By Zorn’s lemma we get a maximal independent family (M;);ez of
uniform injective submodules. Clearly @, .; M; C. M, because otherwise we will
get a contradiction to the maximality of this independent family of submodules.
This yields that we have an independent family {W; : ¢ € Z} of uniform injective
submodules of M) such that each W; is isomorphic to a submodule of M and
EBieI Wi Ce M.

Now we proceed to show that there is a sequence of pairwise distinct elements
i1,%2,... in 7 and an independent family of direct summands V1, V5, ... of E such
that V; = Wi, with V; & (Bjez, Wi) = Biez,, Wi, E = E; & (D1 Vi) and
7Tj_1(L) N ‘/J 7& 0 for allj €N, where Zo =7 , Ij = Ij—l\{ij} for ij e€l, Ey=F,
E; is an essential closure of ®iezj W;in E;_y, m9 = idg, and 7; is the projection
of E onto E; along V1 @ ... @ Vj.

Since @iez W; C. MM ¢, F and L is a nonzero submodule of E, we have
LN (@B;cz Wi) #0. So LN (P, Wi) contains a nonzero cyclic uniform submod-
ule, say, Cy. This implies that there exists a finite subset Xy C Z such that C; C
@z‘elcl W;. Let Vi be an essential closure of C7 in @ie’cl W;. Since Gaielcl Wi
is injective, Vj is injective. So, ®ieK1 W; = Vi @& D; for some submodule D,
of @iEKl W;. Since Vj is injective, it has the exchange property. Therefore,
Dickc, Wi = V1 © (Djex, W) for some submodules W, of W;. Since W, are

3 K3
injective and each W; is indecomposable, either W, =0or W, = W;. We recall

K3 7
that V7 is uniform because it is the closure of the uniform module Cy. Compar-

ing the Goldie dimension on each side of @, Wi = Vi ® (Djex, W), we get

that there exists exactly one index, say i; € K, such that Wil1 = 0, and for all
i(# i) € Ky, Wy = Wi So, @iexe, Wi = Vi @ (@iexc,\ i,y W) This yields

K2
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Vi = (Biexc, Wi/ (@Biexci\ iy Wi) = Wiy Also, we have Vi @ (Bexc,\ iy Wi) @
(@iEI\Kl Wz) = (®i€K1 Wz) D (@iEI\Kl Wz) This yields Vi & (®iEIl Wz) =
@,z Wi. Taking injective hulls of both sides, we get Fy © Vi = E. Clearly,
LNVy #0 as it contains Cf.

For n > 1, assume that we have a sequence {V;}, 1 < j < n, of submodules of £
with the above stated properties. Since z ¢ M| L = 2R ¢ @}, Vi = ker(m,),
if v € @, Vi, then V1 @ ... @ V,, ® (D7, Wi) = Pjeq, Wi implies that x be-
longs to P,;cz, Wi and hence to MW a contradiction. So m,(L) # 0. Now
EBieI" W; C. E, and because m, : E — E,, we have m,(L) N (@ieIn W;) # 0.
So (L) N (B;cz, Wi) contains a nonzero cyclic uniform submodule, say, Cp1.
This implies, there exists a finite subset K11 C Z,, such that C), 11 C @ie Ko W;.
iercn i Wi Since @ielcn+1 W; is
W; = Vi1 @ Dy for some submod-

Let V11 be an essential closure of C, 1 in
injective, V,,41 is injective. So, €P
ule D,,11 of P
Therefore, P, e, .,

Since W; are injective and each W; is indecomposable, either W; =0or Wi/ =W;,.
Again note that V,,;1 is uniform because it is the closure of the uniform module

Chr+1. Comparing the Goldie dimension on each side of EBielCn+1 Wi =V, @

’iE/Cn+1
€Ki W;. Since V41 is injective, it has the exchange property.

W, =V @ (@ielcn+1 W;) for some submodules W, of W;.

(3

(®ieKn+1 W;), we get that there exists exactly one index, say 7,11 € K11, such
that W; ., =0, and for all i(# in11) € Kny1, Wy = Wi So, @i, Wi = Var @
(®i€’<:n+1\{in+1} W;). This yields Vi, 41 = (@ielcn_H Wi)/(@ielcn+1\{in+l} W;) =
Wi,y Also, we get Vi1 ©(Bie,,, \ (i1 W) @Dz, i, Wi) = (Diex,,., Wi)
® (Dier, k.., Wi)- This yields Vi1 ® (Djez,,, Wi) = DBier, Wi- Taking in-
jective hulls of both sides, we get FE,11 & Vo41 = E,. Thus, we have F =
Eni1 0 ( Zii Vi). Note that m,(L) N V,41 # 0 as it contains Cp41. Thus,
we have obtained a sequence of submodules {V;}, j = 1,2,..., with the required
properties. This completes the induction argument.

Now we claim that there exists a properly ascending chain Ny C N; C ... C
N; C ... of submodules of L such that No =0 and E(N;/N;_q) =2 Vj for all j > 1.

Set Nj = LN(Vi @ ..a&V;). Clearly, Ny € N; € ... € N; C ... Since
N; Nker(mj—1) = Nj_1, we have N;/N;_1 = m;_1(N;). If I € Nj, then | =
v1 + ... +vj with v; € V;, so m;_1(l) = vj and v; € m;_1(L) N'V;. This shows that
mj—1(N;) C m;—1(L) NV;. Conversely, if v; € m;_1(L) NV}, then v; = m;_1 (1) with
le Lﬁ(vl@@‘/]) = Nj, SO v; € ’/Tj_l(Nj). Therefore Wj—l(Nj) = ﬂj_l(L)ﬂV} 7é
0. Because m;j_1(N;—1) = 0 and m;_1(NN;) # 0, it follows that N;_; C N;. Since
N;/Nj1 = mj1(N;) = mj-1(L) NV, we have E(N;/Nj_1) = Vj.

Since {V; : j € N} is an independent family of uniform injective modules iso-
morphic to submodules of M, by the above lemma there exists an infinite sub-
set J C N such that ;. ;V;, and hence @,c; E(N;/N;—1) is injective. Set
N =U,es Nj. Given j € J, the canonical map N; — N;/N;_1 C E(N;/N;_1)
induces a map a; : N — E(N;/Nj_1). Let o : N — @, 7 E(N;/N;j_1) be
defined by a(z) = {;(2)};e7 for all z € N. Since P ; E(N;/N;-1) is injective,
we may extend a to o : L — ;. ; E(N;/Nj—1). As L is finitely generated,
there exists a finite subset  C J such that a*(L) € @;cx E(Ni/Ni—1). For
j € J\K and z € N; we have 0 = o;j(z) =  + N,_1, showing that N;,_; = N;, a
contradiction.
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Therefore, MY is injective for any cardinal A, and hence M is Y-injective.
(a) = (b) is obvious.
This completes the proof of Theorem 2. O

As a consequence of Theorem 2, we have the following characterization for a
right noetherian ring.

Theorem 4. Let R be a ring. Then the following are equivalent:

(i) R is right noetherian.

(ii) For each injective module Mg, every essential extension of M®0) s g direct
sum of injective modules.

Proof. (i) = (ii) is obvious. (ii) = (i) follows from Theorem 2 and by Faith-Walker
[5] that a ring R is right noetherian if and only if every injective right R-module is
Y-injective. (]

Remark 5. The above result generalizes a result of Beidar-Ke [2] which states that
aring R is right noetherian if and only if every essential extension of a direct sum of
injective right R-modules is again a direct sum of injective right R-modules. Note
that [2] indeed generalizes a result of Bass [I] that a ring is right noetherian if and
only if every direct sum of injective modules is injective.
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